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Homogenization of a discrete model for a bifurcation and
application to traffic flow

N. Forcadel! W. Salazar!
September 5, 2018

Abstract

The goal of this paper is to derive rigorously a macroscopic traffic flow model, for a simple
bifurcation, from a microscopic model. At the microscopic scale, we consider a first order
model of the form "follow the leader" i.e. the velocity of each vehicle depends on the distance
to the vehicle in front of it. We consider the case of a very simple bifurcation in which one
road separates into two and one vehicle over two goes to the right and the other goes to the
left. At the bifurcation, we then have to add a phase of transition because the vehicle in
front will change. Moreover, we assume that the velocity on each roads can be different. At
the macroscopic scale, we obtain an explicit Hamilton-Jacobi equation on each road and a
junction condition (in the sense of [22]) located at the bifurcation. From this case of a simple
bifurcation, we then extend to more general scenarios. For instance, the case of a different
distribution of the vehicles at the bifurcation or even to consider more than two outgoing
roads. For these extensions we only present the results and explain how to adapt the proofs
from the case of a simple bifurcation.

AMS Classification: 35D40, 90B20, 35B27, 35F20, 45K05.

Keywords: specified homogenization, Hamilton-Jacobi equations, integro-differential operators,
Slepcev formulation, viscosity solutions, traffic flow, microscopic models, macroscopic models.

1 Introduction

Traffic flow can be characterized at different scales. The first one is the microscopic scale in which
we describe the dynamics of each vehicles individually. Another one is the macroscopic scale that
describes the collective dynamics of the vehicles with macroscopic quantities such as the density of
vehicles and the average speed. The link between microscopic and macroscopic models has been
extensively studied specially in the case of a single road. However, there are not many results
concerning the homogenization of microscopic traffic flow models in networks.

In the case of a single road, we refer to [5, 13, 20, 28] where the authors rescaled the empirical
measure in order to obtain a Lighthill-Whitham-Richards (LWR) model (see [30, 33]) at the
macroscopic scale. Other works have been done by rescaling the primitive of the empirical measure
in order to obtain a Hamilton-Jacobi equation (which is the primitive of a LWR model) at the
macroscopic scale. Among those works we refer the readers to the papers [14, 15, 16, 17], the last
one being directly applied to traffic flow.

Moreover, the recent works [1, 19], and the ideas in the lectures of Lions at the "College de
France" [31], concerning specified homogenization enabled us to consider a traffic flow model with
a local perturbation and to deduce a macroscopic model with a junction condition (see [18]). We
would also like to refer to the paper of Colombo and Goatin [4], where the authors present an
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homogenization result from a LWR model with a discontinuous flow in space to a LWR model
with a flow limiting condition at a single point.

Concerning homogenization results on networks, we would like to mention the recent work of
Cristiani and Sahu [10] where the authors present a first order microscopic model on a network
and show the link to a multi-path model (see [7, 8]). In fact they consider for each possible path
a different population of vehicles. Their homogenization result is set in a very general network,
however, they assume the convergence of the empirical measure (of each population) and they
prove that the limit satisfies a multi-path model.

The present work focuses on obtaining a macroscopic model from a microscopic model for
traffic flow in the case of a simple bifurcation. The schematic representation of the microscopic
model is given in Figure 1.

R,

U = Vi(Uis2 — Uy)

. ! Transition zone .
Ui =VW(Uis1 = Ui)

Ry !

Ui = Va(Uio — Uy)

Ry
Figure 1: Simplified schematic representation of the microscopic model.

More precisely, we consider one incoming road Ry which separates into two outgoing roads R;
and Ry. We denote by U;(t) the position of the i th vehicle, and we assume that the vehicles with
an odd index go to R; while the ones with an even index go to Ro. Finally, we assume that on
each road R; the velocity of each vehicle is given by a function V;. In order to obtain our result we
will rescale the microscopic model which describes the dynamics of each vehicle, in order to get
a macroscopic model that describes the dynamics of the density of vehicles. At the macroscopic
scale we will obtain an Hamilton-Jacobi equation on each branch and a junction condition at the
origin (see Figure 2, where u? is related to the density of vehicles and the effective Hamiltonians
H; are defined in the next section). At the intersection, the junction condition can be seen as a
flux limiting condition (see [22]).

_ R
ud + Hy(ud) =
Ry 0
ud + Ho(ul) = 0 ug + Ho(ug) =0

Juriction condition

R,

Figure 2: Schematic representation of the macroscopic (homogenized) model.

Finally, we give some extensions from the case of a simple bifurcation. We present the results
in the case of more than two outgoing roads, and in the case we have a more general (but still
periodic) distribution of the vehicles on each road. For the extensions, we do not give the details
of the proofs, we only give some tips on how to adapt the proofs already presented in this paper.

In this paper we will use the recent developments on Hamilton-Jacobi equations on networks,
particularly the paper of Imbert and Monneau [22] which gives a suitable definition of viscosity
solutions at the junction (see also the work of Lions and Souganidis [32]).



1.1 General first order microscopic model for a junction

In this paper we are interested in a first order microscopic model for a simple bifurcation located
at the origin, where we consider that the vehicles with odd indexes go to the left and vehicles with
even indexes go to the right. We denote by U; the position of the i th vehicle and U; its velocity.
For i = 0,1,2 we call V; an optimal velocity function. Before the bifurcation (i.e for U;(t) << 0)
we assume that the velocity of each vehicle is given by

Ui(t) = Vo (Ui (t) = Ui(1))
while after the bifurcation (i.e for U;(t) >> 0) we assume that

Ui(t) = { Va (Unalt) — Dh(1)) it 7 is even.

