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ON THE DERIVATION OF THE HARTREE EQUATION
IN THE MEAN FIELD LIMIT: UNIFORMITY
IN THE PLANCK CONSTANT

FRANCOIS GOLSE, THIERRY PAUL, AND MARIO PULVIRENTI

ABSTRACT. In this paper the Hartree equation is derived from the N-body
Schrédinger equation uniformly in the Planck constant in two different cases,
specifically (a) for Toplitz initial data and Lipschitz interaction force, and (b)
for analytic initial data and interaction potential, and over short time intervals,
independent of the Planck constant. The convergence rates in these two cases
are 1/loglog N and 1/N respectively. The treatment of the second case is
entirely self-contained and all the constants appearing in the final estimate are
explicit. Moreover it provides a derivation of the Vlasov equation out of the
N-body classical dynamics using hierarchies and not empirical measures.
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1. INTRODUCTION

We consider the evolution of a system of N quantum particles interacting through
a (real-valued) two-body, even potential ®, described by the Schrodinger equation

ihopp = Hy,  §,_, = tin € Hn := L* (RN,

where

N
1
HszéhQ E Azk+ﬁ E q)(l'kfl'l)
k=1 1<k, I<N

is the N-body Hamiltonian. With the notation

zy = (z1,...,2x5) € (RDHY,
the N-body Hamiltonian is recast as

Hy = —1WAxy + Vi (Xy).

where Vi is the N-body potential in the mean field scaling, i.e. with 1/N coupling
constant:
1
Vn(zy) = 55 > Blar ).
1<k,I<N
Instead of the Schrédinger equation written in terms of wave functions, we shall

rather consider the quantum evolution of density matrices. An N-body density
matrix is an operator Dy such that

OSDN:DTVE,a(f)N), trace;)N(DN):l

(here L£($Hn) denotes the set of bounded linear operators on ).
The evolution of the density matrix of a N-particle system is governed by the
von Neumann equation

1
N

(1) 9, D" = ih
The density matrix Dy for a N-particle system described in terms of the N-particle
wave function Uy = WUy (t, Xy) is the orthogonal projection in $ on the one
dimensional subspace CWUy. In other words, Dy(t) is the integral operator on
$Hn with integral kernel Wy (¢, X n) Uy (¢, QN)' Up to multiplying the N-body wave
function by a global phase factor, both formulations of the quantum dynamics of a
N-particle system are equivalent.

If DY is factorized, that is of the form

[Hy, DM, Dyl,_, =D}

N _ nH®N
Din*Din

where D;, is a density matrix on $ := L2(R9), then D¥(t) is in general not
factorized for ¢t > 0. However, it is known that Dy (¢) has a “tendency to become
factorized” for all ¢ > 0 as N — oo, i.e. in the mean field limit, for each i > 0.
The precise formulation of this “tendency to become factorized” involves the
notion of marginal of a density operator.
For each j = 1,..., N, the j-particle marginal D} (t) of Dy(t) is the unique
operator on $); such that, for all Ay,..., A; € L($)), one has

traceg , [DN(t)(Al R Aj (024 IfJij)] = traceﬁj [Djv(t)(Al R AJ)] .
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In terms of this notion of j-particle marginal, the tendency of Dy (t) to become
factorized is expressed as follows: for each 7 > 0 and each ¢ > 0, one has

DY (t) — (D" ()% for all j > 1 in the limit as N — oo,

(in some appropriate topology on the algebra of operators on §;) where D¥ is the
solution of the Hartree equation

(2) ih0, D" (t) = [-4R*Aga + @, (1), D ()] , DH(0) = Dip.

Here

(I)pH(t) = (I)*pH(f, ) s
where

pH(t,x) := DH(t,x, x)
abusing the notation D (t,x,7y) to designate the integral kernel of the operator
DH(t) on § := L*(RY) and denoting by x the convolution on R

This program has been carried out in a sequence of papers: see [19, 1] for bounded

interaction potentials ®, and in [7, 16] for interaction potentials that have a singu-
larity at the origin, such as the Coulomb potential (see also [2]). See [3] for a more
detailed discussion of this subject, supplemented with an extensive bibliography.
In all these results the convergence rate as N — oo deteriorates as h — 0.

The analogous result in the classical setting, where (1) and (2) are replaced
respectively by the Liouville and the Vlasov equations, have been known for a long
time: see [14, 4, 6], where this limit has been established by different methods.

Since the Liouville and Vlasov equations are the classical limits of the Schrédinger
and Hartree ones (see e.g. [12] for precise statements), this suggests that the mean
field limit in quantum dynamics holds uniformly in 7, at least for some appropriate
class of solutions.

This problem has been addressed in [15] where the mean field limit is estabished
by means of a semiclassical expansion for which the term by term convergence can
be established rigorously. The limit of the N-body quantum dynamics as N — oo
and h — 0 jointly, leading to the Vlasov equation, has been discussed in [13]
(in the case of fermions and with an effective Planck constant i ~ N~/3 and a
convenient rescaling of time), and in [11]. (See also [8] for a uniform in / estimate
of some appropriate distance between the N-body and the Hartree dynamics, only
for velocity dependent interaction potentials.)

More recently, a new approach based on the quantization of the quadratic Monge-
Kantorovich (or Wasserstein) distance, analogous to the one used in [6], has been
introduced in [9, 10]. It provides an estimate of the convergence rate in the mean
field limit (N — o) of the N-body quantum dynamics as i — 0 ou bien in O(3; +h)
that is uniform in .

In the present paper, we complete the results recalled above on the mean field
limit of the N-body quantum dynamics leading to the Hartree equation with two
different theorems. Both statements estimate some distance between the solutions
of (1) and of (2) as N — oo uniformly in 7 € [0, 1], without assuming that i — 0.

First, by some kind of interpolation between the convergence rate obtained in
[9] and the “standard” convergence rate from [19, 1] for & > 0 fixed, we establish a
O(1/loglog N) convergence rate for the mean field (N — o0) limit of the quantum
N-body problem leading to the Hartree equation, uniformly in & € [0,1]. This
estimate is formulated in terms of a Monge-Kantorovich type distance analogous
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to Dobrushin’s in [6], and holds true for initial data which are Toplitz operators
(recalled in the next section).

Our second result will establish the convergence in a much stronger topology
using analytic norms together with the formalism of Wigner functions, a tool par-
ticularly well adapted to the transition from quantum to classical dynamics. Using
this approach requires strong analytic assumptions on both the potential and the
initial data. The advantage of this result over the previous one is a faster conver-
gence rate, of order O(1/N), much more satisfying than O(1/loglog N) from the
physical point of view. Keeping in mind that the total number of nucleons in the
universe is estimated to be of the order of 10%°, an O(1/loglog N) convergence rate
may be satisfying from the mathematical point of view, but is of little practical
interest.

2. QUANTUM HIERARCHIES, TOPLITZ OPERATORS,
AND WIGNER AND HUSIMI FUNCTIONS

First we recall the formalism of BBGKY hierarchies in the quantum context.
Let & be the group of permutations of the set {1,..., N}. For each 0 € Sy and
each zny = (71,...,2n5) € (RN, we denote

UsUn(zy) =V(o 2y), witho-zy:= (501, To))-
Everywhere in this paper, it is assumed that the N particles under consideration
are indistinguishable, meaning that, for each ¢ > 0, one has
(3) U, DY (t)Ur = DN(t) forallo € Gy.

