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Bifurcation Analysis and Chaos in Simplest Fractional-order Electrical Circuit

In this paper we investigate the bifurcation and chaos in a fractional-order simplest electrical circuit composed of only three circuit element: a linear passive capacitor, a linear passive inductor and a nonlinear active memristor with two degree polynomial memristance and a second order exponent internal state. It is shown that this fractional circuit can exhibit rich nonlinear dynamics such as a Hopf bifurcation, double scroll chaotic attractor, four scroll chaotic attractor and new chaotic attractor which is not observed in the integer case. Finally, the presence of chaos is confirmed by the application of the recently introduced 0-1 test.

I. Introduction

The fractional calculus is more than 300 years old with the first written note dated to 1695 [START_REF] Cafagna | Fractional calculus: a mathematical tool from the past for present engineers[END_REF]. Several physical phenomena can be described more accurately by fractional differential equations rather than integer-order models [START_REF] Hilfer | Applications of Fractional Calculus in Physics[END_REF]. In the past, the lack of methods for solving fractional differential equations was the reason for using only integer-order models. Nowadays, a number of techniques are available for approximating fractional derivatives and integrals [START_REF] Sun | Linear approximation for transfer function with a pole of fractional order[END_REF]. There are several definitions of fractional derivatives and integrals [START_REF] Podlubny | Fractional differential equations[END_REF], for example for a sufficiently smooth function f : The Riemann-Liouville fractional integral of order α > 0 is given by

J α a f (t) = 1 Γ(α) t a (t -s) α-1 f (s)ds, t > a.
The Riemann-Liouville fractional-order derivative RL a D α t f is defined by

RL a D α t f = D m J m-α a f, m = α
The Caputo fractional-order derivative aD α t t is defined by

a D α t f (t) = J m-α a D m f (t), m = α
The Grünwald-Letnikov fractional-order derivative is given by

GL a D α t f (t) = lim h→0 h -α t-a h k=0 (-1) k Γ(α + 1) k!Γ(α -k + 1)
f (t-kh).

Fractional-order derivatives of a periodic function cannot be a periodic function [START_REF] Tavazoei | A proof for non existence of periodic solutions in time invariant fractional order systems[END_REF], as a consequence of this property, the time-invariant fractional-order systems do not have any non-constant periodic solution. In [START_REF] Abdelouahab | The Grunwald-Letnikov Fractional-Order Derivative with Fixed Memory Length[END_REF] we have proposed a solution for this problem by imposing a simple modification to the Grünwald-Letnikov definition.

Memristor is a new electrical element which has been predicted and described in 1971 by Leon O. Chua [START_REF] Chua | Memristor-the missing circuit element[END_REF] and for the first time realized by HP laboratory in 2008 [START_REF] Strukov | The missing memristor found[END_REF]. Chua proved that memristor behavior could not be duplicated by any circuit built using only the other three elements (resistor, capacitor, and inductor) In [START_REF] Abdelouahab | Memfractance: A Mathematical Paradigm for Circuit Elements with Memory[END_REF] we have generalized the definition of fractance (which was first introduced in 1983) and after that, introduced the paradigm of memfractance which is fitted for circuit elements with memory such as memristor, meminductor, memcapacitor and second-order memristor. We have defined a new element called memfractor which possesses interpolated characteristics between those four circuit elements and proved a generalized Ohm's law. Due to the nonlinearity of memristor element, memristor-based circuits can easily generate a chaotic signal. In 2010, Muthuswamy and Chua [START_REF] Muthuswamy | Simplest chaotic circuit[END_REF] proposed a memristor based circuit comprising only three elements: a linear passive inductor, a linear passive capacitor, and a nonlinear active memristor with a second degree polynomial memristance

M (z(t)) = β(z 2 (t) -1) (1) 
connected in series, which has been shown to be the simplest circuit capable of generating a one scroll chaotic attractor. In order to generate a double scroll and a four scroll chaotic attractor the authors Teng et al. [START_REF] Teng | Chaotic behavior in fractional-order memristor-based simplest chaotic circuit using fourth degree polynomial[END_REF] replaced the second degree polynomial memristance by a fourth degree polynomial memristance

M (z(t)) = δz 4 (t) + γz 2 (t) -β
and set the exponent of the internal state function of memristor to second order. ż = -i L (t) -αz(t) + i 2 L (t)z(t). In this paper we investigate the bifurcation and chaos in a fractional-order version of the proposed memristorbased simplest chaotic circuit with two degree polynomial memristance and a second order exponent internal state.

