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Abstract This paper introduces a new method for es-
timating the angular difference between two tomographic
projections belonging to a set of projections taken at
unknown directions in 2D and 3D. Our method relies on
the projection neighbor selection in projection moment
space, the calculation of the angular differences between
these neighboring projections using moment properties
and a projection moment neighborhood graph. The ac-
curacy and the robustness of our method are shown on
a test database including fifty 2D and 3D gray-level im-
ages at different resolutions and with different levels of
noise.

Keywords computed tomography - tomographic
reconstruction - unknown direction - Euclidean
distance - angular difference - moment

1 Introduction

Tomographic reconstruction is a process for recovering
an object from a finite set of projections acquired by
various techniques such as CT, MRI and PET scanning
in medical imaging, or electron microscopy in structural
biology. There are many well-known tomographic re-
construction methods that can be categorized into three
groups : Fourier methods, backprojection methods and
algebraic methods. The details of these methods can
be found in [11]. In most cases of tomographic recon-
struction, the projection directions are known and then
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can be used to perform the reconstruction. However,
there are some cases in which the projection directions
are unknown, for example when studying the particles
in cryo-electron microscopy or when the studied ob-
ject moves during the acquisition. Thus, the projection
directions need to be estimated in the tomographic re-
construction process of these cases. During this process,
the Euclidean distance between two projections is often
used for projection set clustering or refinement [25,4,
7,6]. Instead of using the Euclidean distance for pro-
jection refinement, the cross-correlation coeflicient [26]
can be used to measure the distances between two pro-
jections, but the projection refinements obtained using
the Euclidean distance or the cross-correlation coeffi-
cient are not different as shown in [9]. The Euclidean
distance is also used in [3] as a cost for simultaneously
drive the estimation of the projection directions and the
object reconstruction.

However, the relation between the projection direc-
tion angular differences and the projection Euclidean
distance is not monotonic, nor even one-to-one, even
when the two projection directions are close. Thus, us-
ing such a non-monotonic distance measure when clas-
sifying or refining the projections may lead to errors.

To tackle this problem, we propose in this paper a
new method that can estimate the angular difference
between two projections in both the 2D and the 3D
cases. The problem of the angular difference estimation
in 2D is different from that in 3D. Thus, the two cases
need to be treated separately.

In 2D, formulae for the angular difference estima-
tion have already been developed based on the rela-
tionship between the object moments and its projec-
tion moments. This relationship, known as the moment
method for the projection direction estimation, is well
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studied in [20,1,2]. Here, our objective is different. We
focus on the angular difference estimation between two
projections without knowing nor estimating the projec-
tion directions. Our developed formulae are not robust
when the angular difference between two projections
is large. Therefore, these formulae are just applied to
estimate the angular differences between neighboring
projections. In order to find the neighbors of each pro-
jection, local adaptive thresholds are proposed in the
projection moment space. The given thresholds cor-
respond to the assumption that the projection direc-
tions are uniformly distributed on the semicircle. How-
ever, other distributions can be used instead. After esti-
mating the angular differences between the neighboring
projections, we build a weighted neighborhood graph
whose vertices are the projections and whose edges con-
nect the neighboring projections and are weighted by
the estimated angular difference. Finally, the angular
difference between any two projections on the neigh-
borhood graph is calculated by using a shortest path
algorithm [5].

In 3D, the angular reconstruction method [26,24]
is often used to find the projection directions and can
be applied to estimate the angular differences between
projections. The method is based on the central-slice
theorem in which two projections share one common
line in the Fourier’s space. This common line is perpen-
dicular to the projection directions and the combination
of common lines between sets of three projections en-
ables us to find any projection direction. Further history
of this method can be found in [27,8,17,15]. However,
searching the common lines between projections is time
consuming and may lead to accumulative errors when
the common lines are not correctly identified. We there-
fore prefer to extend to 3D our approach based on the
2D version of the moment method described in [20,10].
In [20], the author shows that the moment method is
fast and does not lead to the accumulation of errors as
in the common line based method.

While our previous work [18] only solved the 2D case
of angular difference estimation, here we (i) extend it to
3D, (ii) explain more in details the mathematical proofs
and (iii) provide more experimental results. The rest of
this paper is organized as follows: in Section 2, some
background notions are provided. Then, in Section 3,
we deal with the angular difference estimation in 2D
tomography and we extend our results to 3D in Sec-
tion 4. The performance of our method is carried out
in Section 5 for both 2D and 3D images. Finally, the
conclusion is given in Section 6.

2 Background notions

We introduce in this section the notions of projection
and moment in both the 2D and 3D cases. In the fol-
lowing, an object in R™ for n = 2 or 3 corresponds to
a Lebesgue measurable function f : R™ — [0, 1] such
that the support Sy of f, that is the closure of the set
{z € R" | f(z) # 0}, is a compact subset of R™. Then,
we define the centroid G of the function f, also known
as the center of mass [14], as follows:

o v
[ fw)ydv -~
The group of the rotations around the origin in R"™ is

noted SO(n). In SO(2), the rotation through the angle
0 around the origin is characterized by its matrix Re:

Ry = (0089 —81n9> .

sinf cos@

In SO(3), the matrix of the rotation through the angles
(¢, 0,1) around x axis, y axis and z axis is

R¢797w = (Clv O2a 03)7

where
cos 6 cos
C' = | sinpsinfcosy + cospsiny |,
— cos psin f cos Y + sin @ sin ¢
— cosfsiny

C? = | —sinpsinfsint + cospcostp | and

cos psin @ sin ¢ + sin @ cos ¥

sin 0

C3 = | —sinpcosf

cos ¢ cos 0

2.1 Tomography in 2D

Firstly, we present the definition of the projection in 2D.
Given an object in R? (2D Cartesian coordinates), the
projection of the object in the direction defined by the
angle § € R is obtained by rotating the coordinating
system by an angle 6, then by projecting the object
along the new Oy axis, onto the new Oz axis. This
is similar to a rotation of the object by an angle —6
and then a projection of the object onto the Ox axis.
The definition of the projection in 2D is therefore the
following:

Definition 1 Let f : R? — [0,1] be a 2D object and
let # € R. The projection P;(#) in the direction 6§ € R
is defined by

Pr(0)(z) = / Fp—o(z.)) dy,

where (pg(z,y))T = Rg (z,y)7, Ry € SO(2).
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Let us now recall that the moment of a measurable
function g : R — R, with order d € N, is given by

pnale) = [ "gla)da. (1)

We note 7 q(0) the dth order moment of the projec-
tion P¢(#). The case of the second-order projection mo-
ments P¢(6) is physically meaningful since it relates to
the inertia moments of the function f and enables us
to calculate the rotation of f as shown in [20]. The fol-
lowing property proved in [16] shows that the dth-order
projection moment is a trigonometric polynomial of de-
gree d as a function of the projection direction 6.

Property 1 ([16]) Let d € N. The dth order moment of
a projection Py(#) can be presented as

pra) = Y

0<k<d
k=d mod 2

ay cos(k@) + by sin(k0) | (2)

where ay, by, € R.

From Property 1, we have s 4(0 +7) = (=1)% pug.a(6).
Then all |uf 4| are m-periodic for any d > 0. Moreover,
for any interval [a,a + m) on the circle R/27 and for
any 0 in R/2m, we necessarily have either 6 or 6 + 7
in [a,a + 7). Since our method relies on the absolute
moments, in the sequel we can assume that the angles
lie in [—7/2, 7/2), that is, we identify the projections
P (0) and Py(0+n) (which are such that Py (6+)(x) =
Ps(0)(—z) for any z).

