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Bilinear control of high frequencies for a 1D
Schrédinger equation

K. BEAUCHARD * C. LAURENT | ¥

Abstract

In this article, we consider a 1D linear Schrédinger equation with po-
tential V' and bilinear control. Under appropriate assumptions on V', we
prove the exact controllability of high frequencies, in H?, locally around
any H3-trajectory of the free system. In particular, any initial state in
H? can be steered to a regular state, for instance a finite sum of eigen-
functions of (—A + V). This fact, coupled with a previous result due to
Nersesyan, proves the global exact controllability of the system in H?
with smooth controls, under appropriate assumptions.

1 Introduction

1.1 Main result

In this article, we consider the 1D Schrédinger equation

it 0) = (= 2+ V(@) ~up@))vta), (L)€ 0,7)x (0,1),
¥(t,0) =9(t,1) =0, te(0,7),
w(ON’E) =¢0($)7 z € (0,1),

(1)
where V, € L>((0,1),R) and » : (0,7) — R. It is a bilinear control system in
which the state is 1) and the control is w.

To state our results, we first need to introduce few notations and recall well
posedness results. We denote by (.,.) the L?((0, 1), C)-scalar product,

(.9 = R ( / 1 f(x)g(w)dx) ,

D(Ay) := H>N H}((0,1),0C), Ay = -2+ V,

by Ay the operator

*IRMAR and ENS Rennes, Avenue Robert Schumann, 35170 BRUZ, France, email:
Karine.Beauchard@ens-rennes.fr

TLaboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, Boite courrier 38,
75252 Paris Cedex 05, France, email : laurent@ann.jussieu.fr

fThe authors were partially supported by the “Agence Nationale de la Recherche” (ANR),
Projet Blanc EMAQS number ANR-2011-BS01-017-01.



(which is assumed to be positive: replacing V(z) by V(z) + C which only
affects the global phase of ¢) by (Mg v )kren+ the nondecreasing sequence of its
eigenvalues, by (¢k,v)ken+ associated eigenfunctions,

—ppv(@) +V(@)prv(2) = M verv(z), x€(0,1),
o v(0) = @rv(1) =0, (2)
ek vl =1,

by Pk v, for K € N*, the projection

]P)KJ/: L2((0,1),(C> — Spanc(goky;k)K),
K-1

3 = = & e v)ery

k=1

by H(SV)(O, 1), for s > 0, the Sobolev spaces

00 1/2
Hjy(0,1) := D(4}/%). |mmwz<zpmmwmmﬁ G)
k=1

which satisfy, in particular,
HPy)(0,1) = H{y)(0,1) = {§ € H*((0,1),C); ¢ =¢" =0 at 2 =0,1},

and by S the unitary L?((0,1),C)-sphere. The following well-posedness result
is a consequence of [3, Lemma 1] and the usual fixed point strategy (see [3]
Proposition 3] for a the proof with V' = 0).

Proposition 1. Let T > 0, V,u € H3((0,1),R), ¢ € H(?’O)((OJ),(C) and
u € L2((0,T),R). There exists a unique solution ¢ € CO([O,T],HEO)(O,l)) of

. Moreover |[¢(t)[|2(0,1) = l[%ollz2 for every t € [0,T].

The goal of this article is the proof of the following result.

Theorem 1. Let T > 0, 9y € H?O)((O, 1),C) NS, Yres(t) = e Vi, and
V,u € H3((0,1),R) be such that

Ay has a simple spectrum , (4)
1 (L) v (1) + 1/(0), 1, (0) # 0 and 5)
(1)@ (1) = 1’ (0)py 1 (0) # 0, for every k € N*.

1. There exists K € N*, § > 0 and a C'-map
r:V— L*(0,T),R)
where

V= {Uy € Py [Hiy (0, D)]; [y — Prcy[res (T3, < 8

such that

o T'(Px,v[thres(T)]) =0,



o for every vy €V the solution of with control uw = T'[1)f] satisfies
Prv[¥(T)] = ¢y

2. As a consequence, there exists K' > K and u € L*((0,T),R) such that
the solution of satisfies Prr v [(T)] = 0; in particular, Y(T,.) €

This result allows to prove the global exact controllability of (1)) in H ?V) ((0,1),0C),

instead of HZ‘V) ((0,1),C) in [13] (or H(?’J) ((0,1),C) as can be proved by following

the original proof [15]).
Corollary 1. Let V,u € H*((0,1),R) that satisfy (@) and

c
3C > 0 such that |{pp1 v, e v)| = = ke N*, (6)

Mo v — ALy # Apv — A v, VE, D, q¢ € N* such that {1,k} # {p,q¢}. (7)

For every vg , 95 € H(?’V)((O, 1),C)NS, there exists T > 0 and u € L?((0,T),R)
such that the solution of (1)) satisfies Y(T') = ;.