In order to pass from the velocity Vg to Vj, i = 1 or 2, we introduce a transition function ¢ and
we consider the following system for all ¢ > 0:

Oi(t) = O(Ui(t), Vo (Uis1(t) — Ui (t)) , Vi (Uiga(t) — Ui(t)) ) if i is odd o
Z (Ui(t), Vo (Uia(t) = Ui(t)) , Va (Uin2(t) = Ui(t)) ) if 4 is even. '

The function ¢ allows a transition near the junction, and is defined by

a if £ < —hg — hmasz — 1,
(ho + hmaz — |z|)(min(a, b) — a) + min(a,b) if —1 <z + ho + hmaz <0,
— min(a, b if —ho — hpmae < < —hg,
¢(x,a,b) = || (a,0) 2| 0 0 (1.2)
—min(a,b)+ (1 —"—]b if —hg<x<0,
ho ho
if x>0,

with hipae > ho > 0. Figure 3 represents model (1.1).

Ry
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| U =Va(Uia = 1))
! . N » . 3
; X "\ Transition zones
Ui =Vo(Uis1 — Ul)\\\ Ry

Ui = o(Us, Vo(Uis1 — Us), Via(Uiso — Up))
Figure 3: Schematic representation of the microscopic model.

In model (1.1), the vehicles with an odd index go to the road R; and the others go to the road
Ry. Since we work with a first order model, on Ry the velocity of each vehicle depends on the
distance U;11 — U;, but on R; and R it depends on U2 — U;.

We will call the transition zone, the interval [—hg — hypnaz — 1, 0], where the vehicles will change
from one model to the other. Concerning the optimal velocity functions V;, for i = 0,1,2, and ¢,
we do the following assumptions.



Assumption (A)
e (Al) V; : R — R is Lipschitz continuous, non-negative.

e (A2) V; is non-decreasing on R.

A4) There exists hpaz € (ho, +00) such that for all b > hpas, Vi(h) = Vi(hmaz) = Viine-

(A1)
(A2)
(A3) There exists ho € (0, 4+00) such that for all h < hg, Vi(h) = 0.
(Ad)
(A5)

Ab5) There exists a unique pg (resp. p1 and ps) such that the function p — pVy(—1/p) (resp.
p — pV;(—2/p), for j=1,2) is decreasing in [—1/hg, po] (resp.[—2/ho,p;]) and increasing in

[PO;O] (resp. [pzao])

(A6) The function ¢ : R* — R is Lipschitz continuous with respect to each variable. For all

(7,a,b) € R, the functions ¢(z,-,b) and ¢(x,a,-) are non-decreasing. We denote by Ha/Hoo,
the smallest constant such that for all (z,a,b), (2/,a’,b') € R3, we have

[6(,a,b) = $(a’, 0, b)] < 1|8 ]|oo (|2 = 2| +[a — /| + b= V"))

Remark 1.1 (An extra perturbation). In order to make the microscopic model more realistic, it
is possible to modify it and add a local perturbation around the junction point (by multiplying the
velocity with a certain function like in [18]), that would decrease the speed of the vehicles near the
origin. However, in the rest of the paper the function ¢ is already treated like a local perturbation;
adding an extra one would just complicate the notations without adding a mathematical interest
(see [18] for how to treat a local perturbation in a microscopic model).

Remark 1.2 (The transition zone). The optimal velocity functions V; describe the dynamics of the
vehicles on each branch. The role of the transition zone is to do a continuous transition from one
dynamic to the next one. Notice that given the form of the transition (1.2), if initially the vehicles
have enough space between them, there will always be at least a distance hy between two vehicles.
Meaning that in model (1.1) there is always a safety distance hg that avoids any collisions.

2 Main results

Like in [15, 18], we inject the system of ODE into a system of PDE. To do this, we separate the
vehicles into two groups, those going into R; and those going into Rs.

2.1 Injecting the system of ODEs into a system of PDEs

We introduce two functions, the first one is the rescaled "cumulative distribution function" of
vehicles with an odd index

p5(t,z) = —2¢ - > H@-cUi(t/e)+ > (-1+H(z--eUi(t/e))) (2.1)

i[2]=1, i>0 i[2]=1, i<0

and the second one is the rescaled "cumulative distribution function" of vehicles with an even index

p5(t, o) = —2¢ - Z H(x —eUi(t/e)) + Z (=14 H(x —eU;(t/e)) | —e, (2.2)

i[2]=0, i>0 i[2]=0, i<0
with
1 ifa >0,
H(x){ 0 ifz<0. (2:3)



Here and in the rest of this paper, i[2] denotes the rest of the euclidean division of ¢ by 2 (either
0 or 1). Under assumption (A), the function (p5, p5) is a (discontinuous viscosity) solution (see
Theorem 7.1) of the following non-local equation, for (¢,z) € (0, +00) x R,

wi+o (235 (L[ E9 ) @nr [0 @) ust =0

€ €
2.4)
. x (& |u(t,- o | €°(8, .
& +o <€7N0 <€a [ (6 )}) (z), M5 [ (s )] (95)) &2l =0,
where N§ and M7 for ¢ = 1,2, are non-local operators defined by
— — 3
NE (U, [E) (2) = / Jo(Z)F(E(w + £2) = U(w))dz = 5 Vi, (2.5)
R
and
ME[U]() = / Ti()B(U (@ + £2) — Ula))dz — gvmm, (2.6)
R
with J; = V/ for i = 0,1,2 and
0 if z>1, 0 if z>0,
F(z)={ 1/2 if —1<z<1, and B(z)={ 1/2 if —2<z<0, (2.7)
3/2 ifz<—1, 3/2 ifz< -2

Finally, the function ¢ : R?* — R, is defined by ¢(z,a,b) = —¢(x, —a, —b) for all (x,a,b) € R3. In
particular it has the following form

a ifx < —ho — hmaz — 1,

(ho + hmaz — |z])(max(a,b) — a) + max(a,b) if —1<z+ hg~+ hmaz <0,

max(a, b if —hg— hmae << —hg,
¢(I,a,b) = |$| ( ) |(E| 0 0 (28)

—max(a,b)+ (1—-—]b if —hy<x<0,

ho hO

b if z > 0.