2.2 X-ray tomography in 3D

The projection in 3D can be obtained by an extension
of the 2D case presented above. The principal difference
is that the 3D object is rotated around the z, y and z
axis by the three angles —p, —0 and —1, respectively
and the object is projected onto the (zOy) plane. Thus,
the projection in 3D is defined as follows.

Definition 2 Let f : R® — [0,1] be a 3D object and
let ¢,6,7¢ € R. The projection Ps(p,8,1) of f in the
direction (¢, 8,) is defined by

Pr(p,0,4)(x.) = / Foowom(@y2dz,  (3)

where (pa(2,9,2)" = Ra (2,5,2)", Ra € SO(3).

The direction vector of the projection is the unit vector
obtained by rotating the z unit vector by R g,4:
UP(@’ 9) = R(p,@,d) (07 07 1)T

= (sin#, —sin p cos B, cos pcos f) L.

(4)

Note that the projection direction vector vp(p, ) does
not depend on the angle 1) which controls the rotation
of the projection in its plane.

Also note that (¢, 0,v) — Pr(p,8,7) is a periodic
function of period 27 in ¢, 6,v¢ and Py(p,0,¢)(x,y) =
Pf((P, O+, —Y)(—z,y) = ,PJ‘(SD +m, =0, —Y)(z, —y) =
Pi(p,0,Y+7)(—z, —y). In addition, our method in 3D
relies on the projection moments that are invariant to
the signs of x and y. Thus we can assume @, 0,9 €
[—7/2,7/2).

Next, let recall that the moment of a measurable
function g : R? — R, with order (c,d) € N? is given by

uc,d(g):A[chydg(z,y)dxdy- (5)

We note fif.ca(p,8,1) the projection moment of
Pi(p,0,9) with order (c,d). For simplicity, we write
P, na and pieq instead of Py, pyq and pig.q when no
confusion can occur. The projection moments with or-
ders (2,0), (0,2) are related to the inertia moments of
f and the 3D rotation of f can be calculated from this
relationship as shown in [20]. The next proposition ex-
tends Property 1 to the 3D case.

Proposition 1 Let f : R? — [0,1] be a 3D object. Let
»,0,9% € R and ¢,d € N. The moment of order (c,d)
of the projection Py(p,0,v) of the function f, in the
direction (p,0,v), is a trigonometric polynomial as a
function of the projection direction.

The proof is given in B.1.

3 Angular difference estimation in 2D
3.1 Angular difference estimation problem

Let f be a 2D object whose centroid is at the origin,
n € Nand © = {61,...,0,} C [-7/2,7/2) be a set
of unknown directions. We denote by IT the set of the
related projections: I = {P(#;) | 1 < ¢ < n}. The
angular difference between two projections is

dang(P(6:), P(0;)) = min(|0; — 0;], 7 — |0; — 0,]).

Our main goal in this work is to estimate the angular
difference da,, between any two projections from the set
IT. In [20], Salzman shows that it is possible to compute
the direction 6 associated with the projection P(0) by
using the following equation:

0) —
sin?(9) = 1120 — 15| (6)
Mo = o
where uJ'® = maxgeg (), uF™ = mingeg p2() and

max

puyt = py* if the origin of the angles is set such that
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min

p2(0) = B or pfr = pSM™ if the origin of the angles
is set such that o (0) = . Note that we always may
assume in the proofs that the origin is set such that
dang(P(0:), P(0;)) = |0: — 051.

Since there are two possible values of 6 € [—7/2,7/2)
in Equation (6)), Salzman uses odd order moments to
disambiguate the angle values. The angular difference
between two projections can be estimated by substract-
ing the two arcsines caculated from (6). However, due to
the high slope of the function x — arcsin(y/x) near the
abscissae 0 and 1, the calculation of dang(P(6;), P(6;))
derived from (6) is not robust to noise when the mo-

ment of one of the projections is close to ui™ or p5ax,
especially as the exact values of pf™ and pi'®* can-

not be known precisely. Instead, we construct a graph
G = (V, E) whose vertices are the projections P(6;) and
whose edges link projections with close moments (Sec-
tion 3.2). Then, each edge of the graph G is weighted
by the corresponding angular difference (Section 3.3).
Rather than computing this difference directly from
Equation (6), we use a Taylor expansion. As shown in
Section 5.1.2; this leads our method to be more robust
to noise. Finally, we measure the angular difference be-
tween any two projections as the length of the shortest
path between these projections in the graph G.

The steps of the angular difference estimation are
summarized in Algorithm 1 (Section 3.4).

In the following section, we explain how to select
the projection pairs that are linked by an edge in the
graph G.

3.2 Projection neighbors (edges of the graph G)

The aim of this section is a method for selecting the
neighbors of a given projection from the projection set
IT. As the projection moment is a trigonometric polyno-
mial function of the angle (Property 1), two close angles
yield two close moments for any order due to the con-
tinuity of the moment w.r.t. the angle. However, the
converse is false since the moment is non-monotonic as
a function of the angle. Thus, the neighbors of each pro-
jection should be found by comparing their dth-order
moments for several values of d.

For each used order d and each moment pq(#) of a
given projection P(6), an interval of size 2e4(6), cen-
tered on |pq(0)] is set for finding at least one moment
corresponding to a neighbor of the given projection
P(6). The calculation of the threshold £4(6) is shown
in Proposition 2. The reader will find its proof in A.2.

Proposition 2 Let f : R? — [0,1] be a 2D object and
let p € [0,1]. Assuming that the projection directions

are uniformly distributed on [—m/2,7/2), for each mo-
ment puq(0) of order d, there exists an interval centered
on |a(0)] and of size 224(0) in which can be found, with
probability p, at least one moment pq(0’) with ' # 0
and 0" neighboring 0 in ©. The half-width €4(0) is such
that

ey = g(l g _p)ﬁ) x d rggﬁiﬂﬁw(gm : (7)

Remark 1 When the probability distribution function
of the angles is known — let us denote it by A — the
reader can check that the proof of Proposition 2 can
easily be modified and, instead of Equation (7), leads
to

ea = mk x d max(|na(6)]) ,

where k € A7 (3(1 fp)ﬁ) with A the non-decreasing
function § — [} ° A x (Ao (—id))(¢) dt, id the identity
and x the convolution.

The issue with Equation (7) is that the exact value
of rgaﬁc(\ud(Q)D is not known. It can only be estimated
€

from the finite set of projections IT by max{|uq(0)| | 6 €
©}. However, as it will be shown in Proposition 3, the
error due to this estimation is quadratically convergent
toward O as the number of projections increases. Then
these errors induce a negligible error on the half-width
Ed(a).

In conclusion, given a projection P;, Equation (7)
allow us to find the sets J% of the projection neigh-
bors for distinct moment orders. The final result J? is
obtained by intersecting the sets J. Then, an edge is
added in the graph G between P; and each projection
in J*.

3.3 Angular difference formulae

Hereafter, we present in Definition 3 the weights that we
put on the edges of the graph. These weights are derived
from Equation (6) by finite Taylor series expansions. In
Proposition 4, we give bounds on the error due not
only to the finite expansion but also to the unknown
extremum moments that intervene in Equation (6). The
first result of this section is Proposition 3 that gives an

upper bound on the difference between the theoretical
max min

extremum moments p5*%%, pi*" and the empirical ones
~max min
Mo y M2 .

