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The n-dimensional associahedron is a convex polytope whose vertices are in correspondence with triangulations of a convex (n + 3)-gon and whose edges are flips between them. See Figure 1 (left). Motivated by efficiency of repeated access and information update in binary search trees, D. Sleator, R. Tarjan and W. Thurston [START_REF] Sleator | Rotation distance, triangulations, and hyperbolic geometry[END_REF] gave an asymptotic estimate of the diameter of the associahedron, which was recently proved to be exact for all n > 9 by L. Pournin [Pou14b]:

Theorem 1 ( [START_REF] Sleator | Rotation distance, triangulations, and hyperbolic geometry[END_REF][START_REF] Pournin | The diameter of associahedra[END_REF]) The diameter of the n-dimensional associahedron is 2n -4 for n > 9. Note that the upper bound is rather simple: a triangulation of the (n + 3)-gon with d i internal diagonals incident to vertex i can be transformed by n -d i flips to the fan triangulation where all internal diagonals are incident to vertex i. Two triangulations T and T can therefore be connected by at most 2n -max i∈[n+3] (d i + d i ) ≤ 2n -4 + 6/(n -3) flips, hence the diameter is at most 2n -4 when n > 9. Proving the lower bound is far more complicated: a candidate for a diametral pair of triangulations is exhibited for all n in [START_REF] Pournin | The diameter of associahedra[END_REF], and an induction formula on their flip distance is obtained by boundary edge contractions. The proof uses the following property of geodesics in the associahedron.

Proposition 2 ( [START_REF] Sleator | Rotation distance, triangulations, and hyperbolic geometry[END_REF]) The associahedron has the non-leaving-face property: every geodesic connecting two vertices in the graph of the associahedron stays in the minimal face containing both. In other words, the common edges of two triangulations are never flipped along a geodesic between them.

This paper reports on recent extensions of Theorem 1 and Proposition 2 developed in [Pou14a, [START_REF] Ceballos | The diameter of type d associahedra and the non-leaving-face property[END_REF][START_REF] Manneville | Graph properties of graph associahedra[END_REF] for relevant generalizations of the classical associahedron. We first discuss the diameters of generalized associahedra, which where introduced by S. Fomin and A. Zelevinsky to encode the combinatorics of the finite type cluster complexes [START_REF] Fomin | Cluster algebras. II. Finite type classification[END_REF][START_REF] Fomin | Y -systems and generalized associahedra[END_REF] and realized later as convex polytopes by different methods [START_REF] Chapoton | Polytopal realizations of generalized associahedra[END_REF][START_REF] Hohlweg | Permutahedra and generalized associahedra[END_REF][START_REF] Pilaud | Brick polytopes of spherical subword complexes and generalized associahedra[END_REF][START_REF] Stella | Polyhedral models for generalized associahedra via Coxeter elements[END_REF]. There is one generalized associahedron for each finite Coxeter group, among which the three infinite families of type A (classical associahedra), of types B or C (cyclohedra), and of type D. For these families, the graphs of the associahedra can be interpreted as the flip graphs on certain geometric models: triangulations in type A, centrally symmetric triangulations in type B/C, and centrally symmetric pseudotriangulations in type D. See Figure 1. We use these geometric models in Section 1 to obtain estimates for the diameters of type B/C associahedra [START_REF] Pournin | The asymptotic diameter of cyclohedra[END_REF] and a precise formula for the diameters of type D associahedra [START_REF] Ceballos | The diameter of type d associahedra and the non-leaving-face property[END_REF].

Theorem 3 ([Pou14a, CP14]) (i) The diameter of the n-dimensional associahedron of type B/C is asymptotically 5n/2. More precisely, it is at least 5n/2 -4 √ n -4 and at most 5n/2 -2. (ii) The diameter of the n-dimensional associahedron of type D is 2n -2 for all n.