Remark 2.1 (Choice of the "cumulative distribution functions"). Contrary to [18], it is impossible
to work with the integral of the empirical measure of the positions of all the vehicles. Indeed, near
the bifurcation, the vehicles stop being in order (some go to Ry and others to Ry ), which makes it
impossible to recover the distance U;11 — U;. To overcome this difficulty, we consider a modified
version of the integral of the empirical measure of the two types of vehicles (the ones going on
Ry and the ones going to Ra). This modification simply allows us to obtain the index of the
vehicles more easily: for ¢ = 1, if i[2] = 1 then p5(t,U;(t)) = —(i + 1) and if i[2] = O then
Pt Ui(t) = —(i + 1),
In particular, this implies (see Section 7) that if for instance i[2] = 1 and e = 1, we have

{ NG (pi(t,), [p3]) (Ui(t)) = =Vo (Uit () — Ui(t))
Mi[pi(t, )I(Ui(t) = =Vi (Uiga () — Us(2)) -

We obtain a similar result if i[2] = 0. This results helps us inject the system of ODEs into a
system of PDEFEs.

The new transition function ¢ comes from the fact that with the non-local operators we recover
the opposite of the velocity of the vehicles.

Remark 2.2. Given the definition of the cumulative distribution function p5 (resp. p5) we expect
that (p1)s (resp. (p2)z) (the gradient of the limit of p5 (resp. p5) as e goes to 0) is going to be the
density of vehicles on Rg and twice the density on Ry (resp. Ra).



We complete (2.4) with the following initial conditions

{ u(0,2) = ug(x) for z €R, (2.9)

£°(0,x) = &o(x) for x € R,

and we make the following assumptions:

(A0) (Initial condition). For all z <0,
uo(x) = &o(x)-

Moreover, we assume for all z € R

2
—2ky = - < (up)e <0 and —2ky < (&), <0.
0

2.2 Convergence result
2.2.1 The effective Hamiltonians

Here, we introduce three Hamiltonians, Hy, H1, and H that we will use in the rest of the paper.
They are the effective Hamiltonians on each of the branches Ry, Ry, and Re. We define ko = 1/hg
and Hp : R = R by

—p — 2ko for p < —2ky,

i -1

Ho(p)={ Vo (p) “|p| for —2ky <p <0, (2.10)
D for p > 0.

We also define, for i = 1,2, H; : R — R by

—p — 2kg for p < —2ky,

— —2

Aip)={ Vi (p) ol for 2k <p<0, (2.11)
D for p > 0.

For i = 0,1,2, let us notice that such H; is continuous, coercive (I ‘hm H;(p) = —i—oo) and
p|—+o0

because of (A5), there exists a unique point p; € [—2ko, 0] such that

Ei is non-increasing on (—oo, p;), (2.12)
H, is increasing on (p;, +00), '
We denote by
Hy= max min H;(p). (2.13)

1€{0,1,2} peR

Figure 4 gives a schematic representation of Hy, H1, and Ho.

2.2.2 The macroscopic model

The main objective of this article is to obtain an homogenisation result when the number of vehicles
per unit length goes to infinity, that is to say what is the behavior of (p5, p5) as € goes to 0. First
we can notice that the radius of the transition zone will go to 0, therefore at the macroscopic scale
we will obtain a junction condition in 0 in the sense of Imbert and Monneau [22]. We consider
one incoming road Ry (isometric to (—oo,0]) and two outgoing roads R; and Ry (isometric to
[0, +00)) and all the branches are glued at the origin. Moreover, we define

EZROURluRQ and RZﬂR]:{O} fOI‘Z#]
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Figure 4: Schematic representation of the effective Hamiltonians.

In order to give a more physical interpretation, we consider that the branches Ry, Ry and R, are
generated respectively by the vectors €y, €1 and €5, such that

Ry = (—O0,0] -€y and Rl,g = [O, -|-OO) . 6172.

For a smooth function u : [0,T] x R — R, we denote by d;u(t, z) the spatial derivative of u at
x € R;, for i =0,1,2 and we define

Oiu(t, x) if x € RY := R;\{0},

Ut @) = { (Bou(t, 0, Dru(t,0), dau(t,0)) if & — 0. (2.14)
Finally, we introduce for all z,y € R the distance d(z,y) on R,
[ |lz—y| if z,y belong to the same branch,
d(@,y) = { |z] + |y| if z,y belong to different branches. (2.15)

The main result of this article is to prove that the function 4° defined by
u¢(t,—d(0,z)) for (t,z) € (0,+0) X Ry,

a®(t, ) = ¢ u(t,d(0,z))  for (¢,z) € (0,+00) x R}, (2.16)
&5(t,d(0,x)) for (t,z) € (0,400) x R,

converges locally uniformly on (0,+00) x R as & goes to 0 to the unique viscosity solution of the
following problem

uf + Ho(ul) =0 for (¢t,z) € [0, +00) x Rg,
up + Hi(u)) =0 for (t,z) € [0, +00) x R},
u) + Ha(ul) =0 for (¢t,x) € [0,4+00) x R3, (2.17)
uf + F(0ou’(t,0),0,u’(t,0), 8,u’(t,0))) =0 for (¢,z) € [0, +00) x {0}, '
0 o | up(d(0,z)) for xz € RyU Ry,
u’(0,2) = to(2) = { &o(d(0,2)) for x € R3,
where A is a constant to be determined and F= is defined by
Fx(po, p1,p2) = max(4, Hy (po). Hy (p1), Hy (p2)), (2.18)



and for ¢ = 0,1, 2, we define
= Hi(p) ifp<pi, =+ { Hi(pi) ifp<pi,
H, =9 = . and H, =9 = . 2.19
() { Hi(pi) ifp>pi, ) Hi(p) ifp>p;. (2.19)

Remark 2.3. In (2.16), we can replace u® by &° for x € Ry and we obtain the same homogenisation
result. The coefficient 2 that appears in H; for i = 1,2 and not in Hy comes from the fact that
we look one vehicle over two on R; and therefore the denszty of the vehicles is divided by 2.