II. Simplest memristor-based chaotic circuit

The proposed simplest circuit in this paper can generate a double scroll Fig. (1-a) and a four-scroll chaotic attractor Fig. (1-b) by using only a second degree polynomial memristance as in [START_REF] Muthuswamy | Simplest chaotic circuit[END_REF] and setting the exponent of the internal state function of the memristor to second order. The dynamic of the circuit is described by the mathematical model

   ẋ = ay ẏ = -b(x + M (z))y ż = -y -αz + y 2 z (2)
where x(t) = V (t) is the voltage across the capacitor, y(t) = I L (t) is the current through the inductor, z(t) denotes the internal state variable of the memristor, a = 1/C the is inverse capacitance, b = 1/L is the inverse inductance and the memristor function is given by

M (z(t)) = γz 2 (t) -β
The simulation of system (2) has been done using the fourth order Runge-Kuta algorithm with the parameters values L = 3H, C = 1F, α = 0.9, β = 10.1 and γ = 0. 

III. Fractional-order simplest memristor-based chaotic circuit

In this paper we present the fractional-order memristorbased circuit and investigate its dynamics by mean of stability theory and numerical schemes.

A. Circuit description and fractional model

In order to build the fractional-order memristor-based circuit we replace the electrical elements (capacitor, inductor and memristor) in the original circuit by its fractional version (fractional-order capacitor, fractional-order inductor and fractional order memristor) see Fig. 2. Based on Curie's empirical law of 1889 Westerlund et al. proposed in 1994 a fractional-order linear capacitor model and a fractional-order inductor [START_REF] Westerlund | Capacitor theory[END_REF], [START_REF] Westerlund | Dead Matter Has Memory![END_REF]. For a general input voltage V F C (t) the current through the fractional-order capacitor is

I F C(t) = CD q1 V F C (t). Then D q1 V F C (t) = 1 C I F L (t).
The constant q 1 is related to the losses of the capacitor. It should be noticed that losses and dissipation are not always the same thing. Dissipation means generation of heat. By losses we imply energy lost from the process under study and not necessarily in the form of heat [START_REF] Westerlund | Capacitor theory[END_REF].

V CF V LF V MF I MF C F L F M F Fig. 2. Fractional-order circuit schematic
For a general current through the fractional-order inductor the voltage is

V F L (t) = LD q2 I F L . Then D q2 I F L = 1 L V F L (t).
The constant q 2 is related to the "proximity effect". When an alternating current flows through an electrical conductor, the current distribution is not uniform. One of the most important electromagnetic phenomenons that dramatically affects the current distribution within any current-carrying conductor, is the electromagnetic proximity effect. A table of various coils and their real orders q 2 is described in [START_REF] Schafer | Modelling of lossy coils using fractional derivatives[END_REF]. For a general current through the fractional-order memristor the voltage is [START_REF] Coopmans | Analogue fractional order generalized memristive devices[END_REF] V

F M = M (z(t))i F M (t), D q3 z(t) = i F M (t) -αz(t) + i 2 F M z(t). (3) 
Applying Kirchhoff's voltage law we obtain

D q2 i F L (t) = - 1 L (V F C (t) + M (z(t))i F L (t)) .
Using the previous notations of state variable we obtain

   D q1 x = ay, D q2 y = -b(x + M (z))y, D q3 z = -y -αz + y 2 z. (4) 

B. Stability analysis

In this subsection the parameters are set to a = 1, b = 1/3, α = 0.9, γ = 0.4, with β > 0. we consider the case where all the fractional orders have the same value q 1 = q 2 = q 3 = q ∈]0, 2[ are considered as control parameters. By setting the left-hand side of Eq. ( 4) to zero, we obtain the only one equilibrium point E = (0, 0, 0). The stability of E can be investigated using the theorem 2 in [START_REF] Cafagna | On the simplest fractional-order memristor-based haotic system[END_REF] and the proposition 2.3 in [START_REF] Abdelouahab | Chaos Control of a Fractional-Order Financial System[END_REF].