In the sequel of the Section 3.3, we use the following
notations and assumptions (in order to make the state-
ments of the section less cumbersome, these hypotheses
will not be systematically recalled).
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Notations and assumptions of Section 3.3

- O ={6,...,0,} C[-F, F): aset of directions such
that 6, < ... < 0,. We set 6y = 0,, — 7 (thus,
0y < 01)

- A(@) = max (0 —92' 1).

1<

— M = {ns(6 )|9 €0},
— 5 = max(M) and 5™ = min(M).
— ™ = argmax(M) and 0™ = argmin(M).

— A(M) = max min|g — p/|: maximum difference be-
HEM p'#

tween a moment and its nearest neighbor.

The following proposition provides upper bounds on
the difference between empirical extremal moments and
theoretical ones. It is valid in 2D as in 3D.

Proposition 3 Let d > 2. The errors on u'** and
W due to the use of the empirical extremums f77**

A7 are less than Yd® A(©)2(uipe® — pmin).

Proof Let 0% € [—m/2,m/2), resp. 5;”‘” € O, such
that

#a(05"*) = max{pa(6:)}

o) = max 0} .
paO70) = | max {jua(0))
Then, 67" € [0;, 0;11] for some ¢ such that 0 <i < n.
Put p*" = pq(05°"), resp. p*" = pq(67°7).
Then, p'** — ai** < pqa(07%) — wa(6;). The finite
Taylor series with the Lagrange remainder term is de-

veloped for pg at 0 = 07'*” where its derivative is null.
We derive

S 00 - 0

mazr _ n.\2
50 = 007 o

d*pq

62 (®)

Then, as 07" € [0;, 0;11], we have

d?pg

P~ g < SA©) max| S

max
0cR
As pg is a trigonometric polynomial of degree d, we
derive from Bernstein’s inequality that

max ~maxr 1 max min
27 A TH RS 1 d* A(O)? (g™ — pi™) .
Similarly, we get
~min min 1 max min
Bg  —pg < 1 d* A(O)? (™ — pig™)

We have seen that the errors on the extremum mo-
ments are asymptotically negligible as the number of

projections grows. So, we can consider building the weights

of the graph G from the Taylor expansions of Equa-
tion (6). We distinguish two kinds of edges in G: the

edges between projections whose 2nd-order moment is
less than a threshold a(M) (resp. greater than a thresh-
old b(M)) and the edges between the projections whose
2nd-order moments lie between a(M) and b(M). The
relative positions of 5™, yiae®  gmin gmae (M) and
b(M) are shown in Figure 1. The values of a(M) and
b(M) have to be set according to Proposition 4 in order
to ensure the convergence of the edge weights toward
the angular difference.

”;nin ‘llznin a(M) b( ) ”2 )uz
Fig. 1: Relative positions of pf", pgae  poin, graee,

a(M) and b(M) in the noiseless case.

Definition 3 (Local angular difference weight) For
two neighboring directions 6;,6;, the weight w;; be-
tween the two corresponding projections P(6;), P(6;)
is set as follows.

— i a(03) < a(M) and jix(6;) < a(M),
‘ \/M? (91) nnn \/MQ mln‘

wi’j = ~max ~min ; (9)
Ho ™" — Ko
— if pio(6;) > b(M) and p2(0;) > b(M),
i = [V EE™ — p2(6:) — /5™ = p2(6;)] . (10)
u‘znax s
— else,
Wy, 5 = —— 112(05) — 1206 mm ) (11)
V(B = 2 (0e)) (2 (0e) — a5™)
where € € {i,7} and |ua2(0¢) — ﬂ| is mini-
mal.

Proposition 4 gives conditions on a(M) and b(M) to
have the computed weight w; ; converging toward the
angular difference as A(©) tends to 0.

Proposition 4 If the thresholds a(M
such that a(M) — 5™ and [i3

) and b(M) are
I —b(M) are asymptoti-
cally bounded both from above and below by A(M)* for
some a € (0,2/3), then, for any 0 < i,j < n such that
|91 — 9]| S O(A(@)),

— if p2(0:) € [a(M),b(M)] or p2(0;) € [a(M),b(M)],
w; j = dang (P(6;), P(0;)) + 0(A(O)) ;

,max

— else,

Wi, = dang(P(el)aP(ej)) + O(A(@)) :
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The proof of Proposition 4 is given in A.3.

The estimation errors when using only one of the
three formulae of the weight w;; in Definition 3 are
shown in Figure 2 in which the estimation error is cal-
culated by

‘wi,j - dang(P(ai)aP(ej))‘ /dang(P(ai)aP(ej)) .

We see that, Formula (9) gives a better result than the
others for the projection pairs lying close to u5*™. Sim-
ilarly with Formula (10) for the projection pairs lying
close to pJ**® and Formula (11) for the projection pairs
that are far enough from 15" and p5***. Therefore, the
combination of these three formulae gives us a good es-
timation result. The setting of the two thresholds a(M)
and b(M) for separating these three formulae is given

in the next section.

<Formula (10)
Formula (9)
oFormula (11)

estimation error
o
N

W pa(0) L

Fig. 2: Angular difference estimation errors caused by
the three formulae given in Definition 3.

3.4 Angular difference estimation algorithm

We propose an algorithm for the estimation of the an-
gular difference between any two projections from the
projection set II. We first calculate the dth-order mo-
ments of the projections in IT for d € {2,3,4,5}. Then,
the neighbors of each projection P(6) are found thanks
to the moment intervals |uq(6)] + £4(0) described in
Section 3.2. The threshold £4() is calculated using For-
mula (7) in Proposition 2 by setting the probability p
to 0.95. Note that there are different sets of neighbor-
ing projections found according to the different orders
of moment. The final result of the neighbor search is
then obtained by intersecting these sets of neighboring
projections. Here, the order d is set to 2, 3, 4 and 5
since the higher order moments are sensitive to noise
and do not improve the search result.

Next, the angular differences between the neighbor-
ing projections are estimated through the three formu-
lae given in Definition 3. In order to separate the use of
these three formulae, a(M) is set to g™ + A(M)/?
and b(M) is set to fig**® — A(M)'/? according to the
conditions in Proposition 4.

Then, we build a neighborhood graph whose vertices
are the projections, whose edges connect the neighbor-
ing projections and are weighted by the estimated an-
gular differences. Eventually, the angular difference be-
tween any two projections on the graph is estimated
by using a shortest path algorithm such as Dijkstra’s
algorithm. The estimation process is summarized in Al-
gorithm 1.

Algorithm 1: 2D Angular difference estimation
Data: IT = {P(0;) |1 < i< n}.
Result: estimation of
dang(,])(ei)?,lj(ej))’ 1 S 7‘7.7 S T’L,i # .]
1. G« 0,D« {2,...,5}.
2. Calculate {p,d(ﬂi)}i:l,,,n then {Ed(ei)}i:l...n,
for any d € D.
3. For each index 1,
81 T (5 | lna(0)] — ea(0:) < |na(0))] <
lwa(0i)| +€a(bi)}, vd € D.
3.2, J0 « N Ji.
3.3. For each j € J¢, G + GU{(4,5,wi,;)}-
4. Shortest_Path_Algorithm(G).

3.5 Dealing with noise

This section addresses the problem of noise that usu-
ally contaminates the projections during the acquisition
process. Assuming that the noise is modeled as a white
centered Gaussian noise, we first denoise the projection
set using a method developped by Wu and Singer [22].
Even if the whole step of this method is not applied,
it is nevertheless called here the Wu-Singer denoising
method. The main idea of this method is to analyze
the projection set using a PCA decomposition [13] com-
bined with an optimized Wiener filter and a graph de-
noising technique [28].