Remark 2.4. As explained before, (p;), is related to the density of vehicles (see Remark 2.2). In
this way, (2.17) is a macroscopic model for traffic flow and the constant A can be interpreted as a
fluz limiter at the junction. We refer to [22, 24] for this kind of model. In fact, in each road the
effective equation is equivalent to a LWR model.

2.2.3 The homogenization result

Theorem 2.5 (Junction condition by homogenization). Assume (A0) and (A). For e > 0, let
(u®,&%) be the solution of (2.4). Then there exists a unique constant A € [Hy,0] such that the
function @ defined by (2.16) converges locally uniformly to the unique viscosity solution u® of
(2.17).

The previous result will allow us to get the following homogenization result for the vehicles.

Theorem 2.6. Assume (A) and that at initial time we have, for all i € Z, if the vehicles i and
i+ 1 are both in Ry,

U;(0) < U;41(0) — ho, (2.20)
and if not
U;(0) < Us42(0) — ho. (2.21)

We also assume that there exists a constant R > 0 such that for alli € Z, if U;(0) > R

a0 -0 = { 1 =] (222
and if U;(0) < —R
Ui+1(0) = U;(0) = h, (2.23)

with h, hy, ha > hg. We define two functions ug and & (satisfying (A0)) by

| —z/h ife <0 | —z/h ife <0
ug(x) = { “ow/hy ifz >0 and fo(x){ —ow/hs ifz >0 for all z € R.

Then there exists a unique constant A € [Ho,0] such that the function

pi (tv _d(ovy)) fOT (t7 ) ( +OO) X ROv
ﬁe(t’y) = pi (t7d(07y)) for (tv ) ( OO) X RY, (2'24)
p5(t,d(0,y))  for (t,y) € (0,400) x R3,

converges locally uniformly to the unique solution u® of (2.17).
Remark 2.7. Conditions (2.22) and (2.23) mean that the initial condition is well-prepared.

The goal of the following theorem is to show that the effective Hamiltonians in (2.17) are only
evaluated for values in [—2ko, 0]. However, it is convenient to work with the extended Hamiltonians
presented in (2.10)-(2.11) because it is necessary to have coercive Hamiltonians, in order to apply
the results developed by Imbert and Monneau in [22].



Theorem 2.8. Assume (A0)-(A). Let u® be the unique solution of (2.17), then we have for all
(t,x) € [0,400) X R,

_2k0 S Ug S 07
with ko defined in (A0).

To construct the effective flux limiter A, we consider the following cell problem: find A € R
such that there exists a solution (v, () of the following Hamilton-Jacobi equation

{ (b(vaO('Ua [C])($),M1[UK(E)) : |UI| = )‘a for z € ]Ra (2 25)
¢ (x, No(C, [v])(x), Ma[C](x)) - |G| = A, for z € R. '

Theorem 2.9 (Effective flux limiter). Assume (4). We define the following set of functions,

S ={(v,{) s.t. 3 two Lipschitz continuous functions my and mg s.t. m1(0) = mz(0) =0
and a constant C > 0 s.t. ||[v — m1||oo, || — M2lleo < C}.

Then A is given by
A =inf{\ € [Hp,0]: I(v,¢) € S solution of (2.25)}. (2.26)

2.2.4 Link with macroscopic models

Notice that the homogenization of (2.4), does not directly give the dynamics of the density of
vehicles. In fact, in Ry, u° is the primitive of the density of vehicles, but in R; and Ry it is twice
the primitive of the density of vehicles. Therefore, the integral of the density of vehicles in R is
given by

0
0 [ W) for z € Ry,
Pt ) = { ul(t,z)/2 for x € R} URj. (2.27)

However, we cannot explicit the dynamics of 3° because of its definition at the origin.

2.3 Notations and organization of the paper

We recall the definition of the non-local operators that we use in this paper,

+oo
No(U, [2])(z) = / To(2)F(E(x + 2) — Ulx))dz — S0 (2.28)

2 max?
and for i = 1,2,

Mi[U](z) = / T2 E(U(x+ 2) — Ula))dz — SV (2.29)

max”®
. 2

To each operator N and M, we associate the operators N and M, which are c}eﬁned in the
same way except that the functions F' and E are replaced by the functions F' and E defined by

y 0 if z>1, 5 0 if z>0,
Fz)=¢ 1/2 if —1<2z<1, and E(z)=<¢ 1/2 if —2<2<0, (2.30)
3/2 if z < -1, 3/2 if z < —-2.

Remark 2.10. Using the fact that E, F and V are bounded, there exists a constant My such that
for every U, Z and every x € R, we have fori=1,2,

maxr —

My <~ V8, < No(U,[E) @) <0,
My < —SVi < MiU](z) <0

2 mar — i



with

My = max -V .
ie{0,1,2} 2 ¥

Remark 2.11 (Choice of the transition function). In some computation it is useful to specified
the explicit dependence of the function ¢(x,a,b) on max(a,b). That is why we use the following
notation,

é(z, a,max(a,b),b) = ¢(x,a,b) for all (z,a,b) € R3. (2.31)

Finally, for a given point (to,xo) € (0, 4+00) x R, we define for 7, R > 0, the set
777771:3(250,350) = (to — 7, to +7) X (20 —R,.ISO—FR) (2.32)

and

B(zg,7) ={z € R, s.t. |z — x| <7}
Also for a given point (tg,yo) € (0, +00) x R, we define for 7, R > 0, the set

9 r(to,yo) = (to — 7, to +7) X Br(yo),
with

Br(yo) = {y € Rs.t. d(y.yo) < R} .

We denote by C' > 0 a generic constant that may vary from one line to the next.
Organization of the paper. In Section 3, we introduce the definition of viscosity solutions for
the considered problems and give stability, existence, and uniqueness results. Section 4 contains
the results concerning the effective Hamiltonians and the correctors for the junction (Theorem 4.3)
that are necessary for the proof of convergence (Theorem 2.5) which proof is located in Section
5. In Section 6, we present the proof of Theorem 4.3. In Section 7, we show the link between the

ODEs and the system of PDEs. Finally, in Section 8, from the case of a simple bifurcation, we
extend to more general scenarios.

