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Local exact controllability of the
2D-Schrodinger-Poisson system

K. BEAUCHARD * C. LAURENT | ¥

Abstract

In this article, we investigate the exact controllability of the 2D-
Schrédinger-Poisson system, which couples a Schrédinger equation on a
bounded domain of R? with a Poisson equation for the electrical potential.
The control acts on the system through a Neumann boundary condition
on the potential, locally distributed on the boundary of the space do-
main. We prove several results, with or without nonlinearity and with
different boundary conditions on the wave function, of Dirichlet type or
of Neumann type.

1 Introduction

Microelectronics industry has driven transistor sizes to the nanometer scale.
This has led to the possibility of building nanostructures like single electron
transistors or single electron memories, which involve the transport of only a
few electrons. In general, such devices consist in an active region, on which the
electrical potential can be tuned by an electrode (the gate). In many applica-
tions, the performance of the device will depend on the possibility of controlling
the electrons by acting on the gate voltage.

At the nanometer scale, quantum effects become important and a quantum
transport model is necessary. In this paper, we analyze the controllability of a
simplified mathematical model, of the quantum transport of electrons trapped
in a two-dimensional device. The model consists in a single Schrodinger equa-
tion, on a 2D bounded domain, coupled to the Poisson equation for the electrical
potential. The control acts on the system through a Neumann boundary con-
dition on the pontential, on a part of the boundary, modelling the gate. Such a
model has already been studied in [26] for controllability purposes.

It would be physically relevant to impose Dirichlet boundary conditions on
the wave function and to take into account the self-consistent potential model-
ing interactions between electrons. However, the mathematical analysis of this
configuration is quite complicated, thus we investigate two simpler configura-
tions:

*ITRMAR and ENS Rennes, Avenue Robert Schumann, 35170 BRUZ, France, email:
Karine.Beauchard@ens-rennes.fr

fLaboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, Boite courrier 38,
75252 Paris Cedex 05, France, email : laurent@ann.jussieu.fr

fThe authors were partially supported by the “Agence Nationale de la Recherche” (ANR),
Projet Blanc EMAQS number ANR-2011-BS01-017-01.



1. a first configuration, in which Dirichlet boundary conditions are imposed
on the wave function, but we neglect the self-consistent potential,

2. a second configuration, in which we take into account the self-consistent
potential, but Neumann boundary conditions are imposed on the wave
function.

This work is a first step towards more realistic models.

1.1 Linear PDE with Dirichlet boundary conditions

First, we consider the system

(i@t + A)z/)(t,x) —olt, 2yt x),  (ta)e (0,T)xQ,

Y(t,x) =0, (t,z) € (0,T) x 89,

(0, ) = vo(x) rEQ, (1)
(7A+1)v(t,x) =0, (tax> € (OaT) X,

dyv(t,z) = g(t, x)1r, () (t,z) € (0,T) x 99,

where ) is a bounded open subset of R?, T'. is an open subset of 9 and 1r,
is its characteristic function. The control is the real valued function g and we
want to control the wave function .

1.1.1 Definitions and notations

We denote by (.,.) the complex valued scalar product on L?(2,C),

()= | f@alerd.
by S the L?(£2,C)-sphere
S = {¢ € L*(2,C); [|¢l| 12 () = 1},
by (—Ap) the Laplace operator associated with Dirichlet boundary conditions
D(=Ap) = H?*NHi(Q,C), —Apf:=—A¢

by (Ak)ren+ the nondecreasing sequence of its eigenvalues, by (pg)ren+ the
associated normalized eigenfunctions,

—App(z) = Appr(x), €,
pr(x) =0, x €00,
ekl =1,

by H?O)(Q) the Sobolev space
Hiyy () = D((~Ap)*/?) = {€ € H* N H}(Q,C); A¢ € H(Q,0)},
and by Py, for K € N*, the projection
Pg: H'(QC) — Adhy-1(q)(Span(px;k > K))
3 R D DT (R Sy

where (.,.) g1 g1 is the duality product between H=1(Q) and H}(Q2). We also
use the weak observability of the Schrédinger equation, defined below; several
configurations (,T'.) for which it has been proved are recalled in Section



Definition 1 (Observability and weak observability of Schrédinger equation).
Let T be an open subset of 02 and 0 < 71 < 7o < 00. The Schridinger equation
on Q is observable (resp. weakly observable) on (11, 72) X T if there exists Co > 0
such that

o7l m10) < Colldv@llL2((r myxry»  Yor € Hy(2,C)

(7"6519- 67l o) < Co(||3u¢||L2((n,m)xF)+||¢T||H—1(Q)> , Vor e H&(Q,C))
(2)

where ¢(t) := 2P =T d.e. ¢ is the solution of

(i@t n A)¢(t,x) 0, (ta)e(0,T)xQ,
o(t,x) =0, (t,z) € (0,T) x 99, (3)
o(T,x) = ¢r(z), zeQ.

The Schridinger equation on § is observable (resp. weakly observable) on T if it
is observable (resp. weakly observable) on (11, 72) X for some 0 < 71 < 12 < 00.

In the inequality , the last term ||¢7|| 1) may be equivalently replaced
by any term of the form ||¢7| gsq) with =1 < s < 1, by an interpolation
argument.

1.1.2 Local exact controllability of high frequencies

Our first result is the local exact controllability of high frequencies of system
, around any trajectory of the free system.

Theorem 1. Let Q be a bounded open subset of R?, T'. be a non empty open
subset of 02, T > 0, 1y € H?O)(Q) NS and e p(t) := e2Ptapg. We assume that

e [H1]: either Q is of class C* and locally on one side of 02 or Q =
(0,7) x (0,L) for some L >0 and I'. does not contain any vertez of 2,

e [H2]: the Schridinger equation on ) is weakly observable on (0,T) x T,
for some T € (0,T),

o [H3]: [0ytbres(t,x)] Zm >0, V(t,x) € (T",T") x e for some T",T" €
[0,T] such that T" —T" > T.

Then, there exists K,8 > 0 and a C'-map
T:V— L*(0,T) x ., R)
where V := {15 € ]P’K[H(?’O)(Q,(C)}; lvy — PK[l/)mf(T)]HH(aO) < &}, such that

o T(Px[tres(T)]) =0,

o for every ¢y € V, the solution of with control g = Y () satisfies
P [ (T)] = vy
As a consequence, there exists K' > K and g € L*((0,T) x T'x, R) such that the
solution of satisfies Py [(T)] = 0; in particular, x — (T, x) is a smooth
function.



Such a result may be used to prove global exact controllability of the Schrédinger-
Poisson system in H(?’O)(Q,(C) with controls g € L2((0,T),R), by following the
strategy of [6]. This will be at the core of future works by the authors.

In particular, Theorem [1| applies, for arbitrary 7' > 0 and g € H f’o)(Q) NS,
when (see Propositions |1 and

e Q= (0,7) x (0, L) for some L > 0 and I'; contains both a horizontal and
a vertical segment,

e (1 is a disk and I'. is arbitrary.

Theorem [1] also applies when (2, T.) satisfies the Geometric Control Condition,

for any T > 0 and ¢ € H?O)(Q) N S that satisfy [H3] (see Proposition .
Assumption [H1] is important for system o be well-posed in H?O)(Q)

with control g € L2((0,T) x T, R) (see Section [3.4). When ) is a rectangle, it

is important to assume that its vertices do not belong to I, in order to take
advantage of the usual elliptic regularity on the potential v.

1.1.3 Local exact controllability around an eigenstate

Our second result is the local exact controllability of system around an
eigenstate.

Theorem 2. Let  be a bounded open subset of R, T'. be an open subset of
00, T >0, ReN* and 1,cr(t) = pr(r)e”*rt. We assume [H1], [H2],

e [H3']: |0,pr(x)| = m >0,Vz €T,

o [H4]: \r is a simple eigenvalue of (—Ap) and for any eigenvector ® of
(=Ap), the solution w of

{ (—A + Dw(z) = pr(x)®(x), r e,
dyw(z) =0, x € 09,

does not identically vanish on T'.: w # 0 on ..

Then, there exists 6 > 0 and a C'-map
T:V— L*(0,T) x T, R)

where V := {(¢07¢f) € [H(30) (Qa C)HSP, ||w07wref(0)||H(30)+||’¢)f7wref(T)”H?0) <
0}, such that Y[Yrer(0), Yrer(T)] = 0 and, for every (1o, f) € V, the solution

of with control g = Y (o, vy) satisfies Y(T) = 1y.

Note that, under assumption [H1], then assumption [H3’] systematically
holds with R = 1. The assumptions of Theorem [2| could look quite technical,
but roughly speaking the main assumptions are:

e the weak observability (Assumption [H2]), that ensures the controllability
of high frequencies, as in Theorem

e the unique continuation property (Assumption [H4]), that ensures the
controllability of low frequencies, see Proposition .



If [H2] holds, but [H4] is not satisfied, then the linearised system around ),
is not controllable: it misses a finite number of directions corresponding to the
eigenfunctions ® for which [H4] is not satisfied, see Remark 2| It would be
interesting to recover these directions by power series expansions [I7, Chapter
8].

Theoremapplies, in particular, when Q = (0, 7) x (0, L) for some L > 0, T',
is an open subset of 92 that contains both a horizontal and a vertical segment
and Ag is a simple eigenvalue of (—Ap) (see Proposition [3).

The validity of Theorem [2| on the disk Q = {(z,y) € R?*;2? +¢y? < 1} is
an open problem: cheking Assumption [H4] would require some study on the
product of Bessel functions, which might require lengthy computations.

Following arguments by Méhats, Privat and Sigalotti [26] (relying on meth-
ods of Privat-Sigallotti [33] [32]), it should be possible to prove that [H4] holds
generically with respect to the domain 2. This becomes more clear with some
equivalent ways of expressing Assumption [H4] described in Proposition

Assumption [H4] is quite unusual in control theory. It looks like a classical
unique continuation property for eigenfunctions but it does not seem that we
can refer to some already known results to prove it in great generality. We have
indeed chosen to discuss about it more precisely in Subsection

In principle, it may be possible to state a Theorem of exact controllability
similar to Theorem [2| close to any reference trajectory i,.s as done in Theorem
Yet, the equivalent of Assumption [H4] would be a unique continuation
type assumption complicated to state and depending on time. That is why we
have chosen to state Theorem [2]only close to an eigenfunction where the unique
continuation type Assumption takes the nice form of [H4].

1.2 Controllability of Schrédinger equation with real val-
ued control

For the Schrédinger-Poisson system, the control g corresponds to a potential
and therefore needs to be real valued to have a physical meaning. Therefore, as
an intermediary result, we will also get the exact controllability of Schrodinger
equation with real valued controls (instead of complex valued ones in the existing
literature), when the equation is weakly observable. The result that we need for
the control of the Schrodinger-Poisson system will actually be more complicated.
Yet, we believed that it could be useful for other contexts and we give a simpler
proof in the simpler context of the free Schrodinger equation (see for instance
Araruna-Cerpa-Mercado-Santos [2] where related questions are raised).

Theorem 3. Let 2 be an open subet of R2, T’ be an open subset of O and
0 <T < T < oco. If the Schrodinger equation on € is weakly observable on
(0,T) x I then, for every vy € H=(Q,C), there ezists a real valued control



u € L2((0,T) x 0Q,R) such that the solution of

(0, +A)Yp =0, (t,z) € (0,T) x Q,
Y(t,z) =ult,x)lr(z), (t,z) € (0,T) x 9Q,
¥(0,2) =0, x €,

satisfies Y(T') = 1y.
The proof will be given in Section [6]

1.3 Nonlinear PDE, on a rectangle, with Neumann bound-
ary conditions

Now, we consider the nonlinear Schrédinger-Poisson system on a rectangle

i0(t, @) = —AY(t,z) + o(t, 2)(t,z), (t,z) € (0,T) x Q,
AU(t,x) =0, (t,z) € (0,T) x 08,
¥(0,z) = o), e, (4)
(A +1)o(t,z) = e|ly(t,x)|?, (t,z) € (0,T) x Q,
2,0(t,x) = g(t,z)lr (z), (t,x) € (0,T) x 09,

where € € R, = (21,22) € Q := (0,7) x (0,L), L > 0 and T, is an open
subset of 9€2. The control is the real valued function g and we want to control
the wave function .

For the nonlinear system , our main result is the local exact controllability
around the reference trajectory, constant in space,

<w7”€f(tv‘r) = e\/ﬁ agref(tvx) = ngref(tvx) = 0) . (5)

We denote by Ay the Laplace operator associated with Neumann boundary
conditions

D(AN) = H%(Q,C) := {¢ € H*(Q,C); 8,0 = 0 on 90}
Anp = Ap.

Theorem 4. Let L >0, Q := (0,m) x (0, L), I'c be an open subset of 9 such
that I does not contain any vertex of Q, T > 0, ¢ € R be such that

wL 9 . (T2
€> —7m(m—|— 1) where m := min {1, (Z) } . (6)

and rey be defined by (5). There exists § > 0 and a C'-map
T:V = L*(0,T) x 09, R)
where
V= {(¥o,¢y) € [HY (2, C) NS ([0 — Yrep (0|2 + 1Uf — Yrep(T) ||l < 6}

such that T (ref(0), Yrer(T)) = 0 and for every (vo,vyf) € V, the solution of
with control g = Y (o, v¢) satisfies Y(T') = y.



