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RECOVERY OF TIME-DEPENDENT COEFFICIENT ON RIEMANIAN
MANIFOLD FOR HYPERBOLIC EQUATIONS

YAVAR KIAN, LAURI OKSANEN

ABSTRACT. Given (M, g), a compact connected Riemannian manifold of dimension d > 2, with
boundary OM, we study the inverse boundary value problem of determining a time-dependent

potential g, appearing in the wave equation 8t2u7Agu+q(t, z)u=0in M = (0,T)x M with T > 0.

Under suitable geometric assumptions we prove global unique determination of ¢ € L°° (M) given
the Cauchy data set on the whole boundary OM, or on certain subsets of 9M. Our problem can

be seen as an analogue of the Calderén problem on the Lorentzian manifold (M, dt? — g).

Keywords: Inverse problems, wave equation on manifold, time-dependent potential, uniqueness,

partial data, Carleman estimates.

Mathematics subject classification 2010 : 35R30, 35L05, 58J45.

1. INTRODUCTION

1.1. Formulation of the problem. Let (M, g) be a smooth Riemanian manifold with boundary

and let T' > 0. We introduce the Laplace and wave operators
(1.1) Agu= g1~ 20, (97191 20pu), Oy =07 - A,

where |g| and g% denote the absolute of value of the determinant and the inverse of g in local

coordinates, and consider the wave equation
(1.2) Ogu+gq(t,z)u=0, (t,z)e (0,T)x M,

with ¢ € L*((0,T) x M). Let v be the outward unit normal vector to OM with respect to the
metric g and let J, be the corresponding normal derivative. Moreover, we define d7 = 0, on the
lateral surface (0,7) x OM, 87 = O, on the top surface {T'} x M and d7 = —9, on the bottom
surface {0} x M, and consider the Cauchy data set on the boundary of the cylinder M = (0,T) x M,

(1.3) Cq = {(woar, O p37) + u € L*(M), Oyu+ qu = 0}.
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In this paper we study the inverse boundary value problem to recover the time-dependent zeroth
order term ¢ appearing in (1.2) from partial knowledge of the set C,.

There are several previous results on the problem, and we shall review them below, however to
our knowledge, all of them assume either that (M, g) is a domain in R™ with the Euclidean metric
or that ¢ is time-independent.

In the case of time-independent ¢ it is enough to know the following lateral restriction of Cq,
Cq™ = {(wy0,m)xonrs D0, myxone) = uw € LH(M), Ogu+ qu =0, u—q = dyuj—o = 0},

for sufficiently large T > 0, in order to determine g(x) for all x € M, see [4, 24, 37, 39]. However, if
q depends on time, due to domain of dependence argument, the data C;at contains no information

on the restriction of ¢ on the set
(1.4) {(t,x) € M : dist(z,0M) >t or dist(x,0M) > T — t}.

Here dist(-, -) is the distance function on (M, ¢). Facing this obstruction to the uniqueness, all the
results in the present paper assume some information on the top {T'} x M and bottom {0} x M
surfaces. In particular, under the assumption that (M, g) is a simple manifold, see Definition 1.1
below, we show that the full Cauchy data set C; determines ¢ uniquely. The precise formulations

of our results, with partial knowledge of the set C,, are in Section 1.4 below.

1.2. Physical and mathematical motivations. Let us begin with a mathematical motivation:
the problem to determine ¢ given C; can be seen as a hyperbolic analogy of the Calderén problem
on a cylinder as stated in [15]. Indeed, denoting by dt?> — g the product Lorentzian metric on M,
the wave operator [, coincides with the Laplace operator on (M, dt*> — g). On the other hand,
denoting by g = dt? + g the Riemannian product metric on M, and choosing a smooth domain
Q) C M, we can formulate the the Calderén problem on a cylinder as follows: given the elliptic

Cauchy data set
an = {(ujpq, Opujpq) : u € L3 (), Agu + qu = 0}

determine ¢ (here 7 is the outward unit normal vector to 0f2). In [15] this problem was solved
under the assumption that (M, g) is a simple manifold.
One reason to study these problems is to gain some understanding of the fundamental problem to

determine, up to an isometry, a smooth Riemannian or Lorentzian manifold (2,g) with boundary
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given the set of Cauchy data
C(9) = {(uloq, dpulsn); u e L*(Q), Agu = 0}.

Excluding results where full or partial real analyticity is assumed, this problem is open in dimensions
three or higher, in both the elliptic and hyperbolic cases. The relation to the present problem to

determine ¢ given C, is as follows. In the case when (€, 9) is a subset of the conformal cylinder

(1.5) M= (0,T)x M, g=c(dt®+yg),

where only the strictly positive conformal factor ¢ € C?(M) is assumed to be unknown, the problem
to determine ¢ given C(g) can be reduced to the problem to determine ¢ given CqE11 via a gauge
transformation. Indeed, as explained e.g. in [16], the function v = cld=1/4y, satisfies Agv+qv =0
if the function u satisfies Agu = 0, where d is the dimension of M and

g = c—(d—1)/4A§C(d—1)/4_
This allows us to first determine C,];jc“ given C(g), then solve the inverse boundary value problem for
ge, and finally determine c¢ given g.. The argument can be adapted also to the hyperbolic case.

From the physical point of view, our inverse problem consists of determining properties such as
the time evolving density of an inhomogeneous medium by probing it with disturbances generated
on some parts of the boundary and at initial time, and by measuring the response on some parts
of the boundary and at the end of the experiment.

Time-dependent zeroth order terms appear often also due to mathematical reductions of non-
linear problems. For example, in [23] Isakov applied results on inverse boundary value problems
with time-dependent coefficients in order to prove unique recovery of a general semilinear term
appearing in a nonlinear parabolic equation from traces of all the solutions to the equation. More
recently, applying their results of stable recovery of time-dependent coefficients from the parabolic
Dirichlet-to-Neumann map, [14] treated the stability issue for this problem. In the same spirit our
inverse problem can be a tool for the problem of determining a semilinear term appearing in a
nonlinear wave equation from observations given by traces of the solutions. We point out that with

this application in mind, it is important to treat non-smooth potentials q.
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1.3. Previous literature. The recovery of coefficients appearing in hyperbolic equations is a topic
that has attracted considerable attention. Several authors have treated the determination of time-
independent coefficients from Cauchy data analogous to C,?at above. In this case, the Boundary
Control method, originating from [6], gives very general uniqueness results when combined with the
time-sharp unique continuation theorem [47]. We refer to [31, 33] for state-of-the-art results and
to [7, 24] for reviews. However, as shown in [1], unique continuation analogous to [47] may fail in
the presence of time-dependent zeroth order terms, and the Boundary Control method generalizes
only to the case where the dependence on time is real analytic [17].

Another approach, that is constrained in the time-independent case, is the Carleman estimates
based approach originating from [10]. Using this approach it can be shown, under suitable geometric
assumptions, that a single well-chosen element C, determines ¢q. The approach gives also strong
stability results.

Let us now turn to the approach underpinning most of the results in the time-dependent case,
including the results in the present paper, that is, the use of geometric optics solutions. This
approach is widely applied also to time-independent case, and the data used then is typically
the same as in the case of the Boundary Control method, that is, C(I;at. Although the geometric
optics approach gives less sharp uniqueness results in terms of geometrical assumptions than the
Boundary Control method, the advantage of the former is that it yields stronger stability results
[4, 5, 27, 37, 45, 46] than the latter [2], however, see [36] for a strong low-frequency stability result
using ideas from the Boundary Control method.

Apart from [17], all the above results are concerned with time-independent coefficients. The
geometric optics approach in the time-dependent case was first used by Stefanov. In [43] he de-
termined a time-dependent potential in a wave equation, with constant coefficients in the leading
order, from scattering data via a reduction to the light-ray transform in the Minkowski space. A
similar strategy was used by Ramm and Sjostrand [40], the difference being that instead of scat-
tering data they used the analogy of the lateral data C(I;"“ in the infinite cylinder R x M where M
is a domain in R™. Rakesh and Ramm [38] considered the lateral data C;“at on a finite cylinder
(0,T) x M and they determined ¢ in a subset of (0,7) x M contained in the complement of (1.4).
In [22, Theorem 4.2], Isakov determined ¢ on the whole domain (0,7") x M from the full data C,. In
[28, 29], the first author established both uniqueness and stability for the determination of a general
time dependent potential ¢ from (roughly speaking) half of the data in [22]. More recently, [30]
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extended the result of [28, 29] to recovery of time-dependent damping coefficients, and Salazar [41]
generalized the result of [40] to recovery of time-dependent magnetic vector potentials. We mention
also the log-type stability result [9] for the determination of time-dependent potentials from the
data considered by [22] and [38].

The above results [9, 22, 28, 29, 30, 38, 40, 41, 43] all assume that the leading order coefficients
in the wave equation are constant. The main contribution of the present paper is to consider the

recovery of a time-dependent potential in the case of non-constant leading order coefficients.