A straightforward computation shows that this condition is verified provided that

U,DNU*=DYN forallo e Gy.

Multiplying both sides of (1) by B; ® Is,_;, with B; € L($;) such that
[Arayi, Bj] € L(H;), one arrives at the following system of coupled equations
satisfied by the sequence of marginals Dj-v (t) of the N-particle density D (t):

. 1 N—j
(4) ihd, DY = [~ 11?Agayi, DN] + N7}D§V + chHD;VH,
where
j

(5) DY =3 > @@ —x,), DY |,

l#r=1
and

J
(6) Cjt1 DNy = ( > B(wi - xj+1)7D§Y1-1]> ,

=1 j

where the subscript j is ment for taking the jth marginal as in Section 1 and where
we have set
DY =0 forallj>N.

In the limit N — oo and for each j kept fixed, one expects that D;V converges in
some sense to D; satisfying the infinite sequence of equations, formal limit of (4)
as N — oo,

(7) ihoyDj = [~ 3h°ARay, D] + Cjy1Djer, j>1.
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One easily checks that t — {F(£)®7},1  ~ is a solution of the infinite hierarchy
(7) if t = F(t) is a solution of (2).

To each trace class operator F' defined on $y = L?((R%)") with integral kernel
F(zy,y,), we associate its Wigner function Wj[F] defined on the underlying phase

space (T*R)N = (R4 x RY)N by the formula

(8)  WhalFl(zyivy) = W /(Rd)N Flzy + 5hyy, 2y — %th)e@NﬂngN

Notice that Wj[F] exists for each trace class operator F and for each h > 0, since

Nd
WilFl(axin) = (3 twacelFM (gl

where M (z,,v,y) is the unitary operator on L2((R%)") defined by
M(zy,vy) s J(X) = fQay — X)e 2w (Xmen)/h,
By a straightforward computation
Flanu,) :/ WhlF)(h (e +y,): oy ey @00 gy
(RN

In particular

F(zn,zy) :/ Wi[Fl(zn;un)duy
(RI)N

so that
trace[F] :/ WhlF|(zy;vn)dz ydoy -
(REXRAN

More generally one easily shows that

trace(Fufz) = @ah)™ [ WalFil ey WalFal ey n)dzduy
(RIXRA)N
From this identity, writing again z5 = (21,...,2n) and vy = (v1,...,vN), One

easily deduces that
WilFil(z;;v0,) = / WilF)(zy;vn)dTjp1dvjsn ... dzpdon
(RIxR4)N i

= (Wr[F]);(z;;05)

where we denote by f; the jth marginal of the function or meausre f. A straight-
forward computation shows that ¢ — D¥(¢) is a solution of (1) if and only if
t = Wi[DN](t,-,-) = fN(t) is a solution of the following equation, referred to as
the “Wigner equation”

(O +un - Ve, ) N (G zyi )

TNt zy oy —shzy)— V(L zy;un+3hzy)

(9) _ -
= Vi (zy)e=N N . dz
(R4)N ih

where ‘7]\\/’ designates the Fourier transform of Vv, normalized as follows

i 1 —1U T
Poex) = gagaw [, V@) avdey.
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In the limit as & — 0, the Wigner equation reduces formally to the Liouville equa-
tion, since

v ; L N . 1
/ ‘ZV(ZN)eiZN‘sz (t;ENny_ §hZN)._f (f,£N72N+§FLZN)dZN
(RN ih

— VN (Zn)e PN 2N iZy -V [Ntz vy )dZn
(RN

=VVn(zy)- VnyN(taEN&N) :
See Proposition II.1 in [12] for a rigorous discussion on the argument.

The Husimi transform of a density matrix F on $ := L*(RY) is defined as

WE[F](QQP) = (21th)~%p, q|F|p,q) > 0,
where
p, q)(z) == (wh)~ ¥4~ (=0 2hgipa/n

Here and in the sequel, we use the Dirac bra-ket notation whenever convenient:

:alFlp,a) = (Ip: @), Flp. @) 12 (ray

and |p, ¢)(p, q| is the orthogonal projector on |p,q). At variance with the Wigner
function, there is no explicit “reconstruction” formula for F' out of Wh[F ]. Observe
that the Husimi function captures only the diagonal part of the matrix elements of
F on the (over)complete basis {|p, q) | (p,q) € R*}. Yet Wi [F] determines all the
numbers (p’, ¢'|F|p, q) as p,q,p’, ¢’ run through R, and therefore F itself. Indeed,
denoting z := g + ip and 2’ = ¢’ + ip’, a straightforward computation shows that

T2 g |Flp,q) = f(5(z + 2); 3i(2 = 2))

where f is an entire function on C??. Knowing WH[F](q,p) for all ¢,p € R? is
equivalent to knowing f(2(z+2/); 1i(2' — 2)) for z = 2/, which is in turn equivalent
to knowing the restriction of f to R?¢ ¢ C2?. Since f is holomorphic on C?¢,
knowing the restriction of f to R?>? determines f uniquely. Therefore, the knowledge
of Wi [F] determines F uniquely.

The Husimi function is sometime called a mollification of the Wigner function
because of the following straightforward formula

WalF)(g;p) = " 4 WiFl(q; p) -

In particular, both the Wigner and the Husimi function of a h-dependent family of
density matrices have the same limit (if any) as h — 0 in the sense of distributions.
Finally, we recall the definition of Toplitz operators used in [9]. For each positive

Borel measure p on R% x R?, the T6plitz operator with symbol i is

OP%[H] = (gwlh)d /

Ip, ) {(p, qlp(dpdq) .
(R?xR4)

For instance OP} [1] = I, where 1 designates the Lebesgue measure on R% x R
Elementary computations show that
WhlOPT[u]] = /Ay, WA[OPT (] = ehdar/2p.

Therefore trace(OPL [u]) = Jrea dp and probability measures give rise to physical
states (positive operators of trace one) through T6plitz quantization.
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The paper is organized as follows. The two main results of this article, Theorems
3.1 and 3.2, are presented in the next section. The proofs are self-contained (with
the exception of the use of the main result of [9] in the proof of Theorem 3.1) and
given respectively in Part 2 and Part 1. We have chosen this order of presentation
since part of the material if the proof of Theorem 3.2 is used in the proof of Theorem
3.1.

3. THE RESULTS

Our first uniform convergence result puts little regularity constraint on the in-
teraction potential V. As a result, we obtain a convergence rate in some weak
topology, which is most conveniently expressed in terms of a Monge-Kantorovich,
or Wasserstein distance, associated to the cost function (z, z’) — min(1, |z — 2/|) on
(R? x R4, for j > 1.

Specifically, let u1, v be Borel probability measures on (R%x R9%)?, and let I1(y, v)
be the set of probability measures on (R? x R%)7 x (RY x R?)/ whose first and
second marginals are p and v respectively. Define

(10) disty (g, v) :=  inf // min(1, |z — 2'|)7(dzdz’).
(RExR4)7)?

m € (p,v)
for each pair of Borel probability measures y, v on (R? x R%)7.