This part with the nonlinear Schrodinger equation only deals with Q a rect-
angle, where the boundary is flat. Indeed, with the Neumann boundary control,
the smoothing effect, required in our proof, is not well understood for a general
open set 2. The nonhomogeneous boundary Cauchy problem is then quite com-
plicated. This was for instance investigated for the wave equation by Tataru
[35] and earlier papers by Lasiecka and Triggiani [20]. The curvature of the
boundary has important consequences in this case.

1.4 Bibliography
1.4.1 Schriédinger equation with bilinear control

The Schréodinger equation with bilinear control has been widely studied in the
litterature, and is related to the system under study in this article. This model
writes

(i0, + A = V)(t, ) = u®)p(x)(t,z),  (t,z) € (0,T) x Q, ™
U(t,x) =0, (t,x) € (0,T) x 09,

where V) pu : © — R are given functions, the state ¢ lives in S and the control
is the real valued function u : (0,7) — R. When V and p solve an appropriate
Poisson equation, then system is a particular case of Schr'ij,%dinger—Poisson
system (1)) (take v(t,z) = V(z) + u(t)u(z)).

A negative result A negative control result was proved by Turinici in [37], as
a consequence of a general result by Ball, Marsden and Slemrod in [3]. Tt states
that, for V = 0, for a given function u € C?(£2,R), for a given initial condition
Yo € (H*NHY)(2,C)NS, and by using controls u € L7, ((0,00),R) with r > 1,
one may only reach a subset of (H2N HZ)(Q) NS that has an empty interior in
(H? N H)(Q,C) N S. Recently, Boussaid, Caponigro and Chambrion extended
this negative result to the case of controls in Lj,_((0,00),R), see [I1]. However,
this negative results are actually due to an inappropriate choice of functional
setting, as emphasized in the next paragraph.

Note that this type of negative results is specific to systems with a bilinear
control, which is a function ot the time variable ¢ (and not a function of both ¢
and z)). Thus, it does not apply to the Schrédinger-Poisson system studied
in this article. See also Section [5.3]for some comments about this type of control

in our context.

Local exact results in 1D Beauchard proved in [4] the exact controlla-
bility of equation , locally around the ground state in H’, with controls
u € HY((0,T),R) in large time T, in the case N = 1, Q = (—1/2,1/2), u(z) = =
and V = 0. The proof of [4] relies on Coron’s return method and Nash-Moser
theorem.

Reference [5], by the authors of this paper, improves this result and estab-
lishes the exact controllability of equation , locally around the ground state
in H3, with controls u € L?((0,T),R), in arbitrary time T > 0, and with generic
functions g when N =1, Q = (0,1). This result, proved with V' = 0 in [3],
can be extended to an arbitrary potential V', as explained in [25]. The proof
relies on a smoothing effect, that allows to conclude with the inverse mapping
theorem (instead of Nash-Moser’s one).



Then, Morancey and Nersesyan developped this stategy to control a Schrédinger

equation with a polarizability term [24] and a finite number of Schrédinger equa-
tions with one control [23] 25].

The goal of this article is to extend this type of strategy (previously applied
in 1D) to the 2D Schrédinger-Poisson system . New difficulties appear at the
2 levels of the proof:

e in controlling the linearized system, because a new observability inequality
is required,

e in proving the appropriate smoothing effect or the 2D-system .

Global approximate results Three strategies have been developed to study
approximate controllability for equation ([7)

The first strategy is a variationnal argument introduced by Nersesyan in [29].
It proves the global controllability to the ground state, approximately in H3,
with smooth controls u € C°((0,T),R), in large time T, for generic functions
(1, V), in arbitray dimension N.

Note that this global approximate control result may be coupled to the
previous local exact controllability results to provide global exact controllability,
see [30] for equation , [24] for a Schrodinger equation with a polarizability
term, [25] for finite number of Schrédinger equations with the same control.

A second strategy consists in deducing approximate controllability in regular
spaces (containing H?) from exact controllability results in infinite time by
Nersesyan and Nersisyan [31]

A third strategy, due to Chambrion, Mason, Sigalotti, and Boscain [16],
relies on geometric techniques for the controllability of the Galerkin approxima-
tions. It proves (under appropriate assumptions on V' and u) the approximate
controllability of in L2, with piece-wise constant controls. The hypotheses
of this result were refined by Boscain, Caponigro, Chambrion, and Sigalotti in
[8]. The approximate controllability is proved in higher Sobolev norms in [11]
for one equation, and in [I0] for a finite number of equations with one control.
For more details and more references about the geometric techniques, we refer
the reader to the recent survey [9].

1.4.2 Schrédinger-Poisson system

In [26], Méhats, Privat and Sigalotti prove the approximate controllability in L2
for a Schrodinger-Poisson system, with mixed boundary conditions (of Dirichlet
or Neumann type, depending on the place where we are on the boundary).
This result holds for generic domains €2 and generic control supports I'. on
the boundary. The proof relies on the general result of [16] and analyticity
arguments to obtain genericity.

1.5 Structure of the article

This article is organized in 7 Sections.
Section 2 is a discussion about our assumptions [H2|, [H3] and [H4], in
particular when  is a rectangle domain or a disk.



Section 3 is dedicated to the well-posedness of system , in appropriate
spaces for our control problem. The starting point is a smoothing effect proved
by Puel in [34], that needs to be recast in our context.

In Section 4, we prove local exact controllability of hight frequencies, around
any trajectory of the free system, i.e. Theorem [}

Section 5 is devoted to the proof of the local exact controllability, around
any eigenstate, i.e. Theorem

The goal of Section 6 it to explain how the strategy of Section 5 can be used
to get controllability for the Schrédinger equation with real-valued boundary
controls (instead of complex valued ones in the literature), i.e. Theorem

Finally, in Section 7, we prove the local exact controllability of the nonlinear
Schri};%dinger—Poisson system on a rectangle, i.e. Theorem

1.6 Notations

Implicitly functions take values in C, otherwise we specify, for instance L?((0,7") x
O, R). The volume element on € is denoted dz and the surface element on 9
is denoted do(z). When ¢ € S then Tsy denotes the tangent space to the
sphere S at point ¢

Tsy = {g € L*(Q,C);R (/Q <p(x)§(x)dx> = 0} .

2 Discussion on our assumptions

The goal of this section is to prove that our assumptions [H2], [H3] and [H4]
hold for appropriate configurations (2,T;) and to explain why [H4] is related
to the control of low frequencies.

2.1 Weak observability of Schrédinger equation [H2]
The goal of this section is to recall known results about assumption [H2].
Proposition 1. Property [H2] holds in the following cases.

1. Q= (0,7) % (0,L) for some L >0, T >0 and ' is an open subset of O
that contains both a horizontal and a vertical segment with nonzero length
(necessary and sufficient condition).

2. Q is smooth, does not have a contact of infinite order with its tangents
and (,T.) satisfies the Geometric Control Condition.

2 O= {(x, Y) }xz +9% < 1} and L. is an arbitrary open set of the boundary.

Statement 1 is proved by Tenenbaum and Tucsnak in [36, Theorem 1.4].
Precisely, they prove that the Schrodinger equation is observable on (0, T) x I,
iff I'. contains both a horizontal and a vertical segment with nonzero length.
Thus weak observability also holds in this configuration. Moreover, the same
counter-example as in [36], page 967] proves that this condition is necessary: with
I'e:=(a,b) x {0}, 0< a<b<mmeN and ¢r(z,y) := sin(ma) sin(ry/L),
we get

Cm < orllgie)  and 009l L2z 2myxr,) + |07 H-100) < C7,



for some constants C,C’ > 0 independant of m.

Statement 2 is proved by Lebeau in [21] when  is analytic. The result is
actually also true if  is smooth (see for instance Burq-Zworski [15]). The as-
sumptions of contact of finite order is made in order to ensure the uniqueness of
the broken geodesic flow. It is certainly also true if  is only C® using the result
by Burq [13] for the wave equation and transmutation or resolvent methods (see
Miller [27, 28] for instance).

Statement 3 is proved by Anatharaman, Léautaud and Macia in [IJ.

2.2 Simulatenous validity of [H2] and [H3]
The goal of this section is to prove the claim written after Theorem [I}
Proposition 2. We assume that

o cither ) is a disk and T'. is a non empty open subset of OS2,

e or Q= (0,7) x (0,L) for some L > 0 and T'. contains both a horizontal
and a vertical segment.

Let T > 0, 9 € H(?’O)(Q,(C) NS and Yrep(t) = e2Pty. Then assumptions
[H2] and [H3] are satisfied when T is replaced by an appropriate nonempty
open subset I, of T.. As a consequence, the conclusion of Theorem holds.

Proof of Proposition [2} Let us assume that  is a disk and T'; is a non
empty open subset of 0). By unique continuation for the Schrodinger equa-
tion, we know that the continuous function 9,%,.¢ does not identically vanish
on (0,7) x T'.. Thus, there exists 0 < 7" < T” < T and an open subset I',
of I'; such that |0, ¥rer(t, )| = m > 0 for every (t,z) € (I",7") x I',. Let
Tée (0,7 —T"). By the previous proposition, the Schrodinger equation on
is weakly observable on (0,7) x I',. Therefore, both [H2] and [H3] hold with
T'. replaced by I'.. Then, Theorem [1| provides controls supported in (0,7) x T,
that are, a fortiori, also supported in (0,7") x T..

Now, let us assume that Q = (0,7) x (0, L) for some L > 0 and I'; contains
both a horizontal segment I'; and a vertical segment I'y. By unique contin-
uation for the Schrodinger equation, we know that 0,y does not identically
vanish on (0,T) x I'yy. Thus, there exists 0 < T, < Ty < T and an open subset
Iy of Ty such that |0,¢ef(t, x)| = mu > 0 for every (¢,z) € (T, Ty) x Ty
By unique continuation for the Schrédinger equation, we know that 0, does
not identically vanish on (T}, T7;) xI'y.. Thus, there exists Ty, < T' < T" < Ty
and an open subset I'{, of I'y such that |0,¢ycf(t,z)] = my > 0 for every
(t,z) € (T",T") x T',. Then |0, ¢rer(t,x)| = m = min{mpy;my} > 0 for every
(t,z) € (T",T") x I, with I, :== I';; UT%,. The conclusion comes as in the
previous case. 0.

2.3 Unique continuation assumption [H4|

The goal of this section is to prove that [H4] holds on rectangular domains and
is related to the controllability of low frequencies.
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2.3.1 The case of a rectangle

Proposition 3. Let L >0, Q := (0,7) x (0, L), T'. be a non empty open subset

of O, Ry, Ry € N* be such that R? + (Ri”)2 is a simple eigenvalue of (—Ap)

and or(z,y) == \/% sin(R;x) sin (%) . Then [H4] is satisfied.

Proof of Proposition [3; Without loss of generality, one may assume that I',
contains (a,b) x {0} for some 0 < a < b < 7. Let A € Sp(—Ap), J :={(p,n) €
(N*)%p%—(%)2 = A} wich is a finite set, and ® = 37\ ; ¢pn sin(pr) sin (*7%)
be an eigenfunction of (—Ap) associated to the eigenvalue A\. >From the rela-
tion 2sin(a)sin(b) = cos(a — b) — cos(a + b) we deduce that

n R
wr® = Z Z cp’\/EEQ cos[(p + €1 Ry)z] cos [W}
pmes o =t1, 2VTE

g0 = *+1

thus

Cpne€1€z cos|(p + €1R1)x] cos [%]

w(z,y) = Z 2
(p,'IL)EJ €1 = :l:lv 2\/E |:(p + €1R1>2 + (%) + 1:|
g9 = #+1

and in particular
w(,0) = Z Cpn€1€z cos|(p + €1Rq)z]

5 .
(pn)€J & = +1, 2/l |:(p +eaRi)?+ (@) + 1:|
g0 = +1

Let P := max{p € N*;3n € N* such that (p,n) € J and ¢, ,, # 0}. Let N € N*
be the unique integer such that (P, N) € J. Then z — w(z,0) is a finite sum

of cosine functions
P+R,

w(z,0) = Z ay, cos(kx)
k=0

and its fastest oscilating term has coefficient

o CpP N 1 1
P+R; — 2 - 2
2Vl [(P + Ry)? o (D) 1] [(P + Ry () 1]

If w(x,0) = 0 for every z € (a,b), then a, = 0 for kK = 0,...,P + Ry and in
particular apyr, = 0. This is impossible because cp y # 0 and (N + Rp)? #
(N — R3)? (note that N, Ry € N*). O

2.3.2 General comments

First, we prove the equivalence between assumption [H4] and the existence of

some non-vanishing integral quantities. To this aim, we introduce the following
. . . . 3

notation: for y € L*(99), V, denotes the unique solution in H2 () of

(—A+1)Vy(z) =0, x € 3
0, Vi (z) = x(x), x € 00. (8)
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Proposition 4. Let 2 be a smooth bounded open subset of R? and (¢r)ren be
an orthogonal basis of eigenfunctions of (—Ap), R € N*. If the spectrum of
(=Ap) is simple, then the following statements are equivalent.