Noise also propagates to the projection moments
and leads to computational errors not only in the search-
ing formula exhibited in Proposition 2 but also in the es-
timation formulae given in Definition 3. Assuming noisy
projections P(6) = P(6) + €(6), where €(6) ~ N (0, 52)
is a Gaussian noise vector with zero mean and vari-
ance o2 on each coordinate, we can easily prove that
the dth-order moment fig(0) of a noisy projection fol-
lows the Gaussian distribution with mean pq(f) and
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variance X2, where

1 3
o
Y= / M o?dr | = —m—— .

. d+1/2
As the noise can increase the gap between the theo-
retical extremal moments and the empirical ones, it is
necessary to estimate the former. Under the assump-
tion of a uniform angle distribution, we derive from (6)
the probability density function of us as follows:

1 1
P(pz) = — x — .
T 20/ (5T — o) (2 — p5 ™)
When the angle distribution is not uniform, one has
to replace 1/m in the above formula by

f (mvesn (/i = e =) )

where f is the p.d.f. of the angles. Then, the probability
density function of jip is obtained by the convolution
between P and the probability density function of the
Gaussian noise with zero mean and variance X2.

(12)

mazx

Ha
= 1 —(fi2 — p2)?
Py = [ Plua) mxe"p( (i ~ 1) )du2~ (13)

Figure 3 shows the shapes of P and P at different levels

min max

of noise. Note that the relative positions of u5**", us***,
gt pmat q(M) and b(M) in case of even moderate
noise will likely be changed as in Figure 4 (compare

with Figure 1).

1 —Witho‘ut noise
-¥=0.02
0.8 , =% =0.03 \ |
'\ % =0.04 I

0.6 | 1
04 —
0.2+

0

Fig. 3: Probability density of the second-order noisy
moment without noise and with different variances of
noise.

min max

The two extremal moments p5**™ and p5*** can be
estimated using the maximum likelihood by

(AT, G5 **) = argmax H P(m/| min M, max M) , (14)
meM

H" 1 "a (M) b(M)H" 1™
Fig. 4: Relative positions of 5", p5'a®, govn, gmae,

a(M) and b(M) in case of noise.

where M = {fi2(6;) | 1 <i < n}.
We did not find an analytical solution for Equation (14).
It is therefore solved using the numerical approach.

The efficiency of the Wu-Singer denoising method
and the extremum estimation is shown in Section 5.

4 Estimation of angular difference in 3D

We now consider the 3D case. Let f be a 3D object
whose centroid is at the origin, n be a positive inte-
ger and © = {(¢;,0;,%;)|1 < i < n} be a set of
unknown directions included in [—7/2,7/2)3. We set
II = {P(pi,0;,¢i) |1 < i < n}, the set of projections
associated to ©, and V = {vp(p;,0;) |1 < i < n}, the
set of direction vectors of IT. Our goal is to estimate
the absolute angular difference between two projections
from the set of projections II. Since we cannot distin-
guish a projection direction from its antipodal direc-
tion, the computed angular difference will lie in R/7Z
identified with (—m /2,7 /2] and its absolute value given
in [0, 7/2].

The estimation procedure is almost identical to the
2D case. We first show the estimation formula of the
angular difference between the neighboring projections.
The angular difference between two projections P and
P’ in 3D can be calculated by the inner product be-
tween the two direction vectors vp and vp::

dang (P, 77/) = arccos (|vp . vpr|) . (15)
We take from [20] the direction vector expression,

0) = (vl 02 03\ 7 16
'UP(Spv ) (vpv vp, UP) ) ( )

where (omitting the argument (¢, 6, ) in o o and g 2):

c (W= ) (1 — o)\
Up_i( (" = ) (7 — k) > ’ "

with

- {ivj7k} = {17273}7
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med

= ('t p?, ) = (e, pmed, pmt), where

S

max min 2,05 10,2
(¢,0,9)€ER (20, 10.2)

= min

(p,0,9)€R
min

(p,0,9)€R

med

/’l’ =

maX(Mz,m M0,2) )

min

= min (42,0, Ho,2) -

There are four possible solutions for Equation (15)
due to the unknown signs in Equation (17). This cor-
responds to the direction vectors lying on four differ-
ent octants of the coordinate system. The solution of
Equation (15) can be unique by making the assump-
tion that both of the neighboring projections are in the
same octant. This assumption leads to very few, and
very small, errors if the number of projections is large
enough. Then, under this assumption, Equation (15)
comes down to

3
dang (P, 73') = arccos <Z |’U;; U;)/ |> .

i=1

(18)

We now deal with the problem of searching the neigh-
boring projections. As shown in 2D (Section 3), the
search of projection neighbors is based on the calcu-
lation of projection moment intervals for different mo-
ment orders. This approach can not be applied directly
to 3D, because the projection moments depend on the
projection rotation (by the angle ¢) which is unknown.
Thus, the moment values of two neighboring projec-
tions may be very different according to the projection
rotation. Therefore, instead of using the standard mo-
ments, we employ the seven Hu moments defined in [12]
which are invariant by rotation. These moments are lin-
ear combinations of standard moments. Knowing that
the standard moments are trigonometric polynomials
(Proposition 1) and the set of trigonometric polyno-
mials is a ring, we derive that Hu moments are also
trigonometric polynomials. Let M"(p,6) be the h-th
Hu moment of the projection P(p,0,1), h = 1...7.
The value of M"(y,8) is calculated as follows (omit-
ting the argument (i, 0,1)):

M = H2.0 + Ho2

M? = (p20 — po2)” + 4u§71 ,

M? = (p3,0 — 3p1,2)” + (Buz,1 — po3)*

M = (30 + p1.2)% + (2 + o)

M = (g0 — 3p1.2) (a0 + p1,2) (3,0 + p11,2)°
— 3(p2,1 + 10,3)%) + (Bpa — p0,3) (2,1 + 10,3)(
3z + p12)? — (2,1 + Ho3)?)

MO = (2.0 — p0,2) (3,0 + p1,2)* — (2.1 + p10,3)%)+
dpna(ps0 + pa,2) (2,1 + poj3)

M = (Bua1 — poa) (ka0 + p12) (13,0 + p1,2)?
— 32,1 + p0,3)%) — (13,0 — 3p1.,2) (2,1 + po,3)(
3(us0 + p12)? — (21 + p0,3)?) -

Note that the order of M" is the degree of the trigono-
metric polynomial. In order to select the pairs of neigh-
boring projections, for each moment M" (¢, ) of a pro-
jection P (g, 0,1), an interval M" (¢, 0) & e (¢, 0) is
calculated for finding at least one other Hu moment
M"(¢',0") corresponding to a neighbor of P(i,0,).
The value of € ,4n ((p, 0) is calculated as follows.

Proposition 5

Let f : R® — [0,1] be a 3D object and let p € [0,1].
Assuming that the projection directions are uniformly
distributed on the hemisphere, then for each Hu moment
M of a projection P; taken at the direction vp,, h =
1...7, there exists an interval bounded by M tepn in
which can be found, with probability p, at least one Hu
moment ./\/l? of a projection P; taken at the direction
vp,, M+ ./\/l;‘ and vp; is close to vp,. The half-width
Epmn 15 such that

evn =7(1—(1—p)™T)% &,

where &, = k max ((M"(;,6,)], k =2,4,6,6,12,8, 12
SJsn

(19)

being the order of M" for h =1...7, respectively.

The proof of Proposition 5 is given in B.2.