1.2 Bibliographical comments

The Schrédinger equation with bilinear control has been widely studied in the
litterature. The multi-d model writes

{ (Zat + A - V)ﬂ)(t,l’) - u(t)ﬂ“(x)w(tvx) ’ (tvx) € (OvT) X Qa (8)
G(t,x) =0, (t,z) € (0,T) x 99,

where € is a bounded open subset of RY, N € N*, V,u : Q — R are given
functions, the state 1 lives in the L?(§, C)-sphere, denoted S and the control
is the real valued function w : (0,7) — R.

A negative result A negative control result was proved by Turinici in [18],
as a consequence of a general result by Ball, Marsden and Slemrod in [I]. It
states that, for V' = 0, for a given function p € C%(Q,R), for a given initial
condition ¢y € (H2N H})(9,C) NS, and by using controls u € L], ((0,00), R)
with 7 > 1, one may only reach a subset of (H2N H{)(©2)NS that has an empty
interior in (H%N H})(Q2, C)NS. Recently, Boussaid, Caponigro and Chambrion
extended this negative result to the case of controls in L], .((0,00),R), see [T].
However, this negative result is actually due to a bad choice of functional setting,

as emphasized in the next paragraph.

Local exact results in 1-d Beauchard proved in [2] the exact controlla-
bility of equation , locally around the ground state in H7, with controls
u € HY((0,T),R) in large time T, in the case N = 1, Q = (=1/2,1/2), p(z) = =
and V = 0. The proof of [2] relies on Coron’s return method and Nash-Moser
theorem.

Reference [3] improves this result and establishes the exact controllability
of equation , locally around the ground state in H?, with controls u €
L?((0,7T),R), in arbitrary time 7' > 0, and with generic functions y when N = 1,
Q2 =(0,1), V =0. This result can be extended to an arbitrary potential V, as



explained in [13]. The proof relies on a smoothing effect, that allows to conclude
with the inverse mapping theorem (instead of Nash-Moser’s one).

Then, Morancey and Nersesyan developped this stategy to control a Schrodinger
equation with a polarizability term [12] and a finite number of Schrédinger equa-
tions with one control [111 [13].

Global approximate results in N-d Three strategies have been developed
to study approximate controllability for equation

The first strategy is a variationnal argument introduced by Nesesyan in [14].
It proves, under appropriate assumptions on (V, i), that any initial condition in
H(?’OJg(Q,(C) NS can be steered to the ground state, approximately in H?3, with
smooth controls u € C°((0,7),R), in large time T, in arbitrary dimension N.

Note that, in 1D, this result can be coupled with the previous local exact
controllability results. Then, under appropriate assumptions on (V, u), we get
that any initial condition in HEO’OJg((O, 1),€C) N'S can be steered to the ground
state, exactly, in large time T > 0, with controls u € L*((0,T),R). See [15] for
one equation , [12] for a Schrédinger equation with a polarizability term, [13]
for a finite number of Schrédinger equations with the same control.

A second strategy consists in deducing approximate controllability in regular
spaces (containing H?3) from exact controllability results in infinite time by
Nersesyan and Nersisyan [9]

A third strategy, due to Chambrion, Mason, Sigalotti, and Boscain [§], relies
on geometric techniques for the controllability of the Galerkin approximations.
It proves (under appropriate assumptions on V and u) the approximate con-
trollability of in L2, with piece-wise constant controls. The hypotheses of
this result were refined by Boscain, Caponigro, Chambrion, and Sigalotti in [4].
The approximate controllability is proved in higher Sobolev norms in [7] for one
equation, and in [6] for a finite number of equations with one control. For more
details and more references about the geometric techniques, we refer the reader
to the recent survey [5].