1. For any eigenvector ® of (—Ap), the solution w of

{ (A + Dw(z) = pr(x)P(x), r e,
dyw(z) =0, x €09,

does not identically vanish on T'.: w # 0 on ..

2. there is an open dense set in L*(T.) of functions x such that fQ Vioror #
0 for any k € N*

3. there is one x € L*(I';) such that [, Vyorer # 0 for any k € N*.

If the spectrum of (—Ap) is not simple, we still have .

Proof We have obvisously The main tool for the other implications will
be the following formula

fQ Vipr® = fQ Vi(=A+Dw
= Jo(mA+ 1)Vyw + [5,[0,Viw — Vi d,w]
= Joq xw.

In the case of simple eigenvalues, we easily get by selecting xy € L*(T,)

such that [, Viorer = [5q xwr # 0. So, the main task is to prove For
k € N*, we introduce the set

G = {X e L2(aQ,R>;/QVX¢R(x)<pk(x)dx £ 0} ,

By assumption [I} for any k, wj is not identically zero on I';, so there exists
x such that such [, xwr = [, Virwr # 0 . In particular, Gy # 0 for every
k € N*. Because of the linearity, Gy is a dense open subset of L?(0Q,R). By
Baire Lemma Nyen-Gy is a dense subset of L?(99Q, R). This proves O

With the previous Proposition in hands, it should be possible to prove that
[H4] is generic with respect to perturbations of the domain, as done in [26].
Indeed, the previous Proposition proves that [H4] is equivalent to the existence
of one x so that some integral quantities are not zero. It is then often a good
starting point to prove genericity with respect to xy and deformation of 2. This
would then directly imply that [H4] is generic with respect to perturbations of
the domain.

Note also that with the same proof, y can be chosen in C¥(T.) for some
keN.

2.3.3 Control of low frequencies

Actually, the condition [H4] is a condition of controllability of the low frequen-
cies for a control only depending on time. More precisely, we have the following
result.

12



Proposition 5. Assume all the eigenvalues of Ap are simple and [H4] is
fulfilled for one R € N*. Let t,ct(t) :== or(x)e *rt. Then there is one x €
CH(.) such that [, Vior®y # 0 for any k € N*. This implies the following
local controllability property for low frequencies.

For any N > 0, there exists 6 > 0 such that for every ¢y € V := {5 €
Hiy () NS llepy — Q/JTef(T)HH(ao) < &}, there exists u € L2((0,T), ) such that

the solution of

(iat n A)d)(t, 2) = u)Vy (@)t z),  (tz) € (0,T) x Q,
Y(t,z) =0, (t,z) € (0,T) x o, (9)
¥(0,2) = ¢r(2) €,

satisfies Pyp(T) = Piaby where Py is the orthogonal projection on the N first
eigenfunctions.

Proof of Proposition [5t The map

[

©: L2((0,7),R)
[

u

S
&(T)]

2kz-

— P
— P

is of class C! and

d@(O)t LQ((O,T),R) — HDJJ\_/'[TdJT»ef(T)S]
u = Py[U(T)]

where
UT) = =ify 0% u <>vxwmf<t>)dt
:*ZZ V@R Pk) (fo = /\R)tdt) e M Ty,

The surjectivity of dO(0) can be formulated in terms of a finite trigonometric
moment problem on w. Since (Vy@r,¢r) # 0 for every k and the frequencies
(A —AR) are all different, this moment problem has a solution u € L?((0,T), R).
We can therefore apply the inverse function theorem to ©. We skip the details
since it is a simpler version of arguments used several times in the paper. O

3 Well posedness of the Schrodinger-Poisson sys-
tem and linearization

The goal of this section is to prove the well-posedness of system in functional
spaces that are appropriate for the controllability problem. This proof requires
several preliminary results. The first one concerns Sobolev embeddings, trace
theorems and elliptic estimates; they are recalled in Section The second
preliminary result concerns smoothing effects of the Schrédinger equation on a
bounded domain: a smoothing effect concerning the normal derivative is recalled
in Section [3.2] a smoothing effect concerning the source term is justified in
Section Finally, in Section we prove the well-posedness of system
in H{, (Q2) when the control g lives in L*((0,7') x I'); the smoothing effects are

crucial at this point. In Section [3.5] we prove the C'-regularity of the end-point
map.
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3.1 Preliminary
3.1.1 Sobolev embeddings

In the whole section € is an open subset of R™ such that [H1] is satisfied. For
s> 0and p > 1, we use the definitions

WrrR?) = {f e S @2 F 1 +] [)Ff] e PR}

| Fllwege) 1= | 7710+ 1 19)FF)

Lr(R2)

W*P(Q) := {flo; f € W*P(R?)},

1/ 1oy = i {Hﬂ’wp(kz) . FeWsP(R?), f = F on Q}

If p = 2, we use the notation H® instead of W*2.
Remark that if s = 1, we also have

WP(Q) := {f € LP(Q); Vf € LP ()"}

with the obvious norm equivalent to the one previously introduced.
The standard Sobolev embeddings

H'(Q) c LU(Q), Vg€ [2,00), (10)
WLP(Q) Cc L®(Q), Vp>2
(see [12, Corollary IX.14]) and

2 2
W*P(R?) Cc W PL(R?) for s — =~ =8, — —,1 <p < p; < +00,
p b1

(see [7, Theorem 6.5.1]) yield to

H3(Q) C L™(Q), (11)
H*(Q) C LY(Q), (12)
Ve € <o, ;) ,3p € (1,2) such that WhP(Q) c H24(Q). (13)

If s > 0, we denote
H™*(Q) = (H3 ()’

which is a space of distributions.
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3.1.2 Regularity for elliptic boundary value problems on a smooth
domain

In this section, we recall classical results used in the article (see [22, Theorem
5.4 page 176, Theorem 6.5, Theorem 6.7 page 192]).

Proposition 6. Let Q be a bounded open subset of R?, of class C™ and locally
on one side of 0S).

1. The mapping o
C>(Q) — C=(09)
I = flag
has a unique continuous extension from D(A, L*(Q)) := {f € L*(Q); Af €
L2(Q)} into H—2(09Q).

2. The mapping

— o, f

has a unique continuous extension from {f € H3(Q); Af € L2(Q)} into
L2(09).

H2(Q) — L*0Q)

3. For every f € L*(Q) and g € L?(09), there exists a unique v € H%(Q)

such that
(-A+1lv=finQ,
dyv =g on 0.

Moreover, there exists C(€2) > 0 such that
10l 3 gy < C 1S 200 + lgllz2(om | -
3.1.3 Regularity and Green formula for elliptic boundary value prob-
lems on a rectangle

The goal of this section is to state the following results.

Proposition 7. Let Q = (0,7) x (0, L) for some L > 0, (T'j)1<,<4 be its edges,
(Vj)1<i<a be its unitary exterior normal vectors, (Sj)1<j<a be its vertices and
p= 1l

1. The mapping u > (u|r,, 0y, u), which is well defined for u € W2P(Q) has
a unique extension as an operator from

D(A,LP(Q)) :=={u € LP(Q); Au € LP(Q)}
1mnto
o W rP(T;) x W '"5P(T;) when p # 2,
. H_%_e(l"j) X H_%_C(I‘j), for every e > 0, when p = 2.

2. Moreover,
4
Au)v — u(Av) )dx = / Oy uw)v —u(d,.v) |doi(x
| (@ = u(an) 3 [, (@ = w0 dos (o
for every u € D(A, LP(Q)) and v € W2 () such that
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e v(S;)=0forj=1,...4 whenp > 2,
e v(S5;) =0 and Vu(S;) =0 for j =1,...,4 when p < 2,
e v =0 on a neighborhood of S; for j =1,...,4 when p = 2.

3. For every f € L?(Q) and g € L*(0N), there exists a unique v € H%(Q)
such that
{ (—A+1)v=finQ,

dyv =g on ON). (14)

Moreover, there exists C(Q2) > 0 such that
10l 5 gy < C[ 1S 220 + lgl2(om | -

For the first two statements, see [18, Theorem 1.5.3.4 and Theorem 1.5.3.6].
The third one is a consequenc of the same one on (R/27Z) x (0, L) after sym-
metrisation and periodization. More precisely, by linearity, one may assume that
Supp(g) C [0,7] x {0}. Then we extend g as a function g : (R/7Z) x {0} - R
such that g(—x1,0) = g(z1,0) for every x; € (0,7) and g(z1,0) = g(z1 + 27,0).
Perform similar symmetrisation and periodization for f to produce g well de-
fined on (R/27Z) x (0, L).

Then, since (R/27Z) x (0, L) is a smooth compact manifold with boundary,
there exists a unique ¥ € H2 ((R/2xZ) x (0, L)) such that

{ (—A+1)7=finQ,
0,v=gon (R/7Z) x {0,1}.

Then, we easily check that the symmetry gives that if f € C§°(2) and
g € C§°(0,7), then, 0,,0(x1,x2) =0 for x; € {0,7} and x2 € (0, L). Therefore,
v = V) satisfies in the weak sense. The uniqueness can be obtained by
following the same process.

3.2 Smoothing effect on the normal derivative
The goal of this section is to state the following results.

Proposition 8. Let T > 0 and Q be a bounded open subset of R? which is
either C> or a rectangle. There exists C = C(T,Q) > 0 such that, for every
o € HH(Q) and h € LY((0,T), H} (), the solution v of

(10 + A)y(t,x) = h(t,x),  (t,z) € (0,T) x €,

’l/)(t,fb) =0, (tam) € (OaT) X 897 (15)

1/)(0755):1/)0(55), reQ,

satisfies

T
[ oo @las@at < ¢ (ol + Wlo o)
(16)
In particular, if T is an open subset of OQ such that [H1] holds, then the
following linear mapping is continuous
H5(Q) x LY(0,7),Hg() — L*((0,T) x L)
() = 0.
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When Q is smooth, Puel proves these results in [34] Lemma 3.1]. Precisely,
he first proves inequality for smooth data (1o, h) € C2°(Q)xC>((0,T)xQ),
by applying the multiplier Vi, to equation : under these assumptions
is regular, g—f makes perfect sense and integrations by parts are legitimate.
Then, inequality holds for (1o, h) € H(2) x L1((0,T), H} (2)) by a density
argument. Finally, Puel gets the final result because |0,¢1(z)| = 8 > 0,Vz €
o0

When € is a rectangle, Puel’s proof of inequality is still valid. Then,
the conclusion of Propositionfollows because |0,¢1(x)] = f > 0,Va € T'¢; this
is one of the reasons why we need to assume that I'. does not touch the vertices
of Q.

3.3 Smoothing effect on the source term
The goal of this section is to justify the following result.

Theorem 5. Let T > 0, Q2 be an open subset of R? and T'. be an open subset of
O such that [H1] holds. For every v € H3(Q), p1 € L*((0,T), H>N H())

(0)
and pz € L'((0,T), H) () such that

A2 =0,  Supp (Am‘ )C[O,T]me Am| € L2((0,T) x T.), (17)

o0

FC

the solution of

(i@t + A)w(t, ) = (m + ug) (t,x),  (tz)e (0,T)xQ,
Y(t,x) =0, (t,x) € (0,T) x 99,
¢(0a$):¢0($)a J?EQ,

satisfies 1 € CO([O,T],H(?’O)(Q)). Moreover, there ezists a constant C > 0 (in-

dependent of v, p1, p2) such that

(0) (0)

(18)

[0l o (p0,7), 123, (2)) < C(H%/JOHHB (Q)+HA/‘1 Fllp2llpr o), m3 (Q))> :

c

L2((0,T)xT.)

Remark 1. When Q is smooth, then the trace Apy|oq is well defined in
L2((0,T), H=2(8)) (see Proposition @, which gives a sense to the last 2 re-
quirements in .

When §) is a rectangle, then the traces along the 4 sides Apilr,,
1 < j <4, are well defined in L*((0,T), H-2~<(T';)) (see Proposition @ The
last 2 requirements in have to be interpreted in the following sense:

T; N Supp (Am]m) cr;NT., Vjef{l,.. 4}

A

€ L2((0,T) xTeNTy), ¥je{l,...,4}.

NI
Theorem [5] emphasizes a regularizing effect, concerning the source term,
because 1 is not assumed to belong to L*((0,T), H(?’O)(Q)). When 2 is a regular

domain and I'. = 0%, Puel proves this result in [34, Theorem 2.1]. His proof,
by transposition, relies on the smoothing effect of Proposition
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Puel does not treat the case of a rectangle domain, but his proof would prob-
ably lead to Theorem [5|in this case too. For sake of completeness, we propose
below an alternative argument.