1.4. Main results. We prove two results on unique determination of the potential ¢. In the first
result we assume that the Cauchy data set C, is fully known on the lateral boundary (0,T") x OM
and partly restricted on the top and bottom. In the second result we restrict the data also on the
lateral boundary. In both the results we impose geometric conditions on the manifold (M, g), the
conditions being more stringent in the second case. In the first case, we make the typical assumption

that (M, g) is simple in the sense of the following definition.

Definition 1.1. A compact smooth Riemannian manifold with boundary (M, g) is simple if it is
simply connected, the boundary OM is strictly convex in the sense of the second fundamental form,

and M has no conjugate points.
We consider the restricted version of Cy,
C(q,0) = {(Ubﬁ\({o}xM)a Opulg37); u € LQ(H), Ugu +qu =0, uj=o = 0},
and formulate our first result.
Theorem 1.2. Suppose that (M, g) is a simple. Let T > 0 and let q1, g2 € L*=((0,T) x M). Then
(1.6) Clq1,0) = C(q2,0)
implies that q1 = q2.

Let us point out that an analogous result holds with the data restricted on the top {T'} x M
rather than on the bottom {0} x M, and also with the time derivative d,u|¢—r vanishing instead of

u|t=o. Moreover, we prove also a variation of Theorem 1.2 using the data

C(q,0,T) = {(ulyxr (o) xary Ol g3\ (gry ) )i w0 € L2 (M), Ogu+ qu =0, ujmg = 0}
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Theorem 1.3. Let (M, g) be simple. Let T > Diam(M) and let g1, q¢2 € L*=((0,T) x M). Then
(17) C(ql,O,T) :C(QQ,O,T)
implies that ¢1 = q2.

In order to restrict the data also on the lateral part of the boundary, we make the assumption
that (M, g) is contained in a conformal cylinder of the form (1.5), that is, we assume that it satisfies
the geometric assumption introduced in [15] in the context the Calderén problem. Furthermore, we
assume that also the time direction is multiplied by the same conformal factor, which amounts to
assuming, after the gauge transformation discussed in Section 1.2, that the wave equation has two
Euclidean directions, one of them being the time direction.

More precisely, we assume that (Mp, ¢’) is a simple Riemanian manifold of dimension d — 1 > 2,
M C R x int(My) is a compact domain with smooth boundary, and that g = a(e & ¢') where e is

the euclidean metric on R and a € C*° (M) is positive, and consider the wave operator
(1.8) Oag =a 107 — A,.

Let us now describe the restriction of C, considered in our second result. To every variable x € M we
associate the coordinate 21 € R and 2’ € M,, = {2’ € My : (x1,2') € M} such that x = (z1,2').

We define p(z) = x1,

OMy ={x € 0M: £0,p(z) = 0},

and X1 = (0,7) x int(0M). We consider U = [0,T] x U’ (resp V = (0,T) x V') with U’ (resp
V') a closed neighborhood of M, (resp OM_) in OM, and define the following restriction of Cg,

Co = {(uanatu\t:07avu|Vau|t:T) uE L2(M)7 (Da,g+Q)U =0, Ut=0 = 0, suppu|(o,ryxom < U}.
Our second result is stated as follows.

Theorem 1.4. Suppose that the leading part of the wave operator is of the form (1.8). Let T > 0
and let q1, g2 € L>=((0,T) x M). Then

(1~9) qu,* = qu,*

implies that ¢1 = q2.



1.5. Remarks about the proofs of the main results. As indicated above, the proofs of The-
orems 1.2 and 1.4 are based on the use of geometric optics solutions. In the case of the former, we
use the oscillating solutions of the form

k
(1.10) u(t,z) = a;(t,x)e ) 4 Ry(t,x), (t,x) € (0,T) x M,
j=1

with ¢ € R a parameter, R, a term that admits a decay with respect to the parameter |o| and v,
j=1,.. k, real valued. Inspired by the elliptic result [15], we use these solutions to prove that the
hyperbolic inverse boundary value problem reduces to the problem to invert a weighted geodesic
ray transform on (M, g). The assumption that (M, g) is simple guarantees that this transform is
indeed invertible.

For our purposes it is enough to take k = 2 in (1.10), and in the case of full data C, already k =1
is enough. In the case of data sets C(q,0) and C(q,0,T), the second term is needed in order to be
able to restrict the data while avoiding a ”reflection”. Similar construction is likely to work also
on the lateral boundary, and one may hope that this could be used to reduce the amount of lateral
data. In fact, this type of argument was used in the elliptic case in [25]. There it was assumed that
the part of the lateral boundary lacking data, that is, the inaccessible part, satisfies a (conformal)
flatness condition in one direction, and the elliptic inverse boundary value problem was reduced
to the invertibility of a broken geodesic ray transform. The geodesics used in the transform break
via the normal reflection when they hit the inaccessible part of the boundary. However, barring
some special cases, it is not known if such a transform is invertible, and moreover, there are also
counter-examples to invertibility in general. We refer to [21] for a discussion of both positive results
and counter-examples, and do not pursue a lateral reflection type argument in the present paper.

We recall that the result of several authors, that treated our problem for wave equations with
constant leading order coefficients (e.g. [9, 38, 40, 41]), is based on the use of solutions of form
(1.10). There (M, g) is a domain with the Euclidean geometry, and the inverse boundary value
problem is reduced to the problem to invert the light-ray transform in the Minkowski space. An
analogous reduction is possible also in the case of more complicated geometry [48], however, it is
an open question if the light-ray transform is invertible on a Lorentzian manifold of the product
form ((0,T) x M,dt? — g) where (M, g) is simple. We remark that in the case of a real-analytic
Lorentzian manifold satisfying a certain convexity condition, the invertibility is shown in the recent

preprint [44]. We do not pursue this direction in the present paper, as having (restricted) data
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on the top and bottom allows for a reduction to the well-understood problem to invert a weighted
geodesic ray transform, rather than the light-ray transform.
For Theorem 1.4, inspired by [5, 28, 29, 30], we replace the oscillating solutions (1.10) by expo-

nentially growing or decaying solutions of the form
(1.11) u(t, ) = e?PHe@) (q, (t,2) + Ry (t,2)), (t,z) € (0,T) x M,

with o € R a parameter, S € (0, 1], R, a term that admits a decay with respect to the parameter |o|
and ¢ a limiting Carleman weight for elliptic equations as defined in [15]. The geometric assumption
in Theorem 1.4 guarantees that the ”phase” function St + (x) is characteristic in the sense that its
gradient is in the characteristic set of the wave operator, and this allows us to construct solutions
of the form (1.11). The construction is based on a Carleman estimate with the above characteristic
phase as the Carleman weight. The results [11, 15, 26] can be viewed as elliptic analogies of such
a construction.

Let us also remark that we propose a construction of geometric optics solutions taking into

account both the low regularity of the time-dependent potential and the geometrical constraints.

1.6. Outline. This paper is organized as follows. Section 2 is devoted to the proof Theorem
1.2 whereas Sections 3, 4, 5 and 6 are concerned with Theorem 1.4. In Section 3 we give some
preliminary results on solving the direct problem in L?(M), that is, with smoothness below the
natural energy level. This is needed for certain duality arguments in the proof of Theorem 1.4. In
Section 4 we prove a Carleman estimate with the characteristic weight function, and in Section 5 we
build exponentially growing and decaying geometric optics solutions designed in accordance with
the estimate. Finally combining the results of Sections 4 and 5, we complete the proof of Theorem

1.4 in Section 6.

2. THE PROBLEM WITH FULL DATA ON THE LATERAL BOUNDARY

We begin by writing the Cauchy data set C; as a graph. For the purposes of Theorem 1.2 it is

enough to consider energy class solutions, that is, solutions in

#H =C'([0,T); L*(M)) n C([0, T; H' (M)).
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From the point of view of uniqueness results such as Theorems 1.2 and 1.4, the restriction of C, to
the energy class, that is,

Cq = { (w37, Ovwjorr) = w € H, Ugu+ qu =0},

makes no difference, since it can be shown that C, is dense in Cy, say, in the sense of distributions,
and whence C; determines C,.

For T'> 0 and ¢ € L*((0,T) x M) we consider the initial boundary value problem

02u— Agu+ qu =0, in (0,T) x M,
(2.1) u=f, on (0,T) x OM,
uw(0,-) =wvg, Owu(0,:)=v1 in M,
with non-homogeneous Dirichlet data f and initial conditions vy, vy, and define the boundary op-

erator
By : (f,v0,v1) = (Ouu)(0,1)x oM Ujt=1> DpUjr=1),
where u solves problem (2.1). It follows from [32] that B, is continuous from the space of functions
(f,v0,v1) € H'((0,T) x OM) x H* (M) x L*(M),
satisfying the compatibility condition f = vy in {0} x M, to the space
L2((0,T) x OM) x H*(M) x L*(M).

The Cauchy data set CNq is the graph of B,.
In order to highlight the main ideas of the proof of Theorem 1.2, we consider first the full data

case, that is, we begin by proving the following theorem:

Theorem 2.1. Suppose that (M, g) is a simple. Let T > 0 and let q1, g2 € L*=((0,T) x M). Then
By, = By, implies that ¢1 = qa.

