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Introduction

Let P ⊂ R n be a lattice polytope. A natural enumerative problem is to compute |P ∩ Z n |, the number of integral points contained in P . To study this question, it is very helpful to consider a more general counting problem. Define

L P (n) := |nP ∩ Z n |
It is a classic result that L P (n) is a polynomial in n. More precisely:

Theorem 1.1 (Ehrhart) There exists a polynomial E P (x) such that E P (n) = L P (n) for any n ∈ Z ≥0 . Moreover, the degree of E P (x) is equal to the dimension of P .

We call L P (n) the Ehrhart polynomial of P. Some coefficients of L P (n) are well understood: the leading coefficient is equal to the normalized volume of P , the second coefficient is one half of the sum of the normalized volumes of facets, and the constant term is always 1. However, little is known about the other coefficients. They are not integers nor positive in general. We say a polytope has Ehrhart positivity or is Ehrhart positive if it has positive Ehrhart coefficients.

There are few families of polytopes known to be Ehrhart positive. Zonotopes, in particular the regular permutohedra, are Ehrhart positive (Theorem 2.2 [START_REF] Stanley | A zonotope associated with graphical degree sequences[END_REF]). Cyclic polytopes also have this property. Their Ehrhart coefficients are given by the volumes of certain projections of the original polytope [START_REF] Liu | Ehrhart polynomials of cyclic polytopes[END_REF]. Stanley-Pitman polytopes are defined in [START_REF] Stanley | A polytope related to empirical distributions, plane trees, parking functions, and the associahedron[END_REF] where a formula for the Ehrhart polynomial is given and from which Ehrhart positivity follows. Recently in [START_REF] Jesús | Ehrhart polynomials of matroid polytopes and polymatroids[END_REF] De Loera, Haws, and Koeppe study the case of matroid polytopes and conjecture they are Ehrhart positive. Both Stanley-Pitman polytopes and matroid polytopes fit into a bigger family: generalized permutohedra.

In [START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF] Postnikov defines generalized permutohedra as polytopes obtained by moving the vertices of a usual permutohedron while keeping the same edge directions. That's what he called a generalized permutohedron of type z. He also considers a strictly smaller family, type y, consisting of sums of dilated simplices. He describes the Ehrhart polynomial for the type y family in [START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF]Theorem 11.3], from which Ehrhart positivity follows. The type y family includes the Stanley-Pitman polytopes, associahedra, cyclohedra, and more, but fails to contain matroid polytopes, which are type z generalized permutohedra [1,Proposition 2.4].

We give the following conjecture:

Conjecture 1.2 Generalized permutohedra are Ehrhart positive.

Note that since generalized permutohedra contain the family of matroid polytopes, our conjecture is a generalization of the conjecture on Ehrhart positivity of matroid polytopes given in [START_REF] Jesús | Ehrhart polynomials of matroid polytopes and polymatroids[END_REF] by De Loera et al.

The main result of this paper is to reduce the above conjecture to another conjecture which only concerns regular permutohedron, a smaller family of polytopes. Before we give the other conjecture, we need to introduce a result of Berline and Vergne. In [START_REF] Berline | Local Euler-Maclaurin formula for polytopes[END_REF], Berline and Vergne show that for any integral polytope P the following exterior formula holds:

|P ∩ Λ| = F : a face of P vol(F )α(F, P ) (1) 
where the volume is normalized and α(F, P ) is a rational number which only depends on the tangent cone of F at P . One immediate consequence of this formula is that if α(F, P ) is positive for each face F of P, then Ehrhart positivity follows. (See Theorem 3.8 and Lemma 3.9.) At present, the explicit computation of α(F, P ) is a recursive, complicated process, but we carry it out in the special example of regular permutohedra of small dimensions, whose symmetry simplifies the computations. Based on our empirical results, we conjecture the following:

Conjecture 1.3 For any face F of the regular permutohedron Π n , we have α(F, Π n ) > 0.