Remark 2 As in 2D, the proof of Proposition 5 can be
adapted in order to drop the angle uniform distribution
assumption. Let A1, Ao be the p.d.f. of the angles ¢ and

1
6. Then, in Equation (19), the term (1 —-(1- p)ﬁ) 3
should be replaced by o € A~} (%(1 -1 —p)ﬁ))
where A is the non decreasing function

§
o / (()\1 * A1)|t>0 * ()\2 * )\2)|t>0)(t) dt ,
0 > >
with Ay = A; o (—id) (resp. Az = Ay o (—id)) and * is
the convolution.

After finding the neighbors, we build a neighbor-
hood graph whose vertices are the projections, whose

edges connect the neighboring projections and are weighted

by the angular differences estimated from Equation (18).
Finally, the angular difference between any two projec-
tions on the neighborhood graph can be calculated us-
ing a shortest path algorithm.
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Recall that our method in 2D linearizes the Salz-
man’s formula (6) in order to reduce the noise effect.
However, since the linearization of the corresponding
3D equation (18) is not as simple as in 2D, this step
is skipped. As in the 2D case, the value of p™a®, pmed
and ™™ used in (18) and (19) can only be estimated
from the finite set of projections. Nevertheless, thanks
to Proposition 3, which is still valid in 3D, we can ne-
glect the errors on p™%*, ™ and ™. With noisy
projections, the Wu-Singer denoising method is used to
denoise the projection set but the maximum likelihood
estimation of u pmed and p is also skipped due
to the high computational complexity. However, even
if the linearization of Salzman’s Formula and the ex-
tremum estimation are not applied in 3D, the experi-
mental results (Section 5) show that our method out-
performs the Euclidean distance for the angular differ-
ence estimation.

max min
)

The proposed method for estimating the angular
differences between tomographic projections in 2D and
3D is now called Moment-based Angular Difference
Estimation (MADE) method. All steps of the MADE
method is summarized below.

Step 1: Denoising of the projection set using the
Wu-Singer denoising method [22].

Step 2: Computation of the projection moments from
the projection set. In 2D, the moments pg, 2 < d < 5,
are calculated by Equation (1). In 3D, the moments
te,ds 0 < ¢,d < 3, are calculated by Equation (5). Then
the seven Hu moments M", 1 < h < 7, are calculated
from pic q.

Step 8: Estimation of the extremum moments: this
step is only available in 2D where p5"" and p§'e® is

estimated as shown in Section 3.5.

Step 4: Selection of the neighbors of each projection
by thresholding. In 2D, the threshold ¢4 is calculated
by Equation 7. In 3D, the threshold €, is calculated
by Equation 19. '

Step 5: Computation of the angular differences be-
tween the neighboring projections. In 2D, the formulae
in Definition 3 are used. In 3D, Formula (18) is used.

Step 6: Construction of the neighborhood graph whose

vertices are the projections and whose edges link the
neighboring projections found in Step 4 and are weighted
by the angular differences calculated in Step 5.

Step 7: Computation of the angular difference be-
tween any two projections using a shortest path algo-
rithm on the neighborhood graph.

5 Experimental results
5.1 Experiments in 2D

Our method is tested on a set of fifty 2D phantom im-
ages at resolutions 322, 642, 1282 and 2562 pixels. The
phantoms are generated automatically using our pro-
gram. Examples of the phantoms are shown in Figure 5
and their 1D projections at different levels of noise are
shown in Figure 6.

5.1.1 Noiseless case

A first experiment aims at testing the robustness of the
MADE estimation formulae given in Definition 3, in
case the angular difference between two projections is
small (e.g. neighboring projections). In this first exper-
iment, 200 pairs of angular values (8, Af) are randomly
generated for each phantom, where 6 € [—90°,90°) and
Af € [1°,2°]. The projections P(f) and P(6 + A0)
are computed for each pair (0, Af). The angular dif-
ference between P(6) and P( + Af) is then estimated
using the MADE estimation formulae. Note that the
two extreme projection moments p5'%* and pZ*" are
calculated from the set of moment values provided by
the 200 pairs (u2(0), pu2(0 + Af). We also apply the
Salzman’s Method (SM) presented in Section 3.1 to es-
timate the angular difference between each projection
pair (P(6),P(6 + A)). The Euclidean Distance (ED)
between P(#) and P(0 + Af) is also computed. The
purpose of this experiment is to measure the dispersion
of the estimated angular difference using MADE (resp.
SM) and ED w.r.t the ground truth of the angular dif-
ference dang(P(0), P(6 + A)) = AH. We used in [18]
the Variance-to-Mean Ratio to measure the variation,
but here we prefer to employ the Root Mean Squared
Deviation (RMSD) since the result obtained from the
RMSD is more accurate. The RMSD is defined as fol-

lows

> 1 T(X - Xp)?
RMSD(X) = — 0 \/ 2z " %),
Xmax - szn n

where X is the estimator of X, )?mam = maxlgign()?i),
)?min = minlSiSn()A(i). Lower values of the RMSD in-
dicate less residual variance of X. The results of this
first experiment are shown in Figure 7. It is clear that
the dispersion of ED (a) is much higher than that of SM
(b) and MADE (c). Moreover, the dispersion of SM is
slightly lower than that of MADE. This is understand-
able since our method MADE is the linearization of the

SM formula.
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(a) 322 pixels (b) 642 pixels

(c) 1282 pixels (d) 2562 pixels

Fig. 5: Examples of 2D phantoms with different resolutions.

2 2
1 1 1
0 e 0 WWMM 0
1 -1 -1
1 0 1 -1 0 1 -1 0 1
X X X X
(a) clean projection (b) 10 dB (c) 0 dB (d) -5 dB

Fig. 6: Examples of 1D projections at different levels of noise.

Table 1: RMSD (%) of Salzman’s Method (SM) and
our method MADE in 2D w.r.t the phantom resolu-
tions (in pixels) for the noiseless case. The local case
(a) is for two neighboring projections and the global
case (b) is for any two projections.

322 642 1282 2562
a) Local
SM 52+28 41+£15 40+£16 39+15
MADE 52+25 51+20 50+16 45+1.3
b) Global
SM 05+05 044+03 07£18 03+03
MADE 07+04 06+02 09+17 05+0.2

More quantitative results w.r.t the phantom resolu-
tions are shown in Table la (local case). We see that
the RMSDs of MADE and SM are less than 5.2% at all

resolutions.

In the second experiment, the angular difference es-
timation between any two projections is calculated. For
this, 200 angles 6 € [—90°,90°) are randomly generated
for each phantom. The corresponding projections P(6)
are then computed. The angular differences between
any two projections are estimated by MADE with all
the steps described in Algorithm 1. ED and SM are also
applied and compared with MADE. As shown in Fig-
ure 8, the dispersion of ED (a) is again much higher
than that of SM (b) and MADE (c). The dispersions of
SM and MADE are not very different. The estimation
results w.r.t the phantom resolutions are shown in Ta-
ble 1b (global case). The RMSD of SM and MADE are
very low (< 1%) for all resolutions. Also note that the

RMSD of the global case decreases significantly com-
pared to the local one. This can be explained by the
fact that in 2D the shortest path algorithm allows to
reduce the global error compared to the sum of the
local errors. In addition, the RMSD is averaged over
the angle interval which is very small in the local case
(~[0°,2°]) compared to the global one (~ [0°,90°]).
The first two experiments show that the methods
MADE and SM give a good angular difference estima-
tion between projections, with small dispersions com-
pared to those of ED. In addition, since MADE is ob-
tained as an approximation of SM, the result of SM is
better than the result of MADE for the noiseless case.