1.3 Structure of this article

In Section[2] we give the main steps of the proof of Theorem|[I] Two intermediary
results are stated and used in this proof, but proved later, in Sections [3] and [
Finally, in Section [5] we prove Corollary

2 Proof of the main result

In this section V, i, T, 9o, ¢res are fixed and satisfy the assumptions of Theorem
[ The first statement of this theorem comes by applying the inverse mapping
theorem to the map

@K : LQ((07T),R) — PK:‘/[HE}O)(O’ 1)]

u = Pry[y(T)]

where 1 solves (1. Adapting the proof of [3, Proposition 3] to the case V # 0,
we see that O is a C''-map and

dOk(0): L2((0,T),R) — Pg

v = PK



where U solves the linearized system

10,0 (t, ) = ( - 02+ V(a:))\ll(t,x) — () () Yref(t, ), (t,xz) € (0,T) x (0,1),

W(t,0) = Ut 1), te(0,T),
(0,2) =0, ze(0,1)

Thus, to prove Theoreml, it suffices to prove that, for K large enough, d©  (0)
has a continuous right-inverse between the following spaces

dOk(0)~" : Pr v [H{p (0,1)] = L*((0,T),R).

To this aim, we introduce the decomposition p(z)Yrer(t,z) = (1 + p2)(t, x)
where 115 € C°([0, T], H{, (0, 1)) solves

{ (—33 + V)2,U2 = (—85 + V)Q[}M/}reﬂ , (t,z) € (0,T) x (0,1), (10)
pa(t,o) = 2us(t,o) =0, (t,0) € (0,T) x {0,1},
and
p(t,z) == M(l')wref(tﬂ x) — p2(t, ), VY(t,x) € (0,T)x(0,1), (11)
(02 +V ) =0, (t.2) € (0.7) x (0.1).
ﬂl(tva) = 0’ (tva) € (07T) X {Oa 1}a (12)
a%ﬂl(t7o) = 2N/(U)81¢T6f(t70) (t,o) € (07T) X {0, 1} :

This decomposition is inspired by [17]. Then,

A0 (0).0 = (EK + ]CK)(U)

where Lk : Lz((O,T),R) — PK,V[H(?)())(Oa 1)]
v o= Pry[U(T)]

Kk : L2((0,T),R — PK’V[H(SO)(Q 1)}
v o= Pry[U(T)]

and, for j =1,2,

000t ) = (= 92+ V(@) W5t 0) — v0pi(t2),  (La) € (0,7) x (0,1),

U, (t,0) =W,(t,1), te (0,7),

U,(0,z) =0, xz € (0,1).
(13)

By [3, Lemma 1], for every v € L*((0,7),R), ¥; € C’O([O,T],H(?’O (0,1)) and

thus Lk, Kk are continuous operators. The following 2 results Wﬂi be proved

in Sections [3] and [l

Proposition 2. There exists K. € N*, C > 0 and a decreasing sequence
(Hi)k>xk. of closed vector subspaces of L?((0,T),R) satisfying

such that for every K > K., the operator Lx : Hx — PK[H?O)(O, 1)] is an
isomorphism and
||£]_(1HPK)‘/[H?O)]_)L2 <C. (15)



Proposition 3. For every K € N*, the operator Kx : L*((0,T),R) — Py [H}
18 compact.

To end the proof of Theorem [1]1, it suffices to prove the existence of K > K,
such that dO (0) = (Lx +Kk) is an isomorphism from Hk to ]P’K,V[H(?’O) (0,1)].
Working by contradiction, we assume that, for every K > K., (Lx + Kk) :
Hr — Pk [H(?’O) (0,1)] is not an isomorphism. By Fredholm aternative, there

exists a sequence (Vg )ik, such that
UKEHKa ||UK||L2:1> (‘CK+ICK)(UK):Oa VK>K*
Then, by
vg — 0 in L*((0,T),R) (16)
and

1 lvlirzo.r) = |1£5" © L (vi)|lr2(0.1) because vy € H
CllLx (v) 3, 0,0) by (15)
el (vl 3, (0.

Clik ()3, 0.1) =2 O

NN N

because K is compact. This is a contradiction.

To prove the second statement of Theorem [1, one considers K’ > K such
that ||PK/,V(1/)ref(T))HH(30) < ¢ and applies statement 1 to ¢y = (Px,y —

]P)K/-,V)[wref (T)}
3 Ingham inequality

The goal of this section is to prove Proposition [2, by reducing the problem to
an Ingham inequality. First, we recall useful estimates (see [16, Theorem 4]).