Proof of Theorem (5 on a rectangle: Let L > 0, Q := (0,7) x (0, L),
I'c be an open subset of 99, ¢y € H(?’0 (), p1 € L%((0,T), H> N H}(2)) and

pe € LY((0,T), Hg’o)(Q)) be such that holds. By linearity, we may assume
that T’ C (a,b)x{0} with 0 < @ < b < 7. Let m € N* be such that (m—l)% <
T <Tp:=22L and t € (0, 7).

By the Duhamel formula, we have

t
0(t) = €20t =i [ 200 (s (7) 4 pa(r) )

The first and third terms in the right hand side belong to C°([0, 7], H(SO)(Q))

because H30 (Q) is stable by e*APt. Thus, we focus on the second one. We will
make the proof in 2 steps: the first one when p4 is regular enough to perform
integration by parts and the second one to get to the first case with a suitable
regularization.

Step 1: pp regular enough

In this step, we assume moreover that Auy € L2((0,T), LP(£2)), with p > 2.

Using the equality —Agr = Arpr and integrations by part, that are licit
because py € L%((0,T), H?> N HL(Q)), we get

2 2

t (o) t
S = || ety (1)dr = Ai/szul(ﬂ z)op(z)dre " dr
0 H(go)(ﬂ) k=1 0Q
2
o) .
= Z: mffA,ul 7, 2) Apy, (2)dze T dr

We can apply Green formula (see Proposition[7)) because Ay (7,.) € D(A, LP(Q))
for almost every 7 € (0,T) and ¢, € H%(Q) vanishes on the vertices of Q. Using
A%y = 0, this leads to
2

1
V Ak

118

S:

Ap (Ta x)au@k (x)da(x)eikwdT
Q

£
Il

1
2

1

[
12
2

o O o
Q

J
[ Apa (7, 2)0y i (w)do (x)e™ T dr
.

>
Il
—

2
. nw\2
Apq(T,21,0) sin(pml)e_’(p2+(T) )deldT

N
Q

Ot—x

Z 0

J
pEN* nEN*

2
Lo, (7 fAm (1,21,0) sin(pxl)dg;le_’<p2+(T) )Td’]'

2
dr

N
Q
™

0

—z'p27'

Lo, (7 fAul 7,71,0) sin(pzy )dr1e

2

fA/Ll(T,I’l,O) sin(pzq)dxy| dr
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To go from the first line to the second one, we have used: Supp(Api]aa) C
[0,T] x T, ¢r =0 on I'.. To go from the fourth line to the fifth line, we have
used Bessel-Parseval inequality.

Note that Agy can be computed explicitly in terms of Agq|p,, thanks to the
rectangular form of the domain. This explicit expression shows the existence of
a constant C' = C(€2) > 0 such that

2
, Vtel0,T].
L2((0,t)xTc)

lAp1l2(0,4)x0)) < C HAM -

Thus, we get

2

t
/ eiA(t*T),ul(T)dT

0

2
S CllAplr, 20,6 xr,) -
Hip) (Q)

This proves that the map ¢t € [0,7] — fot e A=) 14y (7)dr takes values in H(?’O) Q)

and is continuous at ¢ = 0. The same argument proves the continuity at any
t e 0,77

Step 2: regularization

We have to be a bit careful with the regularization to keep the required condi-
tions. Let f. € C5°((0,T) xT'.) converging strongly to Aps|p, in L2((0,T)xT,).

Denote
Ag.(t,z) =0, (t,x) € (0,T) x Q,
{ g:(t,x) = fo(t,z), (t,z) € (0,T) x 09,
By elliptic regularity (similar to Proposition , ge converges strongly to Apy
in L2((0,7), HY?(Q2)).
Now, denote p . the solution of

{ A,ul,s(tax) = gg(t,$), (t,.’E) € (OaT) X Qa
p1e(t,z) =0, (t,x) € (0,T) x 00

By elliptic regularity, u; . converges to py in L?((0,7T), H?> N H}(Q)). Estimate
(that is proven for p; . regular enough thanks to Step 1) allows to prove
that the related 1. make a Cauchy sequence in L*°([0,T], H, ?0)(9))' The limit
can only be the expected ¥ by uniqueness of the solution and convergence of

t1,e to pi. The estimate follows in this case. O

3.4 Well posedness of the linear PDE

The goal of this section is the proof of the following result, thanks to Theorem

Gl

Theorem 6. Let T > 0, Q be an open subset of R? and T, be an open subset of
O such that [H1] holds. For every 1 € H(?’O)(Q) and g € L?((0,T) x 0Q, R),
there exists a unique solution ¢ € C°([0,T], H(‘?’O)(Q)) of system .

To this aim, we will need the following preliminary result.
Proposition 9. Let T > 0 and v € C°([0,T], H(?’O)(Q)). For every g €
L2((0,T) x O, R), the solution of

{ (A +1)v(t,z) =0, (t,z) € (0,T) x Q,
dyv(t,x) = g(t,x)1r, (x), (t,x) € (0,T) x 99,
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satisfies v € L2((0,T), H?(Q)), vy € L2((0,T), H2NHE () and A2[vi] belongs
to L2((0,T), H=1(Q)). Moreover, the operator

LQ((O,T) x OQ,R) — L2((O,T),H_1(Q))
g = A%(vy)

18 continuous.

Proof of Proposition [9

Step 1: We prove that vy) € L2((0,T), H?> N H}(R)). By Proposition [6 and
we know that v € L2((0,T), H2 (). Thus vi» € L2((0,T), H3 (Q) N HE(Q))
because H2 () C L* is an algebra. To end Step 1, it is sufficient to prove that
A(vp) € L2((0,T), L*(Q)). Using Av =wv in (0,7T) x ©Q, we get

A(v) = v(1h + AY) + 2V - Vi

e The Sobolev embedding justifies that H?2(Q) « H(Q) c L®(Q) x
L?(Q) = L?(Q) (where * stands for the multiplication of scalar valued
functions). Thus v(¢ + Av) € L*((0,T), L*(2)).

e The Sobolev embedding justifies that H2(Q) x H2(Q) C L2(Q) *
L°(Q) = L2(Q). Thus Vv -V € L2((0,T), L2(Q)).

Step 2: We prove that A%[vy] € L2((0,T), H~(Q)). Using Av = v, we get
A?[vy)] = vy + 2A¢ + A%)) + 4Vv - V(¢ + AY) + 4Tr[D*v .D?*] . (20)

e The Sobolev embeddings (11) and justify that H2(Q) * HY Q) C
H}(Q). Thus, by duality, Hz(Q) * H~1(Q) ¢ H~(Q). This proves that
v( + 289 + A%p) € L*((0,T), HH(Q)).

e The Sobolev embedding justify that H=(Q) « HE(Q) C LA(Q) «
LYQ) c L2(Q). Thus, by duality, Hz(Q) « L2(Q) ¢ H~(Q). This
proves that Vv - V(¢ + Avy) € L*((0,T), H1(Q)).

e The Sobolev embedding and then justify that H1(Q) = H}(Q) C
H2%¢(Q). Thus, by duality, H(Q) « H—27¢(Q2) ¢ H~(Q). This proves
that Tr[D2v.D%)] € L2((0,T), H-1(Q)). o

Proof of Theorem Let T >0, ¢ € HED’O)(Q), g € L*((0,T) x 9Q,R) and v

be the solution of (19) We apply the fixed point theorem to the map

(@) - C0,T], B (@)

F: C(0,1), H},

(U S
where £ = F(v) is the solution of
(i@t + A)g(t, 2) = ot 2)o(t,z),  (ta)e (0,T)x 9,
£(t,x) =0, (t,x) € (0,T) x 09,
(0, ) = vo(x), TEQ.
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Step 1: We prove that F takes values in C°([0, T, H(BO)(Q)). Let v € C°([0,T7, H(?’O)(Q)).
We introduce the solution puo of

{ A2py(t, ) = A?[wy)(t, x), (t,z) € (0,T) x Q, (21)
/142(15735) = Aﬂg(t,x) =0, (tam> € (OaT) x 0N
and the function p; := v¢)—puy. To prove that & = F (1) belongs to CY([0, T}, H(So) (),
it suffices to prove that u; and uo satisfy the assumptions of Theorem

By Proposition [0} A%[vy] belongs to L2((0,T'), H~'(2)) thus, by elliptic reg-
ularity, po € L2((0,T),H(30)(Q)). Then, py belongs to L2((0,T), H> N HE(Q)),
by Proposition@ Moreover, A?u; = 0 by and Apglog =29 0,9 1.

Step 2: We prove that F'is a contraction when g is small enough. Let v, 1:/; €
C°([0,T], H(?’O)(Q)). >From and elliptic regularity, we get

| F(x) — F(J)||CO([0,T],H§O)(Q))

< C(HA(M — 1)l 220,y xT0) F e — /72“L1((0,T),H(30)(Q)))
<

Cllgllzz.myxra 19 = Ylicoory. 3, <) -

for some constant C’ independant of ¢ and 1; Thus F is a contraction when
C'llgll 20,1y xr.) < 1. Otherwise, one may subdivide the interval (0,7’) into a
finite number of intervals on which this assumption is satisfied and iterate the
previous result. O

3.5 (Cl-regularity of the end point map

Proposition 10. Let T > 0, Q be an open subset of R? and T'. be an open
subset of O such that [H1] holds. Consider the end point map

oENs
(Yo » 9) = (7))

where Y is the solution of . Then, © is C! and for every 1 € [H(BO)(Q) nSJ,

O: [H} (NS x L*(0,T)xT.R) — H}

dO(to,0) = [Hy () NTsho] x  L*((0,T) x Te,R)  — Hgy () N Tisthpes (T)
(Yo, @) = U(T)

where Yrey(t) == e'®ptihy and W is the solution of the linearized system

(z’@t + A)\Il(t,x) = V(ta)res(tx),  (ta) e (0,T) x Q,

U(t,z) =0, (t,z) € (0,T) x 002,

W(0,2) = Uy(x), zeqQ, (22)
(-A+1)V(t,z) =0, (t,z) € (0,T) x Q,

A,V (t.z) = G(t,2)lp, (z), (t.z) € (0,T) x 99

This result is a consequence of estimate . Its proof is classical and follows
the same steps as in [, Proof of Proposition 3, Pages 531-532].
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4 Local exact control of high frequencies

The goal of this section is the proof of Theorem [I] via a perturbation argument.
In Section we prove the controllability of the linearized system at high
frequency, thanks to the weak observability inequality of the adjoint system
and the Hilbert Uniqueness Method. In Section we prove Theorem [I] by
applying the inverse mapping theorem.

4.1 Control of high frequencies for the linearized system

The goal of this section is to prove the following result.

Proposition 11. Let T > 0, 9o € H?O)(Q) NS and Yrep(t) = €2l We
assume that [H1], [H2] and [H8] hold. Then, there exists K € N* and a
continuous linear map

L:Px[Hy ()] = L*((0,T) x T, R)
such that, for every ¥y € IPK[HEO’O)(Q)], the solution of with ¥y = 0 and
control G = L[V¢] satisfies P [V(T)] = Wy.
The following proposition will allow to work on 7 := A?U instead of W.

Prop051t10n 12. Let T > 0, 7y € H( )( ) NS, Yrep(t) == eBPlyyy, G €
, x I'e, an € e the solution of system
0,7) xT.,R d¥ c C°0,T],H (O)Q be the soluti f 2
with ¥g = 0. Then, the function r := Az[ | belongs to C°([0,T], H=()) and
is the solution by transposition of

(zat + A)r(t,x) — K[Gl(t,z),  (t,z) € (0,T)x,
r(t,x) = 2GO,Yreslr, , (t,z) € (0,T) x 09, (23)
7’(0,1’):0, 1'697

where
K:L2((0,T) xTe,R)  —  L2((0,T), H'(Q))
9 (-A+1)V=01in(0,T) x Q,
G — A?[Viey] where { 8,V = Glp, on (0,T) x 8Q.
(24)
This means that, for every o7 € HE () and p € L*((0,T), HL(Q)) the following
equality holds

Jo r® @) - syt = Jy (K WH Lyt — i(r(T), 87) 1.y
+2 fO fF Vwref(t ‘T) y(b(t,fﬂ)da(.%')dt
(25)
where ¢ € C([0,T], H}(2)) is the solution of
(z@t + A) ,T), (t,x) € (0,T) x Q,
o(t,x) =0, (t,z) € (0,T) x 00
(T, z) = ¢r(x), z €
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Note that, there is no ambiguity in this definition because for every ¢ €
HY(Q) and ¢ € LY((0,T), H}(Q)) then 9, ¢ belongs to L?((0,T) xT'.) by Propo-
sition [/

Proof of Proposition When G € C((0,T) x I'.), ¢ € C°((0,T) x Q)
and ¢ € C*(Q), then, formula can be proved with integrations by part.
The conclusion follows thanks to the continuity of the maps K (see Proposition
E[) and the continuity of the following linear mappings

LX(0,T) xTe) — C0,T], Hy () — C°([0,T], H ()
G > 4 — r=A%U
LY((0,7), H5 () x Hg(Q) —  L*((0,T) xT)
(‘Pa (bT) = 8V¢
stated in Theorem [5] and Proposition [§] O

From now on, we denote by K* the adjoint operator of K,
K*+ L*((0,7), Hy () — L*((0,T) x I, R),

i.e.