2.1. Geometric optics solutions. The goal of this subsection is to construct energy class solutions
to the wave equation of the form

(2.2) u(t, ) = a(t,z)e V@I L R (4 x), o] > 1,

with the remainder term R, € H satisfying

(2.3) R, =0o0n (0,T) x 9M, R,(s,:) =0:Rs(s,) =0 on M,
9



(2.4) ‘Ulliﬂim 1Rol 120,y x 01y = 05

where either s =0or s =T.
In order to get the decay (2.4), we choose 1 and a so that they satisfy the following eikonal and

transport equations

d
(2.5) D g7 ()00, 00,0 = V02 = 1,
ij=1
d ..
(2.6) 2i0ha — 21 » | g (2)0r,¥0x,a0 — i(Agth)a = 0.
ij=1

As (M, g) is assumed to be simple, the eikonal equation can be solved globally on M. To see this,
first extend the simple manifold (M, g) into a simple manifold (Mq,g) in such a way that M is
contained into the interior of M;. Now pick y € OM; and consider the polar normal coordinates
(r,0) on M, given by x = exp,(rf) where r > 0 and 6 € S,(M) = {v € T,M; : |v|, = 1}.
According to the Gauss lemma (see e.g. [42, Chaper 9, Lemma 15]), in these coordinates the metric
takes the form g(r,0) = dr? + go(r,0) with go(r,6) a metric on S, M; that depends smoothly on r.

We choose
(2.7) (o) = dist(y,2), =€ M,

with dist the Riemanian distance function on (Mj,g). As v is given by r in the polar normal
coordinates, one can easily check that v solves (2.5).

Let us now turn to the transport equation. We write a(t,r,0) = a(t,exp,(rf)) and use this
notation to indicate the representation in the polar normal coordinates also for other functions.

Moreover, we define b(r,0) = detgo(r, ), and transform (2.6) into

ora — Ora — (irbb) a=0.

We see that for any h € C°(S, M), x € C*°(R) and g > 0 the function

m(r+t)

(2.8) a(t,r,0) =e" "7 x(r+t)h(H)b(r,0)"/*

is a solution of the transport equation.

We are now ready for the construction of the remainder term.
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Lemma 2.2. Let ¢ € L>®°((0,T) x M). Choose ¥ and a by (2.7) and (2.8) respectively. Then there
exists a solution u € H of 02u — Agu + qu = 0 of the form (2.2) where the remainder term R,
satisfies (2.3)-(2.4) and 8,R, € L*((0,T) x OM).

Proof. Without loss of generality we assume that s = 0 in (2.3) and that o > 0. By (2.5) and (2.6),

(9 = Ay +q) (alt, )7 @) = 7D G2 A 4 g)a.
We define F, = €"7¥(®) (92 — A, + q)a and see that the remainder term must satisfy
O2R — AyR+ qR = —e'F,, in (0,T) x M,
(2.9) R=0, on (0,T) x OM,
R(0,)=0, 8R(0,)=0  in M.

As F, € L?((0,T) x M) we deduce from [32, Theorem 2.1] that (2.9) admits a unique solution
R, € H satisfying 9, R, € L?((0,T) x OM) and the energy estimate

[Bolly + 100 Roll 20,0y xonr) < C 1ol 20,7y xar) < €

with C a constant independent of ¢. In order to complete the proof, we need to verify that R,

fulfills (2.4). For this purpose, we define w, (¢, z) fo (1,z)dr and observe that w = w, solves
02w — Agjw = —H, in (0,T7) x M,
(2.10) w =0, on (0,T) x OM,

w(0,-) =0, Qw(0,-)=0 in M,

where H (t,z) fo e F, (s, d5+f0t q(s,2)R,(s,x)ds. As both H and §,H are in L2((0,T) x M),
we deduce from [35, Theorem 2.1, Chapter 5] that w € H?((0,T) x M). Multiplying equation (2.10)
by O;w and integrating in € M and s € (0,t) we get

t ¢
/ / (Opwdfw — BrwAyw) dVyds = — / / Howw dVyds,
0 JMm 0o Jum

where dV, is the Riemannian volume measure on (M, g). We define

t
/ €5 F,(s,-)ds
0

and obtain, after integration by parts in x € M,

Nle = Sup
te[0,T

)

L2 (M)

t
(2.11) [Ow(t, )||L2(M)+||ng( )||L2(M \770/0 Hatw(sa')HLZ(M)dS

11



t s
+quch,o((o,T)XM)/0/O 185w (s, ) L2 ary 10cw (T, ) L2 ary dTds.

Moreover, using the shorthand notation ((t) = [|Osw(t, )|l 12 (nr):

o[ [ oomn [ o= o (fos)
([faom)

According to (2.11)-(2.12), there is a constant C' > 0 such that

<m/< ds+0</< s) <n3+<0+1)</0t<<s>ds>

Thus, there is a constant C' > 0 such that

C(t) < V2 + C/Ot C(s)ds

and an application of the Gronwall lemma yields

2

1R (b M p2ary = 10wt ) = C(t) < VEnoet,  te (0,T).

It remains to show that n, — 0 as 0 — +o00. According to the Riemann-Lebesgue lemma, for

all t € (0,T) and almost every x € M, we have

¢
lim e F,(s,x)ds = 0.

o——+oo 0

Moreover, by the definition of Fy,

. t
/ e“’SFa(s,x)dS < / |((‘3t2 — Ay +q)a(s,z)|ds, te€[0,T], =€ M.
O O

)

Thus, we deduce from Lebesgue’s dominated convergence theorem that

t
lim ‘/ €S F, (s, )ds =0, te][0,T].
o—+o00 0 L2(M)
Combining this with
to ) t1 )
’/ €7 °Fy(s,)ds —/ €7 *Fy(s,)ds
0 0 L2(M)

< (tQ - tl) ||(6t2 - Ag + Q)aHLx([LT;LQ(M)) ) 0 St <te < Tv

¢
/ €95 F,(s,-)ds

12

we deduce that

(2.13) lim 7, = lim sup =0.

o—+00 o——+oo tE[O T]

L2(M)



O

2.2. Proof of Theorem 2.1. Let ¢; € L*>((0,T)x M), j =1,2. Applying Lemma 2.2, for j = 1, 2,

we obtain a solution u; € H of dZu; — Aju; + gju; = 0 having the form
uy(t,2) = ay (£, )@ LRy (t,x), ug(t,x) = ag(t, x)e W@ L Ry

Here the amplitudes a;, j = 1,2, are defined in the polar normal coordinates associated to y € dM;
by

_utrtt) _u(rtt)

(2.14) ar(t,r,0) =e h(O)b(r,0) Y4, ag(t,r,0) =e” 2 b(r,0)" /4,

where h is an arbitrary smooth function on the unit sphere at y. Notice that we have chosen
X = 1 identically in (2.8), and also that the fact that R; , can be chosen to satisfy vanishing initial
conditions (2.3) is not used in the full data case.

We fix v1 € H to be the solution of

({9252'01 — Agl)l + q1v1 =0, in (O,T) X M,
(2.15) V] = Ug, on (0,T) x OM,
(%1 (0, ) = UQ(O, '), 8,51}1 (O, ) = 6tu2(0, ) in M.

The boundary conditions (2.3) for Ry o imply that us = ase W@+ on the lateral boundary
(0,T)x OM. In particular, uy is smooth there and we deduce from [32] that d,v; € L?((0,T)x OM).
We have also d,u; € L?((0,T) x OM) by Lemma 2.2. These regularity properties justify the
integration by parts below.

The function u = v; — us solves

02u— Agu+ qru = qug, in (0,T) x M,
(2.16) u =0, on (0,T) x OM,
u(0,-) =0, Jwu(0,)=0 in M,

where ¢ = g2 — q1. Moreover, B;,, = By, implies that it satisfies also the boundary conditions

duulo,ryxomy = 0 and u(T,-) = Gyu(T,-) = 0. Thus

T
/ / quudVydt
0 JM

T T
= / / (8fu — Agu+ qru)uq dVydt — / / u(@fm — Agur + qrug) dVydt
o Jm o Jum

13



vanishes by integration by parts. It follows

T T
/ / qayas dVydt + / / ZedVydt =0
0o JM o Jm

with Z, = q(a1 Ry, W@+ 4 Ry e W@+ + Ry 'Ry ,). Then in view of (2.4) sending

o — 400 we get

T
(2.17) / / qaiaz dVydt = 0.
o Jum

It remains to show that (2.17) implies g1 = g2. We extend ¢ by zero to (0,400) x M;. Denoting
by 74 (y,6) the time of existence in M; of the maximal geodesic v, ¢ satisfying 7,,6(0) = y and

Yy,0(0) = 6, we obtain in the polar normal coordinates

+00 7+ (4,0)
(2.18) / / / q(t,r,0)h(0)e T+ drdodt = 0,
0 SyM; Jo

for all h € C°°(S, M),y € OM; and p > 0. We used here the fact that dVj, is given by b(r, 0)'/2drd6
in the polar normal coordinates.
The attenuated geodesic ray transform I, on the inward pointing boundary of the unit sphere

bundle 04 SMy = {(z,0) € SMy : x € OMy, (0,v(x)), < 0} is defined by

+(I’0)
I f(z,0) = /0 FOma()e " dr, (,0) € 0,.SMy, f e C®(My).