Theorem 3.1. Assume that the interaction potential ® is a real-valued, even
differentiable function defined on R% with Lipschitz continuous gradient, and let
A :=3+4Lip(V®)2. Let F'" be a Toplitz operator, and let F be the solution of the
Hartree equation (2) with initial data F™. On the other hand, for each N > 1, let
FN be the solution of (1) with initial data (F™)®N | and F]-N its j-particle marginal
for each j =1,...,N. Then, for each fized integer j > 1, and each T > 0, one has'
s _ 64(log2)dT | 1~ (1 + jeAT)

~

(11) diStl (WF].N (t)» WF(t)®j) 10g IOg N

for allt €10,T] and all h € [0,1] in the limit as N — oo.

Note that dist; is the distance used by Dobrushin in [6]. For each ¢ € C;(R%x R?),
denote by L1(¢) the Lipschitz constant of ¢ for the distance (z, z’) — min(1, |z—2'|),

L(6) i sup 22) =0

2£2 min(l, |Z — Z/|) '

By Monge-Kantorovich duality one has

/R'ix - P(2)pu(dz) — /RdX " o(2)v(dz)

Hence the distance dist; induces on the set of Borel probability measures on R% x R4
a topology that is equivalent to the restriction of the Sobolev W~L1(R? x RY)
metric. Since density matrices on §) := L?(R?) are determined by their Husimi
functions as recalled in the previous section, the expression

(D1, Dy) distl(Wh[Dﬂ, Wh[Dﬂ)

disty (p,v) = sup
Li(p)<1

IThe statement an, < by in the limit as n — oo means that an < bp(1 + €,) with €, — 0 as
n — oo.
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defines a distance on the set of density matrices. This distance obviously depends
on A through the Husimi functions. However, if D! and D} are h-dependent density
operators such that

Wi[DP = py and Wi[DE] = gz in &' (R? x RY)
in the limit as h — 0, then
disty (Wx[D}], Wi [DE]) — disty (u1, po2) -

For that reason (11) provides a convergence rate for the mean-field limit of the
quantum N-body dynamics that is uniform in A.

Our second uniform convergence is based on Cauchy-Kovalevska type estimates
on the BBGKY hierarchy. It gives a better convergence rate, at the expense of much
more stringent conditions on the interaction potential ® and evolution over finite
time intervals only. These time intervals depend on the size of the potential and
(h-dependent) initial data in convenient topologies, but have no other dependence
on the Planck constant. The convergence rate obtained in this second result is
formulated in terms of the following family of norms. For each § > 0 and each
f e LY(R"™ x R")?), we set

I£ll, == sup |F(&, n)lertIetinD
&nER™

where fis the symplectic Fourier transform of f
~ 1 ,
(12) f&n) = 5= / e 1@ E=vn) £ () dxdo.
(2m) R"xR"

By a slight abuse of notation, for each trace class operator F' on ), := L?(RY), we
also denote

(13) 1Elp == [[WalE1, -

Theorem 3.2. Assume that, for some 3’ > 0, one has both
|F"||g < oo and /|h||&>(h>|eﬁ’\hldh <o0.

Let o > log ||[F'™||g: and let B satisfy 0 < B < f8'; in addition, let T =T (8, 3,a, ®)
be defined by (28) below.

Let F(t) be the solution of the Hartree equation with initial condition F", and
let FN(t) be the solution of the N-body Schrédinger equation with initial condition

(Fin)®N'
Then for all t, |t| <T and j € N*, we have for N > j,
(14) HFJN(Tf) _ F(t)@]”lg < (4, ) [t] I I

I T T
For all t € [0,T), the constant C(j,t) > 0 is defined by formula (37) below, is
independent of N, and satisfies

C(j,t) ~ Qjeo‘j as j — oo

2
(1= [tl/T)

(see (37) for a more precise result).

A straightforward consequence of this theorem is the following statement.
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Corollary 3.3. Let 0 < |t|/T < 1. Then, for all 5 < [,
||FJN(t) —~F(t)®|g — 0 as N = oo,

uniformly in j < $ log (N%) for any o > «.

(Remember that T depends on «.)

Notice that estimate (14) implies that the N-particle system converges to the
Hartree dynamics uniformly in /i € [0, 1] for a suitable class of relevant initial states,
e.g. states for which || F|| 3 is uniformly bounded for some § > 0. Examples of such
initial data are superpositions of orthogonal projectors on coherent states with a
positive density f with [|f|[ 1 re) = 1 and ||f||s uniformly bounded for a some
B > 0. Indeed consider

F:/RM f(z; )|z, v)(z, v|dedo .

An easy computation shows that the Wigner function of F', Wp, satisfies

A

WhlF)(z;0) = "5 f(z;0).

Therefore
WhlFI(&:n) = e HE+) Flern)
and
1Ells := IWa[F]lls < [ f]l5-
Moreover

IEY (1) = F(O)* [l = |WalEY ()] — WalF(@)®]||
= [Wi[F™ (0)]; — WalF (]| 5.

By, e.g., Theorem IV.2 in [12], Wi[FN(¢)] — fN(t) and Wi[F(t)] — f(t) as h —
0, where f(t) is the solution of the Vlasov equation with initial condition f,
while fV(t) is the solution of the N-body Liouville equation with initial condition
(fi")®N. Therefore, taking the limit 4 — 0 in (14), we arrive at our last main
result.

Corollary 3.4. Assume that ||f"| s < co and that
/|h||§>(h)|eﬁ/|h‘dh < o0,

for some B’ > 0. Let a > log||F||g:, let 0 < 8 < /', and let T and C(j,t) be given
by the same prescription as in Theorem 3.2. Let f(t) be the solution of the Viasov
equation with initial condition f* and f™(t) the solution of the N- body Liouville
equation with initial condition (f")SN.

Then, for all t satisfying [t| < T and all j € N*,

CUt) [ " ls

N ‘
1Y) — fF&) s < N T1—ea|fin)y "’

and || fN(t) — f(£)¥7]l3 = 0 as N — oo, uniformly in j < L log (N%) for

any o > a.
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Part 1. Results with analytic data
4. BOUNDS ON THE SOLUTIONS OF THE HIERARCHIES

Integrating the Wigner equation (9), with

View) =5 3 o)

1<i#r<N

over the N — j last variables leads to the following finite hierarchy, henceforth
referred to as the “Wigner hierarchy”, of course equivalent to (4),

N—j

J
1
(15) Onfj" + Z”Z’ Vi f] = NijaN + 5 G Aee

=1

where

fJN(xl,...,gj;Ql,...,yj) = /fN(QN;QN)dwj-i-ld'Uj-i-l ...d.Z'Nd’UN fOI‘j < N,
fY:=0 forj>N.

Considering the definition of the norm ||-||, it is more convenient for our purpose
to express T and Cj4; through their action on the Fourier transforms of ij and
[}, as defined by (12): this is done by Lemma 4.4 below.

Passing to the limit as N — oo, one arrives at the infinite hierarchy

J
O i+ Zvi Vo fi = Cixafirr, 721,

i=1

henceforth referred to as the “Hartree hierarchy”. So far, this is a formal statement,
and one of the goals in our study is to turn this formal statement into a precise
convergence statement with an estimate of the convergence rate.