Then our main theorem is that the Ehrhart positivity of all generalized permutohedra follows from the positivity of all the α's arising from the regular permutohedra. The approach we will take to prove Theorem 1.4 is to use perturbation techniques, as in [START_REF] Liu | Perturbation of transportation polytopes[END_REF], to show that every generalized permutohedron can be slightly perturbed (in the sense of Definition 4.1) to get a generic generalized permutohedron (see Remark 2.10). More importantly, we show that these α values simply accumulate through perturbation; that is, each α for a generalized permutohedron is the sum of several α's for the regular permutohedron.

Since Π n is a much smaller family of polytopes than generalized permutohedra, and has a lot of symmetry, we are able to carry out direct computation to find values of α(F, Π n ). (See Section 5 for some details.) We've verified that all α(F, Π n ) are positive for n up to 7. (Note that the dimension of Π n is n -1.) Hence, the following result follows from Theorem 1.4.

Theorem 1.5 All the generalized permutohedra of dimension at most 6 are Ehrhart positive. Hence, all the matroid polytopes of dimension at most 6 are Ehrhart positive.

Finally, in order to obtain the desired perturbation, we use a precise description of generalized permutohedra.

Definition 1.6 Define the supermodular cone C n to be the set of all vectors z ∈ V n , the vector space with basis indexed by subsets of [n], such that

z I + z J ≤ z I∩J + z I∪J for all I, J, intersected with z ∅ = 0. This cone is 2 n -1 dimensional.
Theorem 1.7 The polytope

P z = x ∈ R n : n i=1 x i = z [n] , i∈I x i ≥ z I , ∀I ⊂ [n] is a generalized permutohedron if and only if z ∈ C n
The above theorem is known. It was stated in [START_REF] Morton | Convex rank tests and semigraphoids[END_REF] without proof and has been used implicitly since then. For example in [1], it is used to prove that matroid polytopes are indeed generalized permutohedra. Since it gives a very conceptual way to prove our important Proposition 4.4, and since we haven't found a proof in the literature, we include it here.

Generalized Permutohedra

Definition 2.1 A polyhedron P is the set of solutions of a system of inequalities Ax ≥ b in R n for some m × n matrix A and b ∈ R m . A polytope is a bounded polyhedron.

We will be studying a family of polytopes with a very special inequality description. First we present one of them as a convex hull of a finite number of points.

Definition 2.2 Given a point (x 1 , x 2 , • • • , x n ) ∈ R n , we construct the usual permutohedron P (x 1 , x 2 , • • • , x n ) := conv (x ω(1) , x ω(2) , • • • , x ω(n) ) : ω ∈ S n
For all tuples of distinct x 1 , x 2 , • • • , x n , the usual permutohedra will be similar in a sense that we now make precise. Definition 2.3 Given a polytope P ⊆ R n and any face F ⊆ P we define its normal cone as

N P (F ) := {w ∈ R n : w, a ≥ w, b a ∈ F, b ∈ P }
and the normal fan N (P ) is the collection of all normal cones over all its faces.

Definition 2.4

The Braid Arrangement is the complete fan in R n /(1, 1, • • • , 1) given by the hyperplanes

x i -x j = 0 for all i = j.

As long as x 1 , x 2 , • • • , x n are distinct numbers, the resulting permutohedron have the braid arrangement as its normal fan. We focus on Π n := P (1, 2, • • • , n), called the regular permutohedron. Its inequality description is given by the following theorem [START_REF] Rado | An inequality[END_REF].

Theorem 2.5 The inequality description of the regular permutohedron is given by:

Π n = t ∈ R n : i∈[n] t i = n(n + 1) 2 , i∈S t i ≥ |S| + 1 2 ∀S ⊆ [n] , S = ∅, [n]
Moreover, all those 2 n -2 inequalities define the facets.

For the rest of the paper we use the following notation:

Definition 2.6 Let M n be the 2 n × n matrix in which each row corresponds to the indicator vector of all subsets of [n]. Let V n be the vector space with basis indexed by subsets of [n].