Here po > 0 gives constant attenuation. The map I, admits a unique continuous extension to the

distributions on M;. We denote by £, the Laplace transform with respect to ¢ € (0, 4+00), that is,

+oo
Lof = / FB)etdt, | e L0, 4+00).
0
We see that (2.18) is equivalent with I,£,q =0, 11 > 0, in the sense of distributions on 0;.SM;.
We deduce from [18, Proposition 4.1] that £,q € C§°(M;) for all p > 0. Then [15, Section

7] implies that there is € > 0 such that £,¢ = 0 for p € (0,¢). Using the fact that z — L.q is
holomorphic in {z € C: Rez > 0} we see that £,q =0 for y > 0. Thus ¢ = 0.

2.3. Proof of Theorem 1.2. Let ¢; € L>((0,T) x M), j = 1,2 and let us assume the condition
(1.6) be fulfilled. Repeating the arguments of Lemma 2.2, for j = 1,2, we obtain a solution u; € H

of O?uj — Ayuj + gju; = 0 having the form
up(t, z) = a1 (¢, x)e*i"(w("’”)“) + Ri,(t,x),

us(t, ) = as(t, :z:)ew(w(z)ﬂ) - ag(—t,x)ei”(d’(m)*t) + Ry, (t, ).
14



Here the remainder terms R; ,, j = 1,2, are chosen so that
Rl,o’(T7 ) = atRl,o'(T7 ) = 07 RQ,O’(Ou ) = atRQ,U(()? ) = 07

and the amplitudes a;, j = 1,2, are defined by (2.14). Note that here uy(0,-) = 0.

We fix v; € H to be again the solution of (2.15) and set u = v; — ug. Then u satisfies again
(2.16). Since v1(0, ) = u2(0,-) = 0, the condition C(g1,0) = C(gz,0) implies that u satisfies also the
boundary conditions d,ul,ryxonm) = 0 and u(T,-) = dyu(T,-) = 0. Thus the same integration by

parts as in the proof of Theorem 1.2 gives

T T T
/ / qaias dVydt +/ / Y, dVydt — / (/ q(t,x)al(t,x)az(t,x)dVg> e 29tdt =0
0o Jm 0o Jm 0 M

with

Yo=4q {RLJUQ + alRQVJe*w(w(w)th)] )

Applying the Riemann-Lebesgue lemma we get

T
lim (/ q(t,ac)al(t,ac)@(—t,x)dVg) e 29ldt =0
0 M

o—+o0

and (2.4) implies

T
lim / / Y, dV,dt = 0.
o—-+00 0 M

Therefore, we get (2.17) and, by the proof of Theorem 1.2, it follows that ¢ = 0.

2.4. Proof of Theorem 1.3. Now let us show that for T > Diam(M), also (1.7) implies (2.17).
For this purpose, without loss of generality we can assume that M; is chosen in such a way that

T > Diam(M;) and we consider u;, j = 1,2, of the form

ui(t, ) = a1 (¢, a:)e_i”(w("”)H) — a1 (2T — ¢, x)e_w(w(”)'*'(”_t)) + R,

Uy (t, ) = ag(t, x)e W@+ _ gy (—t 2)e W@ L Ry |

where the amplitudes a;, j = 1,2, are now defined in the polar normal coordinates associated to

y € OM; by

n(r+t) n(r+t)

ar(t,r,0) = e 7 x(r+OhO)b(r,0) "V ay(t,r,0) =e 2 x(r+t)b(r,0) /4
15




Here, as before, h is an arbitrary smooth function on the unit sphere at y, and x € C*°(R) satisfies
X = 1 on a neighborhood of [0, Diam(M;)+T]. By repeating the above proof once again, we deduce
that (1.7) implies

T T T
/ / gaia2dVydt + / / q X dt + eiQiUT/ / qa1 (2T — t,x)ax(—t, z)dVydt = 0
o Jm 0 JM 0o JM

with

Xo(t,x) = —ay (t, x)ag(—t, 2)e 27 —a; (2T —t, x)ag(t, 2)e 27T =Y 4 Ry , (u; — Ry ») + Ry ousa(t, ).

T
lim / / qgXsdt =0
o——+400 0 M

It follows that

and the expression

T T
/ / qXodt 4 e 20T / / qa1 (2T — t,z)az(—t, x)dV,dt
0o Jm 0o Jm

admits a limit and vanishes as ¢ — +oo if and only if

T
/ / ga1 (2T — t,z)as(—t, x)dV,dt = 0.
0o Jm

This condition will be fulfilled if for all (t,2) € (0,T) x M we have a1(2T — t,x)az(—t,x) = 0.
On the other hand, assuming suppy C (—¢,Diam(M;) + T + €) with 2¢ < T — Diam(M), this
last condition will be fulfilled and we will deduce (2.17). Indeed, note first that for r < t — ¢
we have x(r —t¢) = 0. On the other hand, for r > t — ¢, we have r + 2T —t > 2T — ¢ =
T + Diam(M;) + ¢ + (T — Diam(M;) — 2¢) > T + Diam(M;) + €. Thus, for r < ¢t — ¢ we have
x(r—t) =0 and for r > ¢t — € we have x(2T —t +r) = 0. It follows that

x(r—t)x(2T —t+7r)=0, (rt)eRxR
from which we deduce that
a1 (2T —t,x)az(—t,2) =0, (t,x) € (0,T) x M,
and that (2.17) holds. The new factor x does not cause any changes in the remaining steps of the

proof, since x = 1 on a neighbourhood of [0, Diam(M;) + T1.
16



3. L?-SOLUTIONS FOR THE DIRECT PROBLEM

From now on we consider the partial data result stated in Theorem 1.4 and we assume that
(M, g) satisfies the conditions of this theorem. In order to perform a duality argument, see Lemma
5.5 below, we consider solutions to the wave equation that are only in L2((0,7) x M). Let us

introduce the space

Hp, ((0,T) x M) = {ue L*((0,T) x M) : O, gu € L*((0,T) x M)}.

a,g

It follows from [20, Theorems B.2.7 and B.2.9] that the traces
agu‘tzsa 5:07Ta j:0717 UEHDa,y((OaT) XM>7

are well-defined as distributions in D’(M). Combining the same argument with a use of boundary

normal coordinates, see e.g. [20, Corollary C.5.3], we see also that the traces
Aulzeors, j=0,1, ue Hg, ((0,T)x M),

are well-defined as distributions in D’'((0,T) x OM).

We consider the space
S ={uec L*((0,T) x M) : Oy gu=0}
topologized as a closed subspace of L?((0,7) x M) and define the map

Tou = (u|(O,T)><6M7U|{O}><M7atu|{0}><M)7 u € S.

Moreover, we denote by 5 the range of 79, that is, 5 = {rpu : u € S}. The uniqueness of the
weak solution of U, qu = 0, satisfying the vanishing initial and lateral boundary conditions Tou = 0,

implies that the inverse 7, L. ¢ — S exists. We use To ! to define a norm on J# by

(£, UOaUI)H% = HT(;I(ﬂ U07v1)HL2((0,T)><M)’ (f,v0,v1) € .

Let U C (0,T) x OM be the set in the definition of the restricted Cauchy data set C, .. We
define the subspace

%U :{(fvvl): (f,O,Ul) G%a Supp(f) - U}

We are now ready to show that C, . is a graph.
17



Proposition 3.1. Let (f,v1) € 4 and g € L>®((0,T) x M). Then the initial boundary value

problem
a 'OPu — Ayu+q(t,z)u =0, in (0,T) x M,
(3.1) u=f, on (0,T) x OM,
u(0,-) =0, 0Owu(0,-) =wvy, mn M,
admits a unique weak solution u € L*((0,T) x M) satisfying
(3.2) ||U||L2((0,T)xM) S Ol 01) g, -

In particular, Cg . is the graph of the boundary operator By .(f,v1) = (Ouujv, uji=r)-

Proof. Consider the function u = v 4 75 *(f,0,v1) where v solves

a R —Ap+qu = —q15(g,0,v1), (t,x) € (0,T) x M,
(3.3) vjo,ryxom = 0,
/U\t:O = 3tv|t:0 = 0.

Since 75 '(f,0,v1) € L2((0,T) x M), the equation (3.3) admits a unique solution v € H, see e.g.
Section 8 of Chapter 3 of [34], satisfying

(34) ol <© H_qT(;l(g’O’vl)HLQ((O,T)xM) < Cllall L omyan 176 (f; ”Ovvl)HLz((o,T)xM) :

Therefore, u = v + 75 *(f,0,v1) is the unique solution of (3.1), and (3.4) implies (3.2). O

4. CARLEMAN ESTIMATE

Theorem 4.1. Let g € L>=((0,T)x M), 8 € [1/2,1] and u € C*([0,T] x M). We use the following
notation s— =0, sy =T, Y(z,t) = pt +x1, Y_(x1) = =T — x1 and Y4 (x1) = x1. If u satisfies

the condition

(4.1) ujo,myxom =0, Up=s, = Opttjp—s, =0,

then there ezist constants o1 > 1 and C > 0 depending only on M, T and [|q|| ;e (o, 7)x ar) Such
that the estimate

o [1 €270% |Opu(ss, @) dVy(x)

to fy_ 20 10,0 [0, dog (@)dt + 02 fig 0y €77 ul? AV (o)t

< (Jloityeas @270 1y + @l dadt + 0 [, 27 fu(s. ) 4V, ()

+C (0 Jog €270 [V gulsg, ) 2 dVy (@) + o [y, €220 |0, 10, ¢] do (w)dt
18
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holds true for o > o1.