From now on, we regard both the Wigner and the Hartree hierarchies as gov-
erning the evolution of infinite sequences of Wigner distributions. It is therefore
natural to seek controls on these hierarchies in appropriate functional spaces of
sequences f = {fj}j=1..0o. These functional spaces are metrized by the following
family of norms

I £llas = e fills, aB>0.

j=1
For 8 > 0 we set

Ci) = [ @M an, g = [ (h[(n)dn
R4 R4
Theorem 4.1. Let iN(t) be the solution of the N-body Wigner hierarchy with
initial data im = {f;n}jzl...oo defined by
fr= (M, j<N,
fi" =0,

and satisfying ||| g < oo for some ' > 0.

J >N,
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Then for each o > log||f™||s and each B such that 0 < 3 < [3', there exists
T =T[wa, 8,0'] >0 given by (28) below such that, for each t € [0,T)

[P
(16) ||iN(t)||a,ﬁ < 1_7%

Proof. Our proof of Theorem 3.2 is based on the estimates in the next lemma,
whose proof is deferred until the end of the present section.

Lemma 4.2 (Propagation estimates). Let S;(t) denote the group generated by the
free transport operator in j variables

In other words,

Sj(f)f] : (acl,...,gj;fl,...,fj) — fj(.’L‘l —tfl,...,gj —ffj;gl,...,fj)

is the value at time t of the solution of the Cauchy problem

J
Of)+> &V f) =0,  f),_,=1
k=1

Then,
(a7) IS0l < 151l provided that ©—2 > 1o,
while
14 [t)C?

(18) 1,(-0C511550) sl < ST
and

(14 [the? (¢
(19) I;-013850301s < L Ve Ly
whenever 8 > 3.

Define
T N —4

(20) TNi - {ﬁ]fj}j—l...oo and CNi - { N jCijjH}j—l...oo

so that (15) reads
N
OfN + vi - Vo fN = (0N + V)Y,
i=1

and let
SN = {850 ) =100 -

As a straightforward consequence of Lemma 4.2, we arrive at the following esti-
mates.
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Corollary 4.3. Under the same hypothesis as in Lemma 4.2 and for 3’ > 3, one
has

06

(21) SOV SO flap < LDy gy,
o(# —5)
J s (4 HDCE (0

(22) 1(S(=)TNS(t) f);lls < e Wﬂfﬂa,ﬂ
and

B’
@3 ISCOTV S0 10 < D gy,

We shall compute the norm of the solution of the Wigner hierarchy by using a
Dyson expansion. For 0 < ¢} < ty--- < t, <t consider the string of distribution
functions indexed by n > 0, and defined as follows: for n > 0,

(24) gl (t,t1, ... tn) == SE)S(—tn (TN +CN)S(ty) ... S(—t1) (TN +CN)S (1) £
while
g0 (t) == S(t) [

where f" = {f}"}j=1...00 is the initial data.
For each K > 1, set

K t tn to
:Z/ dtn/ dtn,l.../ dtrgn(t,t1, .. 1)
=070 0 0

We see immediately that
NK"’Z’UZ i —(TN+CN)QN’K71, gN’K(O):fin.

The Dyson expansion is
lim ¢ (t) = gN(t)

K—o0=
and, if

K—o0
then the Dyson expansion gives the solution i of the N-body Wigner hierarchy

with initial data f". Uniqueness is obvious for finite NV, since the last equation in
the Wigner hierarchy is equivalent to the N-body quantum problem.

For 8 < By < ', let us define 3, := Bo—i—l{:ﬁ/;ﬁ“, k=0,...,nso0that By—o = B,

Bn = B" and Bri1 — B = ﬁ/;ﬁo, and
ZN(tk) = S(—tk)(TN + CN)S(ﬁk) .

By Corollary 4.3 (21)-(23), we get, since C < C2(t), VB > 0, and C% is an
increasing function,
201+t )Cl (ti)e

e(8 = B)

21+t)Ch (e
(B’ —p)

[ £lla,sr < ||fHag/ for ty < t.

1E8 (k) fllas <
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Therefore, by applying Lemma 4.2 (17) with [¢| < ﬁogﬁ, we get

lgn(t,tr, - ta)llas = ISEENE)EN(En-1) .. En (1)l

< SN (E)EN (1) - SN () " oo
2(1+[t))CL (t)e™

SN (tn1) .. En(t1)f*

B e(B1 — o)
B’ « '
< 2(1221)5’%0(?6 nHEN(tn,l)...EN(tl)izn”aﬁ1
2(1+ [t))Cy (B)e
- e(B' — Bo)
(25) o (2a+phes e "”me |
- (B — Bo) I las
So that
K ‘ " -
7;) /Odt1/0 dtz.../o Atngn(t b1, ... tn) y
(201G (0 |t|" o
S;( T
_ 3 (R0 iuCy e e i
_7;)< (8" = Bo) nl 1/ ||a,ﬂ’
1+|t| s we\"
(26) <Z< s ) i

13

2
n) 1= (tn-2) .. En (1) [lap

where (26) follows from the fact that n! > n”e™": indeed log being increasing we

have logn! = Z logj > f1 log(x)dx = [m logx — x]?

the desired mequahty

Hence the Dyson expansion converges uniformly in N as soon as

< 1.

Bo— B 2(1 + |t))[t|C (£)e”
5 T g

It] <

=nlogn —n + 1 which gives

By construction, the function ¢ — Cg (t) is continuous and increasing on R, so

that there exists a unique Sy := fole, 8, §'] satisfying

27)  B<Bo<B and 201+ Lzf)fcbol (BezByee — g

Defining

Bo[aaﬁaﬁ/] - ﬁ

(28) Tlo, B, 5] = 3 ;
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we see that

2(1 + |t))[t|C (t)e”
(8" — Bo)

Hence the Dyson expansion converges uniformly in N for [¢| < T|e, 3, 5'].
Applying Corollary 4.3 with ¢ = 0, and using the geometric series estimates in

(26) shows that the term (TNJrC’N)iN’K_1 converges to (TN+CN)iN as K — oo.
N,K

[t < T, B, 8] = |t| < and <1.

Bo— B
5

Therefore, g converges to iN as K — oo, and iN is given by the Dyson
expansion. In particular, the estimate (16) follows from (26), after noticing that

(29) 2(1 + [t)]E|CY (t)e™ N 201+ T)TCY (T)e” _l
(B = Bo) o T (8" = Bo) T
) 2(14+T)TCE (T)e™
since % =1 by (28) and (27). O

We conclude this section with the proof of Lemma 4.2.