5.1.2 Noisy case

The noise robustness of SM and MADE is now tested
in the third experiment without using the denoising
method described in Step 1 of Section 4. White noise is
added to projections with different values of the signal-
to-noise ratio (SNR). The SNR is defined by

Var(S) ) |

SNR =10 loglo <‘/m(]\7)

where Var(S) is the signal variance and Var(N) is the
noise variance. Then, a similar procedure to that used
in the second experiment is applied. Moreover, we also
test in this experiment a variation of MADE in which
the edges of the graph G are weighted by Salzman’s For-
mula (6) rather by its linearization. This new version is
named MADES to distinguish it from the original one.
The extremum moment estimations 75*" and [i5'%* are
obtained using Maximum Likelihood (see Section 3.5

for details). For that, we set 75" € [min M, med ]\7]
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0.5 1 1.5
Ground truth (degree)
(a)

1.5 ]

~ .

SM

“Ground truth (degree) -
(b)

1.5/ s

MADE

0.5 ~ f
GO//

0.5 1 1.5
Ground truth (degree)
(c)

Fig. 7: 1st experiment (local case): dispersion of ED
(a), SM (b) and MADE (c) between two neighboring
projections in 2D for phantom of 1282 pixels.

and g5 € (med M, max ]\//7] thanks to the observa-
tion shown in Figure 4, where M is the set of noisy
moments. Then, the candidates for fi3*" and J**® are
selected based on Equation (14). Also note that, the in-
tegral in Equation (13) is approximated using the func-

tion integral() in MATLAB.

Figure 9 shows the RMSD of SM, MADES and
MADE for SNR varying from 40 dB to 5 dB without
(a) and with (b) maximum likelihood estimation of the

% 05 1 15 2

100
3 50
% 20 40 60 80
Ground truth (degree)
(a)
100
2 50
% 50 100
Ground truth (degree)
(b)
100
L
2 50
=
% 50 100

Ground truth (degree)
(c)

Fig. 8: 2nd experiment (global case): dispersion of
ED (a), SM (b) and MADE (c) between any two
projections in 2D for phantom of 1282 pixels.

extremum moments. Lower values of SNR will be tested
in the next experiment.

In Figure 9a, that is without maximum likelihood
estimation of the extremum moments, we see that the
dispersion of SM is higher than the ones of MADES and
MADE. Especially, the RMSD of SM is much higher
than the others when the SNR is lower than 25 dB.
Also note that, the RMSD of MADE is smaller than
the RMSD of MADES. This shows that the lineariza-
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40
35

|=SM>MADES©MADEL]

9% 3 30 25_ 20 15 10 5
SNR (dB)

Tmin

(a) without estimation of u%**™ and u5**

40
35

|=SM>MADES©MADEL]

9% 35 30 25_ 20 15 10 5
SNR (dB)

Tmin Tmax

(b) with estimation of G%**™ and a3

Fig. 9: 3rd experiment. RMSD (%) of ED, SM, MADES, MADE w.r.t. the SNR in 2D. Test with phantoms of
1282 pixels, without (a) and with (b) maximum likelihood estimation of the extremum moments 5"" and 5**®.

Table 2: 3rd experiment: RMSD (%) of SM, MADES,
MADE in 2D w.r.t. the phantom resolutions (in
pixels) in 2D. Test at SNR = 25 dB, the extreme

moments p5*" and p**® are estimated by maximum
likelihood.

322 642 1282 2562
SM 14.1+56 102+4.7 83+3.0 7.5+47
MADES 6.7+12 6.1+19 6.0+1.7 49+1.6
MADE 6.4+1.1 58+18 56+16 46+1.5

tion of Salzman formula gives us a better result when
the projections are corrupted by noise. Then, in Fig-
ure 9b, that is with maximum likelihood estimation of
the extremum moments, the RMSD of all methods, SM,
MADES and MADE, are smaller than without the esti-
mation (~ 2%), but the dispersion of SM is still higher
than the ones of MADE and MADES. Again, MADE is
better than MADES when the noise is high. In Table 2,
the RMSD of all methods w.r.t the phantom resolutions
are given at a SNR of 25 dB. The RMSD of MADE at
all the resolutions is the smallest. The comparison of
MADE with MADES shows that the SM formula lin-
earization slightly improves the estimation results.

We have shown the performance of MADE in 2D
compared to SM. The angular difference can also be ob-
tained by means of the projection direction estimation.
The Wu-Singer method developped in [22] is known as a
good method for the estimation of projection directions.
A comparison between our method MADE and the Wu-
Singer method is shown in Figure 10. Note that all the
steps of MADE described in Section 4 are now fully ap-
plied. We see that globally MADE performs better than
Wu-Singer, especially when the number of projections
is small. For a large number of projection (> 1000),
the Wu-Singer method is a bit more robust to noise

than MADE when the SNR is higher than 5dB. But,
when the noise level increases, the RMSD of the Wu-
Singer method grows up more rapidly than the RMSD
of MADE.

In conclusion, the experiments in 2D show that our
method MADE performs better than SM in case of
noise and than the Wu-Singer method when the number
of projections, or the SNR, is small. The linearization
of Salzman formula (6) combined with the extremum
moments estimation are useful in case of noise. The
pre-processing step allows our method to obtain good
results for SNR greater than 0 dB.

5.2 Experiments in 3D

The method MADE is now tested in 3D. A set of fifty
3D phantom images at different resolutions — 323, 643,
1283 and 2563 voxels — is generated by our program.
Examples of the 3D phantoms and their 2D projections
with different levels of noise are shown in Figure 11 and
Figure 12.

5.2.1 Noiseless case

In this fourth experiment, a set of 1000 triples (i, 8, )
is generated uniformly and randomly on the hemisphere
for each phantom, where ¢, 6,9 € [-90°,90°). A set
of corresponding projections P(y, 8,1) and projection
moments g q4(p, 8,1) are then calculated. The extreme
values of pi. 4(¢,0,1) are taken from the set of projec-
tion moments g q4(, 8, 1). The neighbors of each pro-
jection are found using the Hu moment thresholds de-
fined in Equation (19). The angular differences between
these neighboring projections are then estimated using
Formula (18). Finally, the angular differences between
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Fig. 10: 3rd experiment: RMSD (%) of MADE (a) and the angular difference derived from [22] (b) in 2D w.r.t.
the SNR and the numbers of projections for images of 2562 pixels.

any two projections are calculated using a shortest path
algorithm on the neighborhood graph. ED is also com-
puted and compared with MADE regarding the disper-
sion.

The results are illustrated in Figure 13 for two neigh-
boring projections (local case) and Figure 14 for any
two projections (global case). The reader can see that
ED (a) varies much more than MADE (b) in both cases.
Moreover, the estimation errors of MADE displayed in
Figure 13b are the results of projections lying in dif-
ferent octants of the hemisphere. The number of error
cases is small w.r.t the total number of estimated cases
and does not affect the estimation results as shown in
Table 3, where the RMSD of MADE is lower than 5.5%
for the local case and lower than 6.9% for the global
case. Also note that the RMSD of the global case does
not decrease compared with the local one as in 2D due
to two reasons : first the shortest path algorithm does
not run well in 3D, second the angle interval in local
case is not small as in 2D (~ [0°,15°]) and yields more
significant errors than in 2D (including the errors from
different octants). Thus the behavior of the global error
in 3D is more complicate than in 2D.

This fourth experiment shows that ED in 3D has
a high dispersion w.r.t the angular differences between
projections, whereas MADE is good for estimating the
angular difference with a smaller dispersion.