With these definitions we can rewrite the previous theorem as

Π n = {x ∈ R n : M n x ≥ b} where b ∈ V n given by b S = |S|+1 2 
, but for the rows [n] and ∅ we have equality. Now we come to the definition of the family of polytopes we study in this paper.We use the following definition which is equivalent to the original definition stated in [START_REF] Postnikov | Permutohedra, associahedra, and beyond[END_REF] by a simple transformation on S n : Definition 2.7 A generalized permutohedron is a polytope obtained from a usual permutohedron P (x 1 , • • • , x n ) by moving the vertices while keeping the direction of all the edges. In other words, a generalized permutohedron is the convex hull of n! points v ω ∈ R n labeled by permutations ω ∈ S n such that, for any ω ∈ S n and any adjacent transposition s i = (i, i + 1), we have,

v ω -v ωsi = k ω,i (e ω(i+1) -e ω(i) ), (2) 
for some nonnegative number k ω,i ∈ R ≥0 , where e 1 , • • • , e n are the coordinate vectors in R.

In [START_REF] Postnikov | Faces of generalized permutohedra[END_REF], Postnikov, Reiner, and Williams give some equivalent definitions, among them the following: Proposition 2.8 A polytope P in R n is a generalized permutohedron if and only if its normal fan is refined by the braid arrangement fan.

Since we are moving the facets while keeping the normal vectors, we are simply changing the vector b, and hence every generalized permutohedron is the set of solutions to a systems of inequalities of the form M n x ≥ z for some vector z ∈ V n . We assume all inequalities are tight (but not necessarily facet defining). Under this assumption every generalized permutohedron corresponds to a unique vector z. Note that this forces z ∅ = 0.

However, not all vectors give a generalized permutohedron; it is possible to create unwanted edges. For our perturbation method we need to know a characterization of vectors that do give a generalized permutohedron. That is precisely the content of Theorem 1.7. For the completeness of the paper, we include a proof of the theorem. Proof of Theorem 1.7: Only if: We begin with the only if part. Suppose we have z I + z J > z I∩J + z I∪J for some I, J. Then for any feasible t,

z I∩J + z I∪J < z I + z J ≤ i∈I t i + j∈J t j = i∈I∩J t i + j∈I∪J t j
which means that for any point t only one of the inequalities corresponding to I ∩ J and I ∪ J can be attained. Since all the inequalities are attained at some point, the above means that no point maximizes both of them at the same time. We now show this is not possible. The two facets defined by the equations i∈I∩J t i = z I∩J and j∈I∪J t j = z I∪J meet in an ridge. In the braid arrangement the two corresponding edges span a two dimensional cone F of the fan. By Proposition 2.8, the normal fan of P z is a coarsening of the braid arrangement, which means that each of its cones are unions of cones of the braid arrangement. The cone containing F will correspond to a face which maximizes both e I∩J and e I∪J , contradicting the first paragraph. If: we assume all the inequalities z I + z J ≤ z I∩J + z I∪J . Note that for any permutation ω ∈ S n the intersection of the following n supporting hyperplanes

i∈[ω(k)] x i = z [ω(k)] for all k ∈ {1, 2, • • • , n} where [ω(i)] := {ω(1), ω(2), • • • , ω(i)} has unique solution v ω ∈ R n with (v ω ) ω(i) = z [ω(i)] -z [ω(i-1)] . (3) 
In order to check they are all vertices, it is enough to verify that they satisfy all inequalities. We show it by induction on |I|. Without loss of generality we assume that ω = id:

1. If |I| = 1 then we need to check that v i = z [i] -z [(i-1)] ≥ z {i} or equivalently z [i] ≥ z {i} + z [(i-1)]
which is true by the supermodular inequality.

If

I = {i 1 , i 2 , • • • , i k } with i 1 < i 2 < • • • < i k , we need to show v i1 + v i2 + • • • + v i k-1 + v i k ≥ z I
By induction we can bound the first k -1 terms by z I-i k , and, since

v i k = z [i k ] -z [i k -1] ,
we are done if we can show

z I-i k + z [i k ] -z [i k -1] ≥ z I
Which is a direct application to the supermodular inequality to the sets I and

[i k -1].
Now we need to verify that there are no other vertices. For this we use the greedy algorithm for polymatroids which says that for any linear functional c if we want to solve

maximize c • x subject to i∈I x i ≥ z I ∀I ⊂ [n] i∈[n] x i = z [n]
x i ∈ R

We can find an optimal x * in the following way. Fix a permutation ω of

[n] such that c ω(1) ≤ c ω(2) ≤ • • • ≤ c ω(n) and then define x * ω(i) = z [ω(i)] -z [ω(i-1)]
as before. For a proof using weak duality see [START_REF] Schrijver | Combinatorial optimization. Polyhedra and efficiency[END_REF], chapter 44, page 771. This shows that all vertices are the ones we already found above.