Proof of Lemma 4.2. We shall write (9) in Fourier variables, henceforth denoted
(§N;QN) where we define more generally (éj;ﬂj) = (&1,...,&5m, ..., m;) € R¥4,
In other words, &; is the Fourier variable corresponding to x; while 7; is the Fourier
variable corresponding to v;. For h € R% and j =1,...,N we define

(30) h’,‘ = (Or_l,h,Oj_T).

j
In this definition, we have used the notation 0,_; := (0,...,0) € R("=14,

Lemma 4.4. The N-Schriodinger hierarchy (4) is equivalent to the Wigner hier-
archy

N — J
C]+1 j4+10

J
1
TEDIRANAES LU

i=1

where fJN is the Wigner function of D;V and T;,Cj11 are defined by

N J = 2 sin - r
L&) = 5 3 Jdh®(h) py Al N (1 6 Bl — B )
J 2sin(LZnh) TN r
Crntffab&m) = 5 Jusdh®) 2GRN (16 — B, i 0),

where ™ is the Fourier transform defined by (12) with n = jd or (j 4+ 1)d.

The proof is given in Appendix A.

An easy exercice shows that one recovers the classical BBGKY hierarchy as the
formal limit of the above as h — 0.

One also gets easily

—

S f3(&;im,) = Fi(€3m, +1€)
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and therefore

S(-OT;S(0 N €,:,)

)

Z /dh@ 28“1(%( *m;t(éwfz))-h)

1<l7ﬁ7‘<]

-

S(_t)0j+18’(t)fﬁ1(§j;ﬂj) -
j ~ 2sin(L(n, + t&) - h)
; /R b (n) h

X ﬁ*l(éj —h,, h;ﬂj —th,, —th).

For 8’ > 8 we have

§;00; i=1

J J
15() fills < 1f5lls sup exp (—B’Z il + Imal) + 8 Y (1€l + Ini + t&l))
1=1

J
< I f5lls exp< B8) > (&l + Ini) +6|t|z |€z> < Ifills
i=1 i=1

provided Lﬁfﬁ > |t|, which proves (17).
Moreover, for 8 > 3 again,

1S(—=t)Cy41S(t) fizallp < | fjx1llpr sup P Zima(Sl+nD)

éj ’ﬂj

J )
« Z dh|®(R)|h|(|ne] + & |)e B iz (& —0rshltIni=tdrih]) o =B (|l F[h1)
r=1 R4

J
_pg J ) )
< | fills (1 +[¢)C sup D (I6k] + I )elP =P izl +imD
_]"ﬂj k=1

1 CO
< ||fy+1|ﬁ’%-

The second inequality above uses the inequalities |n, + th| > |n,| — |th| and
|&- — h| > |&:| — |h|. This establishes (18).

15
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To derive (19) we use the same type of argument:
; 1 ~
ISCOTSOflls < Uyl sup @ Stmaternd 2 57 annn
£;m; 1<r<i<j I RY
Xl — e+ (€ — &)™ Tho (6 0uth=si Rl 4In+18, k=251 k)

< |Ifills sup e(B=B") 11 (1€ |+Im:])

éj’ﬂj
1 ~ /
KU1 S0 (el bl el [ anf@laies O
1<r<i<j
(14 t)CE (¢
< 1yl g DG O

e(f' = p)

5. COMPARISON WITH HARTREE

We want now to compare the solution of the N-body Wigner hierarchy to the
solution of the infinite, Hartree hierarchy. The solution of the Hartree hierarchy,
namely the sequence {f(#)®7};-1, can be also constructed exactly as in the pre-
vious section out of the string g, given by the formula

gt ts, .. tn) = S()S(—tn)CS(tn) ... S(—t1)CS(t) ™, n>0,
go(t) := S(t)f" ,
where
Cf :={Cjs1fi+1}j>1-

Let g2 be the string leading to the N-body Wigner hierarchy, that is

g (tt1, . tn) = SOS(—t)(TN + CN)S(ty) ... S(—t (TN + CN)S(t1) f,

g0 (8) = S f™

where we recall that 7% and CV are given by (20). Finally we define g/~ by
{ngN@Jh”.Jw,ﬂOS(tMCNS@m.”S(tQCNS@Qf”, n>0,
go N (t) =S [

Notice that go = g& N = gV.

5.1. Comparing g to g~ For ng > 1, one has

o0 t tn to
HZ/M/dWh/dMﬂﬁﬁm@m”mm
n_00 0 0

no t tn to
snz/odtn/o dtnl.../o dty (92 — 957N (b1, t)s + R(no)
n=1

where R(ng) is the sum of the two remainders of the (convergent) Dyson expansions
of g and gl’H~ . Using (29), one easily finds that

2e9 ([t
(31) Riw) < 25 () 1l
T
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In order to estimate the sum up to ng, we expand the string gV (¢,t1,...,t,) as

(32) gn (bt t) =Y > 05, (tn) ... Ogy (1) f"

where
Oo(t) :== S(—t)TNS(t) and O(t) = S(—t)CNS(t),

so that we detect the number of TVs in the expansion which is precisely k. Notice
that the term corresponding to k = 0 is precisely g2~

For 8 < /', let us deﬁne now f i= =B+ kE=8 | =0,...,n, so that By = 5,
Bn = B and By — B, = £=L2. We have that

(gN gHHNY (b, L)

= Z Z (Os,, (tn))j+0n (Og,,_y (tn—1) - .. Oq, (tl)f )j+0n :

k=1 TLyeeos {0,1},
Z o;=n—k
i=1

So, using Lemma 4.2 and iterating as in Section 5.1,

H(gn 79’{1{HN) (tvtla- 7tn)||ﬂ

" e, [+ EDCE (1)
=2 e ( (& ) ”)

X[[(Og,_ (tn-1) .. Oy (tl)f ")j+onllps

3

j 1—0o + 1—0o
< n n—1
< (Ly=on Lt m)
k=1 o1,...,0,€{0,1},
i o,=n—k
a+liesm \
i o iny
: ( e(ﬂ/ 75) n) |‘(Oan72(tn_2)_._001 (tl)i )J+0n+0n 1”,32
n . k 5
J+ n> (1+[¢)Ch (1) in
< 1 L it)be ) /
i o;,=n—k

o (SPE0 B (o

_ e <<1+l(g>—0_ﬁﬁ<)ﬂn> ((1+22) 1) il

Here we have used that || f;]|3 < €| f|la,p and o 4+ 0p—1 + -+ + 01 < 1.



18 F. GOLSE, T. PAUL, AND M. PULVIRENTI

For n < ng, one has

+n\" |+ n . o

besides
(33) (1+ (] +n0)/N)n0—1 — e(no—l)logl-l‘(j-i-no)/N S e(no—l)(j—i-no)/N ="

Therefore, using again (29),

no t tn ta
|Z/O dtn/o dtnl---/o dty (g7 —gn ") (t 11, )l
n=0
i 1 (A EDCh Wen ) G\ i
: < P ('” ) N ) 1 e

el S+ es e\
S(CnoW 1<|t|(ﬂ,—q>)> (J+n)n> 11

tl s c ;
= e (e, Y 1"

a,p’

=

with
J+1 21t|/T
a-22 -9

(34) o = (no=1)(G+n0)/N

. and ¢, =€

We finally get

0 t tn ta
Z/ dtn/ dtn_l.../ div (g7 = ga"™) ; (8t t)
=00 0 0 P
L c, 2(t/DT)" |
< Do —L N Ve in ,
ST\ ey T o 1/ Il

5.2. Comparing g, and g2~ . We first remark that

(ngN (t’ li,... 7tn))j
= S(t)S(—t1)C 1 S(t1)S(—t2)CN S (ta) ... S(—tn)C1y, S () f11

J j+no

(35)

and that the same holds for g,,:

(gn(ta t1,... 7tn))j
= S5()S(=t1)Cj+15(t1)S(=t2)Cj125(t2) . .. S(—tn)CjnS(tn)

in
Jjtn-
Since CY | = (1 — 4)Cj11, one has

n

(gn 795HN)j(t,t1,.. .,tn) = (1 — ]:[(1 - ]TH)> (gn(t,tl,. .. ;tn))j .