1 oo
ey = (km)? -|-/ V(z)dx 4+ r;  where Zrﬁ < 00, (17)
0 k=1
3C = C(V)) > 0 such that ||¢}. y, — @} ollL=,1) <C, VkeN*. (18)

By the Duhamel formula, we have
U;(T) = ZZ/ v(t) (i (t), v )e v Tt gy (19)
k=170

For every t € (0,T), the function x — pq(t,x) solves a ordinary differential
equation of order 4 with continuous coefficients, because V€ H3((0,1),R) (see
(12)), thus s (t,.) € C*([0,1],C) and the following integrations by parts are
legitimate

(o) = 5 J ()~ 024 V@) o ()i
= 5 (W (D0uthrer (8. ) (1) = #(0)atbre (1. 0) 0))

(0) (Oa 1)]



Thus, for a given target Uy € ]PK[H(%)(O, 1)] and a fonction v € L?((0,7),R),
the equality Lx (v) = ¥y is equivalent to the moment problem

T A2 )
/ v(t) v (Dt = 25T g gy )e™v T Yk > K (20)
0

- 2km

where

eiAk,Vt

Fi (©) = (1 (D0t (8 e ()= (0)0thre (1, 0)ph  (0)) = W €N
Note that the right hand side of belongs to {2 thanks to and . Let

HS = Adhye((om).0) (Vect{fk; k| > K) and Hy := HS N L2((0,7),R) (21)

where fi(t) := f_x(t),Vk < —1. Clearly, is satisfied. The following Ingham
inequality - that will be proved later on - proves that, for K large enough,
(fi) k=K is a Riesz basis of HY.

Proposition 4. There exists K, € N* and C1,Co > 0 such that
5 1/2
T
eIl < / S bfu®)| dt|  <Calblie, VbeP(Zi,C), (22)
O IkIzK.
where Zg, = {k € Z; |k| > K. }.
This proposition has 3 consequences: for every K > K,

e for every (di)jk>x € 12(Zk,C), there exists a unique function v € H%
such that

/ O f 0t = de, VK > K, (23)
0

e in particular, if d_j = dj, for every k then v is real valued (consequence of
uniqueness); this proves that L : Hx — IF’K’V[H(?’O)(O, 1)] is bijective,

e moreover, this candidate is the unique solution in L?((0,7),R) of the
moment problem with minimal L?(0,7)-norm; this proves that the

sequence (”E;(IHPK,V[H?U)]‘YHK o is decreasing and thus holds.

which ends the proof of Proposition

Proof of Proposition [4}
Step 1: We prove that the 2 functions g+ : (0,T) — C defined by

g+ (t) = p/ (1)Optbres (t,1) £ 1/ (0)0athre (¢, 0)
do not vanish on (0,T). It is a consequence of , and the explicit expression

o0

92(t) = 3 (W (el (1) % 4 (0)h (0) )
k=1



Step 2: We prove the existence of Ko,C?,CS > 0 such that

9 1/2

T
COlbll < / S )| dt | <COlble, Wb B(Zi,C), (24)
0
|k| =Ko

where
hi(t) = ((—1)ku/(1)3z1/1mf(t, 1) - M’(O)ammf(t,()))e“wf, vk € N*,
Thanks to (4]) and , for every 0 < 71 < 73 < 00, there exists C; = Cj(71,72) >

0 such that
1/2

2
T2 .
Clblle < / D bVt ar | <Gl Vb e P(Z—{0},C),
T lkI21
(25)
where Ag v := =gy, Vk < —1 (see [10]).
Let (bk)“d)K be a sequence of complex numbers with finite support. We
have

2 2
> brhg =llg+(t) X bgetnvt
|k|>K L2(07T) ‘kIOdd>K LQ(O,T)
_ 2 (26)
+llg-(t) X bjetravt
|7leven>K L2(0,T)

—2R(Tk)
where
2SN SED SRRt AFROTRUELSS S
|klodd>K |jleven> K 0

For any z € [0, 1], the map ¢ — 9,t,.¢(t, ) belongs to H'(0,T); indeed,

N Ouhres(t, ) = —i Z Aev (Yo, o v)e” Vil 4 (x)
k=1

thus, by and

T 0o
| 1000tres0.3) Pt < €402 3 ey (i -+ O o < el -
k=1

Therefore, the maps g+ belong to H*((0,7T),C), which is an algebra, thus there
exists C' > 0 such that (integration by part)