Let us first remark that

d+42

(4.3) (@102 = Ay + ) (a7 T0) =0 (0~ Acagrv+ uv)

with g, = aq+a# Ay (a’¥). Thus by replacing g with q,, we can assume that a = 1. From now
on, throughout this section, we assume that a = 1 and consider the leading order wave operator
Uegg’ = Utedy = 8752 - Ae@g"

In order to prove the above Carleman estimate, we fix u € C?(Q) satisfying (4.1) and we set

v =e 7By, Then, fixing Py = e B2 (92 — A g, )e’PH21) s € R, we get
(4.4) eoBtHa0 y = Pyu

We begin by proving the following estimate for the conjugated operator P,.
Lemma 4.2. Let v € C([0,T] x M) and o > 1. If v satisfies the condition

(4.5) vj0,7)xom =0, Vjt=o = Opvjs=0 =0

then the estimate

Lo [, 100(T,2))? dVy(z) + 20 Is, 0,0 0, pdoy(x)dt + co® Jomyxu v]? dVy (2)dt
(46) < fiorywnr [Povl* dVy(@)dt + 7o [, [Vgu(T, )|} dVy () + 20 [, 0,01 |0,0| dog () dt
+20% [, [o(T,2)|* dV,(x)

holds true for ¢ > 0 depending only on 8 and T'.

Proof. Without loss of generality we assume that v is real valued. We fix v € C%([0,7] x M)

satisfying (4.5) and consider

T 2
I, = / / (e—(’(ﬁt”l)(af — Ayu| dV,(z)dt.
0 M

For all s € R we decompose P into two terms Py = Py s+5P2(0¢, Oz, ), with Py s = Oegyr —(1-B?)s?
and P (0, 0z,) = 2(80: — Ox, ). We obtain

4.7) I, = /O ! /M|ng|2dVg(x)dt

T
:/ / (1P1ov]? + 02| Pa(0h 0, )02 + 20(Pa(0r, Oy )0)(Dgv + (52 — D)o0)] dV, (x)dt.
0 M
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Note first that

/OT /M(Pg(at,ﬁxl)v)vdvg(x)dtB/OT /M 8t|v|2dVg(x)dt/0T /M O, 0|2V, (z)dt
(4.8) :5ATAfwﬁmg@m—ATAfmAm%gmg@ﬁ

= ’U2 X X
—6/M||(T, V() > 0

Therefore, we have

T
2 — 0'2U X — 0'3 v X 2 X).
(4.9) / /M<2aP2<at,am>v><<ﬁ 1)o20)dV (x)dt > —2 /M| (T, 2) V) (z)

Moreover, we find

T
20/ / (Pa(0, Or, Jv)OgudVy(z)dts
0o Jm

T T T
= 460/ / OO vdVy(x)dt — 40/ / Oy vOZVdVy () dt + 40/ / Oy VAV, (z)dt
0o Jm o Ju o Ju

= Il,a + I2,<7 + IS,O'
Using the fact that v ryxonm = 0, ivjt—0 = v|s=0 = 0 and integrating by parts, we obtain
hazmw/(@uﬂmﬁ+wﬂ@@mm%uy
M

In a same way, integrating by parts in ¢t € (0,7) we get

T
I, 7740/ O (T, )0y, v(T, x)dVy(z) + 4o 000y, OpvdVy(x)dt
o Jum
T

:—40/ 0(T, )0z, v(T, 2)dVy(z) + 20 Oy |00 (t, 21, 2")dV,, () dt
0o Jm

T
=—do | O0w(T, )0z, v(T,x)dVy(x —|—20/ / div, (|0;v|*er)dV, (z)dt
M 0o Jm

:—40’/ 8tv(T,x)8zlv(T,x)dV};(x)

> 710/ |0,0(T, ) |*dV,(z) 780/ \ng(T,ac)EdVg(x).
2 Ju M
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Here we have used the fact that |g| is independent of 21 and 9;v|(o,7)xonm = 0. Combining the

result for I; , and I, we find

Lo+ Iy > (26— %)a / 10,0(T, 2)|?dV, () + (26 — 8)0 / V40T, ) 2V ()
(4.10) . M M
. /M 100(T, 2)|2dV, (z) — To /M Vy0(T, )| 2dV, (z).

For I3 ,, let us first remark that since g is independent of z,, we have
205, vA5v = 2divy (V005 v) — 2(Vyv, 05, Vgv)
= 2divy(Vgv0y,v) — Oy, |ng|§
= 2divy(V4v0y,v) — divg(|ng|361).

Using this formula we get

T T
Is. = do / / div, (V 00y, v)dV, (2)dt — 20 / / div,(|V 0 [2er)dV, (x)dt
0 M 0 M

T T
= 40/ 0,00y, vdog(x)dt — 20/ / |ng|§ (v,e1), dog(z)dt.
oM o Jom :

Once again, using the fact that v 7yxan = 0, we deduce that Vv 1yxanm = (0,v)v. Moreover,

we have

3@1U\(0,T)xaM = <v9v’61>9|(0,T)><aM =0 <1/,€1>g

and it follows

T
Is, = 20/ / 10,02 (v, e1), dog(z)dt.
o Jom
Combining this with (4.7)-(4.10), we get

T T
I >/ / [1PLovl? + 02| Pa(dy, 00, )] dVg(x)dt+2a/ / 0,02 (v, ex), doy (x)dt
(411) 0 M 0 oM
+= |8tv(T,x)|2dVg(x)—7a/ |vgu(T,x)|§dVg(x)—2o3/ [o(T, x)[2dVy ().
2 M M M

In the same way as (4.8), for all 7 € (0,T), we find

/OT /M(PQ(at,azl)v)vdVg(x)dt = ﬁ/M v]2(7, 2)dV, (x).

Therefore, an application of the Cauchy-Schwarz inequality yields

5/ v (7, x)dV,(z / / | Py (04, Ou, ) v|2dV dt+ / / [v|?dV,(z



Integrating this inequality with respect to 7 € (0,T) we get

T T2 T
/ / (ol?dV, (x)dt < —— / / \Po(0r, 0, Yo 2V, () dt.
o Jm B—3Jo Ju

Combining this with (4.11), and observing that g = e © ¢’ implies 9, = (e1,v),, we get (4.6). O

Proof of Theorem /.1. Let us first consider the case ¢ = 0. Note that for u satisfying (4.1) with

the minus sign, v = e~7(F+21)y satisfies (4.5). Moreover, (4.1) and (4.4) imply

6”U|(0>T) xOM = e_"(Bt"'fl)a’ju‘(

0,T)xOM -
Finally, using the fact that
Ou = 8t(e"(6t+"’”1)v) = Bou + eU('BH“)atv, Vv = e*U('BH“)(Vgu — ouey),

we obtain

/ e 20T H01) |9,0(T, 2)[2 AV (z) < 2 / 10,0(T, )| dV () +20 / e 20(BTH0) |y T, )| dV (),
M M M

/ Vgu(T, x)|2 dVg(x) < 202/ e 20T Hm) |u(T,x)|2 dVg(x)+2/ e 20T Hm) IV gu(T, m)‘z dVy(z).
M M M
Thus, applying the Carleman estimate (4.6) to v, we deduce (4.2). For g # 0, we have
2 2 2 2 2 2 2 2
|07 — Agu|” = |0fu — Agu+ qu — qu|” < 2[(87 — Ag + @)u|” + 2 |all Lo 0.7y ary [l
and hence if we choose o1 > 2C' ||q||2Loo((o,T)XM), replacing C' by

2
Coy

Cl 2 )
o7 = 2C [lall Lo (0.1 an)

we deduce (4.2) from the same estimate when g = 0.
The case with plus sign in (4.1) is analogous. Note that in this case we can apply Lemma 4.2

after the time reversal t — T — t. O

Remark 1. Note that, by density, estimate (4.2) can be extended to any function u € H satisfying

(4.5), (=102 — Ayu € L*((0,T) x M) and d,u € L*((0,T) x OM).
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5. EXPONENTIALLY DECAYING AND GROWING GEOMETRIC OPTICS SOLUTIONS

This section starts with a construction of exponentially decaying solutions us € H((0,T) x M)

taking the form
(5.1) uy (t,z) = e oBFe@) (q) (¢, 2) + Ry (t, 1)),

where 3 € (0,1], ¢ > 0. Then we consider exponentially growing solutions us € L2((0,T) x M)
taking the form

(5.2) us(t,x) = e”(ﬂt+¢(x))(a2,g(t, x) + Ra(t,x))
and satisfying the additional condition
ug(t,z) =0, (t,z) € ({0} x M)UU.