=1

As before we truncate the summation at ng, and consider

no t tn ta
Z/ dtn/ dtn_l.../ dt (gn—g,’;’HN)j(t,tl,...,tn).
ne170 0 0
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For j +no < N and n < ng,

n

1H<1j—;\;l>g1<1j;")"§n@;n)

=1

Therefore

70 t tn to
Z/ dtn/ dtn_l.../ dty (g, — g"™)  (t 1, 1))
=170 0

0

B

D O R Y A AR

no to TL+TL )
I R R R A
el 0 0

[t nG +n) o (A+IDCE B N
o e e AR

NE

<

N e(B' = B)

<e Z ('t') nd *") 1 g

n=1

e’ |t| in
= [l S |,
Here we have used (25) and (29) with 8 < 8y and ¢; is defined in (34).

The same argument as for g2¥ — gZZH~ in Section 5.1gives the same estimate (31)
of the remainder. Recalling that, by (29),

(1L+ [DIHCge _ 201+ [tDIECy (e <t
p—p - (8" = Bo) - T

we easily arrive at

0 t tn to
Z/ dtn/ dtn_l.../ dt1 (g, g{;’HN).(t,tl,...,tn))
0 0 0

(36) e g
[t o (cr 208/T)™ |
< Hoaj [ 2L N A Ve in ,

5.3. End of the proof of Theorem 3.2. Choosing now

no = log(N)/ log(T/|t]) := no(V),
we see that (|t|/T)" =1/N.
Moreover it is easy to check that the function f(N) := ¢, () given by (33) has

only one extremum in (1,4+00), f(1) = e/, f(+o0) =1 and f’(1) > 0. Therefore
this extremum is a maximum and an easy computation gives

(no—1)(j+no)/N

2§, 1) + (G — 1) log(T/|t)a(, 1) — j(log(T/|t]))?
(loa (T |12

Cny =€

= V(jat)

<exp
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with

2
T 9 2 j—1
2(j,t) = —Llog — | j—1—- —2— — i1 +4 +
(4, 1) zlog o | J g <J 1Og%> (k)g% J)

Observe that z(j,t) — +o0 as t — 0 and/or j — oo so that

~v(4,t) = 1 as |t| = 0 and/or j — oo.

Adding (35) and (36) and applying the triangle inequality, we find that

o t tn to
Z/ dtn/ dtn_l.../ dt1 (g5 = g,) . (t,t1, ..o tn))
—Jo 0 0 /

B

4 .
< — 0 ,
— T N ((]‘ + C"O)cl + 1— i') ||i ||a7ﬁ

T
and therefore (recalling (13))
(37) ‘ ‘
IE () = F&) |ls = 1L () — FO 5
e |t J+1 2/t|/T 4 in

_
T

e |t| . j+1 2|t)/T 4 £ [l gr
S W? ((1 +’Y(.7at)) <(1 _ %)2 + (1 B %)3> + o %) 1 _efaHfinHB,

1
_ GOl s
N TT—eellfmy

where C(j,t) is defined by the last equality above.
Let us remark that (37) has been derived under the only condition that 1 < j < N
and that C(j,t) ~ Wjeaj, as j — oo since v(j,t) — 1 as j — oo.

6. FINAL REMARKS

Our result, based on the Wigner formalism, holds for a short time only, provided
that both the potential and initial data are smooth enough. However, this regularity
assuption is used exclusively for obtaining estimates that are independent of h.

If one is prepared to give up this requirement, a global in time convergence (under
much less stringent assumptions) can indeed be recovered along the following lines,
in the same spirit as in [20, 1, 16]. In terms of the L' norm of the Fourier transform
of the Wigner function in the = variable only, it is easy to see that both operators
TN and CV are bounded, with a norm that tends to co as A — 0, while S(t) is
isometric. Proceeding as above, we prove the convergence in the mean-field limit,
for a short time which depends only on the size of the norm of .

However the procedure can be iterated because uniform bounds (in an arbitrary
finite time interval) on the norm of the solutions can be obtained by means of Hj
(with s > d/2) estimates on the Hartree dynamics.
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Moreover, although not needed in the present paper, the following estimate im-
proves on (16), and may be of independent interest:

d .
> e o
. 1y
B9 50 = £ < | —mg e+ B

3(1+[t)Cy (t)e

This bound is obtained in the following manner. First, an explicit computation
based on the mean value theorem shows that

&
S 6(/3/ 7 ,3) lzzl"vli ||0¢7ﬂ/ :

Notice that the second indices on the norms used in both sides of the inequality
above are different and satisfy 3’ > 3; observe indeed that

[ o
< ma J =1

mn

IF™ = s

')d)

10, ¢

this inequality is applied to ¢ = v; f™". This account for the second term on the
right hand side of (38). The first term on the right hand side of (38) is obtained
by applying the geometric series estimate (26) to

tn
gV (t) - Z/ dt,, / dt,_y . / dtrgn(t,tr, ... ty).
n>1
At variance with (26), the summation here starts with n = 1; hence

B’ "o
LN () — S0 7™ s Z( Chal) 't'go)“ ) T

(L) [EICE (1)e
(B'—po) _
3(1+[t)[HCE (e
(B"—Bo)

=

1—

APPENDIX A. PROOF OF LEMMA 4.4

Taking the Fourier transform of both sides of (9) we get easily

atﬁv(t’ﬁN;ﬂN) tey- vﬂNﬁv(t’éN;ﬁN)

— 2sin (& - hy) —~
B /szd dﬁNVN(hN)L+fN(t’§N —hyiny)
Since Vy(zy) = 7% > ®(z; — ), we have
l#r
Uny) = —— [ v “inhag
N(hy) = 21)N Jgan N(zy)e LN

N

= QL Z S(hi+he) ] 6(he),

l#£k#r
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so that, with the definition (30),

2sin (&1 - hy) —~
[T =R N i)
RNd
N . h
1 = osin (g —m)-h) 5 !
= d 2 N — Bhin ).
(39) 2N l;ﬁzl /Rd dh (h) h f (t’éN +QN —N’QN)

Let us remark now that
fEm,) = (27T)2d(N7j)fN(§j,Oij;ﬂj,Oij),
Moreover

_ sin(bln,On-) )
[ i) - TNt (€, 0n—5) — i, On—))
RNd

1 ~— N—j —~— 7
_ £N . . N .
_NTij (t’§j7ﬂj)+ N CJ+1fj+1(ta§j7ﬂj)
with

~ 28111 B —m)h = -
(40) TN (1.6 i) Z [ andbin =R R R -t
l#r 1

2 el
(@) Craf(gin) Z/Rddh@ WG B e g, 0

Indeed the contribution given by I, < j in (39) is premsely times the right
hand-side of (40) by the fact that Ay = A]" if m < j, so that

PN, 0n—5) + By — hiin,, On—j) = SN (E (€, + B — b))
Moreover the contribution given by j < I,7 < N in (39) vanishes because 7,1, = 0
for Ny =1, +0n—j and I,7 > j.