T B T
R < /0 (G, B dt) . /O /F G (o) (26)
for every & € L%((0,T), H}(Q)) and G € L?*((0,T) x T, R).

Thus Proposition [11]is a consequence of the following result.

Proposition 13. Let T > 0, 9o € H?O)(Q) NS and Yrep(t) = €20l We
assume that [H1], [H2] and [H8] hold. Then, there exists K € N* and a
continuous linear map

L:Pr[Hg ()] — L*((0,T) x ', R)

such that, for every ry € }P’K[H(B)I(Q)], the solution of with control G =

Liry] satisfies P [r(T)] =ry.

The controllability result of Proposition [13]is a consequence of the following
weak observability result.

Proposition 14. Let T > 0, 1)y € H?O)(Q) NS and rep(t) := e2Ptpg. We

assume that [H1], [H2] and [H3] hold. There exists Cy > 0 such that, for every
¢ € HE(Q,C) the solution of

(i@t + A)¢(t,x) =0, (ta)e(0,T)xQ,
o(t,x) =0, (t,z) € (0,T) x 99, (27)
o(T,z) = ¢r, r e,

satisfies

o7l 110y < C1 (128(00bres0,0) + K*(id)l| 20,1y x0) + 6Tl H-1(02)) - (28)
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Proof of Proposition thanks to Proposition By [12, Theorems
I1.10 and I1.19], the existence of a continuous right inverse to the continuous

operator
Fr: L*(0,T)xT.,R) — Px[H ()]
G — Pg[r(T)]

is equivalent to the existence of C; > 0 such that
o7l 3y < Call Fic(¢r)l2(0myxr.y s Vér € Px[Hg(Q)], (29)

where F} : P [H3(Q)] — L*((0,T) x I+, R) is the adjoint operator associated
to FK

For G € L?((0,T) x I'.,R) and ¢7 € Px[Hg(Q)], we have (note that K is
R-linear)
R((F (@), 61051,
R ( (T), p7) -1 Hl) because ¢r EIP’K[H&(Q)]
= R(—if) fo 260,0e;8,do(@)dt — i [) [ (K(G). ) lHlda;dt) by (25)

- fo Jr. G (23(0,1602s08) + K*(i9) ) do(w)at by.

Thus F has the following explicit expression

Fio o Px[H{(Q)] — L2((0,T)x I, R)
dr = 23(0rer0u9) + K*(i9) .

Let C; be as in Proposition [14] There exists K € N* such that
1
Cillorlla-1(0) < §H¢T”H&(Q)a Vor € Px[Hj()]
and then results from with Cy :=2C;. O

Proof of Prop051t10n Let T be as in [H2] and 7', T” be as in [H3]. Let
e:=(T"— T)/2 and p € C(R,R) be such that p =1 on (T"+¢,T' +¢+T)
and Supp(p ) (T, 17).

Step 1: We prove the existence of C; > 0 such that, for every ¢ € Hi (), the
solution of satisfies

o7l 122y < C1 (1230000 Yre 0 d)l| L2@xr,) + loTl-1(02)) - (30)

Let ¢ € H}(Q2). By [H2], we have

1672 < 26| [ [ 10uot o) Pdo(a)dt + [br]-

T'+e+f
T'+e T,

< 203 ff

(03,60 doa)t + ||¢T||i1_1]
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because p = 1 on (T’ +¢€,T' +e+T). Then, taking into account that Supp(p) C
(T",T") and |Oythres(t,z)| = m > 0 for every (t,z) € (T",T") x I, i.e [H3], we
obtain

2
lorlZy@ < S [P 0t0res (t2) .98 2)| dor(a)at
" fR Je. \p(®) 0,6(t, ) do(@)dt + 261l

Moreover,

-2
2 fR frc ’pazﬂ/)ref 61/(?5’ dodt
—2 - 2
Jo S, (10 0ttres )" + |00, Bres 0,0] ) dodt
P 2 P
Jo i (12300 0utbrer 3,0)| + 2R[(pD, e 8,,(;5)2]>dodt
Note here that in the end of the proof, we will prove that the second term is
compact. It will be crucial for that to notice that it is R[(pd, Ve 0,6)?] and
— 2
not |§R[p&,¢ref 8,,925” .
Thus
—_ 2 —_
167120y < 25 Ju S (12300 000res B0)[* + 2R((00, ey D)) ) dort
—C§ fR frc |p81,¢\2 dodt + 2C§”¢TH%171 .

In order to get , it suffices to prove the existence of C' > 0 such that

// R((pOytbye s B,9)%)dodt < // 1pByd|2 dodt+Cllor|2 s - (31)

Let R € N* that will be chosen later on,
YIL (1) == PrUres(t)]  and Pl = Ve — PlLs. (32)
Then

f]R fl"c % paywref W)Q]dodt
fR fr‘: §R< paywref 8V¢)2 (p 6V¢)2 8Vwr6f<2 anTEf + al/wTEf)) dodt .

In order to get , it is sufficient to prove that, for R large enough

/ / Rl(p 0,5 rd)2)dodt < Cllérllr (33)
R JT.

2
/ / (030 0,08 20,08+ 0,0l plaode < - [ [ 00,0 dod.
R JI.

(34)
Note that ¢}, — 0in C°([0, T], H{;, () when R — o0 because v € H{y) (Q).

Thus, auz/;,ef L 0in L*°((0,T) xTI'.) when R — +00, because of the Sobolev

embeddings al,[H(BO) (Q)] € H32(T',) € L>=(T,). As a consequence, there exists
R such that

m2

10,1 (20,01 ; + Ol )| Lo 0,7y <) < -
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This implies (34). Until the end of Step 2, R is fixed. The function p is C°(R)
thus, for every N € N*, there exists C'y > 0 such that

, C
/Rp(t)QeMHJ—M—AK]tdt‘ < ﬁ Vi, JeN*kKe{l,.,R—1}.
J

We have

f frc %[(pau¢refau¢ dadt‘

R—1 [e'e]
- kz 1 ;1%1/}K¢%0 (pr t)2eth A —he= /\K]tdt) (fr Ovipr Ovpk 0L &AOJda)
K=1j,
R—1 o)
S > R0 B ARARAGAG  for some a > 0
k,K=1j,J=1 )
J

< C'(vo, R, N)||¢TH§I,1(Q) for N large enough .

Here, we have used Weyl law so get that for another N large enough, Z A7 N <
+00. Inequality (33) is proved, which ends Step 1.

Step 2: We prove the existence of Cy > 0 such that, for every ¢ € Hi (), the
solution of satisfies

o7l a0y < Co ([123(00res 8 d) + K* (i) L2 0.1y x1) + 07|21 (02)) -
(35)
>From , we deduce that

671l 1) < C1 (1123(p0utre 0 0) + K* (i8]l L2 (mxr,) + 1K (i8]l L2, + 167 5-1(0)) -

In order to prove (35), it suffices to prove the existence of C' > 0 such that,
1K [i9]ll 20,7y xr.) < E||¢T”H(}(Q) +Cllgrllg—r, VYor € Hy(). (36)

Let R € N* that w111 be chosen later on and 1/1Tef be defined by . >From
and expansion , we see that I = K1 + K2 where

Ki: L*(0,T)xT.R) — L2((0,T), H'(Q))
G — A2[V¢ref]

and
Ka: L2((0,7) xTe,R) — L*((0,T), H~1/?75(Q))
G AZ[Vwref]
is continuous. We denote by ||IC1| and ||Kz|| their operator norm in this func-
tional frame.
Note that 1}, — 0 in CO([O7T]7H(30) (©)) when R — 400 because 1y €
H(O)(Q). Thus, there exists R € N* such that

1

Kl < .
il <
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>From now on R is fixed. Then, for every ¢r € H(} (),
IK*[id]ll L2(0,1)xr.) < H’C;f[i¢]||L2((O,T)><FC) + 15 i) L2 (0,7 xT.)
< mll(bHL?((O,T),H[}(Q)) + 21Dl 20,7y, 11 /2+= (2))
< g9z + VTl or ] m1/24e @) -

This implies after interpolation, which ends Step 2. O

4.2 Control of high frequencies for the nonlinear system

The goal of this section is the proof of Theorem [T} Thus, in the whole section,
T >0, ¢ € Hjy () NS, Yref(t) := e'2Pl4)y are fixed and [H1], [H2], [H3]
are assumed to hold. We consider the end-point map
Ok : L*(0,T)xTe,R) — Pg[HE (D)INS
g = Px[y(T)

where 1 solves . By Proposition Ok is of class C' and

A0k (0): L2((0,T) xTo,R) — Pr[HE) ()] N Tsthres(T)
G = Px[U(T)]
where ¥ solves with ¥y = 0. By Proposition there exists K € N* such

that d© k(0) has a continuous right inverse. By the inverse mapping theorem,

Ok is a local Cl—diffeomorphisln on a neighborhood of 0. The first statement
of Theorem [1{ holds with T := @}1 which is locally well defined.

There exists K’ > K such that

Wores (T) = P lhrer (D] s, <5

Then, ¢y := (Px —Pg/)[¥rer(T)]] belongs to V thus g := Y (1) is well defined
in L2((0,T) x T'¢,R) and the associated solution of (1)) satisfies P [1)(T)] = ¢¢
thus Px/[1(T)] = 0. As a consequence (7T is a finite sum of eigenfunctions of
(=Ap) so it is a smooth function. O

5 Local exact control around eigenfunctions

The goal of this section is to prove Theorem [2 by following essentially the same
strategy as in the previous section. In Section [5.1] we prove the observability of
the adjoint of the linearized system. In Section [5.2] we prove Theorem [2]

5.1 Observability results
The goal of this section is to prove the following observability inequality.

Proposition 15. Let T' > 0, R € N*. We assume that [H1], [H2], [H3’] and
[H] hold. There exists Co > 0 such that, for every ¢ € HE(Q) N Tspr the
solution of

(00 + A+ Ar)o(tx) =0, (t2) € (0,T)xQ,
o(t,x) =0, (t,z) € (0,T) x 9, (37)
¢(T,$):¢T, :L‘GQ,
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satisfies L
o7l 1) < C2l[23(00pr0u®) + K™ (id) | L2((0,7) xT.) » (38)
where
K: L2(T.R) — L2(,C)

G = AVeg]  where { (-A+1)V =0, inQ,  (39)

0,V = Glp, on 0.

The proof of Proposition [L5| relies on 2 key ingredients: the weak observabil-
ity of the Schrédinger equation [H2] and a unique continuation result given by
the following statement.

Proposition 16. Let T' > 0, R € N*. We assume that [H1], [H2], [H3’] and
[H4] hold. Then for every non zero ¢ € HE(Q) N Tser,

23(0uprB,0) + K*(i¢) #0  on (0,T) x T
where () := 2P =T

Proof of Proposition Let 7" € (T, T) where T is as in [H2]. By Proposi-
tion [14] (with T replaced by 7”) and the change of phase ¢(t,x) < ¢(t, z)e R,
we know that there exists C; > 0 such that, for every ¢ € Hg(£2), the solution
of satisfies

o7l 1) < Ca (”2%(3v@R%) + K (i) || 20,17y x. ) + ||¢THH*1(Q)) . (40)
We introduce
Ny = {0 € H} () N Tspn; 23(9rpndy0) + K* (i) = 0 in L2((0,T) x T..)}

where ¢(t) := eApTARI G, = S(t)pg. Nrp is a R-vector subspace of HJ(Q).
We want to prove that Ny = {0}.

Step 1: We prove that Np contains eigenfunctions of —Ap. Let ¢9 € Nrp.
Since ¢g € HJ (), then ¢, := w is bounded in H~1(£2) uniformly when
e — 0. Moreover, for e < T —T", ¢. belongs to N7+. Applying to ¢, with
e <T—T', weget |[¢e| i) < Cillgell-1. Thus ¢ is bounded in Hg(€2) when
€ — 0. Therefore ¢y € H, (30)(9). Indeed, by Fatou lemma,

2
%) 3 2
ool =372 [\ (00 0]
i €
= e 1hm1nf5_>0‘\ﬁ “=L(¢, or) ‘

2

2

<liminfe,0 Y po, ‘\/)\k Mks_l (G0, ¢r) ‘
<liminf._,g ||¢€||H5 < 00.
For T" < T, the map
j "ol H&(Q) — L2((O,T”) X Fc)
o = 23[0,prO,Q] + K* (i)



is continuous (see Propositions [8 and E[, which implies the continuity of IC :
L?(T.,R) — L?(Q) and thus of K* : L?(Q2) — L?(T'.,R)). Moreover, Jr(¢.) =
0 for every e < T — T", and ¢ — i(Ap + Ag)po in H () thus Jr~[i(Ap +
Ar)¢o] = 0. This holds for every T” € (0,T), thus i(Ap + Ag)¢po € Nt .