To finish, according to Definition 2.7, we need to show that vertices v ω defined by ( 3) satisfies (2) with k ω,i ≥ 0. However, by direct calculation, we get

k ω,i = z [ω(i+1)] + z [ω(i-1)] -z [ω(i-1)]∪ω(i+1) -z ω(i) ≥ 0,
where the inequality follows from supermodularity. 2 Definition 2.9 For any z in the interior of the super modular cone C n , we call the corresponding generalized permutohedron generic.

Remark 2.10 By definition, in a generic generalized permutohedron all the 2 n -2 inequalities defining it are facets. It follows that the generic generalized permutohedra are precisely the ones having the braid arrangement as their normal fan.

Exterior Formula

In 1975 Danilov, based on algebraic evidence, asked if it is possible to assign values to cones such that the following exterior formula holds

|P ∩ Λ| = F :a face of P Vol (F )α(F, P ) (4) 
where Λ is a lattice, and the volume is normalized and α(F, P ) depends only on the tangent cone of F in P .

McMullen [START_REF] Mcmullen | Valuations and dissections[END_REF] proved it was possible in a non constructive way. Berline and Vergne [START_REF] Berline | Local Euler-Maclaurin formula for polytopes[END_REF] were able to construct such α in a computable way. Before giving more details of Berline-Vergne's construction, we introduce some relevant definitions and results.

We assume the readers are familiar with the definition of algebra of polyhedra/polytopes and valuation presented in [START_REF] Barvinok | Integer points in polyhedra[END_REF]. Definition 3.1 Suppose P is a polyhedron and F is a face. The tangent cone of F at P is: tcone(F, P ) = {F + u : F + δu ∈ P for sufficiently small δ} The feasible cone of F at P is: fcone(F, P ) = {u : F + δu ∈ P for sufficiently small δ} In order to always work with pointed cones, we also define tcone p (F, P ) = tcone(F, P )/L and fcone p (F, P ) = fcone(F, P )/L where L is the subspace spanned by F . Then tcone p (F, P ) and fcone p (F, P ) are pointed cones with dimension dim P -dim F .

Given a polyhedron P ⊆ R n we define the indicator function [P ] : R n → R as:

[P ](x) = 1 if x ∈ P and zero otherwise.

Below is an important result on feasible cones. We have an immediate corollary to Property (P2), together with the fact that Ψ is a valuation:

Corollary 3.3 Suppose K 1 , K 2 , . . . , K k and K are cones satisfying [K] ≡ k i=1 [K i ] modulo polyhedra with lines. Then Ψ ([K]) = k i=1 Ψ ([K i ]) .
When the cone K is unimodular, computations are greatly simplified. In small dimensions we can even give a simple closed expression for α of unimodular cones. Here co

(v 1 , • • • , v k ) denotes the cone spanned by the vectors v 1 , • • • , v k . Lemma 3.4 If K = co(u 1 , u 2 )
where u 1 , u 2 are a basis for the lattice Λ then Recall the definition of α(F, P ) in ( 5), we have the following lemma: Proof: The first equality follows from applying the valuation Ψ to the identity in Theorem 3.2, Corollary 3.3, and noticing that in a lattice polytope a tangent cone is a lattice translation of the corresponding feasible cone. The second equality follows from Property (P4). The third equality follows from an analysis of the formula given in Lemma 3.4, which we omit. 2

Ψ(K) = 1 4 + 1 12 
u 1 , u 2 u 1 , u 1 + u 1 ,

Applications

One application of the exterior formula (4) is that it provides another way to prove Ehrhart's theorem. Moreover, it gives a description of each Ehrhart coefficient. We state the following modified version of Theorem 1.1. 

