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Coefficient of Restitution Interpreted

as Damping in Vibroimpact

During impact the relative motion of two bodies is often taken to be simply represented
as half of a damped sine wave, according to the Kelvin-Voigt model. This is shown to be
logically untenable, for it indicates that the bodies must exert tension on one another
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Just before separating. Furthermore, it denotes that the damping energy loss is propor-

tional to the square of the impacting velocity, instead of to its cube, as can be deduced
from Goldsmith’s work. A damping term \x"x is here introduced; for a sphere impacting
a plate Hertz gives n = 3/2. The Kelvin-Voigt model is shown to be approximated as a
special case deducible from this law, and applicable when impacts are absent. Physical

experiments have confirmed this postulate.

1 Introduction

Section 1.1. This analysis is confined to compact solid bodies
(normally regarded as elastic) impacting one another at fairly low
velocities, e.g., below 20 ips (50 cm/sec), for reasonable shapes of
impacting profiles when the material is, say, hardened steel. No ac-
count is taken of the possible effect of reflected elastic shock waves
on the forces in the zone of contact considered. Long rods impact-
ed axially, and beams or plates impacted transversely, are there-
fore not regarded as “compact solid bodies” [1],! though it may be
possible to incorporate the present conclusions as a part of a sys-
tem which includes other vibratory effects as well.

Section 1.2. The classical definition of “coefficient of restitu-
tion” e is, in simple one-dimensional impact between two rigid
bodies in pure translation, the ratio of their relative speed after
impact to that before, so that

v, = ev,, ey

v; and vg being the relative speeds respectively “in” and “out.” In
{1] there is a good account of many experiments conducted with
different materials, usually solid spheres, to determine values for
e. Yet in these experiments, now rather antiquated, the effects of
surface curvature on e are not isolated. Nevertheless, for given im-
pacting bodies ¢ invariably decreases as v; increases. For high v;
one or both hodies can permanently deform plastically, but, as

! Numbers in brackets designate References at end of paper.
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stated in Section 1.1, this eventuality is not taken account of here,
because the typical impact in the elastic range now to be analyzed
is that which leaves both bodies unchanged in dimension and
properties. Surely, then, one might conclude that, if the bodies are
unchanged, e must be unity and the impact perfectly reversible;
but it need not be, because, while most of the elastic strain energy
is restored, a proportion, which increases as v; increases, is dissi-
pated in heat (random molecular vibrations) and, perhaps, in mi-
croscopic slip between grains if the material in question is crystal-
line. For a limited range of low v;, and for most materials with a
linear elastic range, [1, p. 258], it appears that one can write with
tolerable accuracy

e =1-ay,. (2)

For steel, bronze, or ivory, o will have a value somewhere between
0.002 and 0.008 sec/in. (i.e., 0.08-0.32 sec/m), but the linear law of
equation (2) cannot apply above some limiting value of v; which
depends on the material and on the geometry of the surfaces at or
near the zone of contact.

Section 1.3. If one of the bodies is taken to be stationary, the
loss, over a total single-impact sequence, of the kinetic energy of
the moving body (of mass m) is

1
AE = EWL('U,-Z - 1Y),

and, using successively equations (1) and 2),

AE

it

mv(1 — e2)

il

DO D=

myH1l — (1 — av,)?}

Now, since « is much less than 1*(and because it is empirically de-
termined we cannot expect perfect exactitude anyway), one may




