Here R;, j = 1,2, denotes the remainder term in the expression of the solution u; with respect to the
parameter o in such a way that there exists v € (0,1) such that || R, ||L2(Q) < Co™7. We give differ-
ent arguments in the two cases. For the exponentially decaying solutions u; € H((0,T) x M), we
combine an argument of separation of variables with properties of solutions of PDEs with constant
coefficients. For the exponentially growing solutions ws, inspired by [26], we apply the Carleman
estimate (4.2) and the Hahn-Banach theorem to obtain these solutions by duality. Combining these

two types of solutions we derive Theorem 1.4 in the next section.

5.1. Exponentially decaying solutions without boundary conditions. We extend our mani-
fold M into a cylindrical manifold and we will consider the restriction on (0,7") x M of exponentially
decaying solutions on the extended domain. More precisely, we first fix R > 0, M; C int(My) a
simple manifold such that M C (—R/2, R/2) x M; and we extend ¢ by zero to a function lying in
L>((0,T) x (=R, R) X My). Then, in view of (4.3), we consider ¢, = aq + a#Ag (a_%) and

w=a"Tu where, for o > 1, 5 € [1/2,1], v is a solution of
(5.3) Ofv — Neagv + qu(t,z)v =0 on (0,T) x (R, R) x M,
taking the form

(5.4) ot z) = e "PHT) (Lt 2) + w(t,z)), (t,z) € (0,T) x (=R, R) x M,
23



with w € H'((0,T) x (=R, R) x M) satisfying

<

C
||w||L2((07T)><(fR,R)><M1) =5

We extend (M, g’) to a slightly larger simple manifold (D, ¢’), and define k(¢,x) in polar normal
coordinate associated to y € 9D in the following way: we fix h € H?(S,(D)) and we consider
k(t,z1,7,0) = k(t,z1,exp, (rf)) defined on (0,T) x (=R, R) x exp, ' My by

(5.5) k(t, 21,7, 0) = eV 1=82rgminlttb20) b g)=1/4p(g),
where p € R is arbitrary fixed. It is clear that v solves (5.3) if and only if w solves
(5.6) P ,w=—qw— e"(ﬁt”l)(!ﬂe@g/ + qa)ef"w”ml)k(t, x)

with Py, s € R, the conjugated operator introduced in Section 4. To find a suitable solution of this

equation we consider first equations of the form
(5.7) P_,y=F, (t,x)€(0,T)x(—R,R)x M.

Consider the selfadjoint operator A = —Ay defined as an unbounded operator on L?(M,) with
domain D(A) = H?*(My) N Hg(Mjp). Tt is well known that the spectrum of A consist of a non de-
creasing sequence of positive eigenvalues (A, )n>1 associated to an Hilbertian basis of eigenfunctions
(¢n)n>1. Extending F to (0,T") x (—R, R) x My, fixing n > 1 and projecting equation (5.7) on the

space spanned by ¢, , we obtain
(5.8) P, _cy=1F,
with F,,(¢t,21) = (F(t, 21, ), SDn>L2(MO) and
Po—o =0 — 02, —20(B0 — 05,) — (1 = B)0” + Ay

We set also p,,—o (1, 1) = —p? + 1% — 2i0(Bp —n) — (1 — f%)o? + A\, p € R, n € R, such that, for
Dy = —i0,, Dy, = —i0y,, we have p,, _»(Dy, Dy,) = P, _». Applying some results of [13, 19, 28, 29]

about solutions of PDEs with constant coeflicients we obtain the following.

Lemma 5.1. For every o > 1 and n > 1 there exists a bounded operator

E,.: L*((0,T) x (—R,R)) = L*((0,T) x (R, R))
24



such that:

(5.9) P. oE,,F=F, FelL*(0,T)x(-R,R)),

(5.10) 1Bn.ollsz2((0,1y% (- romyy < Co"

(5.11) Eno € B(L*((0,T) x (R, R)); H'((0,T) x (—R, R)))

and

(512) ||En U||B(L2((0 T)><( R R)) Hl((o T R R + H \/ En Nea B(LZ((O,T)x(—R,R)) <

with C > depending only on T and R.

Proof. In light of [13, Thoerem 2.3] (see also [19, Theorem 10.3.7]), there exists a bounded operator
Eno. € B(L*((0,T) x (=R, R))), defined from a fundamental solutions associated to P, _, (see
Section 10.3 of [19]), such that (5.9) is fulfilled. In addition, fixing

3
Pr—o (1t:m) (ZZIakﬁapn_aunM) , HER, nER,

keN aeN

for all differential operator Q(D;, D, ) with % abounded function, we have Q(Dy, Dy, )Ey o €
B(L?((0,T) x (=R, R))) and there exists a constant C' depending only on R, T such that
Qum|
(513) ”Q(D 7Dw)EU _ <C sup
! HB(LQ((O’T)X( BR) (p,m)€R? pn fa(,u 77)

Note that p,, (1, 1) = |I0ypn,—o (1, n)| = 20. Therefore, (5.13) implies

1 -1
1ol (0.myx (- mmy) SCsup = < Co

(p,m)ER? pn,—o(ﬂa 77)
and (5.10) is fulfilled. In a same way, we have p_, (1, 1) = |ROup—o (1, 1) = 2|p| and py, o (1, m) =
IR0y Pn,—o (1, m)| = 2|n|. Therefore, in view of [13, Theorem 2.3], we have (5.11) with

C sup 7|M| + Il +Co 1 <3C
(p,m)ER2? pn,—a(ﬂvn)

HEn,fo'HB(L2((0,T)><(7R,R));H1((0,T)><(7R,R))) S

and the first inequality of (5.12) is proved. For the last inequality of (5.12), let us consider the two
cases A, = 2(|p| +0)? and A\, < 2(|u| + )% For A\, > 2(|u| + 0)?, we have

N An
(5.14)  Pn—o (1) = [Rpn—o ()| = —p* — (L= B2)0? + XAy 2 Ay — (Jul +0)* = 5 2 VA
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with ¢ > 0 independent of n. For \,, < 2(|u| + 0)?, we have |u| > \/\/)‘g — o and we get

~ %a n,—o ) + ja n,—o ’ )‘71
2 V2
Combining (5.13)-(5.15), we deduce the second inequality of (5.12). O

Applying this lemma, we can now consider solutions of (5.7) given by the following result.

Lemma 5.2. For every o > 1 and n > 1 there exists a bounded operator

E,: L*((0,T) x (=R, R)) x My) — L*((0,T) x (—R, R) x M)

such that:

(5.16) P ,E,F=F, FeclL*(0,T)x(—R,R) x M),

(5.17) 1Bl 5020,y x (- Ry < boy) < CO 1,

(5.18) E, € B(L*((0,T) x (=R, R) x My); H*((0,T) x (=R, R) x My))
and

(5.19) 1 Eo | 8(12((0,7) % (= B, R) x Mo); HE (0.7 x (= By R x Mo)) < C

with C > depending only on T, R and M.

Proof. According to Lemma 5.1, we can define E, on L*((0,T) x (—R, R) x M) by

o0

E,F = Z(EnJFn)(pn, F,(t,x1) = (F(t,x1, ')’90”>L2(M0)7 (t,z1) € x(0,T) x (—R, R).

n=1
It is clear that (5.9) implies (5.16). Moreover, we have

oo

2 2
1o Fll2 0,1y x (- Ry o) = D 1 Eno Full i 0,2y x (- r,R)

n=1
and from (5.10) we get
2 2 _—2 2 2 -2 2
1o Fll72 01y x (- romysate) < €202 D Il a0y (- romyy = €20 IF T2 0,my (- oyt

n=1
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From this estimate we deduce (5.17). In view of (5.11)-(5.12), we have E, € B(L?((0,T)x (—R, R)x
My); HY((0,T) x (=R, R); L*>(My))) and, for all F € L?((0,T) x (—R, R) x M), we have
(5.20)

2 2
HEUF”Hl((o,T)x(—R,R);L2(MO)) = Z HEn,aFn”Hl((O,T)X(*RvR)

n=1

2 2
<O N Fllie oy x(—romy = O IF L (0,75 (— R Ry x M)
n=1

In the same way according to (5.12), for all F € L*((0,T) x (—R, R) x M), we have
D M
n=1

Therefore, we have E,F € L*((0,T) x (=R, R); D(AY?)) = L?>((0,T) x (=R, R); H}(M,)) and we

2

2 2
(EoF, @n>L2(MO) c? Z HFTLHLQ((O,T)X(fR,R)) =C? ||F||L2((O,T)><(7R,R)><Mo) :

n=1

<
L2((0,T)x(~R,R))

get
oo
2 2
”EUFHL2((O,T)><(—R,R);H1(Mo)) < Z An ||E"»0F"HL2((0,T)X(—R,R))
n=1
2
<C'C? Z 1Enll 220,71y % (- R, R))
n=1
! 2 2
S C'CoNF 20,7y (R, Ryx M) -
Combining this estimate with (5.20) we deduce (5.18)-(5.19). O

Applying this result, we can build geometric optics solutions of the form (5.4).