Note that the type I 2 (p) associahedron is a (p + 2)-gon with diameter p/2 + 1. For completeness, we gather below the diameters of the small rank generalized associahedra (except types D and I which are completely settled by the previous formulas). They were reported in [START_REF] Sleator | Rotation distance, triangulations, and hyperbolic geometry[END_REF] for type A, in [START_REF] Pournin | The asymptotic diameter of cyclohedra[END_REF] for type B, and were computed using Stump's Sage package on subword complexes for exceptional types. type A B/C H F E rank 2 3 4 5 6 7 8 9 2 3 4 5 6 7 8 9 10 11 12 3 4 4 6 7 8 diam.
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Fig. 2: The path associahedron (classical associahedron), the cycle associahedron (cyclohedron), the tripod associahedron (stellohedron), and the complete graph associahedron (permutahedron).

Section 2 is devoted to the extension of Proposition 2 to types B/C and D obtained in [START_REF] Ceballos | The diameter of type d associahedra and the non-leaving-face property[END_REF].

Proposition 4 ([CP14]) All type A, B/C, or D associahedra fulfill the non-leaving-face property.

As for the diameter, we used the computer software Sage and a breadth first search algorithm to check this property for the exceptional types H 3 , H 4 , F 4 and E 6 . This time-consuming verification was still to be done for types E 7 and E 8 when N. Williams gave a type-free proof for all finite Coxeter groups [START_REF] Williams | w-Associahedra are In-Your-Face[END_REF].

Section 3 reports on the results of [START_REF] Manneville | Graph properties of graph associahedra[END_REF] on diameter bounds and the non-leaving-face property for graph associahedra. These polytopes were defined and constructed by M. Carr and S. Devadoss in [START_REF] Carr | Coxeter complexes and graph-associahedra[END_REF]. See also [START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF][START_REF] Feichtner | Matroid polytopes, nested sets and Bergman fans[END_REF][START_REF] Zelevinsky | Nested complexes and their polyhedral realizations[END_REF] for generalizations and alternative constructions. Given a finite graph G, a G-associahedron is a simple convex polytope whose combinatorial structure encodes the connected subgraphs of G and their nested structure. Its vertices correspond to maximal tubings, i.e. collections of tubes (connected induced subgraphs) of G which are pairwise nested, or disjoint and non-adjacent, and its edges are flips between them. Specific families of graph-associahedra provide relevant families of polytopes: path associahedra are classical type A associahedra, cycle associahedra are cyclohedra (a.k.a. type B/C associahedra), and complete graph associahedra are type A permutahedra. See Figure 2 for 3-dimensional examples. We denote by F(G) the 1-skeleton of the G-associahedron and by δ(F(G)) its diameter. We obtained the following structural results.

Theorem 5 ([MP14]) The diameter δ(F(G)) is non-decreasing: δ(F(G)) ≤ δ(F(G )) for any G ⊆ G .
Contrarily to the generalized associahedra, the non-leaving-face property is not satisfied for all faces of the G-associahedron (an example is given in Figure 9). However, we obtained the following statement.

Proposition 6 ([MP14]

) Any tubing on a geodesic between two tubings T and T in the flip graph F(G) contains any common upper set to the inclusion posets of T and T .

In fact, Theorem 5 and Proposition 6 extend to all nestohedra, defined in [START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF][START_REF] Feichtner | Matroid polytopes, nested sets and Bergman fans[END_REF]. Finally, using Theorem 5 and Proposition 6, as well as the lower bound on the diameter of the associahedron [START_REF] Pournin | The diameter of associahedra[END_REF] and the diameter of the permutahedron, we obtain the following inequalities on the diameter δ(F(G)).

Theorem 7 ([MP14])

For any connected graph G on n+1 vertices, the diameter δ(F(G)) is bounded by

2n -18 ≤ δ(F(G)) ≤ n + 1 2 .
1 Diameters of type B/C and D associahedra

In this section, we discuss the proof of Theorem 3. In both cases, the proof is based on the correspondence between the vertices of the generalized associahedra and certain geometric configurations.