T ) C
| orttg-erae < vl > 1.
0 |l
Then, by Cauchy-Schwarz inequality,
1/2 1/2
ITel<C | > Il > bl VeK
|klodd>K |jleven> K



where )
= Z Z (Ae,v —Ajv)?

|klodd>K |jleven> K

is finite and converges to zero when K — oo. Indeed, by , there exists
C,K' > 0 such that |[A\,v — A\jv| = C|k? — 42| for every odd integer k > K’
and even integer 7 > K’. Moreover, using the decomposition

11 11 11 1
(k2 —j2)2  4k2 \(j— k)2 (j+k)? 43 \j—k j+k
we get

> Y mpp<l Y p<F
(k2—j2)2 = k2 K

kodd>K jeven>K kodd>K

By Step 1, there exists 0 < 77 < 7% < T and m > 0 such that [g(t)| = m
for every t € (ti5,75). We deduce from and that

2
3 bl > (A=Cyex) > bl

k|>K L2(0.7) |k|> K

where A := m?min{C;(r{", 75 )% C;(r; ,75 )?}. This gives the lower bound of
(24) with Ky large enough so that C? := /A — C/éx, > 0. Let M > 0 be such
that g4 (t) < M for every ¢t € (0,7). We deduce from and that the

upper bound of (24) holds with C3 = JMCY0,T) + ey,
Step 8: Conclusion. By , there exists C' > 0 such that

> b(fi — ha) <CZ%<C > (bl Z%

‘M?K L2(0,T) |k|>K ‘M?K ‘M)K

We deduce from that, for every K > K,

1/2

2
0 2 ’ 9 2
) — = ||le2 < ; Z by fr| dt < | G5+ K_1 ||le2

[k|> Ky

which gives the conclusion with any K, > Kj large enough so that C; :=
Y — 5 >0.

4 Compactness property

The goal of this section is to prove Proposition (3| Let K € N* and (v, )nen be
a sequence in L?((0,T),R) that weakly converges to 0, and is bounded by 1.
Then,

2

”ICK(Un)H?q(BO) = Z (/ﬂr)?’/o vn(t)</$2(t),(pk’v>€i)\k"/tdt

k>K




Each term of this sum converges to zero when [n — oo]. Moreover, using
the explicit expression ¢y o() = v/2sin(knz), integrations by part (note that

pe € C°([0, T, H(So) (0,1))), Cauchy-Schwarz inequality and , we get

|k Lwlomo%vaww

< O Jy vat){a(t), oro)e™ thf‘ +C‘k3 Jo vn () {pa(t), ory — pr.o)evidt
< Clfyw ()( p2(t), V2 cos(kmz))e M’“tht’ + € Jo lon@lluz ()]l s, dt

1/2 1/2
< (7 1eate) Vacostimon ar) " € (1T a0l )

This right-hand side belongs to [?(Zx) and does not depend on n, thus, by the
dominated convergence theorem g (vy,) — 0 in H(30) (0,1).

5 Global exact controllability in H, (0, 1)
The following result is proved in [13, Theorem 5.1], by following the proof de-
velopped in the original article [15].

Proposition 5. Let V,u € H*((0,1),R) that satisfy (@ and (@ Then for
every v, Yy € HE‘V)((O, 1),C) NS, there exists T > 0 and u € L*((0,T),R)
such that the solution of satisfies Y(T') = 1y.

Proof of Corollary |1 Starting from an initial condition 1y € H ) we first
use a control u € L?((0,71),R) to reach a function ¢(T7) € H( (0, ) thanks
to the second statement of Theorem Then, by the previous proposition,
there exists a control u € L?((Ty,T»),R) that steers the solution from 1 (7}) to
Y(Tz) = p1,v.

Given a target ¢y € H(?’O), thanks to the previous result and the time-
reversibility of the Schrodinger equation (i.e. (v, u) is a trajectory = (Y(T —
t),u(T — t)) is a trajectory) there exists u € L?((Ty,T3),R) that steers the
solution from ¥(T%) = 1,y to Y(T3) = ¢y. O
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