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AN IMPROVED CHAOTIC OPTIMIZATION ALGORITHM
USING A NEW GLOBAL LOCALLY AVERAGED STRATEGY

Tayeb Hamaizia* and René Lozi' !

Abstract. Recently chaotic optimization algorithms as an emergent method of global
optimization have attracted much attention in engineering applications. Their good
performances have been emphasized [1, 2, 3, 12, 13]. In the frame of evolutionary algorithms,
the use of chaotic sequences instead of random ones has been introduced by Caponetto and al.
[4]. Since their original work, the literature on chaotic optimization is flourishing. They are
used in the scope of tuning method for determining the parameters of PID control for an
automatic regulator voltage, or in order to solve economic dispatch problems, or also for
engineering design optimization and in many others physical, economical and biological
problems. Different chaotic mapping have been considered, combined with several working
strategies. The assessments of the algorithms have been done with respect to numerous
objective functions in 1, 2 or 3-dimension. In this paper we present an improvement of the
COLM (Chaotic Optimization based on Lozi Map) presented in [1], which is based on a new
global locally averaged strategy. The simulation results are done in 2 and 3-dimension. In 2-
dimension the objective function possessing hundreds of local minima is used, in order to test
this new method vs the previous one in very tough conditions. In 3-dimension both Griewank
and Rosenbrock objective functions are tested. We emphasize improvement of the numerical
optimization results.

Keywords. chaotic optimization, global optimization, chaotic mapping.

1 Introduction

Chaos theory (the term chaos was coined par Li and Yorke [5]) is recognized as very useful in
many engineering applications. An essential feature of chaotic systems is sensitive
dependence on initial condition, (i.e. small changes in the parameters or the starting values for
the data lead to drastically different future behaviors). Details about analysis of chaotic
behavior can be found in [5, 6, 7, 8, 9]. The application of chaotic sequences can be an
interesting alternative to provide the search diversity in an optimization procedure. Due to the
non-repetition of chaos, it can carry out overall searches at higher speeds than stochastic
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ergodic searches that depend on probabilities. A novel chaotic approach is proposed in [1]
based on Lozi map [6] which is piecewise linear simplification of the Hénon map [10] and it
admits strange attractors.

It is given by

k)=1- k=1)+by(k-
{yl( )=1-aly,(k=1)+by(k-1) @

y(k)=y,(k=1)

where K is the iteration number. In this work, the values of y are normalized in the range [0,1]
to each decision variable in 2-dimensional space of optimization problem.

This transformation is given by

(y(k)-a)

2(k) = a

2)
where ye[-0.6418,0.6716]and[«, 5] =[—0.6418,0.6716] . The parameters used in this

work are a = 1.7 and b = 0.5. Numerical computation leads to the density d(s) of iterated
values of y(k) displayed on Fig. 1. In this figure, the density is normalized to 1 over the whole
interval [0, 1] i.e.

[Td(s)ds=1
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Figure 1: density of iterated values of y(k) of equation (1) over the
interval [0, 1] split in 100 boxes for 10,000,000,000 iterated values.
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Figure 2: Scheme of global search in COLM. The space of variable
is randomly explored by tossing random numbers for every variable.

2  The COLM Algorithm

In this section we briefly recall the algorithm of COLM introduced by L. S. Coelho [1]. There
are three steps in this algorithm. In the first one the variables and the initial conditions are
initialized. The second step refers to the chaotic global search. It is mainly this second step
which will be modified in our method. The last one deals with a local search in order to refine
the result of the global search. As this step will be leaved unchanged we will present it in the
next section. The chaotic search procedure (step 1 and 2) can be illustrated as follows:

The Figure 2 displays the representation of the chaotic search when the objective function is
in dimension 2.



Algorithm 1: COLM
-Step 1 : Initialize the number Mg, M; of chaotic search
and initialization of variables and initial conditions Set
k=1, y (0), y1(0),a = 1.7 and b = 0.5 of Lozi map. Set the
initial best objective function f = 400
-Step 2: algorithm of chaotic global search:

while k£ < M, do
Ig(k‘) =L;+ Za(k)(Uz — Lz)
if f(X(k)) < f then
X = X(k); f = f(z(k))
end if
k=k+1
end while

3  Improved COLM Method

The COLM method [14, 15] is then improved by locally averaging the global search, doing
few steps of chaotic local search around every point obtained by the chaotic series.

Heuristics: the global locally averaged strategy of Improved COLM leads to better results

than COLM as shown on Fig. 3. In this figure only three global search results are displayed
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Figure 3: Heuristics of the global locally-averaged strategy.