Type B/C

The vertices of the n-dimensional type B/C associahedron correspond to centrally symmetric triangulations of a centrally symmetric (2n + 2)-gon, and the edges correspond to centrally symmetric flips between them (i.e. the flip of a long diagonal, or the simultaneous flips of two centrally symmetric internal diagonals). See Figure 1 (middle). We use this interpretation to prove Theorem 3 (i).

Proof of Theorem 3 (i) (sketch): For the upper bound, consider two centrally symmetric triangulations T, T of the (2n+2)-gon. Label the vertices of the (2n+2)-gon cyclically by 0, . . . , n, 0, . . . , n such that the long diagonals of T and T get labels [0, 0] and [x, x] where 0 ≤ x ≤ n/2. Then the sequence of flips illustrated in Figure 3 provides a path from T to T of length at most 5n/2 -2. Indeed, as already mentioned in the introduction, any triangulation of an m-gon can be transformed in at most m -2 flips to any fan triangulation (where all internal diagonals are incident to the same vertex). As in type A, the lower bound is more involved. In Figure 4, we sketch a pair of centrally symmetric triangulations of the (2n + 2)-gon. Red edges are attached to vertices 0 and 0 in the left triangulation, and the other edges form zigzags. Let a denote half the number of red edges plus 1. Using edge contractions as in [START_REF] Pournin | The diameter of associahedra[END_REF] within a larger family of pairs of centrally symmetric triangulations stable by contractions, it is proved in [START_REF] Pournin | The asymptotic diameter of cyclohedra[END_REF] that the distance between these two triangulations is at least 5(n -a)/2 -(n + 2)/a -4. Choosing the value of a appropriately yields the lower bound 5n/2 -4 √ n -4. We refer to [START_REF] Pournin | The asymptotic diameter of cyclohedra[END_REF] for the complete proof. We claim that S L and S R are at distance 2n -2 and realize the diameter of the type D associahedron.

First, Figure 5 illustrates a path in the flip graph that uses exactly 2n -2 flips between S L and S R . Moreover, if a centrally symmetric pseudotriangulation has more than two pairs of left central chords, then none of the possible flips produces a pair of right central chords. This means that we need to apply at least n -2 flips to the left star until we are able to make a flip that produces a pair of right central chords. Since the right star has n pairs of right central chords, we need at least n additional flips to produce it. This proves that any path between S L and S R uses at least (n -2) + n = 2n -2 flips. This proves that S L and S R are at distance 2n -2.

The same arguments ensure that: of length n -+ n -≤ 2n -2. If not, we can assume without loss of generality that ≥ 1 and r ≥ 1. Then there are two paths connecting T and T passing through the star triangulations S L and S R respectively of length (n

-) + (n + r -2) = 2n -2 -+ r and (n + -2) + (n -r ) = 2n -2 + -r .
Clearly, one of these two numbers is less than or equal to 2n -2. 2

2 Non-leaving-face property and relatives

In this section, we focus on geodesic properties. We consider three properties for a face F of a polytope P : NLFP: F has the non-leaving-face property in P if F contains all geodesics connecting two vertices of F in the graph of P . SNLFP: F has the strong non-leaving-face property in P if any path connecting two vertices v, w of F in the graph of P and leaving the face F has at least two more steps than a geodesic between v and w. EFP: F has the entering-face property in P if for any vertices u, v, w of P such that u / ∈ F , v, w ∈ F , and u and v are neighbors in the graph of P , there exists a geodesic connecting u and w whose first edge is the edge from u to v.

For a face F of a polytope P , we have EFP ⇐⇒ SNLFP =⇒ NLFP. However, the reverse of the last implication is wrong (for example for the simplex). Among classical polytopes the n-dimensional cube, permutahedron, associahedron, and cyclohedron all satisfy the EFP (see Proposition 9 below).

The non-leaving-face property obviously implies the more classical non-revisiting-face property introduced in the context of the Hirsch conjecture. In fact, all the generalizations of the associahedron treated in this paper are flag simplicial complexes and thus satisfy the Hirsch bound [START_REF] Adiprasito | The Hirsch conjecture holds for normal flag complexes[END_REF].