5.2.2 Noisy case

The noise robustness of MADE in 3D is then evalu-
ated in the fifth experiment. White noise with a given
SNR is added to projections. Again, the Wu-Singer de-
noising method is applied to denoise projections. The
estimation results for the different number of projec-
tions and at the different levels of noise are shown in

Table 3: RMSD (%) of MADE in 3D w.r.t the
phantom resolutions (in voxels) for the noiseless case.
The local case is for two neighboring projections and

the global case is for any two projections.

323 643 1283 2563
Local 54422 47+12 42+13 40412
Global 6.84+23 64+15 61+17 61+16

Figure 15 for phantoms of 1282 voxels. Good results are
obtained with a RMSD less than 10% at SNR > 10dB
for the number of projections equals to 1000 and at
SNR > 0dB for the number of projections equals to
10000. As in 2D, the angular difference in 3D can also
be calculated by means of the projection direction es-
timation. In particular, the method proposed in [23]
gives good estimation results at very low SNR (smaller
than —10 dB) and clearly outperforms the results of
MADE. Nevertheless, the advantage of our method is
that it can be used with a small number of projections,
whereas the method in [23] needs a sufficiently large
number of projections (> 10000) in order to obtain a
good result.

Another family of direction estimation methods uses
the common line technique [27,8,17,15]. The common
line based method proposed more recently in [21] is ro-
bust to noise and can be used in case of a small number
of projections. The method is combined with several de-
noising methods that allow to improve significantly the
estimation result. The pre-processing steps are a weak
point of our method and need to be more investigated
in our further work. However, one of the drawback of
these common-line based methods are the runtime com-
plexity. Indeed, the runtime of the method in [21] is a
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(a) 323 voxels (b) 642 voxels

(c) 1282 voxels (d) 2562 voxels

Fig. 11: Examples of 3D phantoms with different resolutions.
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(a) clean projection (b) 10 dB
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(c) 0 dB (d) =5 dB

Fig. 12: Examples of 2D projections at different levels of noise.

O(p® n?+n?) where p is the dimension of the projection
space and n is the number of projections. On the other
hand, the runtime of our method is faster with a time
complexity in O(p?n + n?).

All the experiments in this section were performed
on a Linux machine with Xeon 3.20 GHz and 16GB of
RAM. All steps of our method were executed only with
one core and were not parallelized. The runing time for
testing our method on each phantom varies from several
seconds to several minutes, depending on the number
of projections and the projection dimension.

6 Conclusion

This article addresses the angular difference estimation
between tomographic projections.

We propose a new method, MADE, based on the
projection moments. The first stage of MADE is to
identify the projections that are close, not with respect
to the Euclidean distance, but relative to their projec-
tion directions. Then, the angular differences between
the neighboring projections are evaluated. The process
of these two steps involves the calculation of the pro-
jection moments with several orders and the estimation
of the extreme moments, which intervene in the angle
computation. The experimental results on a simulated
database with different resolutions shows that MADE
performs better the selection of the neighboring projec-
tions than the Euclidean distance. Regarding the angu-
lar difference estimation, the accuracy and the noise ro-
bustness of MADE is also better than the other tested

methods up to -5dB. Our method can be considered
as a potential measure for the projection refinement
or the projection classification in the tomographic re-
construction process. As a perspective, we plan to test
the method on a real database —especially in the case
where the distribution of the projection directions is
not uniform—, to improve the noise robustness in the
3D case by incorporating more pre-processing steps and
to combine MADE with another technique such as the
common line.
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A Proofs in 2D

A.1 Recall of Bernstein’s inequality

Theorem 1 (Bernstein’s inequality [19]) Let f(z) =

n

> aicos(iz) + b; sin(iz), a trigonometric polynomsal of de-
=0

gree n. We have

mx{'g\} <n max{| (@)} - (20)

zER
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Fig. 13: 4th experiment. Dispersion of the angular
differences between neighboring projections (local
case) in 3D for an phantom of 1282 voxels. (a) ED.
(b) MADE.

A.2 Proof of Proposition 2

Proposition 2 relies on Lemma 1 which gives, at a given level
of confidence, the maximum distance between two successive
angles from a set of realizations of an equidistributed random
variable on the circle R/7Z.

Lemma 1 Let6i,...,0;,...,0, beindependent and uniformly
distributed random wvariables in [—w/2,7/2). Let' Z;; =
min (|6; — 85|, 7 — |6: — 6;]). Then, for any i € [1,n],

_1
Prob (j;rilzi,j §5) >p = >3 (1—(1—p)n—1)

Proof Let (X;)?_, be independent random variables, uni-
formly distributed in [0, 1]. We set Y; ; = |X; — X| for any
pair (i,j5), ¢ # j. Let p € (0,1). We want to find a posi-
tive real § as small as possible such that, for each i € [1,n],
3j # 4, min (Y;,5,1—-Y5,;) < & with a probability greater than
or equal to p.

Note that for a given fixed ¢ € [1,n], the random vari-
ables Y; j, 1 < j < n, j # i, are independent. Furthermore,

1 The variable Z;,; is the distance between the variables 0;
and 6; on the circle R/7Z.

150,
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50

(a)
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100
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80

40 60
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Fig. 14: 4th experiment. Dispersion of the angular
differences between any two projections (global case)
in 3D for an phantom of 1282 voxels. (a) ED.

(b) MADE.

recall that the absolute difference between two standard uni-
form variables has a triangular distribution with a cumulative
distribution function z — 1 — (1 — x)2, for z € [0, 1].
For each ¢ € [1,n], one has
Prob (m;&n (min (Yig,1— Yi,j)) < 5) >p
JF#1
= H Prob (min((Y3,5,1 —
J#i
> [[Prob(s<Vi;<1-48)<1-p
i
= (1= -2 < (1—-p)

= 62%(1*(1*p)ﬁ)

Yij)>6) <1-p

We conclude straightforwardly, setting X; = 1/7(0; + 7/2).

Proof (Proof of Prop. 2) From the mean value theorem and
the Bernstein’s inequality, we have for any 6, 0’ :

_ ’
lpa ()] — [na(6”)] < max dpa
0—0 6ek || do

Hence, we derive from Lemma 1 and Eq. (21), that setting

} < dmaxljna(@)[}. (21)

ca=1 (1 - _p)ﬁ) x d rglgﬂ)g{lud(@)”
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Fig. 15: 5th experiment: The RMSD (%) of MADE in
3D at different levels of noise and with different
numbers of projections. The test is performed with
images of 1283 voxels. The Wu-Singer method is
applied to denoise projections.

ensures that, for any angle 6, we will find with a probability
greater than p at least one moment |uq(60")|, 8’ # 6, in the
band |ud(9)| + Ed-

A.3 Proof of Proposition 4

Proof Let define IT = {01, ...,0,} where 61 < 02 < ---
We set M = {u2(0) | 0 € II} and we put

< On.