Theorem 1 . 4

 14 Conjecture 1.3 implies conjecture 1.2.

Theorem 3 . 2 ( 1 (

 321 Theorem 6.6 of[START_REF] Barvinok | Integer points in polyhedra[END_REF]) Suppose P is a nonempty polytope. Then [0] ≡ v: a vertex of P fcone(v, P ) modulo polyhedra with lines 3.1 Berline-Vergne's construction Berline and Vergne constructed in [3] a valuation Ψ on rational cones and show it has the following properties (P1) The exterior formula (4) holds if we set α(F, P ) := Ψ(tcone p (F, P )). (5) (P2) If a cone C contains a line, then Ψ(C) = 0. (P3) Ψ is invariant under lattice translation, i.e., Ψ(C) = Ψ(C + p) for any lattice point p. (P4) Its value on a lattice point is 1, i.e. Ψ([0]) = P5) It can be computed in polynomial time fixing the dimension.

Lemma 3 . 7

 37 Suppose P is a nonempty lattice polytope. Then v: a vertex of P α(v, P ) = 1; α(P, P ) = 1; α(F, P ) = 1/2, for any facet F of P .

Theorem 3 . 8

 38 For a lattice polytope P ,L P (n) = |nP ∩ Λ| is a polynomial in n of degree dim P. Furthermore, the coefficient of n k in L P (n) is F :dim(F )=kα(F, P )Vol (F ).

  u 2 u 2 , u 2 Lemma 3.5 If K = co(u 1 , u 2 , u 3 ) where u 1 , u 2 , u 3 are a basis for the lattice Λ then Remark 3.6 The apparent simplicity breaks down for dimension 4.

	Ψ(K) =	1 8	+	1 24	u 1 , u 2 u 1 , u 1	+	u 1 , u 2 u 2 , u 2	+	u 1 , u 3 u 1 , u 1	+	u 1 , u 3 u 3 , u 3	+	u 3 , u 2 u 2 , u 2	+	u 3 , u 2 u 3 , u 3
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Proof: When we dilate the polytope by a factor of n, each face F of P becomes nF, a face of nP. It is clear that the tangent/feasible cone does not change. Hence, applying the exterior formula to nP, we get

Then our conclusion follows.

2

The formula [START_REF] Liu | Perturbation of transportation polytopes[END_REF] for the coefficients of the Ehrhart polynomial L P (n) gives a sufficient condition for Ehrhart positivity. It is our first step to reduce conjecture 1.2 to conjecture 1.3. Lemma 3.9 Let P be a lattice polytope. If for every face F of P , we have α(F, P ) > 0, then P is Ehrhart positive.

In the next section, we will apply the idea of perturbation to generalized permutohedra to finish the second step of reduction, and complete the proof for Theorem 1.4.

Perturbation of generalized permutohedra

We start with definitions and results on perturbation methods that will be used. We say b(t) provides a perturbation for P if for each t = 0 in the interval, b(t) defines a nonempty polyhedron P (t) = {x : Ax ≤ b(t)} with exactly l vertices: w t,1 , • • • , w t,l and the feasible cone of P (t) at w t,j does not depend on t, that is, for each j : 1 ≤ j ≤ l, there exists a fixed cone K j such that fcone(P (t), w t,j ) = K j for all t = 0. (Note that this is equivalent to say that all P (t) with t = 0 have the same normal fan.)

The following is a result in [START_REF] Liu | Perturbation of transportation polytopes[END_REF].

Theorem 4.2 Suppose b(t) provides a perturbation for the nonempty polyhedron P and assume the setup is the same as in Definition 4.1. Then we have the following:

• For each fixed j : 1 ≤ j ≤ l, the set of vertices {w t,j } converges to some vertex of P as t goes to 0.