Normalization

A normalization is a useful tool to transform a geodesic between two triangulations into a geodesic starting with a prescribed flip. In particular, it is a projection from the graph of the associahedron to the graph of one of its facets. We use the terms "triangulation" and "diagonal" generically for the corresponding geometric models in types A, B/C, and D. Proof (sketch): This proposition is proved case by case using the geometric models in types A, B/C, and D. These maps are illustrated in Figure 6 and can be informally described as follows:

• In type A, N χ (T ) is obtained from T by pulling all diagonals crossing χ towards one endpoint of χ.

• In type B/C, N χ (T ) is obtained from T by pulling all diagonals crossing χ and χ towards opposite endpoint of χ and χ if χ = χ, from the center towards both enpoints of χ if χ = χ.

• In type D, N χ (T ) is obtained from T by
pulling all diagonals crossing χ and χ towards opposite endpoint of χ and χ if χ is not central, replacing the pseudotriangles crossing χ and χ by the star containing χ if χ is central. One can check that these maps produce non-crossing configurations. Moreover, they send triangulations to triangulations, and almost triangulations (i.e. triangulations minus one internal diagonal) to either triangulations or almost triangulations. The properties of Proposition 8 are consequences of these observations. The reader is invited to consult [START_REF] Ceballos | The diameter of type d associahedra and the non-leaving-face property[END_REF] for more details. 2

Entering-face-property for generalized associahedra

Using the normalization from the previous section, we can prove the non-leaving-face property for types A, B/C, or D associahedra. We prove in fact the following stronger statement.

Proposition 9 ([STT88, CP14]) All type A, B/C, or D associahedra have the entering face property: if T and T are two triangulations and χ is a diagonal in T T such that the flip of χ in T produces a diagonal that belongs to T , then there exists a geodesic between T and T which starts by the flip of χ.

Proof: Let T = T 0 , T 1 , . . . , T k = T be an arbitrary geodesic between T and T . Consider the sequence T = T 0 , N χ (T 0 ), N χ (T 1 ), . . . , N χ (T k ). By Property (P1) above, the last triangulation in this sequence is T . By Property (P3), the first two triangulations are connected by a flip. Since there exists at least one i such that χ ∈ T i+1 T i , Property (P3) also ensures that

N χ (T i ) = N χ (T i+1 ).
Finally, Property (P2) asserts that any two consecutive triangulations in the remaining sequence either coincide or are adjacent. Erasing duplicated consecutive triangulations in this sequence gives a normalized path from T to T , which starts by the flip of χ, and is a geodesic since it is not longer than the geodesic T = T 0 , T 1 , . . . , T k = T . 2

3 Graph associahedra

Graph associahedra and nestohedra

Let V be an (n + 1)-elements ground set, and let G be a simple graph on V with π 0 (G) connected components. We denote by G[U ] the subgraph of G induced by a subset U of V.

A tube of G is a non-empty subset t of V that induces a connected subgraph of G. A tube is proper if it does not induce a connected component of G. The set of all tubes of G is called the graphical building set of G and denoted by B(G). We moreover denote by B(G) max the set of inclusion maximal tubes of B(G), i.e. the vertex sets of connected components of G.

Two tubes t and t are compatible if they are nested (i.e. t ⊆ t or t ⊆ t), or disjoint and non-adjacent (i.e. t ∪ t is not a tube of G). A tubing on G is a set of pairwise compatible tubes of G. A tubing is proper if it contains only proper tubes and loaded if it contains B(G) max . Since inclusion maximal tubes are compatible with all tubes, we can transform any tubing T into a proper tubing T B(G) max or into a loaded tubing T ∪ B(G) max . Figure 7 illustrates these notions on a graph with 9 vertices.

The nested complex on G is the simplicial complex N (G) of all proper tubings on G. This complex is known to be the boundary complex of the graph associahedron Asso(G), which is an (n + 1 -π 0 (G))dimensional simple polytope. Here, we focus on the flip graph F(G) whose vertices are maximal proper tubings on G and whose edges connect adjacent maximal proper tubings, i.e. which only differ by two tubes. To simplify the presentation, it is sometimes more convenient to consider the loaded flip graph, obtained from F(G) by loading all its vertices with B(G) max , and still denoted by F(G). See Figure 2. We denote by δ(F(G)) the diameter of the flip graph F(G).