Proposition 5.3. Let ¢ € L>((0,T) x (—R, R) x My). Then, there exists o9 > 1 such that for
o > o9 the equation O, 4u + qu = 0 admits a solution u € H'((0,T) x (=R, R) x My) of the form
(5.4) with

(5.21) ||wHHk((07T)><(7R7R)><M0) <Co™l k=01,

where C' and oy depend on My, T, ||q||L°°((0,T)><(7R,R)><M0)-

Proof. We start by recalling that, in view of (5.5), in the polar normal coordinate ' = exp(rf) the

function O, (e~ 7¥+#1)k) will be given by

Dg(e*“’(ﬁt“”l)k)(t, x1,exp,(rf)) = o2(B% =141 — e oBttan
‘ 1 ,
200 BHm—i0=FI20) (B8, + 8, —i\/1— 520, — iy/1 — F2oL)e i (+520)p(r, )~ 1/4R(0)

oot 0= ANG et (r, 0) 1 /41(0).
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Using the definition of k in polar normal coordinate we deduce that
(=B + D, —in/1 — 520, — i\/ﬁ%)e—wwwb(n 0)~/*h(6) =0
and
ea(ﬁt+”’1)Dg(e_"(mﬂ“)kz)(t,:El, eXpy(TO)) = ei”(m)’“ﬂe@gne_i”(t+ﬁx1)b(r, 9)_1/411(9).
Thus, there exists C' > 0 independent of ¢ such that

(5.22) ‘

e Btran (e~ (Btran ) ‘

<
L2((0,T) % (—R,R) x Mo)

According to Lemma 5.2, we can rewrite equation (5.6) as
w=—E, (e(f(ﬁfﬂl>Dg(e—”<ﬂf+f1>k) + qw) ., we L((0,T) x (—R, R) x M)

with B, € B(L*((0,T) x (=R, R) x Mp)) given by Lemma 5.2. For this purpose, we will use a

standard fixed point argument associated to the map
G : L*((0,T) x (R, R) x My) — L*((0,T) x (—R, R) x My),
F— —FE, [ea(ﬁtﬂ“)Dg(efa(ﬁt““)k) + qF} .

Indeed, in view of (5.17), fixing R; > 0 , there exists op > 1 such that for ¢ > og the map G
admits a unique fixed point w in {u € L?((0,T) x (=R, R) x M) : ull 20,7y (— R Ry x Mgy < B2}
In addition, condition (5.17)-(5.19) imply that w € H'((0,T) x (—R, R) x My) fulfills (5.21). This

completes the proof. O

5.2. Exponentially growing solutions vanishing on parts of the boundary. Let us first

remark that repeating the arguments of the previous section we can build solutions
(5.23) u(t, ) = e? Ptz (a_%l(x) + z(t,x)) , (t,x)e (0,T)x M

of the equation a '0?u— Aju+qu = 01in (0,7) x M. On the other hand, since the construction of
the previous section consists of extending the domain and considering restriction of the solutions of
our wave equation on the extended domain, we will have no control on the traces of the solutions
on OM (with M = [0,T] x M). On the other hand, according to [26, 28, 29], one can use Carleman
estimates to construct by duality such solutions vanishing on some parts of M. Following this
idea, in this section we will construct solutions of the form (5.23) satisfying

u(t,z) =0, (t,z)e {0} x M)uUU.
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From now on, for all § > 0, we set
OMi s+ ={redM: £0,0(x) >0}, OM_s1={xecdM: £0,p(z) <4}

and Xy 51+ = (0,T) x My 51. Without loss of generality we assume that there exists 0 < e < 1
such that OM_ . _ C U’. The goal of this section is to use the Carleman estimate (4.2) in order to
build solutions v € Hpn, ,((0,7) x M) of the form (5.23) to

(@107 — Ay +q(t,z))u=0 in (0,T) x M,
(5.21) -
u=0, on(0,T)x0M, s _.
Here | € C*°([—R, R] x Mpy) is defined in polar normal coordinate associated to y € D by

(5.25) I(z1,exp, (r0)) = e 7V I=FITy(p g) =14,

Moreover z € e~ PH=) Hy ((0,T) x M) fulfills: 2(0,z) = —a~Fl(z) ,x €M, z=—a""Tlon
(0,T) x OM, /2, and

(5.26) I2ll 2 (0.7yx ) < Co™ %

with € depending on U’, M, T" and any M 2 [|q|| o ((0,7)xar)- Since (0,7) x OM \ U C (0,T) x
OM\Y_._ =3¥,._ andsince ¥, /5 _ is a neighborhood of ¥, . _ in (0,7) x M, it is clear
that condition (5.24) implies (u|o,1yxon, O¢Ujt=0) € H.

The main result of this section can be stated as follows.

Theorem 5.4. Let ¢ € L>®((0,T) x M). For all 0 > o1, with o1 the constant of Theorem 4.1,
there exists a solution u € Hp, ,((0,T) x M) of (5.24) of the form (5.23) with z satisfying (5.26).

In order to prove existence of such solutions of (5.24) we need some weighted spaces. We set
s € R and we introduce the spaces Ls((0,T) x M), Ls(M), and for all non negative measurable

function h on OM the spaces L; p + defined respectively by
Lo((0,T) x M) = =@ L2((0,T) x M), Ly(M) = e=*#@ L2(M),
Lops={f: PR3 (2)f € L}(T4)},

with the associated norms

1
2

T
nuu=</ /e%wﬂﬂwfawmw>, e L(Q),
0 M
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3
ully o = (/ g5 |u|2dx> . ue Ly(M),
M

2

lullg e = ( /E 2Btz (1) |u2dag(m)dt> . w€ Lgp.
+

Combining the Carleman estimate (4.2) with the arguments used in [28, Lemma 3], we obtain

the following

Lemma 5.5. Given o > o1, with o1 the constant of Theorem /.1, and
veL ,((0,T)xM), v_€L_,9,,1_, vo€L_o(M),
there exists uw € L_,((0,T) x M) such that:
1) (a0} — Ay +qu=vin (0,T) x M,
2) Uz = V-, Ujt=0 = Vo,
3) |Jull_, <C (0’1 lvll_, + oz lv-l_g.0,p-1,— + o2 ||v0\|_0,0) with C depending on T,

M 2 gl o< 0.1y x M) -
Armed with this lemma we are now in position to prove Theorem 5.4.

Proof of Theorem 5.4. Recall that in the polar normal coordinate z’ = exp,(rf)) the function
Oeagr (71217 will be given by
Deag (7P (8, 21, exp,, (1)) = 02 (8% — 1 4 1 — §2)e7FrHen)]

. 1
200 BHHn—i=5)20) (89, — 9, 4 i\/T = B20, +i/1 — B22L)b(r, 0) /4
(1-8%) 3+ -
4eo(Bttzi—i(1-5%) )De@gﬁb(f‘ﬁ) 1/4

Using the definition of [ in polar normal coordinate we deduce that

(60, — 0u, + i/ T— 50, + /T B )b, )"/ = 0

and

e~ 0Bt g (7B (8, 1y, exp, (rf)) = ety 17ﬂ2)rDe@g~/b(T, )~ 1/4,

Therefore, we have

<C

—0

B (e

with C' > 0 independent of . Combining this estimate with (4.3), we deduce that

d—2 ‘

(5.27) HDa,g(e““’t”l)a*TZ)
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Note that z must satisfy

z € L*((0,T) x M),
oy ] @A) (O e R i 0.7) % M
z(0,2) = fa’¥l(x), x €M,

2(tx) = —a T U(z) (tz) €Ty .

Let x € C§°(My) be such that suppy NOM C {x € OM : Jyp(x) < —¢/3} and x = 1 on

{x e OM : d,p(x) < —e/2} = OM, /5. Choose v_(t,z) = —eo(Btta) =47 (2)1(2) x (),

(t,x) € X_. Since v_(t,z) = 0 for t € (0,T), x € {&x € OM : J,p(x) = —e/3} we have
a—2

v_ € L_gp,,-1,—. Fix also v = —(0a,y + q)(e”(ﬁtﬂ“)a*%l) and vo(z) = —a™ 7 [(x)e?™,

(t,x) € Q. From Lemma 5.5, we deduce that there exists w € Hp, ,((0,7) x M) such that

(@102 — Ay + Qw = v = —(Oa gy + q)(e”BH=0a=%]) in (0,T) x M,
w(0,z) = vo(z) = fl(x)a’%(:r)e‘”ﬁh xeM,
w(t,z) =v_(t,x) = —e"(ﬁt‘”l)a_%(:r)l(x)x(x), (t,x) e ¥_.