3 Viscosity solutions

In this section we give the definition of viscosity solution of the equations we treat in this paper.
We refer the reader to the user’s guide of Crandall, Ishii, Lions [9] and the book of Barles [6] for an
introduction to viscosity solutions. We also refer the reader to [25, 26, 29] for results concerning
viscosity solutions for weakly coupled systems and to [22] for viscosity solutions on networks.

3.1 Definitions

In order to give a more general definition for all the non-local equations we will consider in this
paper, we give the definition of a viscosity solution of the following equation, with p € R,

U + Gzla(x’u(tvx)7 [§(t, )]7 [u(ta )]’uw) =0 or 2 x 00
{ &+ G (o, (t,2), [u(t, )], [E(t, )], &) =0 or Al (@) € (0. o) xR, (3:1)

with, for i = 1,2,

Gy, U [E],[U,q) = (1 =" (2)Hi(q) + (1 =9~ () Ho(q)
(@) (2)¢ (2, N} (U, [E]) (), My[U](2)) lg + pl,
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and % : R — [0,1] two Lipschitz continuous functions. To G we associate G% defined in the

same way but with the non-local operators ]\71? and M;;. For p € [—2ko, 0], the non-local operators
N} and M} are defined by

+oo 3
NUUENE) = [ TP (E+2) - Ue) + - 2)ds = 3V, (3.2)
and for i =1,2
. +oo 3
Mi[U)() = [ TEBWUE +2) = Ulw) +p- 2)dz — 5 Vi (3.3)

We also consider the following initial condition

u(0, ) = ugp(x)
i (34

that satisfies (A0).

We recall the definition of the upper and lower semi-continuous envelops, u* and u,, of a locally
bounded function u, for all (¢,z) € [0, 4+00) X R,

u*(t,z) = limsup u(s,y) and w, = liminf wu(s,y). (3.5)
(s,y)—(t,@) (s,y)—(t,)

We can now give the definition of viscosity solutions for (3.1).

Definition 3.1 (Definition of viscosity solutions for (3.1)). Let T > 0, up : R - R, g : R = R
satisfying (A0). Let u : [0,400) x R — R, £ : [0,400) x R — R upper-semi continuous (resp.
lower-semi continuous) locally bounded functions. We set Q = (0,T) x R. A function (u,&) is
a sub-solution (resp. a super-solution) of (3.1) if for all (t,x) € Q and for any test function
© € CY(Q) such that u— ¢ attains a local mazimum (resp. local minimum) at the point (t,z) € €,
we have

@t(t’ x) + Ggly(xv u(t’ '7;)7 [S(t, )L [U(t, )]v @x) <0

(T&Sp. @t(ta CE) + G;)(l‘, u(t’ Z), [€(t7 )}7 [U(t, )]a 90:8) 2 0) )

and if for oll (t,x) € Q and for any test function ¢ such that £ — ¢ attains a local mazimum (resp.
local minimum) at (t,x), we have

Qot(tv x) + G;%(xv g(ta (E), [u(tv )]’ [g(tv )]7 501:) <0

(resp. @t(ta .’L‘) + é§($7 f(t, 16)7 [u(t7 )]7 [€(t7 )]7 5030) 2 0) :

-A function (u, &) is a sub-solution (resp. super-solution) of (3.1)-(3.4) if (u, &) is a sub-solution
(resp. super-solution) of (3.1) on Q and satisfies

u(0,2) < wup(x) (resp. >) and &£(0,z) < &(x) (resp. >). (3.6)

-A function (u,§) is a viscosity solution of (3.1) (resp. of (3.1)-(3.4)) if (u*,&*) is a sub-
solution and (u«, &) is a super-solution of (3.1) (resp. of (3.1)-(3.4)).

Remark 3.2. We use this definition in order to have a stability result for the non-local operators
(see [12, 84] for similar definitions). We refer to [15, Proposition 4.2] for the corresponding
stability result.
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Definition 3.3 (Class of test functions for (2.17)). We denote R® := (0,+00) x R and R>® :=
(0, +00) x RY for1=0,1,2. We define a class of test functions on R by

(A

C*(R™) = {p € C(R™), the restriction of ¢ to R°, i=0,1,2 is C?}.

Definition 3.4 (Definition of viscosity solutions for (2.17)). Let Ho and H;, for i = 1,2 be
given respectively by (2.10) and (2.11). Let A € R. An upper semi-continuous (resp. lower semi-
continuous) function u : [0,4+00) x R — R is a viscosity sub-solution (resp. super-solution) of
(2.17) if u(0,2) < up(x) (resp. u(0,2) > ug(x)) and for all (t,x) € R>® and for all ¢ € C*(R>)
such that

u < ¢ (resp. u > ) in a neighbourhood of (t,x) € R*® and u(t,z) = ¢(t, ),

we have
i (t, ) JrEo(gom(t,x)) <0 (resp. >0) ifz e R},
pi(t,z) + Hi(po(t,z)) <0 (resp. >0) ifx € RY,
oi(t, ) + Ho(p(t,2)) <0 (resp. >0) if x € R},
oi(t,x) + Fx(pe(t,x)) <0 (resp. >0) ifx=0.

We say that u is a viscosity solution of (2.17) if u* and . are respectively a sub-solution and a
super-solution of (2.17). We refer to this solution as A—flux limited solution.

Thanks to the work of Imbert and Monneau [22], we have the following result which gives an
equivalent definition of viscosity solutions for (2.17). We use this equivalent definition in the proof
of Theorem 2.5 in Section 5.

Theorem 3.5 (Equivalent definition for sub/super-solutions). Let Ho and H; for i = 1,2 be

given by (2.10)-(2.11) and consider A € [Hy, +00) with Hy = I{nax }miﬂr{g H;(p). Given arbitrary
i€{0,1,2} p€

solutions py € R and p* € R fori=1,2 of

— —_ 7+ —
Hy (pOA) =H (pé‘) =A and H, (pf‘) = H; (pf‘) = A, (3.7
let us fix any time independent test function ¢°(z) satisfying, for i =0,1,2,
8,(;50(0) = p?.