We have proved that Ny is stable by i(Ap + Agr) and only contains smooth
functions in D[(—Ap)®], Vs € N*. Applying again estimate (40) to i(Ap +
AR)bo, we get

I(AD + Ar)¢ollmy (o) < CLll(Ap + Ar)ollr-1(a

This shows that the unit ball of N is compact (for the H{ (2)-topology), thus
Nr has finite dimension (Rellich theorem).

Then the finite dimensional space N is stable by the real symmetric oper-
ator —(Ap + Agr)? = [i(Ap + Ar)]?, thus —(Ap + Ag)? has an eigenfunction in
Np. This candidate is also an eigenfunction of (—Ap).

Step 2: We prove that

K*(z1) = R(2) (Aﬁwk —28,0n 5'V<pk) L WzeCheNT (41

ITe

where wy, is defined in [H4]. Let z € C and k € N*. For every G € L*(T,R),

we have

/ GK* (21 )do (x (/ K(G chkdac> :%(2)/916((}’)@;6(136

thus K* (z¢r) = R(2)K* (0).
If G e C*((0,T) x I'., R), then the potential V' defined in belongs to
C>*((0,T) x 2,R) thus the following integrations by part are legitimate

Jo IE(G) kdr = [, A?[Vog|erde with V as in
Joa (918 eR)lor = A(Ver) dupr )do (@) + [, AV prlAprde
= -2 fl“c GOy Oypr do(x) — M [ AlVogr]prdr

fQ AlVpgrlerdr = —Xg fQ Vogrprdx
== Jo V(=A + 1wpdz
= _)\k ch kada(x) .

This proves that

/ IE(G)gokdx = / G ()\Zwk — 281,@3; &,gok) do
Q r.

for every G € C°((0,T) x T'.,R). The same equality holds for every G €
L%((0,T) x I'¢,R) by density. Therefore, K*(¢r) = Nwy, — 20,¢r 0, ¢k.

Step 3: We prove that Np = {0}. Working by contradiction, we assume that
Nr # {0}. By Step 1, there exists z € C\ {0} and k& € N* such that z¢y € Np.
Moreover, by Step 2,

25 (8,,(,038,, [zgokei(AR—’\k)t}) + K* (izppe’Ar=2A00) = R[ize! AR N2y,
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Thus R[ize! A= =%)t]y,, vanishes on (0,T) x T... By assumption [H4], we deduce
that

Rlize' =2 =0 on (0,T). (42)
First case: k = R. Then z € iR because zpy € Tspr. >From , we deduce
that 0 = R(iz) = iz, which is impossible because z # 0.
Second case: k # R. Then A\, # Ar because Ag is a simple eigenvalue (see
[H4]). >From (@2), we deduce that z = 0, which is a contradiction. O

Remark 2. Note that assumption [H4] is necessary for the controllability of
the linearized system |22 (with $o = 0) around (Yres(t) = pre= A2t g..p = 0).
Indeed, for any eigenfunction ® of (—Ap) associated with the eigenvalue \g,
we have

W), @) = (i f; eS0T (Ve (1)), @)
— je—ireT foT e M ARTAILY (1) pr®)dt
_ ,L'e—ik&T fOT e—’i()\R_)\d))t<C:(2‘:)7 w>L2(Fc)dt

where w is as in [H4] (apply the Green formula, as in the proof of Proposition
2). In particular, if [H4] is not fulfilled, we are in one of the following situation

e if Ag is a multiple eigenvalue, then, for any eigenfunction ® associated
to the eigenvalue Ao = g and linearly independent of pgr, one cannot
control the complex component (U (T), ®)e**T because it only takes real
values

T
i(U(T), d)ereT = /0 (G(t),w)dt € R,

o if there exists an eigenfunction ® for wich w =0 on T';, then, one cannot
control the component (V(T), @) because it vanishes

T
(U(T),®) = je~ T / eTIARTAING(E), w) 2 (rydt = 0.
0

Proof of Proposition Working by contradiction, we assume that, for
every n € N*, there exists ¢% € Hg(Q) such that

1 =97l a1 > nlI23(00prO,6™) + E*(i¢n)HL2((O,T)><FC) . (43)

Up to a subsequence, one may assume that ¢% — ¢ weakly in HJ (). The
strong continuity of the operator
HY(Q) — L2((0,T) x T)
¢r > 23(0uprOL$) + K*(ig)

implies its continuity for the weak topology [12, Theorem III.9]. Thus
25(8, R0y ™) + K* (id™) = 23(0,9r0,6%) + K*(i¢>) in L2((0,T) x T',).
n oo

>From , we deduce that

23(0, R0, ) + K*(i¢™) = 0 on (0,T) x T,
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By Proposition |16, $7% = 0. Thus, up to a subsequence, ||[¢7||z-1(q) — 0 when
n — co. We deduce from that

1
L= |[¢7]l a1 ) < 01(5 + H¢%||H*1(Q)) 0,

—
n—oo

which is a contradiction. O

5.2 Proof of Theorem [2|

Let T > 0, R € N* and 9,¢f(t) := pr(z)e *r!. We assume that [H1], [H2],
[H3’] and [H4] hold. By Proposition [10} the end point map

©: [H})(QNS] x L(0,T)xTe,R) — [H} (2)NS)?
(Yo 9) = (Yo, p(T)e*nT)

is of class C' and

dO (R, 0) : [Hiyy () NTspr] > L*(0,T) xTe,R)  —  [H (Q) NTser]®
(\IIO ’ G) = (\1107 \IJ(T))
where
(i@t +A+ )\R)\I/(t,x) =V(t,x)er, (t,x) € (0,T) x Q,
U(t,z) =0, (t,z) € (0,T) x 09,
(0, z) = Uy(x), e, (44)
(—A+1)V(t,z) =0, (t,xz) € (0,T) x Q,
0,V (t,z) = G(t,z)1r, (z), (t,x) € (0,T) x O

The same arguments as in the previous section prove that dé((p R, 0) has a con-
tinuous right inverse thanks to Proposition The inverse mapping theorem,
proves that © is a local C!-diffeomorphism. O

5.3 Some comments about control only depending on time

In this subsection, we comment on the information given by our previous study
for a control that would be of the form

(i@t + A)w(t,x) —o(t,2)d(tx),  (tz)e (0,T)xQ,

bt z) =0, (t,2) € (0,T) x 99,

(0, ) = tho(z) €N, (45)
(—A +1)o(t,z) =0, (t,2) € (0,T) x €,

(t,x) = g(t)u(x)1r, (2) (t,z) € (0,T) x 02,

where the control g € L?(0,7T) only depends on time and p € L°°(99Q) is
fixed.

This is very close to the configuration studied in several papers described
in the introduction (except that we impose that the potential v = g¢(t)V, is
harmonic).
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If we followed the framework described in the previous section, we would
obtain that the observability estimate necessary to obtain the controllability of
the linearized system, would be of the form

2
| 280le)oon0) + K i0)do(a)| dt. (40

T
2
Jorliy e <C2 |

instead of the classical observability estimate , where I would be another
(but similar) compact operator.

Then, it becomes quite clear that is really not likely to be true in general.
Indeed, to contradict , it suffices to find a sequence of solutions with H{
norm equals to 1 but whose Neumann trace on the boundary weakly converges
to zero. This can be easily done for instance

e on the square (0, 7)?: with the normalized initial data
dn(x,y) = cp sin(nz) sin(ny)

e on the disk: with some initial data ¢, (r,0) = e’

appropriate normalized Bessel functions.

gn(r) where g, are

Also, this analysis can also help to identify some class of initial data that could
be observable. It is necessary that there is no oscillation of the trace on the
boundary. This could be true for instance

e on square: with some initial data that would depend only on z or y.
e on the disk: with some radial initial data.

Also, from a microlocal point of view, we can see that can only be true
for sequences of solutions whose trace do not weakly converge to zero. That
means some data whose Neumann trace on the boundary is concentrated in
the frequency & = 0. Yet, the theorems of propagation of microlocal defect
measure (described for example for the wave equation in [14]) could suggest
that it implies that the data are concentrated close to some rays that intersect
the boundary orthogonally.

6 Schrodinger equation with real-valued bound-
ary controls

The goal of this section is to prove Theorem The arguments have already
been developped in the Step 1 of the proof of Proposition [I4] but here, we give
a simpler proof in this simpler case.

Proposition 17. Let 2 be an open subet of R2, T be an open subset of O and
0 <T < T < oco. If the Schrodinger equation on € is weakly observable on
(0,T) x T then, there exists C; > 0 such that

ol () < Cl(||3(8u¢)||L2((o,T)xr) + ||¢0||H*1(Q)) ., Voo € Hy(Q,C) (47)

where ¢(t) := 4P ¢y.
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Proof. Let T',T" € (0,T) and p € C°(R,R") be such that 7" —T" > T, p= 1
n (T",7") and Supp(p) C (0,7). The assumption and conservation of the
norm give

90l2 ) < Co (100 132(g xry + 160l 1) > V0 € HAOR,C) (48)

2
Since |3(0,¢)* = M + M, it is enough to prove

/Rt/rf(f) ¢)?

This inequality is obviously false if (9,¢)? is replaced by |9, ¢[?. It is actually
true because (9,4)? is the product of two terms that oscillate in the same
direction, which is false for |9, ¢|.

More precisely, write ¢g = >, @r¢o,r Where (¢r)ren- is an orthonormal ba-
sis of eigenfunctions for Ap with eigenvalues —\,. We have ¢ = >, e~k prdo.k

/]Rt / 09)’ (bo 1ok </Rt e_i(AkHL)PQ) (/F(au%)(auwz)>

The boundary term can be bounded for instance by trace estimates (actually,

< Cliollir-1(q)-

finner estimates would give a better exponent /\,1€/ 2)

Je @) (@) < N10urll 2y 19w @il p2ry < Cllkll g2 1t 2
< CMN < CO + N0)2

The function p is C°(R) thus, for every N € N*| there exists Cy > 0 such that

_ Cy Cy
t 2 1[/\k+)\l]tdt‘ < < ,Vk,l c N*
/RP( )e e+ AN = ) N/2

So, choosing N large enough (and replacing N/2—2 by N), we obtain the bound

C
/]R /Fp2(8y¢)2 < EYSHES <Cn (Z %k) < Cllgollzr-1 o

when N is chosen large enough so that A, is summable, which is always
possible (for instance using Weyl law). O

1/2—N

The following result can be proved thanks to the arguments developped in
the proof of Proposition (in a simpler way, because K* does not appear
anymore), together with Proposition [17| and the time-oscillation of 9, ¢.

Proposition 18. Let §2 be an open subet of R2, T be an open subset of OQ and
0 <T < T < oco. If the Schridinger equation on € is weakly observable on
(0,T) x T then, for every non zero ¢o € HE(Q) N Tspr,

S(0y¢) #0  on (0,T) x T,
where ¢(t) := 2P ¢y.
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Proof. Since the method is classical and was already performed in a more com-
plicated case, we only detail the difference with Proposition We define
similarly

Np = {¢o € Hy(2); 3(0,¢) = 0 in L*((0,T) x T}

where ¢(t) := APt gy,

Following Step 1, we obtain that if Ny # {0}, Ny only contains one eigen-
function. Assume ¢ € Np \ {0} is an eigenfunction of Ap. Then, 2Py =
e~ "Xy, Note that the Dirichlet boundary condition implies A # 0 and therefore
@ € Np implies 0, = 0 on I'.. By unique continuation for eigenfunctions, we

get ¢ = 0, a contradiction. O

Remark 3. This result would be false if we considered Neumann boundary
conditions. The real constants solutions ®(t) = ¢ with ¢ € R create a zero
observation. The system is therefore not controllable with a real control. Yet,
the space of not controllable data is only one dimensional.

Then, arguing by contradiction as in the proof of Proposition [15] we obtain
the following observability Proposition which directly implies Theorem [3| by the
HUM method (a variant with R linear vector space).

Proposition 19. Let 2 be an open subet of R2, T be an open subset of OQ and
0 <T < T < oco. If the Schridinger equation on € is weakly observable on
(0,T) x T then, there exists Cy > 0 such that

g0l 20y < CLlIS(u9)L2(0,m)x1) » Voo € Hy(2,C) (49)

where ¢(t) = 4P ¢y,

7 Nonlinear equation on a rectangle

The goal of this section is to prove Theorem Note that system may be
written

0 = A+ (=An + 1) el Pl + vy, (t,2) € (0,7) x Q,
alﬂ/}(tax) = 07 (tax) € (OaT) X 897
TZJ(OJ) = %(x) ) z €, (50)
(-A+1)w=0, (t,z) € (0,T) x Q,
Oyu(t,x) = g(t,x)1r, (z), (t,x) € (0,T) x 9.

In Section we prove a smoothing effect. In Section we prove the well
posedness of system in functional spaces appropriate for the controllability
problem. In Section [7.3] we prove the C'-regularity of the end point map. In
Section [7.4] we prove the controllability of the linearized system. In Section [7.5]
we prove Theorem [d by applying the inverse mapping theorem.