Then, for z = e=?(F+21)4 condition (5.28) will be fulfilled. Moreover, condition 3) of Lemma 5.5

and (5.27) imply

_ _1 _1
120 2qo.ryxan = Iollg <€ (7 I0l_y + 073 o=l 0,1 - + 07 [Iv0ll_y0)

i)
L2(M)

with C depending only on 3, U, M, T and Hq||L°°((O,T)><M)' Therefore, estimate (5.26) holds. Using
the fact that e?#*+®1)z = w € Hp, ((0,7) x M), we deduce that u defined by (5.23) is lying in
Hp, ,((0,T) x M) and is a solution of (5.24). This completes the proof of Theorem 5.4. O

d—2

a 4

_1 _1
2 2

a’dzk;le&,go*lm‘

+ o
L2(2)

<C <al(1 + llall 20,7y xany) + 0

1
<Co™2

6. PROOF OF THEOREM 1.4

From now on we set ¢ = ga —¢q; on (0,7) x M and we assume that ¢ = 0 on R? x D\ ((0,T) x M).
Without loss of generality we assume that we have OM_ .y C V' with £ > 0 introduced in the
beginning of the previous section and we fix o > max(o1,00). According to Proposition 5.3, we
can introduce

2

wi (t,2) = e 7B =T (1) (k(t, z) + w(t, z)), (t,2) € (0,T) x M,
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where u; € H'((0,T) x M) satisfies a='0u1 — Aguy + qrus = 0, k given by (5.5) and w satisfies
(5.21). Moreover, in view of Theorem 5.4, we consider up € Hp, ,((0,7) x M) a solution of (5.24)

with ¢ = g2 of the form
ug(t, z) = e Ptz (a_%l(x) + z(t,a:)) , (t,x)e(0,T)x M

with I given by (5.25), 2 satisfying (5.26), such that supp(uzjo,7yxan) C U and ugjy—o = 0. In view

of Proposition 3.1, there exists a unique solution w; € Hg,  ((0,7) x M) of

(6.1) a 10wy — Agwy + qrwy =0 in (0,7) x M,
. Towl = ToUu2.
Then, u = wy — uy solves

a 10— Aju+ qru= (g2 — q1)uz in (0,T) x M,
(6.2) uw(0,7) = Gyu(0,z) =0 on M,
u=0 on (0,T) x OM
and since (g2 — q1)ug € L2((0,T) x M), in view of [32, Theorem 2.1] and the formula (4.3), we
deduce that u € H and d,u € L*((0,T) x OM). We use again the notation M = [0,T] x M and
g = dt? + g. Since u, u; € H'((0,7) x M) and a~'0?u — Ayu € L*((0,T) x M), one can check
that (a=*0u, —Vgu) € Hgypy = {F € L>*(M;TM) : divgF € L>(M)}. Therefore, by density one
can check that
[rla ™t 0fu — Agu)urdVy(z)dt
—— fﬁ<(a*18tu, —Vu), Vgu1>§dVg(:E)dt + <<(a*13tu, 7%“)@?’“1>H7%<3M),H%(am
with 7 the outward unit normal vector to M. From this formula we deduce that
foT Jar (@™ 0w — Agu)urdVy(z)dt
= - fOT fM(a_latuatul —(Vgu, Vgu1>g)dVg(x)dt + <<(a_16tu, —Vgu),ﬁ>§,u1>H_%(aM)7H%(BM) .
In the same way, we find

I [y (@ 02ur — Aguy JudV, () dt

= — fOT fM(a_latuatul — (Vqu, Vgu1>g)dVg(x)dt + <<(a_18tu1, —Vgul),ﬁ>§,u>
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Combining these two formulas, we get

foT Sy (@2 — @) uodVy(x)dt

- fOT fM(a_lafu — Agu+ qru)urdVy(z)dt — fOT fM(a_laful — Aguq + qrug )udVy(z)dt

= <<(a*18tu, —Vgu),ﬁ>§ , u1> — <<(a’18tu1, fvgul),ﬁ% , u>

H~% (o3),H? (977) H™% (831),H? (931)

On the other hand, condition (1.9) implies that u;—7 = d,u;y = 0 and we obtain

T
(6.3) / / unuldVQ(x)dt:—/ ayuuldag(x)dt+/ a”rou(T, z)uy (T, x)dV,(z).
0o Jm (0,T)xOM\V M

Applying the Cauchy-Schwarz inequality to the first expression on the right hand side of this

formula, we get

/ Oyuurdog(z)dt
(0,T)x OM\G

< / ‘&,ue_"('gt"’xl)(k(t, x) + w)‘ dog(z)dt
Yo+

2
<C / ’efg(mﬂz)&,u‘ dog(z)dt
E+,E,+

for some C independent of o. Here we have used both (5.21), the fact that |k| is independent of o

and the fact that ((0,7) x 9M \ V) C ¥4 . +. In the same way, we have

’ /M a1 0u(T, 2)ur (T, 2)dV, (x)

<™ | e ary /M ‘Btu(T, )=o) (k(T, 2) + w(T, x))‘ dv,(z)

<(/,

Combining these estimates with the Carleman estimate (4.2) and the facts that uj;—p = d,ux,_ =0

and OM 4 .y C OM 4, we find
T
/ / (g2 — q1)usu1dVy(z)dt
0o Jum
2 2
<2C (/ )e_"(ﬁt“’l)&,u’ dag(x)dt—i—/ ‘e‘”wal)atu(T,x)‘ dVg(x)>
Shoent M

2
<20 ( / dy(w)doy(z)dt + / ‘67”(5T+z1)3tU(T,17)‘ dvg(x)>
b M

-1 T 2
<= ¢ / / }efdﬂtm)(a*laf—Az+q1)u\ dVy(x)dt
a 0 M
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efa(ﬁwm)atu(T’ x)’ dVg(:L’)>

2

efo(ﬁterl)auur




(6.4) < E_;O (/OT /M)e—owtﬂl)quzfdvg(x)dt> _e¢ (/OT /M\q|2(1+ |z)2dVg(x)dt>.

Here C > 0 stands for some generic constant independent of o. It follows that

(6.5) lim quaurdtdx = 0.

o—+oo

On the other hand, using the fact that ¢ = 0 on R? x My \ ((0,T) x M) we have

T
/ /qulquVg(m)dt
M
d—2 T
/// q(t,x1, 2" k(t, 21,2 )a_Tl(xl,x')d‘@/(x')dxldt—|—/ /Z(t,x)dVg(x)dt
Mo o Jum

with Z(t,z) = q(t, z)(a’%z(t,x)k(t, x) + aidziw(t,x)l(x) + a’%z(t, x)w(t,z)). Then, in view

of (5.21) and (5.26), an application of the Cauchy-Schwarz inequality yields

Z(t,z)dVy(x)dt| < Co™2

with C' independent of ¢. Combining this with (6.5), we deduce that

/// a_%(xhx’)q(mth’)k(uml,x’)l(wl,x')dvg/(x')dxldt:0.
R JR S,

Fixing y € 9D, 74+ (y, 0) the time of existence in D of the maximal geodesic vy, ¢ satisfying v, ¢(0) =y

and 7y, 4(0) = 0, we obtain in polar normal coordinate

T+ (y,0) s
/// / *d2 (x1,7,0)q(t, z1,r, Okt x1,7,0)(x1,7,0)dV;(r,0)dz1dt =0
Sy My

with dVj the Riemanian volume form in polar normal coordinate given by b(r, 6)/2drdf. Tt follows

from (5.5) and (5.25), that for any h € H?(S, M), p € R and 3 € [1/2,1], we have

7+ (y,6) _ ,
/ /// a*%(xl,rﬁ)q(t,xl,r,@)e*”‘(ﬁﬂ“)drd:ﬂldt h(0)do =0
5,My \J/RJRJo

which implies that
T+ (v, 9) dﬁg )
(6.6) /// = (21,7, 0)q(t, 21,7, 0)e” M) drdpy dt =0, 0 € S, M.

We recall that the geodesic ray transform I on 9.5D := {(z,£) € SD : z € 9D, (§,v(z)), <0}
is defined by

T+($70)
If(t,a1,2",0) = / Frws®)dt, («',0) € 9.8D, fe LR xR x D).
0
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d—2

Fixing ]-'t)xla_%q the partial Fourier transform of a~ 2 ¢ with respect to t € R and z; € R given

by
]:tﬂ?la’_%;zq(ghééwrl) = (271')_1 / / a_%(‘rlﬂml)q(t7CE17xl)e_i(£1t+£2wl)dxldtu 5 = (51752) € RQ
RJR

we obtain from (6.6) that for any € R and all 3 € [3,1]
(6.7)
a2 T+ (y,0) ua )
Fra (@™ 7 q) (- y, 0)] (1, bp) = / / / a7 (1,7, 0)q(t, @y, ) M drdzydt = 0
R JRJO

holds true. Since for all § € Sy(D), such that (y,0) € 0+SD, the function Q : (t,z1) —
I(a’%q)(t, x1,9,0) € L>®(R?) is supported on [0, T]x [~ R, R], its Fourier transform is analytic and
(6.7) implies that @ = 0. Therefore, for almost every (¢, z1) € R? we have I(a_%q)(t, z1,y,0) = 0.
Using the injectivity of the geodesic ray transform (e.g. [15, Proposition 7.2]) , by varying y € 9D,
we deduce that ¢ = 0. This completes the proof of Theorem 1.4.
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