Ay, = max min |p — p'|
REM p'#p

max ~maxr ~min

Az, = max{uy T H2 o, M2 — pg""}  and

Az, =max{0;11 —60; | 0<i<n} whereby =26,

Note that d
Al n S AB n INax ﬂ
’ " oer | dO
(i.e. A1, = O(As,,)). Indeed,
AL = min 0r) — 1
b pw'€M and u’¢u2(9k)|u2( k) = #l

|2 (0k) — pa2(0:)]

for some 0,60, € II.
Thus, there are two cases:

o k <1 (actually we can assume that p2(0r) # p2(Ok+1)
because if p2(0k) = p2(0k+1), then we take k+ 1 instead
k and so on), then

[p2(0k) — p2(00)| < |p2(0k) — p2(0k11)]
d,ug

< (0k+1 - (‘)k) max a0

E€R

e the case where | < k is proved in a symmetrical way

d/,bz
de |’

Thus, in the all cases we have Ay ,, < Az, maxger

Furthermore, from Proposition 3, Aa , = O(As,,2).
We also have from the hypothesis,
CAl,na S ’a;naz

—b(M),a(M) — i5""™ < DAy >,

for some C,D >0 and 0 < e < 2/3.
Then since umaac _ Mnmn _ (umaac
b(M)) + b(M) —a(M) + (a(M) —
we derive that
b(M) — a(M) > p5*o® — ™ — 2A5 ,, —2DA; ,“
> umaz _ ’ugnzn _ O(A37n2) _ O(AS,na) .

— f507) + (5 —
mzn) + (Mmzn _ M;nzn) ,

So, assuming Az, — 0 as n — 0 and n large enough, we
can assert that b(M) — a(M) is lower-bounded by a positive
constant.

The following calculation assume that A 5, Az n, A3y
are small (less than 1). For this, simply take n large enough.

Let 0;, 60; in © such that |§; — 0] = O(As,,). Firstly,
we consider the case in which 6; or ; lies between a(M) and
b(M).

We define £ € {4, j} such that |pu2(0s)—
(thereby, 6 € [a(M),b(M]).
From the finite Taylor series of p2 at 0¢, we get

maz | min
7”2| is minimal

00, = (a(0)~2(6,)+0(10: ~;17) (22 (00)) " (22)

From (6), we derive

\ disa (95)' = (™ ™) sin(0 )| cos(0c) = 24/ F (1 (02)),

where f(z) = (3" — 2)(z — pBiny We also set f(z) =
(p5ra> — ) (x — p5*™). We have
Fu2(6¢)) = f(n2(8¢)) + O(Az,n)

and, since 8¢ € [a(M),b(M)],
Fu2(0¢)) > min(f(a(M)), f(b(M)) > k(b(M)—

We derive that

M))Al,na

dpso |~

O(As .y A1 ~3%72) | (23
30 +O0(Az,n Ar, ), (23)

5 (Fuz(00)) /2

where the constant in the Big O depends on f and k.
We obtain from (22), (23)

l2(0:) — p2(0;)|
24/ f(u2(0¢))
=10; — 0] + O(Az,, A1 n"3%2) 4+ O(A3,0% A1
=10; — 0;] + O(Az,n? Ay, ~3/2)
= 10i — 0;] + O(A3,,>73/%) .
We recall that o < 2/3, so 2 — 3a/2 > 1 and we are done.

7o¢/2)

Next, we develop the estimation formula of || in the case
of u2(0) > b(M) (the case p2(0) < a(M) is similar). From (6),
we have

1B — 3 (6)

max min

Mo — M2

= |sin(0)| .

Thus,

pET = ua0)
maz _ umzn

BET = a(6)
'u'énaz _ umzn

= ||sm(0i)| —

\sin(ej)|| . (29)
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Since [|a| — |b|| < |a—b] in any case, we derive from (24) that

pg e —p2(0i)  [pgtT — pa(0)
Vnaz — M’IYLZ'VL MEVLG“’L‘ — Mmzn

< Isin(8;) — sin(8;)] < ‘2811’16

J|<|9 —0;| .

As we assume [0; — 6;| € O(A3z,»), the result holds.

B Proofs in 3D

B.1 Proof of Proposition 1

Proof Let recall the formula of projection moments in 3D:

tie.a(i0,0,10) = / / 2y Py (0,0, 0) (@ y) dzdy . (25)
R R

Setting Ry, 0,4) = it can be rewritten as

(rji)1§i,j§3’

Mc,d(%ayw):///Ot1ca2dg(a1,a2,a3)da1 das das
R R R

3 3 3
where g(a1, a2, a3) = f (Z r1j0G, . T2, > T3 ozj)A
j=1 j=1 Jj=1
By changing the variables

3

:Zrijaj (1§’L§3), (26)

j=1
then reversing (26) as
3
aj =1 B (1<j<3),
i=1

we obtain

Nc,d(¢7 97 1#’) =

3 c 3 d
///(Zm@) (anﬁz) f(B1, B2, B2) dB1dB2dBs.
R R R V=1 i

(27)

By using the trinomial expansion and the multi-index nota-
tion with r; = (r1j,r2;5,7r3;) and 8 = (B1, B2, 83), we have
for j € {1,2} and any integer n:

3 n
.. B — n k gon—k
<ZT7,J ﬁz) - Z <k> T‘J ,3 .
i=1 |k|=n
Eq. (27) is then rewritten as

pe,a(p, 0,9) =

/ / /R Z) (?) riry B f(8)dB

|k|=c |l|=d
d
=> X (Z) (l) YTy B (k) 5 (28)
|k|=c [l|=d

where p¢ n_(k41) is the moment of f with order n — (k +1).
Since the coefficients r;; are trigonometric polynomials, we
are done.

B.2 Proof of Proposition 5

Proof Assuming that the distribution of the projection direc-
tions is uniform on the sphere, we first find the distribution
of ¢ and 0 € [—7/2,7/2). The area element of the sphere is

dS = dfcosfdep . (29)

It should be constant in order to obtain the uniform distribu-
tion on the sphere. However, dS in (29) is a function of cos 6
and is not constant if ¢ and 6 are uniformly distributed in
[—7/2,7/2). Instead, ¢ and 6 can be generated as follows:
p=mu—m7/2, 6=arcsin(2v—1) ,

where u, v is uniformly distributed in [0, 1). Then,dS is uni-
form:

dS =d(sinf)dy = 2ndvdu .

Now, for simplicity, we write M instead of M", where h €
{1,...,7}, since the following steps are similar for any Hu
moment. Let consider a closed subinterval K of [—m/2, 7/2)?
and two Hu moments M(p,0) and M(y’,0") where (p,0)
and (¢’,6’) lie in K. We have

(M(g',6") — M(p,0)] <

(¢,0)EK (max (‘ de

max

L)) el + o

where §, = ¢’ — ¢ and dp = 60" — 0.

Let u, v be such that ¢ = 7u — 7/2, = arcsin(2v — 1) and
du, 0» be such that ¢ + 0, = 7(u + 6u) — 7/2, 0 4+ 09 =
arcsin(2(v + 6,) — 1).

Then, |§,| = 7 |0 | and, observing the slope of the sine curve,

1
[0,] = §| sin(f + 89) — sin(6)| >
1 1
g(sin(fﬂ/2 +86) — sin(—7/2)) = sin®(d/2) > — 56>
™
We derive that

‘M(Lp/ael) - M(Lp,@)‘ <

max —_—
(0,0)EK ( (‘ de

T max

) (ol + VD) -
Thus,
Prob(IM(e',0')~M(p,0)] < ) > Prob ([8.] + h(l6.]) < ).

where h(z) = y/r and

— dM | |am

5=/ (v, e, (max (2] %))

Now, given 2n independent random variables (U;, V;)7_; , uni-
formly distributed in [0, 1] and a real p € (0, 1), let find a pos-
itive real ¢ as small as possible such that, for each 7 € [1,n],
37 #4,|U; —Uj|+h(]Vi — Vj|) < & with a probability greater
than or equal to p (recall that the absolute difference between
two standard uniform variables has a triangular distribution
with a probability distribution function g : z — 2(1 — z), for
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