The local search following global one starts from the best global result x,(k) (from (3)) and
gives X,(k+1). Instead the local-global search around x,(k), X,(k), and Xx;(k) leads to
X (k+1), X,(k+1), x,(k+1) which verify

f(x(k+1))< f(x(k+1))< f(x,(k+1)) (4)

The local search following the local-global one starts now from the best globally averaged
result x,(k+1) (from(4)) and leads to X .

f(Y)<f(x1(k+1)) (5)

Figure 4 shows the Local refinement of each step of the global search. During the chaotic
local search, the step A is an important parameter in convergence behavior of optimization.
Hence, two different values of A are successively employed during the local search. We call
this method ICOLM (improved COLM). Many unconstrained optimization problems with
continuous variables can be formulated as the following functional optimization problem.

Find X to minimize f(X), X = [x1, X2, ...,X,] Subject to x, €[ L;,U; ].

U,
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Figure 4: Local refinement of each step of the global search involving
both random and chaotic numbers.



Where f is the objective function, and X is the decision solution vector consisting of n
variables x; € R™ bounded by lower(L,) and upper limits (U;). The ICOLM can be
illustrated as follows:

Inputs:
Mg : max number of iterations of chaotic Global search.
M; : max number of iterations of chaotic Local search.

M, : max number of iter of chaotic Local search in Global search.

M, : max number of iter of chaotic Local search in Global search.

M, x(Mglll + Mg|2)+ M, : stopping criterion of chaotic optimization method in iter.
Ay, : step size in first global-local search.

Aq, : step size in second global-local search.
A step size in chaotic local search.

Outputs:

X : best solution from current run of chaotic search.
f : best objective function (minimization problem).

4 A tough 2-D objective function

In order to test this new method vs. the previous one in very tough conditions the simulation
results are done with the following 2-D objective function possessing hundreds of local
minima: The function f which is very complex has several local minima.

f =X —7%° —3X, + X, —9%5 —5x, + 11x’ X2 +99sin(71x, ) +137 sin(97x,x, ) +131sin(51x, )

(6)

We test ICOLM on the search domain: —10<x <10, i=1,2.The essential feature of this
benchmark function is that location of minima is not symmetric ( see Fig. 5, 6).



Algorithm 2: ICOLM

-Step l:nitialize the number My, Mg Mg, M of
chaotic search and initialization of variables and initial
conditions Set k=1, v (0}, y1(0),a = 1.7 and b = 0.5 of
Lozi map. Set the initial best objective function f = 4+oc
-Step 2: algorithm of chaotic global search:

while k < M, do
wilk) = Li 4+ 2:(k).(U; — Li)
if FIX(Ek)) < f then
X =X(k); f=flzik))
end if
-5tep 2-1: sub algorithm of chaotic local search:
while j < M, do
for i=01ton do
if v+ < 0.5 then
zil ) = i + Agnzi(§).| (Vs — L: ]|
else
() = Ti — Agnz: ()| (Us — L)
end if
end for
if f{X(7)) < [ then
X =X(5) = fl=z(5))
end if
i=i+1
end while
-Step 2-2: sub algorithm of chaotic local search:
while s < M2 do
for i=0ton do
if = << 0.5 then
xi(8) = & + Agrazi(s).| (U — L)
else
ri(s) = @i — Agrazi(s).| (Ui — L))
end if
end for
if f(X(s))< f then
X = X(s); (x(s))
end if
s=2s8+4+1
end while
E=k+1
end while

T |
[




-Step 3: algorithm of chaotic local search:

while k< Mg x (Mg + Mgiz) + M do
for i =0 ton do

if » <X 0.5 then
rilk) = & + Aza(k).|(Ui — Li)|
else
k) =& — Az (k) (UG = L)
end if
end for

if fIX(k)) < fthen
X = X(k); [ = flz(k))
end if
h=Ek+1
end while

Figure 5: plot of test function f; used in this study on the search
domain -10<x <10, i=1,2.

Figure 6: Position of the minima of f; in the search domain.



We display few of the results we have obtained showing the better optimization results
obtained by this new method. In each case study, 48 independent runs were made for each of
both the COLM and ICOLM methods involving 48 different initial trial conditions y;(0), y(0)
(parameters of Lozi map).

For all studied cases, the four configurations, numbered from IC1 to IC4 and C1 to C4, that
are used are presented in Tab. 1. The locally averaged strategy of ICOLM is illustrated on Fig.

7 on which the result of every step 2-2 is plotted.

Table 1: The set of parameters values for every run on the benchmark suite defined in Sec. 4

and 5.

A /\ﬂ,fgu /\ﬂ.jgm Mg M, ;'Ug“ ;"uggg
IC1 | 0.001] 0.04 | 0.01 | 6 b0 | 2 2
IC2 | 0.01 | 0.04 | 0.01 | 10 b0 | 2 2
1C3 | 0.1 0.04 | 0.01 | 10 50 2 2
IC4 | 0.1 0.04 | 0.01 | 100 | 50 ) D
C1 | 0.001 24 o0
C2 | 0.01 40 50
C3 | 0.1 40 ol
C4 | 0.1 1000} 50
B -
1=
4l
2L o
D -
_2 -
AL °
_E L
-8 0 se oo ot 0
Y —

Figure 7: Locally-averaged strategy of chaotic search. Results of every Step 2-2 for f;.