Given a function u : (0,T) x R — R, the following properties hold true.
i) If u is an upper semi-continuous sub-solution of (2.17) with A = Hy, for x # 0, satisfying

u(t,0) = lim sup u(s,y), (3.8)
(5,9)=(t,0), yER]

then u is a Hy-fluxz limited sub-solution.
it) Given A > Hy and to € (0,T), if u is an upper semi-continuous sub-solution of (2.17) for
x # 0, satisfying (3.8), and if for any test function ¢ touching u from above at (tg,0) with

p(t,z) = ¥(t) + ¢° (), (3.9)
for some 1 € C*(0,+00), we have
ot + Fa(pz) <0 at (to,0),

then u is a A-flux limited sub-solution at (to,0).
iii) Given tg € (0,T), if u is a lower semi-continuous super-solution of (2.17) for x # 0 and if
for any test function ¢ satisfying (3.9) touching u from above at (to,0) we have

@t + Fa(pz) >0 at (to,0),

then u is a A-flux limited super-solution at (tg,0).
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3.2 Results for viscosity solutions of (2.4)

Lemma 3.6 (Existence of barriers for (3.1)). Assume (A0) and (A). There exists a constant
Ky > 0 such that the functions (u*,€%) and (u™,£7) defined by

(w'(t,2), &7 (t,x)) = (Kt + uo(2), Kat + &(2))  and  (u™(t,2), £ (t,7)) = (uo(x), So())

are respectively a super and sub-solution of (3.1).

Proof. We define K1 = My - (|p| + 2ko) + 2 Jnax, < max |Hz(q)>, where My is defined in
= q9€|—2ko,

Remark 2.10. Let us prove that (u*,£%) is a super-solution of (3.1). Using assumption (A0) and
the form of the non-local operators and of H;, i =0, 1,2 we have

ézl;(xv u+(t> :E), [§+(ta )L [qu(ta )]7 (Uo)z) > —My- |p + (UO)I|

—2 ma a H;
20 qegzép” ()

—Mo( )

—2 ma; ax |H;
2012 qef?z;if)p]' Z(q)>

= _K17

Y

where we have used Remark (2.10). Similarly, we have

6127('777 §+(t7 1‘), [u+(t7 )]’ [§+ (t’ )]7 (60)95) > _M0(|p| + 2k0)
2 (L B@) G0
= _K,.

The proof for the sub-solution is similar using that the non-local operators and H;((ug),) for
i =0,1,2 are non-positive. This ends the proof of Lemma 3.6.
O

Proposition 3.7 (Existence and uniqueness for (3.1)). Assume (A). Let (u,§) (resp. (v,()) be a
sub-solution (resp. a super-solution) of (3.1)-(3.4). We also assume that there exists a constant
K > 0 such that for all (t,x) € [0,T] x R, we have

u(t x)<uo( )+ K(t+1), &(tz) <&lx)+K(1+1) (3.11)
—u(t,x) < —uo(z) + K(1+1), (¢t 2) < —&o(x) + K(1+1). '
If
u(0,2) <v(0,z) and &(0,x) <({(0,z) forallz eR,
then

u(t,z) <v(t,z) and &(t,x) <((t,x) forall (t,x) € [0,T] x R.

In particular, the previous result combined with the Lemma 3.6 imply that there exists a unique
solution (u,&) of (3.1)-(3.4). Moreover, the functions u and & are continuous and there exists a
constant K1 > 0 such that for all (t,x) € [0,4+00) x R

0 <u(t,z) —up(z) < Kyt and 0<E(tx)—&(z) < Kit.

Proof. The first part of this result (comparison principle) is classical and uses the monotonicity
properties of G (see for example [11, 15] for a similar result).

To prove the rest of Proposition 3.7, we apply Perron’s method (see [23, Proof of Theorem
6], [3, 21] to see how to apply Perron’s method for problems with non-local terms), joint to the
comparison principle.

O
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We now give a comparison principle on bounded sets, we use the notations from (2.32).

Proposition 3.8 (Comparison principle on bounded sets for (3.1)). Assume (A). Let (u,§) be a
sub-solution of (3.1) and let (v,() be a super-solution of (3.1) on the open set P.4 C (0,T) x R.
Also assume that

u<v and &< ( outside P- &
then
u<v and §<( onP.g.

We now give a result on the control of the oscillations for the solution of (2.4) (with e = 1).
This result will be used in particular to prove Theorem 2.8.

Theorem 3.9 (Control of the oscillations). Let T > 0. Assume (A0)-(A) and let (u,&) be a
solution of (2.4)-(2.9), with e = 1. Then there exists a constant Cy1 > 0 such that for all z,y € R,
x >y and for all t,s € [0,T], t > s, we have

0 <u(t,z)—u(s,x) < Ci(t—9), d —Ko(x —y) —2 <ult,x) —u(t,y) <0, 319
0<eltr) —Elsa) <Cat—s) T Kolw—y)-2<lte) -~ gty <0,
with K() = 2k().

Proof. Using the barriers constructed in Lemma 3.6 (with p = 0, 9™ = 1 and ¢~ = 1) we deduce
that (u, &) satisfies for all (¢,z) € [0,4+00) X R,

0 <u(t,z) —up(z) < MoKot and 0 <E(t,x)— & (z) < MoKot. (3.13)

In the rest of the proof we use the following notation

Q={(t,z,y) €0,T) xR*s.t. x > y}.

Step 1: proof of the bound of the time derivative. For all h > 0, we have
U(O, {E) < U(h,l’) < MOKOh + U(va) and 5(071.) < f(h,l’) < MOKOh + 5(071.)