Theorem 1: The fractional-order system (4) is asymptotically stable if all the eigenvalues λ of the Jacobian matrix J satisfy the condition The Jacobian matrix of system (4) at E is

|arg(λ)| > qπ 2 .
  0 1 0 -1 3 β 3 0 0 -1 -0.9   .
Its characteristic equation is

λ 3 -( β 3 -0.9)λ 2 + 1 -β 3 λ + 0.3 = 0, or equivalently (λ + 0.9)(λ 2 - β 3 λ + 1 3 ) = 0.
The eigenvalues are λ 1 = -0.9 < 0 and

• if β ∈ [2 √ 3, +∞[, then λ 2,3 = β ± β 2 -12 6
> 0, in this case E is unstable for every value of the commensurate order q ∈]0, 2[,

• if β ∈]0, 2 √ 3[, then λ 2,3 = β ± j 12 -β 2 6
, in this case E is asymptotically stable for the values of q and β satisfying, q < 2 π tan -1 12 -β 2 β and unstable for the values of q and β satisfying

q < 2 π tan -1 12 -β 2 β .
The stable and unstable regions in the (β -q) plane Fig. 3, are separated by the curve of equation q = 2 π tan -1 12 -β 2 β .

C. Bifurcation analysis

In [START_REF] Abdelouahab | Hopf bifurcation and chaos in fractional-order modified hybrid optical system[END_REF] we have proposed a fractional-order Hopf bifurcation conditions which state that the system (4) undergoes a Hopf bifurcation through the equilibrium E at the value β * of β if i)

the Jacobian matrix has two complexconjugate eigenvalues λ 2,3 and one real Fig. 4. Bifurcation versus the parameter β for q = 0.9

λ 1 < 0, ii) m 2,3 (q, β * ) = 0, iii) ∂m2,3 ∂β β=β * = 0,
where

m i (q, β) = q π 2 -|arg(λ i (β))| , i = 1, 2, 3. If β ∈]0, 2 √ 3[
. Then, the first condition is satisfied. Namely we have λ 1 = -0.9 < 0 and λ 2,3 = β ± j 12 -β 2 6 . For β * solution of m 2,3 (q, β * ) = 0 we have

∂m 2,3 ∂β β=β * =   1 1 + 12-(β * ) 2 (β * ) 2   - 24 
2(β * ) 2 12 -(β * ) 2 = 0.
Then, all the proposed conditions are satisfied for every solution of m 2,3 (q, β * ) = 0. For example if q = 0.9, then, β * = 0.5419. is a Hopf bifurcation point.

If we consider the fractional order q as a control parameter then we have ∂m2,3 ∂q q=q * = π 2 = 0. Hence, all the solutions q * of m 2,3 (q * , β) = 0 with β ∈ ]0, 2 √ 3[ are Hopf bifurcation points. For example if β = 3, we obtain that, q * = 1 3 is a Hopf bifurcation point. In order to illustrate the above results we present some numerical results.

1) Bifurcation versus the parameter β: Fig. 4 illustrates the bifurcation diagram of y versus the parameter β over the range 0 < β ≤ 4 where the fractional-order is q = 0.9. From this figure we can see that when 0 < β ≤ 0.54 the equilibrium point E is locally asymptotically stable (stationary behavior), when 0.55 < β < 1.83 the equilibrium point E is unstable and the system exhibits a periodic behavior, which is in agreement with the theoretical results,furthermore the cycle created via Hopf bifurcation, bifurcate in turn when β = 1.054 and two period-one limit cycles appear (coexistence of two limit cycles for β ∈]1.054, 1.83[ as shown in figure 5 ). When β ∈]1.83, 2.11[∪]2.16, 3.31[∪]3.5, 3.54[ the system exhibits a chaotic behavior, alternated with a periodic behavior for β ∈]2.11, 2.16[∪]3.31, 3.5[.