The numerical results are given on table 2. A magnification of f; and the position of the
minima in the region 0.4<x,<0.8, 0.3<X, <0.6 is displayed on Figs. 8, 9.

Table 2: Comparison of algorithms COLM and ICOLM for f;.

algo | Best Mean Std.Dev (%)
value value ]
New Function
—2.7686
IC1 -382.3917| -355.8410| 13.6581 —0.4055
0.3105
C1 -371.0150| -368.5212| 11.1135 (“ 2449)
IC2 -392.5400| -365.7837| 14.0615 (_1[ )35(3)%3 )
C2 -367.3930| -358.0622| 7.5935 —2.6200
. . . 1.5648
IC3 -393.3134| -379.6872| 8.8797 (_% :))géé)
C3 -379.0027| -371.5180| 5.1866 ( i 8}12(4))
IC4 -395.8441| -387.3368| 9.0825 ( % 6161)
R
Cc4 -382.7108| -379.7557| 1.7817 ( 0983]))3“)

Figure 8: magnification of Fig. 5.
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Figure 9: magnification of Fig. 6.

5 3-D Numerical results

ICOLM is again tested in dimension 3, with both following test functions in order to clarify
its efficiency.

2

3 3
Griewank: £ =1+5 -3+ TTcos % (7)
2 i;:4000 H Ji

in the search domain: —500< x, <500, i=1,2,3.

B ACE )

i+l

Rosenbrock: f, _1+2100(x

in the search domain: —2.048<x, <2.048,i=1,2.

Griewank’s function has many irregularities but it has only one unique global minimum (See
Fig. 10). The Rosenbrock’s function is a non-convex function or Rosenbrock’s banana
function (See Fig 11). The global minimum is inside a long, narrow, parabolic shaped flat
valley. To find the valley is trivial. To converge to the global minimum, however, is difficult.

The same cases described in Table 1 are used. The results are given in Table 3 for
Grienwank's function and in Table 4 for Rosenbrock’s function.

11
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Figure 10: plot of test Grienwank's function used in this study.

Figure 11: plot of test Rosenbrock's function used in this study.
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Table 3: Comparison of algorithms COLM and ICOLM for fs.

algo | Best Mean Std.Dev (:7)
value value )
Griewank’s Function
—0.000: 3)
IC1 0.0000 0.0072 | 0.0010 0.0003
—0.0011
0.6106
C1 0.3775 0.3979 | 0.0080 (() 9361
0.3953
0.0060
IC2 0.0000 0.0067 | 0.0022 ( 0. ()018)
0.0091
(—0 ()004)
c2 0.0218 | 0.0916 | 0.0402 2170
0.0013
0.1318
IC3 0.0074 | 0.0267 | 0.0238 ( 0.( 213)
0.0107
( 0. 170‘3)
C3 0.0008 | 0.0130 | 0.0070 0.2763
0.3607
0.0040
ICc4 0.0000 0.0000 | 0.0000 ( 0. ()Ub:)
0.0060
( 0. 130())
c4 0.0011 0.0117 | 0.0070 0.2616
0.2961

Table 4: Comparison of algorithms COLM and ICOLM for fs.

algo | Best Mean Std.Dev (g)
value value |
Rosenbrock’s Function
0.9030
IC1 0.0001 0.0106 | 0.0114 0.8143
0.6617
1.0213
C1 0.0034 | 0.0060 | 0.0043 1.0486
1.1041
0.9700
IC2 0.0000 | 0.0012 | 0.0010 0.9413
0.8840
1.0066
c2 0.0003 | 0.0065 | 0.0039 1.0060
l Ol ,))e)
0.9604
IC3 0.0000 | 0.0032 | 0.0047 0.9198
0.8449
1.0317
C3 0.0231 0.2153 | 0.08670 1.0351
1.1113
0.9968
IC4 0.0000 | 0.0000 | 0.0000 0.9937
0.9880
1.0317
c4 0.0143 | 0.1799 | 0.0884 1.0351
1.1113

13



6 Conclusion

In every test, with the same computational cost, ICOLM gives better results than COLM best
values and Mean Best values but in one case. The presented study allows us to conclude that
the proposed method is fast and converges to a good optimum. As we used a sampling
mechanism to coordinate the research methods based on chaos theory, and we refined the
final solution using a second method of local search. Further research is needed to gain more
confidence and better understanding of the proposed methodology. The proposed algorithm
has to be evaluated for a large number of test functions in higher dimension.
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