Using the fact that (2.4) is invariant by addition of constant to the solution and by translation in
time, we deduce by the comparison principle that, for all (¢, z) € [0, +00) x R, we have

u(t,r) <u(t+h,z) < MoKoh +u(t,z) and &(t,x) < E(E+ h,z) < MgKoh + £(t, ).

We deduce the result by choosing C7 = My K.

Step 2: proof of the upper inequality for the control of the space oscillations. We
introduce

M= sup max(u(t,r) —u(t,y), &t x) —(t,y)). (3.14)
(t,x,y) €N

We want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 2.1: the test functions. For n,a > 0, small parameters, we define

pilt,a,y) = ult,z) —ulty) — = — aa® — ay,

oot x,y) = E(t,x) — E(t,y) — TL_t — az? — .

14



Using (3.13), we have that

Qoi(tv Zz, y)) = —0.

], [yl —=oc

Since 1, 2 are upper semi-continuous, the function ¢ = max (1, p2) reaches a maximum at a
finite point that we denote by (¢,z,y) € 2. Classically, we have for n and « small enough,

{ 0< o <U(E.2.9),

alz|, aly] — 0as a— 0.

Step 2.2: £ >0 and z > j. By contradiction, assume first that £ = 0. Then we have,

n
T

IN

uo(w) —uo(y) SO or 7 < &) — oly) <O,

where we have used (A0), and we get a contradiction. The fact that Z > y comes directly from
the fact that ¥ (¢,7,7) > 0.

Step 2.3: utilisation of the equation. By doing a duplication of the time variable and
passing to the limit we get, if ¥(¢,Z,9) = p1(t, T, §),

g < ¢ (3, No(ult, ), [€(E )N(@), Malu(t, -)](2)) - [202] < 2Mo|az|

G
|
=

TS ? (%, No(&(t, ), [u(t, )]))(@), M2lE(E, )](2)) - [203] < 2My|az],

where we have used the fact that the non-local operators are negative. This is a contradiction for

« small enough.

Step 3: proof of the lower inequality for the control of the space oscillations. In order
to do this part of the proof, we use the following lemma, which proof is postponed.

Lemma 3.10. Assume (A0)-(A). Let T > 0, then the solution (u,§) of (2.4)-(2.9) (withe =1)
satisfies

|€(t,z) —u(t,x)| <1 for (t,z) € [0,T) x (—o0, —hg]. (3.15)
We now introduce,

M= sup max(u(t,y) —u(t,z) — Ko(z —y) —2)
(t,x,y)€Q

and we want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 3.1: the test functions. For n and « small parameters, we introduce

et y) = ult,y) —u(t,x) = Ko(w —y) =2 — == — aa”

Using (3.13), we deduce that the function ¢ reaches a maximum at a finite point that we denote
by (t,7,7) € Q and that for n and a small enough, we have

M
{ 0<% <u(tz.g), (3.16)

alz] - 0as a— 0.

Moreover, as in Step 2.2 we get that ¢ > 0 and z > 7.

15



Step 3.2: getting a contradiction. By doubling the time variable and passing to the limit,
we get

g < 0 No(ul ). [6G. (). Whu(h. ))®) - | - Ko - 207
—¢§y,zvo< (&), [€(5 )](@), Ma[uE, )](@) |Ko\ (3.17)
< =0 (5, No(u(t, ), [€(E (@), Ma[u(t, )]()) - Ko,

where we have used the fact that the non-local operators are non-positive.
Let us now prove that

hmax
Ml @) = [ BB+ 2) ~ uE.5)dz = 5V, =0 (315)

0

It is sufficient to prove that for all z € (hg, hmaz], we have

Let z € (ho, hmas], if § + 2 < T, using the fact that (¢, Z, 75 + 2z) < ¢(t,Z, %), we observe that
ult,j+2) —u(t,y) < —Koz < —2.

If y + z > &, using the fact that u is non-increasing in space and that (¢, z,y) > 0, we obtain
w(t, g+ 2) —u(t,y) <u(t,z) —u(t,y) < —Koz —2 < —2.

We recall that (Remark 2.11) é(z,a,b) = ¢(x,a, max(a,b),b). In particular, given that the non-
local operators are non-positive (Remark 2.10), we have

max (No(u(t, ), [§(F, ) (@), Mi[u(t, ))(7)) = 0. (3.19)

Therefore, given the definition of ¢ in (2.8), the right-hand side term in (3.17) is equal to zero unless
¥ < —ho — hyas. Let us now prove that if § < —hg — Ayas, we have No(u(t,-), [£(¢,-)])(7) = 0,
which will directly give us a contradiction from (3.17).

We claim that

hinax
No(ult ) (€@ = [ RPEET+2) ~ua)ds = 5Vaw =0, (3:20)

0

In fact it is sufficient to prove that for all z € (hg, Amaz], we have
5(&@ + Z) - ’u‘([? g) < -l
Let z € (ho, hmas), if ¥+ 2 < T, we obtain

Ety+2) —ult,y) < ult,g+2) —ut,z) +1
< 1—Kpz

< -1,

where we have used Lemma 3.10 for the first line (since § + 2 < ¥ + hmax < —ho), the fact that
o(t,Z,y+ 2) < ¢(t,7,7) for the second line and the fact that Koz > 2 for the third line.
If y + 2 > &, we then have

Et,g+z) —ult,y) < ult,y+2)—ulty) +1
uw(t,z) —u(t,y) + 1

1 - Ko(z —9) —2< —1,

INIAINA

where we have used Lemma 3.10 for the first line, the fact that u is non-increasing in space for the
second line, and the fact that ¢(¢,Z,9) > 0 for the third line. Injecting (3.18), (3.19), and (3.20)
in (3.17), we obtain n/T? < 0, which is a contradiction.
The proof of the lower bound on the control of the space oscillations of £ is done similarly and
we skip it. This ends the proof of Theorem 3.9.
O
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Proof of Lemma 3.10. We only prove that £(¢,z) — u(t,x) < 1 for x < —hg and t € [0,7T), the
proof for the second part of the result is similar so we skip it. We will prove this result under
a different form using the technique introduced by Ishii and Lions in [27] for the proof of local
gradient estimates. Let z € (—oo, —hg) and 6 > 0 a small parameter be such that z < —hy — 6.