Flips in graph associahedra can be explicitly described as follows. For a tube t in a tubing T, define λ(t, T) := t {t ∈ T | t t}. Note that the tubing is maximal if and only if λ(t, T) is a singleton for all t ∈ T. Consider a tube t in a maximal proper tubing T, with λ(t, T) = {v}. Let t denote the smallest element of T ∪ B(G) max strictly containing t, and denote its label by λ( t, T) = {v }. Then the unique tube t such that T := T {t, t } is again a proper tubing on G is the connected component of the induced subgraph G[ t {v}] containing v . See Figure 7 (right) for an illustration. Observe that P 1 and P 2 are both paths and denote by p 1 + 1 and p 2 + 1 their respective lengths.

Let T 1 , T 1 (resp. T 2 , T 2 ) be a diametral pair of maximal tubings on P 1 (resp. on P 2 ), and consider the maximal tubings T = T 1 ∪ T 2 ∪ {P 1 , P 2 } and T = T 1 ∪ T 2 ∪ {P 1 , P 2 } on the tree T. Finally, denote by T the maximal tubing on T obtained by flipping P 1 in T . Since {P 1 , P 2 } is a common upper set to the inclusion posets of T and T , the EFP ensures that there exists a geodesic from T to T that starts by the flip from T to T . Moreover, the NLFP ensures that the distance between T and T is realized by a path staying in the face of Asso(T) corresponding to {P 1 , P 2 }, which is the product of a classical p 1 -dimensional associahedron by a classical p 2 -dimensional associahedron. Thus

δ(F(T)) ≥ 1+δ(F(P 1 ))+δ(F(P 2 )) ≥ 1+(2p 1 -4)+(2p 2 -4) = 2(p 1 +p 2 +2)-11 = 2n-11.
(iii) If T has precisely 4 leaves, it either contains a single 4-valent node v or precisely two 3-valent nodes u, v, see Figure 8 (middle and right). Define w to be a neighbor of v, not located in the path between u and v in the latter situation. Then w disconnects T into a path P on p + 1 nodes and a tree Y with y + 1 nodes and precisely 3 leaves. A similar argument as in (ii) shows that δ(F(T)) ≥ 1 + δ(F(P)) + δ(F(Y)) ≥ 1 + (2p -4) + (2y -11) = 2(p + y + 2) -18 = 2n -18.

Assume now that the tree T has k ≥ 5 leaves l 1 , . . . , l k . Let V := V {l 1 , . . . , l k } and T = T[ V] denote the tree obtained by deletion of the leaves of T. By induction hypothesis, there exists two tubings T and T on T at distance at least 2(n -k) -18. Let t i := V {l 1 , . . . , l i } for i ∈ [k], and t j := V {l j , . . . , l k } for j ∈ [k]. We claim that the tubings T := T ∪ {t 1 , . . . , t k } and T := T ∪ {t 1 , . . . , t k } on T are at distance at least 2n -18 from each other. To see it, consider the surjection Ω from the tubings on T onto that of T {l 1 , . . . , l k } as defined in Section 3.2. It sends a path T = T 0 , . . . , T = T in F(T) to a path T ∪ {{l 1 }, . . . , {l k }} = Ω(T 0 ), . . . , Ω(T ) = T ∪ {{l 1 }, . . . , {l k }} in F( T {l 1 , . . . , l k }) with repeated entries. Since T and T are at distance at least 2(n -k) -18 in the flip graph F( T), this path has at least 2(n -k) -18 non-trivial steps, so we must show that it has at least 2k repetitions. These repetitions appear whenever we flip a tube t i or t j . If we never flip the tube t k = V = t 1 along the path T = T 0 , . . . , T = T , then we need at least k 2 ≥ 2k flips to transform {t 1 , . . . , t k } into {t 1 , . . . , t k }. Otherwise, we need to flip all {t 1 , . . . , t k } and then back all {t 1 , . . . , t k }, which produces at least 2k repetitions. See [MP14, Thm. 18] for details.