What remain in the sum in (39) are the terms 1 <r <j <l < Nand1<1[<
j <r < N. The first case will give a contribution in (39) equal to

1 28111 2ne-h) — ”
o 2 [N G on ) b i 0n )
1<r<j<I<N
But (§j +0n_j) + Ry — by = (§] —hj,0n—j) + by and because of the symmetry
property of fY(t, ),
IN(t, (§J —hj,0n—j) + hlyin;, On—j)

:fN(t7(§]7&;)}7“70]\[*]71)777]70]\[*]) ]-i—l(t 5 _]ah 77 0)
Therefore

1 251n( Nr-h) =
N Z /dth) *JCN( (5 On— J)+hN h],n On—j)
1<r<j<I<N

N-—j 28111 27]T h) — _—
= 2N Z/dh(l) (€, —hi hin ,0).
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It is easy to check thta the contribution coming from 1 <1 < j < r < N in (39)
gives (after a change of variable h — —h) the same expression, and the sum of the
two gives (41).

Finally we get that equation (9) is equivalent to
(42)

o~

— 1~ N—j — —
athN(t7éj’ﬂj)+§j'vﬂjng(t’§j’ﬂj) = NijJN(t7éj;ﬂj)+Tj(Cj+lf;Y|-1)(tvéj;ﬂj)v

j=1...N,

and the Lemma is proved by defining m = ﬁﬁ, C’jif\jﬂ = C/'j;j? and
taking the inverse Fourier transform of (42).

Part 2. Interpolation
2. h-DEPENDENT BOUND

In this section we give a proof of the convergence of the (marginals of the) N-body
density operator to the (tensorial products of the) solution of the Hartree equation
in trace norm. This result does not require any regularity condition on the two-body
potential but the convergence is non uniform in the the Planck constant. Indeed,
the estimate bearing on the interaction term will treats commutators as if they
were anticommutators. In other words, we estimate both terms in the commutator
separately and add the corresponding bounds, without taking into consideration
any compensation that might come from the difference and might insure, after
division by A, the desired uniformity in the Planck constant. This procedure is of
course not original and there is a considerable amount of literature on this subject,
starting with the seminal paper of Spohn [20].

The new feature in the analysis below is that we keep track of the dependence in
h of the rate of convergence so obtained in Theorem 2.1. Indeed, in the next section,
the estimate in Theorem 2.1 is interpolated with the convergence rate obtained in
[9] in order to obtain the uniform in A bound stated in Theorem 3.1.

The explicit rate of convergence of the mean-field limit has been discussed in
[18] and [5], among others: For i = 1 and an initial condition in the form of a
pure state with appropriate regularity, one can bound the error by Ce®t/N, see
[5]. This result involves the formalism of quantum field theory in Fock space with
h = 1 and semiclassical methods using % as effective Planck constant. Therefore
it is not obvious to manage how the true Planck constant & and the fake one %
would compete as i — 0, N — oc.

On the other side, iterating the convergence rate obtained from estimating the
BBGKY hierarchy for i = 1 over short time intervals leads to a bound that is
much less sharp. It is interesting to compare the result stated in [21] with the
bound obtained in the forthcoming Theorem 2.1 with A = 1.

Since we couldn’t find in the literature a proof of the iteration procedure and
need anyway, in our present context, to track precisely its A-dependence, we will
discuss it in detail, in a way similar to the one used in [17] for a different problem.

Since we seek a trace norm error estimate, it is more convenient to work directly
on density operators rather than with their Wigner functions.

Consider the unitary flow U;(t) defined on L?(R/?) by the formula

’LFLU] (t) = _h2ARjd Uj (t), UJ(O) = Isz(Rjd) .
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Consider the operator S;(t) defined on density matrices by conjugation with Uj(t):
Sj(t)F = U;(t)FU;j(=1).

Obviously, S;(t) is a linear isometry on L£}(L?((R%¥))), the space of trace class
operators equipped with the trace norm.

We recall the definition of C; and 7; given by (6) and (5). For notational conve-
nience we also denote

C T;

43 ch = = h_ 1)
(43) T A ih

Henceforth we denot by F}¥ (¢) the solutions of the N-particle BBGKY hierarchy,
and by F'(t) the solution of the Hartree equation. Thus F}(t) = F(t)®7 is a solution
of the Hartree hierarchy, and we arrive at the following estimate.

Theorem 2.1. Let ® € L>=(R?). Then there exists No(j) such that the following
16| || oot

estimate holds true for N > No(j) and log N > j2— » 1!

., 16t @]l oo

2]-‘1' =

N ®7
||F]— (t) - F(t) J||£1 < - 16t\|<I;LHLoc los 2
N< 8 )

for allt > 0.

Proof. We first rephrase (4) and (7) in the following mild form
(44)
N ' T o~ N—j h N
FiY(t) = S(t)Fo,; + | dr | S(t — T)WFj (1) + N St —7)Ci 1 Filq(T)

and

(45) Fy(t) = S()Fo, + /0 drS(t — 7)Clyy Fypn (7).

Here {0 ;}32, denotes the common initial datum for both sequences, assumed
to be factorized, i.e. Fy,; = f?j. Using the group property S(t) = S(t — t1)S(¢1)
for all 0 < t; <t, and splitting the integral into two parts, we see that
(46)

FN(t) S(ttl)FJN(tl)Jr/t dr (S(tT)%ﬁFJN(T)ﬁL%S(tT)C;i_’_le]Y’_l(T))
and
(47) Fj(t) = S(t — tl)Fj(tl) + /t dTS(t — T)C;'JrleJrl(T).

We are interested in bounding the difference
(48) Aj(t) = FY(t) = Fj(1),

which is recast as

(49) Aj(t) = R;(t) + /t dtS(t — 12)C] 1 Ajra (ta)

t1
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where
Rj(t) = S(t —t1)A;(t1)
(50) 1/ h N ] h o N
b [ St - o) TEN (1)~ 2 / QS (t — ta)C FN (8).
tl tl

The following estimates rephrase Lemma 4.2 in the present context, and are
obvious consequences of the definitions. For each j > 0,

(51) I1S; () Fjller = NEller s
2J|\‘1>|\Loo
(52) IC} 1 Fyaller < [Ejaller s
3G = DI®[z~
(53) IT3'S; () Filler < THFjl\cl
As a consequence
B[t — ta]5°[| |~
4 ) < ||A(t .
(54) IR < [lAG)] + NT
Finally, we infer from (49) and (54) that
3,2 )
(55) 1Al < 1A E) e + 1o + 57 dt2|\Ag+1(fz ller
16N 8T
Here
h
Th=———and 0<t—t; <Ty.