• For each vertex v ∈ Vert(P ), let J v be the set of j's where {w t,j } converges to v. Then

with lines

The above theorem only deals with vertices and vertex cones. We will generalize it to all faces. We need a preliminary definition and observation: Assume the same setup as in Definition 4.1. We say a set J ⊆ {1, 2, . . . , l} defines a face of P (t) if conv(w t,j | j ∈ J) is a face of P (t). We observe that a set J defines a face of P (t 0 ) for some t 0 if and only if J defines a face of P (t) for all t. Therefore, when we say J defines a face of P (t), we mean it is true for all t in the interval. Theorem 4.3 Suppose b(t) provides a perturbation for the nonempty polyhedron P and assume the setup is the same as in Definition 4.1. Then we have the following:

• For each set J that defines a face F (t) of P (t), F = conv {lim t→0 w t,j | j ∈ J} is a face of P. In this case, we say F (t) converges to F.

• For each F of P , let F 1 (t), F 2 (t), . . . , F k (t) be all the faces of P (t) of dimension dim F that converge to F. Then

[fcone p (F i (t), P (t))] modulo polyhedra with lines

When we restrict faces to be 0-dimensional in Theorem 4.3, we recover Theorem 4.2. The idea of the proof for Theorem 4.3 is to reduce the higher-dimensional faces to vertices, and then apply Theorem 4.2. We omit the proof from this extended abstract.

We will apply Theorem 4.3 to generalized permutohedra. First, for any generalized permutohedron P z given by M n x ≥ z, we would like to perturb it to obtain a generic generalized permutohedron. For this we appeal to Theorem 1.7.

Proposition 4.4 Let z ∈ K C be any vector in the supermodular cone. There exists a continous function z(t) such that

is generic for t > 0 and P z(0) = P z .

Proof: Recall that by Remark 2.10 being generic is the same as being an interior point of C n . By convexity, the line segment connecting z with any interior point is contained in the cone K C . Furthermore every point in the segment, except for z, is an interior point, hence the conclusion. 2 for some set of faces F i (t) of P z(t) . However, by the construction of z(t), P z(t) is a generic generalized permutohedron, which has the same normal fan as Π n . Then the conclusion follows. 2

We can finally present the proof of Theorem 1.4. Proof of Theorem 1.4; By Lemma 3.9, in order to show a generalized permutohedra P is Ehrhart positive, it is enough to show α(F, P ) is positive for each face F of P. However, by Corollary 4.5, the positivity of α's for P follows from the positivity of α's for Π n . 2

Regular Permutohedron

In this section we show how to compute the α for all faces of the regular permutohedron. There are two facts that will make this computations much easier than the general case:

. We will go through each face of this cone:

• The vertex itself. Its α value is equal to 1/24, because by symmetry all vertices have the same value and they add up to 1 by Lemma 3.7.

• Edges. There are two types let's do the edge in direction (1, -1, 0, 0) (the edge (0, 0, 1, -1) gives the same value), which in the picture corresponds to an edge in a square. First we need to compute its pointed tangent cone. Since A 3 is unimodular, this can be seen computed as the cone generated by (0, 1, -1, 0), (0, 0, 1, -1) in R 4 / (1, -1, 0, 0), (

. Their images are (1/2, 1/2, -1, 0), (0, 0, 1, -1), and the cone they generate is unimodular in the lattice

. We are in position to apply lemma 3.4 and obtain a value of 11/72. The edge (0, 1, -1, 0) is different, this correspond to an edge contained in two hexagons. In this case the value is 14/72.

• Facets. They always have a value of 1/2.

• The whole cone. Its value is always 1.

Applying the exterior formula

we get the left hand side equal to:

The terms correspond to the contribution of vertices, square edges, hexagonal edges, square faces, hexagonal faces (note they have normalized volume 3), and finally the whole polytope. This information gives the Ehrhart polynomial 1 + 6n + 15n 2 + 16n 3

The above computations have been carried out up to Π 7 , verifying Conjecture 1.3 up to dimension six. We don't have a conjecture for the exact values, but in the computations, all faces of codimension k have values close to 1/k!. In the example above note that the edges corresponds to faces of codimension 2 of A 3 , and their values 11/72 and 14/72 are close to 1/3! = 1/6 = 12/72.