Remark 11 Simple arguments involving the graphical zonotope of G show that δ(F(G)) is in fact greater than the number of edges of G. In view of Theorem 5, it is tempting to ask for more correlations between the diameter δ(F(G)) and the number of edges of G. As far as trees are concerned, we understand better stars and their subdivisions. The diameter δ(F(K 1,n )) for the star K 1,n is exactly 2n (for n ≥ 5), see Figure 9. In fact, the diameter of the graph associahedron of any starlike tree (subdivision of a star) on n + 1 vertices can be shown to be of order 2n and the diameter of any tree associahedron δ(F(T)) of order at most n log n. The following question remains open.

Question 12 Is there a family of trees T n on n nodes such that δ(F(T n )) is of order n log n? More specifically, if T 1 = K 1,3 and T k+1 is obtained by grafting two leaves to each leaf of T k , what is δ(F(T k ))?

Non-leaving-face property

Contrarily to the classical associahedron, not all faces of a graph associahedron have the NLFP. A counterexample is given by the star with n ≥ 5 branches: Figure 9 shows a path of length 2n between two maximal tubings T and T , while the minimal face containing T and T is an (n -1)-dimensional permutahedron (see the face description in [CD06, Thm. 2.9]) and the graph distance from T to T in this face is n 2 .

1 1 1 1 1 1 1 1 Fig. 9: A geodesic (of length 2n) between two maximal tubings of the star that flips their common tube.

We can however provide a sufficient condition for a face of a nestohedron to satisfy the NLFP. We call upper ideal face of the nestohedron Nest(B) a face corresponding to a loaded nested set N ↑ such that any element of B N ↑ compatible with N ↑ is contained in a minimal element of N ↑ . The following statement specializes to the NLFP (and EFP) for the upper set faces of graph associahedra, see Proposition 6.

Proposition 13 ([MP14]) Any upper ideal face of the nestohedron Nest(B) satisfies SNLFP.
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 1 Fig. 1: The generalized associahedra of type A3 (left), type B3/C3 (middle), and type D3 (right).

Fig. 3 :

 3 Fig. 3: A path of at most 2n + x -2 flips between two arbitrary centrally symmetric triangulations.

Fig. 4 :

 4 Fig. 4: A pair of centrally symmetric triangulations far apart in the graph of the cyclohedron, here with a = 3
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 2 Type D S. Fomin and A. Zelevinsky also introduced a geometric model for type D based on centrally symmetric triangulations of the 2n-gon with colors and special rules for the long diagonals[START_REF] Fomin | Y -systems and generalized associahedra[END_REF][START_REF] Fomin | Cluster algebras. II. Finite type classification[END_REF]. For our purposes, it is more convenient to slightly perturb this model as follows (see Figures 1 (right) and 5). We consider a regular convex 2n-gon together with a disk D placed at its center, whose radius is small enough such that D only intersects the long diagonals of the 2n-gon. Let D n denote the resulting configuration. The chords of D n are all the diagonals of the 2n-gon, but the long ones, plus all the segments tangent to the disk D and with one endpoint among the vertices of the 2n-gon. Each vertex p is adjacent to two of the latter chords; we denote by p L (resp. by p R ) the chord emanating from p and tangent on the left (resp. right) to the disk D, and call these chords central. The faces of the type D n associahedron can be interpreted geometrically on the configuration D n as follows:(i) Facets correspond to centrally symmetric pairs of chords of the geometric configuration D n .(ii) Faces correspond to crossing-free centrally symmetric sets of chords. The face lattice corresponds to the reverse inclusion lattice on crossing-free centrally symmetric sets of chords. (iii) Vertices correspond to centrally symmetric pseudotriangulations of D n (i.e. inclusion maximal centrally symmetric crossing-free sets of chords of D n ). Each pseudotriangulation of D n contains exactly 2n chords, and partitions conv(D n ) D into pseudotriangles (i.e. interiors of simple closed curves with three convex corners related by three concave chains). (iv) Edges correspond to flips of centrally symmetric pairs of chords between centrally symmetric pseudotriangulations of D n . A flip in a pseudotriangulation T replaces an internal chord e by the unique other internal chord f such that (T e) ∪ f is again a pseudotriangulation of T . To be more precise, deleting e in T merges the two pseudotriangles of T incident to e into a pseudoquadrangle (i.e. the interior of a simple closed curve with four convex corners related by four concave chains), and adding f splits the pseudoquadrangle into two new pseudotriangles. See[START_REF] Rote | Pseudo-triangulations -a survey[END_REF] for a complete survey on pseudotriangulations. We can now prove Theorem 3 (ii). Proof of Theorem 3 (ii): Define the left star S L as the pseudotriangulation containing all left central chords p L for p ∈ [n] ∪ [n]. Similarly, the right star S R contains all right central chords p R for p ∈ [n] ∪ [n].