2) Bifurcation versus the parameter q: Fig. 6 illustrates the bifurcation diagram of y versus the fractional-order q over the range 0 < q ≤ 1.7. On this figure we can see that when 0 < q ≤ 1 3 the equilibrium point E is locally asymptotically stable (stationary behavior), when 0.33 < q < 0.89 the equilibrium point E losses its stability and the system exhibits a periodic behavior, which is in agreement with the theoretical results, when 0.89 < q ≤ page 3 1.6 the system exhibits a chaotic behavior. Note that here when varying the fractional order the system can display a double scroll chaotic attractor or a four scroll chaotic attractor. Furthermore when 1.4 < q < 1.7 the system can display a new chaotic attractor not observed in the integer order case see Fig. 7.

D. The "0-1" test for detecting the chaos An efficient binary test for chaos, called "0 -1 test", has been recently proposed [START_REF] Gottwald | A new test for chaos in deterministic systems[END_REF] and applied to fractional systems in [START_REF] Cafagna | Hyperchaos in the fractional-order Rössler system with lowest-order[END_REF]. The idea underlying the test is to construct a random walk-type process from the data and then to examine how the variance of the random walk scales with time. Specifically, consider a set of discrete data, sampled at times n = 1, 2, 3, ..., representing a one-dimensional observable data set obtained from the system dynamics. This algorithm consists of the following steps 1) Choose a random value c ∈ ( π 5 , 4π 5 ) and define the new coordinates Where θ(j) = jc + j i=1 φ(i), j = 1, 2, 3, ...n.

P c (n) = n j=1 φ(j)cos(θ(j)) -5 -4 -3 -2 -1 0 1 2 3 
2) Calculate the mean square displacement

M c (n) = lim N →∞ 1 N N j=1 (P c (j + n) -P c (j)) 2 +(Q c (j + n) -Q c (j)) 2 ,
where n ∈ [1, N 10 ] 3) Define: K = median(K c ) where

K c = cov(ξ, ∆) var(ξ)var(∆)) ∈ [-1, 1], with ξ = (1, 2, 3, ...n cut ), ∆ = (M c (1), M c (2), ...M c (n cut ))
and n cut = round( N 10 ) 4) Interpret outputs: When K is close to 0, the motion is classified as regular (i.e. periodic or quasi-periodic); when K is close to 1, the motion is classified as chaotic.

Besides the computation of the rate K, the inspection of the dynamics of the (P c (n), Q c (n)) trajectories provides a simple visual test of whether the system dynamics is chaotic or not. Namely, bounded trajectories in the (P c (n), Q c (n)) plane imply regular dynamics, whereas Brownian-like (unbounded) trajectories imply chaotic dynamics [START_REF] Gottwald | A new test for chaos in deterministic systems[END_REF]. In order to analyse the dynamic of the fractional system (4), the "0 -1 test" has been applied directly to the time series data.

For q = 1.6, we obtain K = 0.877 ≈ 1. Then the dynamics is chaotic. Moreover, Fig. 8 depicts Brownian-like (unbounded) trajectories in (P c (n), Q c (n)) plane.

For q = 0.7, we obtain K = -0.012 ≈ 0. Then the dynamics is regular. Moreover, Fig. 9 depicts bounded trajectories in the (P c (n), Q c (n)) plane. page 4 

IV. Conclusion

In this work, we have investigated the dynamical behaviors of the simplest fractional-order electrical circuit that utilizes only three elements in series including a memristor. A second degree polynomial memristance and a second order exponent internal state are used in this circuit to increase complexity of the attractor. A theoretical analysis of the system dynamics has been performed using phase portraits, bifurcation diagrams and the 0 -1 test that has confirmed the presence of chaos in the considered system.
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