7.1 Smoothing effect on the source term
We introduce the operator A defined by

D(A) := H%(Q,C), A = —A¢ + j—Z(—AN +1)7HR(9)].
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On HZ(2,C), we use the norm

1/2
nm\ 2 2
lellg, =l-a+ Deley = | X |(#2+ (5F) +1) o)
p,neN
where (.,.) is the usual L?(Q)-scalar product and
Epn (1, 22) = (1) P (22) (51)

i .f g L .f g
(o) = 7= tp=0, b(2) 7z ifn=0,
\/%cos(pxl)ifpeN*, \/%cos (%) ifn#0.
The goal of this section is the proof of the following result.

Theorem 7. Let T >0, L > 0, = (0,7) x (0,L) and I'c be an open subset
of O such that T does mot contain any vertex of Q). For every vy € Hx(Q),
w1 € L2((0,T), H32()) and pa € L*((0,T), H3()) such that

(_A + 1)/~L1 = 07 ayﬂl € Lz((OvT) X aQ) ) Supp(au/il) - ch (52)

the solution of

(00 = A)wit,2) = (m +p2) (t,2), (1) € (0,T) x 2,
O(t,z) =0, (t,x) € (0,T) x 092,
Y(0,2) = vo(x), r e,

satisfies 1 € CO([0,T], H%(Q)). Moreover, there ezists a constant C > 0 (inde-
pendent of 1o, 1, u2) such that

%1l Lo o, 1,12, () < C(H%HH;V(Q) +10v 1|l 20,7y xT0) + ||M2||L1((0,T),H}V(Q))> .
(53)

Remark 4. By Proposition@ dvpalr, is well defined in L*((0,T), H’%’E(I‘j)),
for 5 = 1,....4. This gives a sense to the second assumption in i.e.
8,,/,61|Fj S L2(<O,T) X Fj) forj=1,..4.

To prove Theorem [7, we need the following preliminary result.

Proposition 20. Under the assumptions of the previous statement, the map
t .
H:t— / eTANS 1 (s)ds
0
belongs to C°([0,T], H%(Q)) and

[ H L (0,7),82 (2)) < CllOvpllL2(0,m)xr.) - (54)

for some constant C = C(T') > 0 independent of ;.
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Proof of Proposition The proof is quite close to the one of Theorem [5]on
the rectangle. We only perform Step 1, since the Step 2 of regularization is very
similar. Actually, following similar arguments as Step 2, we can first assume
vt 90 € C5°((0,T) x I'c) which gives by elliptic regularity p1 € C*°((0,7') x
Q). The inequality (54 . that we obtain for smooth functions will then allow us
to get the same result under the above regularity assumptions.

So, up to now, we assume that pq is regular enough.

By linearity, we may assume that ' C (a,b) x {0} with 0 < a < b < 7. We
have

t 2

(r?+(22)"+1) ‘({</~‘1(8)7fpm)eii<p2+(%)2)sd8

S = H®)l52
2

j(ul(s), (—A+ 1)£p’n>e—i(p2+(%)2)sd8
0

We can apply the Green formula because p; and &, ,, are smooth. This leads to

2

o) t (2 )2
S =3 fe_z(p +() )S [ Oupa (s, 2)Ep n(x)do(x)ds
p,n=0 |0 .
co oo | To o \2 2
<C EO ZO J Lou(s)e™™ Sfamzﬂl (5,21, 0) cos(pay )day e~ () *ds
p=0n=0'0
oo To

2
Lio,1)(s)e™ P Sf(‘?mul (s,71,0) cos(pxl)dm’ ds

CZI

thanks to the Bessel Parseval inequality in L?(0,7,) with Ty > T of the form
Qm—ﬂLz with m € N*. Thus, we have

™ 2
J Ozapta (s, 21,0) cos(p:z:l)d:m’ ds

S <Cy
=00 '0

pOg‘
>

p=0

T 2
f Oz, 141(8,21,0) cos(pxl)dxl‘ ds
0

<C

< C [ 18z, 11(5, -, )13 20, myds

o%ﬁogu

thanks to the orthogonality of the functions (cos(pz1))pen in L2(0, ).

Note that p1 can be computed explicitly in terms of d,pu1|r, thanks to the
rectangular form of the domain 2. This explicit expression shows the existence
of a constant C' = C'(2) > 0 such that

120,00, 11 () < CllOutnallL2 0.y xor) » V€ (0,T).
Therefore,

11O %2 @) < CDON0umllzz(0,xor.y Yt € (0,T).

This inequality proves that the map H takes values in H% () on [0,7] and that
H : [0,T] — H%(Q) is continuous at t = 0. The same proof shows that H is
continuous at any ¢ € (0,7]. O
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Proof of Theorem |7} By the Duhamel formula, we have

t
0lt) = BNy — i [ A0 (fis) 4 (o)) s, (55)
0
where 5
~ €
fia(t) := pa(t) — == (=An + 1) (R).
L
In particular, fio € L*((0,T), H%(£)) and
B2l 21 0,y 12 (@) < Nk2llLo,m), 12 ) + ||1/1||L ~((0,1),22()) - (96)

For every 7 € R, the operator e’~7 is an isometry of HZ%(Q) thus the first
2 terms in the right hand side of belong to C°([0, 7], H%(12)). The third
term also does, by Proposition [20 thus ¢ € C°([0,T], HZ(12)).

Step 1: Proof of when T is small enough so that

26T 1
L S (57)
We deduce from (55) that, for every t € (0,7)
t
IOl < Wollug o + [ 16 s + | [ e (o)
0 H ()

Using (56), Proposition 20| and we obtain
¥l oo (0,1, 52 (02)) < (||¢0HH2 @ tlle2llzr o). 52 @) + CllovllL20,m)xr. )) :

Step 2: Proof of when T is arbitrary. Let 0 =T, < Ty < ... <T,, =T be
a subdivision of [0, 7] such that w < 3 for k=1,..m — 1. Applying
Step 1 on each subinterval (Tj, Ty+1) we obtain (53). O

7.2 Wellposedness of the nonlinear Schrédinger-Poisson
system

The goal of this section is the proof of the following result.

Proposition 21. Let T > 0. There exists p,d > 0 such that, for every g €
H},(Q), g € L*((0,T) x 092) with ||1ho — Vrep(0)|| gz, < p and ||g]|L2(0,1)x00) <
8, there exists a unique solution v € C°([0,7], H%(Q)) of @ Moreover
0Ol L20) = [[YollL2(q) for every t € [0,T].

We search v in the form

ie

B

e

n\

Yt z,y) = 1+ z,y)]
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where ( is the solution of

(100 - )¢ =D(Q) +v(14+¢), (t2) € (0,T)xQ,
¢ (1, a:)_o, (t,2) € (0,T) x 09,
€(0,z) = Co(x), reqQ, (58)
(— A+1)U(t7$): ) (t,z) € (0,T) x Q,
Ov(t,z) = g(t,z)1p(x), (t,z) € (0,T) x 09,
and
Q) = (A + DRI+ ~—(—Ay + DL 140 (59)

7L 7L

Proposition [21]is a consequence of the following result.

Proposition 22. Let T > 0. There exists p,6 > 0 such that, for every {y €
H3(9), g € L*((0,T) x 0Q, R) with [Collzz < p and l9llz2((0,7)x00) < 6, there
exists a unique weak solution ¢ € C°([0,T], HZ(Q)) of @)

Proof of Proposition [22} Let 7" > 0.

Step 1: We prove the existence of Cp > 0 such that, for every ¢ € H%(Q) and
v e H?(Q) satisfying (—A + 1)v = 0 in Q, then (—A + v)(v¢) € L(Q) and

I(=A+2)(wOllzz@) < Collvll ;5 g I<]az @)

We have
(—A+ D¢l = —2Vv - V( —vAC.

e We have A¢ € L2(Q2) and v € L>®(Q), by the Sobolev embedding (L1)),
thus vAC € L(9).

e We have Vv € HY/2(Q) and V¢ € H'(2). >From the Sobolev embedding
(12), we deduce that Vv and V¢ belong to L*(Q). Thus Vo-V( € L2(9).

Step 2: Choice of R, 6, p. Let C > 0 be as in Proposition 20/and C’ > 0 be the
constant of the third statement of Proposition [7] Let Cy,C3,C5 > 0 be such
that

[2(Om2,(0) < Cl||§||H2 @ V¢ € HY(Q) such that [|¢]|52 @) <1,
€11 oo @y < CollCllar, ), V¢ € HY (),

[®(¢) — ‘I’(Z)”H}’V(Q) < Gsll¢ — ZHH}V(Q) maX{”C”H}V(Q); ||Z||H]2V(Q)} )
V¢, ¢ € H3 () such that (¢l a2 ), 1< 2 @) <1,

where ®(() is defined in (59). Let
— _R
R:= mm{l,w T’4C’13T} ) p=z3

R 1 } ’ (60)

5 := min { 4[0(1+02)+Coc/ﬁ]; 4(002+COC,T)

and (o € H%(Q) be such that [Coll 72 (@) < p-
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We consider the map

P BHC0T) )~ BRCe(0.T) Hy ()

%
¢ =
where £ := F(() is the solution of

(i&t - A>§ — o) +o(1+¢), (tzy) e (0,T)xQ,
8V£(t’ :Z:,y) = 07 (t’ :Z:’ y) e (O’T) X aQ?
f(oaxvy) :CO(‘Tvy)a (l',y) GQ'

The end of the proof consists in applying the Banach fixed point theorem to the
map F'.

Step 3: We prove that F takes values in Br[C°([0,T], H%)].
Let ¢ € Br[C°([0,T], H%)]. We introduce the solution ps of

{ (A + Dps(t,z1,22) = (A + D[wC](t, 21, 22), (t,21,22) € (0,T) X Q,
8yug(t,x1,x2) =0, (t,l‘1,$2) S (O,T) x OS2

and the functions
p =0+ v0 — s, p2 = ps + @(C).

By Step 1, (—A + 1)(v¢) € L?((0,T) x Q) and thus p3z € L*((0,T), H%(Q)).
Therefore py and po satisfy the assumptions of Theorem (7| and € := F({) €
C°([0,T], H2,(Q)). By Proposition 20| and

T
€ e o,m),m2) < Collaz + CllOwpallL2(0,m)xr.) + In (H/Lg(S)HHIzv + ||<I>[((s)]||H]2v) ds
< E+Clg(1+ Ollrzoryxr.) + VII(=A + D[]l r2¢0,7)x0) + TC1R?
< 3B 4+ CH(1+ Co) + VI CoC'6R
<R.

Step 4: We prove that F is a contraction. Let (,( € Br[C°([0,T), H%)]. By
Proposition [20| and ,

€ — gHL”((O,T),HIZ\,)

ClI0 (1 — ) lzzomyxrn + Jo (I3 = Fis) ()3, + 1@(C(5)) = @(C(s))ll g, ) s

Cllg(¢ = Ollz2(o,myxro) + VI (=A + D¢ = Olllz2((0.1)x2) + TCRIIC — zHLx((O,T),Hf\,)
(€8Cs + CoC'6 + TC3R)IC = Ll =0.1,3,)

O

INCINCIN N

3¢ = CllLeo.1),12) -

7.3 ('-regularity of the end-point map
The end point map is defined by

Or: [SNH%(Q,C)] x L*(0,7) x 0Q,R) — [SNH%(Q,C)]2 (61)
(Yo » 9) = (¥(0),%(T)),

where 1) is the solution of . The goal of this section is to state the following
result, which is a consequence of estimate .
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Proposition 23. Let T > 0 and p,d > 0 be as in Proposition[21l The end-point
map Ot defined by is C' on

{(v0,9) € HX x L2((0,T)x); [[ho—res (0|2, < p and |9 L2((0,1)x00) < 0}

and .
07 (e (0),0).(Lg, G) = (%, 6\/7:;‘1“@)>
where U is the solution of
(iat—A)\I/:V, (t,z) € (0,T) x Q,
0, V(t,z) =0, (t,z) € (0,T) x 092,
(0, z,y) = xpo( ), req, (62)
(—A+1)V = (t,z) € (0,T) x Q,
9, V(t,x) = G(t )1, (z), (t,z) € (0,T) x 900

7.4 Controllability of the linearized system

Ts := {cp € L*(Q,C); R (/Q go(amy)dxdy) = 0} :

The goal of this section is the proof of the following result.

Let

Proposition 24. Let T > 0. There exists a continuous map

L: (TSOHI%,(Q,(C)Y —  L*((0,T) x 89)
(o, Ty) — G

2
such that, for every (¥o,¥y) € (TS NHZ (9, (C)) the solution of (@) satisfies
U(T)="y.

7.4.1 Hilbert Uniqueness Method

The proof of Proposition [24] requires the following observability result, where B
is defined by

D(B):= H{(Q.C),  Boi=—A¢+ie(~Ax +1)73(6)].