1 Fig. 5 :

 15 Fig.5: The distance between the two stars S L and S R is 2n -2.

Fig. 6 :

 6 Fig. 6: Normalizations in types A, B/C, and D.

Fig. 7 :Fig. 8 :

 78 Fig. 7: (Left) A tubing, a maximal proper tubing, and a maximal loaded tubing. (Right) A flip between two maximal tubings.

Supported by the government of Canada through a Banting Postdoctoral Fellowship, and by a York University research grant. Supported by the Spanish MICINN grant MTM2011-22792 and the French ANR grant EGOS (12 JS02 002 01). Supported by Ville de Paris through Émergences project Combinatoire à Paris. 1365-8050

Graph associahedra are graphical examples of nestohedra. We recall the definitions of building set and nested complex needed here and refer to [START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF][START_REF] Feichtner | Matroid polytopes, nested sets and Bergman fans[END_REF][START_REF] Zelevinsky | Nested complexes and their polyhedral realizations[END_REF] for more details and motivation. A building set on a ground set V is a collection B of non-empty subsets of V such that We prove in [MP14, Coro. 13] that the map Ω induces a graph surjection from the loaded flip graph F(B) onto the loaded flip graph F( B), i.e. a surjective map from maximal nested sets on B to maximal nested sets on B such that adjacent nested sets on B are sent to identical or adjacent nested sets on B. For any B-nested sets N and N , the image of a geodesic path in F(B) from Ω -1 ( N) to Ω -1 ( N ) yields a path in F( B) from N to N no longer than δ(F(B)). Hence δ(F( B)) ≤ δ(F(B)).

Non-decreasing diameters

This surjection map Ω can also be interpreted geometrically. It follows from the construction of [START_REF] Carr | Coxeter complexes and graph-associahedra[END_REF][START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF] that the nestohedron Nest(B) can be obtained from the nestohedron Nest( B) by successive face truncations. Geometrically, this operation replaces the truncated face F by its Cartesian product with a simplex of codimension dim(F ) + 1. Therefore, a path in the graph of Nest(B) naturally projects to a shorter path in the graph of Nest( B). 2

Diameter bounds for graph associahedra

Using Theorem 5 and Proposition 6 (see Section3.4), as well as the lower bound on the diameter of the associahedron [START_REF] Pournin | The diameter of associahedra[END_REF] and the diameter of the permutahedron, we obtain the inequalities of Theorem 7.

Proof of Theorem 7: For the upper bound, we use that the diameter is non-decreasing (Theorem 5) and that the n-dimensional permutahedron has diameter n+1 2 , the maximal number of inversions in a permutation of S n+1 . For the lower bound, we use again Theorem 5 to restrict the argument to trees. Let T be a tree on n + 1 vertices. We first discard some basic cases:

(i) If T has precisely two leaves, then T is a path and the graph associahedron Asso(T) is the classical n-dimensional associahedron, whose diameter is known to be larger than 2n -4 by [START_REF] Pournin | The diameter of associahedra[END_REF].