16]|®|| £
Notice that, with this choice, the Dyson expansions associated to the two hierarchies
are absolutely convergent (uniformly in N) for any ¢ € (¢1,t1 + 7). However, in
contrast with the previous section, we will not consider the full Dyson expansion
but only an its finite truncation.
Iterating n times (55) we obtain, for ¢t — t; < T,

(56)
15+ (GHE—1) 3(j+0)?
< _ . —~ 7
18i@ller <3 i e 185 @ller + S
1 JG+1--(j+n-1)
+ R
8 n!
<21 L s At e + 22t G L
R P L N Tt
Here we have used the obvious bound
AN ()] <2, for all j > land t > 0,

together with the prescription
20T 1
h 8
and the inequality
jU+1---G+£-1) _ (j‘f‘f_l) < 9i—1+C

! l
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At this point, we split the time interval (0,¢) into small intervals of length T}.

Specifically, for k =1, ..., [Tih] + 1, so that t < kT}, we set
Af=sup [ A(s)]ler
SE((k*l)Tﬁ,kTﬁ]
Setting
(57) o(k,N):=2"%log N,

we seek to prove that
(58) Al < 27tk=e(BN) - for § < (K, N),

which implies the thesis.
Setting n = p(k, N), the identity ¢(k, N) = ¢(k — 1, N) — ¢(k, N) implies that
j+L<plk—1,N) for j < ¢(k,N), so that (56) becomes
NN B B Iy ) CE R
k 1 k—1 1 1
(59) AF <Py AT+ 2T
=0
We prove (58) by induction: for k = 1, the inequality (58) is obvious by (49).
Assuming now that the inequality (58) holds for k — 1, we get

ith—g(kN)

|~

213" %Am < 9. 901 gh—1—(p(k—LN)=p(k:N)) <
=0

Moreover

; 2
1 . ijlw + i .91l < 1 . 9it+k—p(k,N)
-2

4 N 4n
for n = ¢(k, N) and N > Ny with Ny = No(j) chosen so that (58) holds true.
This concludes the proof of Theorem 2.1. O
3. PROOF OF THEOREM 3.1
We begin with the following elementary observation.
Lemma 3.1. For each trace-class operator p, one has
[Wollzr < lpllcr-
Proof. For z = (q,p), one has
W, (2) = (2nh)~U(z|p|2) = (2mh) ¢ trace(p|2) (])
so that
(2mh)*|W,(2)| < trace|p|z)(z|| = trace|p||z)(z|

because |z)(z| > 0. Therefore

HWPHU < trace (|p|(2ﬂ'h)_d/|z><z|dz) = |lpll s
since

(27rh)7d/|z><z|dz =1.



DERIVATION OF THE HARTREE EQUATION UNIFORM IN h 27
Therefore, applying Theorem 2.1 implies that, for all T > 0 and for || < T,

. 16t]| @] oo

2J+

”WFJN(t) - WF(t)®f ”L1 < < 16t %] L oo :
2 2 log2>

N

Assume that F™ is a Toplitz operator in the sense of [9]. Then one knows from
[9] (using formula (17) of Theorem 2.4 coupled with point (2) of Theorem 2.3) that

— — c
distaic 2 (W ) = Wrgnes)® < j (Qdﬁ + N) e + 2dh,

where
A:=3+4Lip(VV)? and C:=8j||V®| Lou/A

while distyk 2 is the Wasserstein distance of exponent 2. We recall that, for each
pair of Borel probability measures on R% with finite second order moments,

(60) distmi 2(p, v) == inf // |z — 2/ |?m(dzdz"),
mell(p,v) (RexR4)7)2

where II(u, v) is the set of couplings of p and v defined before (10) — see chapter
7 in [22].
Then, we deduce from Theorem 2.1 that
o for (], N) < j or N < No(3)
inf (”/V\V/FJN(t) ~ Wrgesl, diStMKQ(WFjN(t) - WF(t)@U)Q)
<inf (2, j (2dh + %) M 2dh)

C
<j (2dh+ N) eM 4 2dn

P(lA1.N)<]

C
<j (2dh+ N) eM 4 2dh

I 16]|®|| ;o0
S Toglog N—TlogJ

BTy~ (1 45N | C
loglog N — log j N '

If N — oo (in which case obviously N > Ny(j)), one has

32dT || ||~ (1 + je") + Coar  32dT02) =1 +jet)
loglog N — log j N loglog N '
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o for j < o([], N) and N > No(j)

inf (HWF]N(t) - Wp(t)®j ||%1 5 diStMK,Q(WFJN (t) — Wp(t)®j )2)

.| 32t|| @]l oo
R C
< inf ( szz\lthLhoc > aj (th + N) eAt + 2dh
277 h o log2
N
2j+32t\|4>uLoc .
<inf | —2 T L2dh(1 + jeMy | + 28 en
N(27—EL_ log 2) N
19
<2dn(1+jeM)| LG
a4 3202l 00 N
2 h =2dh(14jert)

B3 @ 1 00
2 2 log 2
N

the two arguments of the in f being respectively decreasing and increasing functions
of h.
Observe that
., 32t @] oo .32t @ oo 32t @l 1,00
92j+ 22j+—F% (2*7ﬁ log 2)
=2dh(1+jeM) o —— =
(147e™) 2dh(1 + jeit)

32t[|®| 1 oo
(27 2 log 2)
N

32t %l oo

22j+s2tu¢ﬁumo 2 2 / log2 .
s | ——m -
2dh(1 + jeht)

is an equation for 7 in terms of N with only one solution A(N), since the left hand
side of the last equality is a continuous function of i decreasing from +oo to 0.
We find that

32t @l 1,00
2 st @]
logN = ——— | | 2j + ————— | log 2 — log (2dh(N)(1
og o2 (( It ) los og (2dh(N)(1 + je™))
and therefore
32t||P||
loglog N :%ng—loglogQ
2t|| @ || Lo
+ log <<2j + %) log2 — log (2dh(N)(1 JrjeAt))) ,

so that, as N — oo with j kept fixed,
32T||®|| o log 2

h(N
(V) loglog N

Finally
inf (”WFJ.N(t) - Wp(t)ééj H%la diStMK,Q(WFJN(t) - Wp(t)egj )2)
C
< 2dR(N)(1 + jerT) + j—erT

N
AT || ®| Lo log j

~ 64(log 2 =
(log 2) loglog N
Theorem 3.1 is then proven by our last result:



DERIVATION OF THE HARTREE EQUATION UNIFORM IN h 29
Lemma 3.2. Let p and v be two Borel probability measures absolutely continuous
with respect to the Lebesque measure. Then
disty (1, v) <inf ([|p — |21, distmk 2 (1, 7)) -

Proof. Let D1(z,2") = min (]z — 2’|, 1). Obviously D1 (z,2)? < |z—2'|]? so that, for
each Borel probability measure ,

(//”(dz”d'z/)Dl('zﬂz'))Q S//ﬂ(dz,dz’) //W(dz,dz')|z—z’|2
= //ﬁ(dz, a2z — 2P,

disty (p, v) < distmi,2(p, v) -
Consider now the particular coupling 7 defined as follows:

In particular

u(2)6(z — ) T
w0 = Aoste ) ¢ BEAEDEE A
1 (dz")

— [ A
where A\ = min(u, ). Then

disty (p, v) < /ﬂ(dz,dz’)min(|z —2,1)<1- /)\(dz) <|lu—v|n

and this completes the proof. (]
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