Proposition 25. Let T > 0. There exists C > 0 such that, for every ¢ €
L?(Q), the solution of

z@t—B)gb—O (t,x) € (0,T) x ,
dyo(t,z) =0, (t,z) € (0,T) x 99, (63)
¢(T,Z):¢T($), ‘TGQa
satisfies
¢rllr2) < CIS(@)L2(0,1)xT.) - (64)
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Note that the solution of can be computed explicitly (as in the case
e = 0) because B preserves C¢, . The boundary condition in has to be
understood in the sense of the semi-group. The proof of Proposition relies
on 2 intermediate results:

e the weak observability of (63)), proved in Section below,

e a unique continuation property, proved in Section
Note that the trace S(¢)|aq is well defined in L?((0,T) x 99Q) (see Lemma
below).

Proof of Proposition [24] thanks to Proposition 25} We want to prove the
existence of a continuous right inverse for the continuous operator

F: L*(0,T)xT.,R) — Ts
G — (“A+1)¥(T)
where ¥ is the solution of with ¥g = 0. By [12, Theorems I1.10 and II.19],

it is equivalent to prove the existence of a constant C > 0 such that

lorll2) < CIIF*(or)llL2(0,r)xr.y >,  Vor € Ts.

Thus, to deduce Proposition from Proposition [25] it is sufficient to prove
that

F*(¢T) = _%((Zs)h"c ) vd)T S T87

where ¢ is associated to ¢7 by (63). The trace S(¢)|r, is defined as an extension,
thus, it is sufficient to prove that

F*(¢r) = =S(9)|r.,  Vor € Ts N CZ(Q). (65)

Let ¢r € Ts N CP(Q). Then ¢ € C([0,T], H3(Q)) for every s > 0, thus
¢:=(—A+1)p € C([0,T], H3(2)) for every s > 0 and

(iat+8)$:o, (t,z) € (0,T) x 0,
0,0(t,x) =0, (t,z) € (0,T) x 09,
¢(T,{L‘) = (_A + 1)¢T(x) , T€Q

)

because B and (—A + 1) commute. The functions ¥ and ¢ are solutions in the
sense of the semi-group, thus

ROT), AT = (T f, Vto)d m)dxdt)
= (S fQ t,2)(—A T D)ot )dmdt)
Therefore,
R(F(G),¢r) =R(-A+1)W(T),¢r)
= R(Y(T), (—A + M(T%% € H} ()
=g (fo Jo Vit 2) (A + 1)o(t, x)da:dt)

= —fo frc t, x)[o(t, z)|do(x)dt .

This proves . O
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Lemma 1. Let T > 0. There exists C = C(T) > 0 such that, for every
do € L*(Q), the solution ¢ € C°([0,T], L*(Q)) of @ satisfies

T
|| 16t 0P st < Cloala.
0 oQ
Proof of Lemma [1k

Step 1: Proof when € = 0. The following equality holds in C°([0, T], L?(£2))

o0
nx\2

bltrr,as) = S (b0, Epate PN T, 0y, ).

p,n=0

Using and the orthogonality of ((,)pen in L?(0,7), we get

2
e T m| oo > 2 nw )2
[ [16(t,21,0)2dardt = [ [|3 (E<¢o,fp,n>el[p HF) ]t> Co(x1)| dadt
00 0 0 |p=0 \n=0 )
=TS sy e YT g
0 p=0 [n=0

2

o T| oo o\ 2

=3 | (o Gpae V) at
p=00 |n=0

< Zo Clng Eo |<¢0a§p,n>|2 = OIIlgHQsOH%Q(Q) )
p= n=

- nw 2
where Crpg (T) > 01is the Ingham constant associated to the familly (e_l(T) t)
in L2(0,T) (see [19]).

neN

Step 2: Proof when € # 0. The following equality holds in L?().

¢
o(t) = e ANt 4 :—Z /0 e_mN(t—s)(—AN + 1)_1[3(<;5(s))}ds7 vt € [0,7T].

By step 1, the first term of the right hand side has a trace on 92 with an
L*((0,T) x 0)-norm bounded by +/Crnglléollz2(0). The second term of the
right hand side belongs to C°([0,T], H%(Q)) and its L>°((0,7T), H%(9))-norm
is bounded by

2¢ [T 2¢T

<L o ||¢(5)||L2(Q) = WT||¢O||L2(Q)-

Thus, this term as a trace on 9 with an L?((0,T) x 9Q)-norm that satisfies a
similar estimate. O

7.4.2 Weak observability
The goal of this section is the proof of the following result.

Proposition 26. Let T > 0. There exists C' = C'(T) > 0 such that, for every
o € L?(Q), the solution of (@) satisfies

o7l 20y < € (IS 20y xr0 + lérlln-2)) (66)
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Proof of Proposition First, we recall Tenenbaum and Tucsnak’s result:
for every T' > 0 and every nonempty open subset I' of (), there exists Cyp =
Co(T,T) > 0 such that, for every ¢ € L?(£2), the solution ¢ of

(iat+A)q§(t,m) =0, (tx)e(0,T)xQ,

vt ) =0, (t.x) € (0,T) x 092, (67)
¢(T7x):¢T(‘T)’ 37697
satisfies B
oLz < Coll@llL2(0,1)xT) - (68)

Step 1: We prove that, for every T' > 0, there exists C; = C1(T") > 0 such that
for every ¢r € L?(Q), the solution ¢ of satisfies

67l 220y < € (IS@) 20191 + I67ll-2(00 ) - (69)

Let T > 0 and p € C°(R,R™) be such that p = 1 on (7'/3,27/3) and Supp(p) C
(0,T). Let ¢ € L?(2). We have

S Jo, |0t 2) Pdo(z)dt  with Co = Co(T/3) by

lo7ll72i) < C8

<Ch fRfr |p o(t, ) [*do(z)dt
2

S3

cc

iy (10030 2)P +1p(0)6(t,2) ) do(2)de
£ foJo, (Io0S(@( )+ 2Rlp(1)26(t,2)2) ) do () .

In order to get , it suffices to prove the existence of C' > 0 such that

/ / Rip 2)’)do(w)dt < Cllér 310 -

The function p? belongs to C°(R,R), thus, for every N € N*, there exists
Cn > 0 such that

_ Cn
t2 ’Lwtdt gi .
/Rp()e ' AT’ Yw >0

We have
Iz fF o(t, z)2do(z) dt'

- | it (e (5, oot

7,JEN*
< ‘JX:N |¢T,j¢T7J|mC)\?)\? for some C, o > 0
J,JEN*

AS
CCn ( > |¢T,j|(1+,\Jj)N>
jEN®
2 2
2 A2 (1+);)
oo (3 ) (3 5%)
JEN™

JEN
C||¢TH%I,1(Q) for N large enough.

2

N

N

N
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Step 2: Conclusion. Working by contradiction, we assume the existence of a
sequence (¢%),en+ such that the associated solutions ¢™ of satisfy

L= 163l z20) > (IS l2o.myxry + 16#ln-2) - (70)

We introduce the solutions 5“ of 1} associated to final condition 5” (T) = ¢4
Then £" := ¢™ — ¢™ solves

(i&t + A)gn =2 (AN +1)71S(¢"), (o) € (0,T) x Q,
By€n(t,z) =0, (t,) € (0,T) x 89,
é—n(T7m>:0 x€Q7

>From 1) we deduce that ¢ — 0 in H%(Q). Moreover this sequence
n—oo
is bounded in L?(2), thus, by interpolation ¢ — 0 in H (). Therefore,
n—oo
(—An+1)713(¢™) — 0in L*°((0,T), HY(Q)) and £€* — 0in L>°((0,T), HY()).
n— 00 n—o0

—

As a consequence J(£")
T T, n—oo

— 0in L*>®((0,T) xT'z). Moreover, I(¢™)
n— o0

0in L*((0,T) x T) by , thus S(¢")|  —» 0in L2((0,7T) x I',). >From

F(: n—oo

Step 1, we get

L= 1l6¢ 2 < G (ISElliaomxrs + 167l n-1@) = 0,

n— o0

which is a contradiction. O

7.4.3 TUnique continuation

The goal of this section is to prove the following result.

Proposition 27. We assume that € satisfies (@ Let T > 0, I'. be an open
subset of 9Q and ¢r € Ts \ {0} and ¢ be the solution of (63). Then I(¢)|r,
does not identically vanish on (0,T) x T..

Proof of Proposition To simplify, we assume that I'. = (a, b) x {0} where
0 < a < b< 1. We introduce

Nrp :={¢o € Ts;(¢p) =0o0n (0,T) x I';}

where ¢(t) := S(t)¢o solves with initial condition at t = 0: ¢(0) = ¢p.
N7 is a R-vector subspace of L?(£2). Working by contradiction, we assume that

Nr # {0}.

Step 1: We prove that Np is stable by (—iB) and has finite dimension. Let
¢o € Nr. Since ¢o € L2(Q), then ¢, := Z9%=% is hounded in Hy?(Q2) when
[e = 0]. Moreover, for € < T//2, ¢ € Nr/p. Applying t0 e, we get

[6cllL2) S C(T/2) ¢ell 2y, Ve € (0,T/2).
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Thus ¢, is bounded in L?(Q) when [e — 0]. Therefore ¢g € HZ(£2). Indeed, by
Fatou lemma,

IPollZrz @) = ket Ak, on)]?

2
=> 1o, liminf. o ‘

—iXge_ 1

d)Oa(pk ‘
2

<liminfe 0> pe [© A e =Ly, o ‘
< liminfe o H¢e||L2(Q) < 00.
Let 77 € (0,T). The map

N Lz(Q) — LQ((O,T')XFC)
o %((b)r

c

is continuous (see Lemma [I)). Moreover, Jr(¢.) = 0 for every € € (0,7 — T")
and ¢.— — iBpo in L?(Q) when [e — 0] thus Jz+(—iB¢g) = 0. This holds for
every T" € (0,T), therefore —iB¢g € Nyr. We have proved that Ny is stable by
—iB8 and only contains smooth functions in D [B?], Vs € N*. Applying estimate

. ) to (—iB¢o), we get
I1Beoll L2y < C'l1Béoll 20

This shows that the unit ball of Nt is compact (for the L?(2)-topology), thus
N7 has finite dimension, by Riesz theorem.

Step 2: We prove that Ny contains a finite sum of functions ,,. The finite
dimensional R-vector space N is stable by the operator —i3, thus there exists
a, B € R such that

Ker[P(—iB)] N Ny # {0} where P(X) = X?+aX +§.
Let ¢g € Ker[P(—iB)] N Nr. Let ap pn,bprn € R be such that

<¢07 £p7n> =apn+ Z.bp,n , ¥p,neN.

Note that ago = 0 because ¢g € Ts. Explicit computations show that the
relation P(—iBB)¢o = 0 writes

o0

. . . 2e
Z <P[z/\p7n]ap7n + P |:’L <)\p,n + W)} bp,n) é-p,n =0

p,n=0
where A, ,, :=p? + ("—;)2 Thus

. . 2¢
P[—ZApm]apm =P |:—Z ()\p,n + 7T_L()\p,n—‘r1)):| bpm = O, Vp,n eN.
The polynomial P has at most 2 roots and the 2 quantities A\, ,, and A\, , +
ﬁ diverge when ||(n,p)|| — oo, thus only a finite number of coefficients
(¢0,&p.n) can be different from zero.
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Step 3: Conclusion. Let N € N be such that ¢y = Zﬁp:()(gbo,{p,n)&m.

Step 3.1:
Assumption (6] implies that /\p7n+ﬁ > 0 for every n,p € N. Explicit
computations show that ‘

N
S[e(t,21,0)] = Z (bp,n cos(wp,nt) = Vp,nlp,n sin(wpnt)))) Gp(x1)

p,n=0

where

2e
ni =1/ 2pm [ Apn + ———— ], Vp,neN,
o \/ ( +wL<Ap,n+1>> e

,y R Anﬁp
pn T 2 .
)\p,n T WL()‘piz"‘l)

The continuous function (¢, ) — S[¢(t, 1, 0)] vanishes on (0,7') x (a, b) because
¢o € Nrp. In particular, for every ¢t € [0,T], the function xz; — S[é(t, z1,0)]
vanishes on (a,b). But the functions (x1 — cos(pz1))ogp<n are linearly inde-
pendent on (a,b), thus

N
Z (bp,n cO8(wWp.nt) = Vpnlpnsin(wp,t)) =0,Vt € (0,7),1<p< N.
n=0
We notice that assumption (6)) on e imply
wfm + wi,m, Vp,n,m € N such that n # m and (p,n), (p,m) # (0,0)

where

9 9 nm\ 2 9 nm\ 2 2¢
= _|_(7) +(7) + , Vp,n,m e N.
“pin <p L ) (p L mL (p? + 57 +1) o

Under assumption (EI), the map f(s) :=s (s + ﬁ) is strictly increasing on

[m, 00) and thus the above property holds.

So, the frequencies {wp ;0 < n < N} are all different for every p € N. Thus,
the previous relations imply that b, , = ap, = 0 for every 0 < p,n < N, i.e.
¢o = 0, which is a contradiction. O
7.4.4 Observability
Proposition 25 results from Propositions [26] and by working as in the proof
of Proposition
7.5 Controllability of the nonlinear PDE

The proof of Theoorem [ consists in applying the inverse mapping theorem to
the end-point map O defined in (61)), as in Section
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