We introduce
A =10,T) x B(z,9).

We will prove that for a constant L := (4K,T + 8kod)/62, we have

E(t,x) —u(t,r) <1+ L(x —2)? forall (t,z) € A. (3.21)
In fact, if we take x = z in (3.21), we get

E(t,z) —u(t,z) <1 VY(t,z) €[0,T) x (—o0, —hg).

Using the continuity of the solution (u,£), we can pass to the limit in the previous inequality as
z goes to —hg and we obtain the complete result. In order to prove (3.21), we introduce

M= sup (&(t2)—u(t,z)—1— Lz —z2)?) (3.22)
(t,z)EA

and we want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 1: the test function. For n and € small parameters, we define

o(t,z,y) =&t x) —u(t,y) — 1 — %(x—z)z _ g(y_z)g _ (x ;SZ/) B th.

As in the previous proof, we have that ¢ reaches a maximum at a finite point that we denote by
(t,z,9) € [0,T) x B(z,8) x B(z,0).
By classical arguments, we have that

M _
0< ? S‘p(tajag)v
|z —y| = 0ase—0.

Step 2: ¢t > 0 for € small enough. By contradiction assume that ¢ = 0, then we have

%<§d@—ud@—l+2%h—mgodm

where we have used assumption (A0) and we get a contradiction for € small enough.

Step 3: |[T—z| < d and |y—=z| < . By contradiction assume that either |[z—z| = d or |[y—z| = 0,
in which case, we have

N I = T o L _ L B fng
0< ‘P(tvfcay)=§(t,$)—u(t,y)—1—§(x_z)2_§(y_z)2_%
_ _ _ _ L, 9 L, 5 (j_g)2
< 2T+ 60(7) = &(@) + &) —uo(@) — 1= 5@ = 2)? = S - 2) I
T |
§2Kﬂwa%@_m_E%£L_§ﬁ
< AR+ akod — T2 <0,

where we have used the barriers from Lemma 3.6 for the second line, assumption (A0) for the third
line, and for the fourth line the fact that L = (4K;T + 8kod)/d%. This gives us a contradiction.
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Step 3: utilisation of the equation. By doubling the time variable and passing to the limit,
we obtain that there exists two real numbers a,b € R such that

fb:f
¢ (T -1’

and

a+ 6 (2, No(§(E, ), [ul®, )))(@), Mal€(E, )](@)) - Ipe + L(z — 2)| <0,
b+ 6 (5, No(u(, ). [€(E, ) (@), M (E ) @) - Ipe — Ly — 2)| 2 0,

with p. = (Z — y)/e. Combining these inequalities we obtain

% < =0 (@, No(€(t, ), [ult, ))(@), M2[E(E,))(@)) - Ipe + L(T — ). (3.24)

Notice that because z < z 4+ § < —hg, and because of the form of ¢ (Remark 2.11), the right-
hand side term in (3.24) is only a combination of the non-local term No(£(t, ), [u(t,-)])(Z) and of

max(No(&(, ), [u(t, -)])(z), M2[€(t, -)](7)).

Let us prove that No(&(t,-), [u(t,-)])(Z) = 0, which, given that the non-local operators are
non-positive, will imply that the entire right-hand side term in (3.24) is equal to zero.

As a matter of fact, using that |z —y| — 0 as € goes to 0, for all h € [hg, hpmaz], We can assume
that £ + h > y. Using the fact that u is decreasing in space we deduce that

where we have used the fact that ¢(,Z, ) > 0. This implies that No(&(2, -), [u(t,-)])(Z) = 0. This
gives us a contradiction and ends the proof of Lemma 3.10.
O

4 Effective Hamiltonians and correctors for the junction

This section is devoted to the construction of correctors at the junction and far from the junction.

4.1 Correctors far from the junction

The following propositions explicit the construction of the effective Hamiltonians and of the cor-
rectors far from the junction.

Proposition 4.1 (Homogenization on Ry). Assume (A). Then for p € [—2ko,0], there exists a
unique X € R, such that there exists a bounded solution (v, () of

Np (v, [KD(@) - [ve +p| = A,
Np(¢, [o])() - ¢+l = A, (4.1)
v and ¢ are Z-periodic.

_ 1
Moreover, for p € [—2kg, 0], we have A = Ho(p) = —Vp () Ip|.
p

Proposition 4.2 (Homogenization on R; and Rp). Assume (A). Then for i = 1,2 and for
p € [—2kg, 0], there exists a unique X € R, such that there exists a bounded solution v of

M [v)(z) - vy +p| = A,
P
{ v is Z — periodic, (4.2)

. — -2
with M, defined in (3.3). Moreover, for p € [~2ko,0] we have A\ = H;(p) = —V; <> Ip|.
b

To prove the previous propositions, it is only necessary to notice that v = ( = 0 are obvious
solutions to each problem.
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4.2 Correctors at the junction

Like in [18, 19] in order to prove the convergence result we need to construct correctors for the
junction. We now present the existence result of the appropriate correctors. The proof of this
result is postponed to Section 6. Given A € R, A > Hy, we introduce the real numbers f)}r,ﬁi eR
such that

Hiph)=H, (@) =4 and H.(p%)=H, (p2) =14 (4.3)

thanks to the form of H; and of Ho, there is only one couple of real numbers satisfying (4.3). We
also introduce two real number p° and 7% defined by

) = min{p, p € E, . - =
{ gg = max{{i) Z;) c -EE)O}} with Ey = {p S [—2](50, 0], HO (p) = Ho(p) = A} (44)

Note that if A # 0, then p° =7p°.
Theorem 4.3 (Existence of global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy, 0] such that there exists a solution (w, x)
of (2.25) with A\ = A and such that there exists a constant C' > 0 and two globally Lipschitz
continuous functions my and mg with m1(0) = ma(0) = 0 such that, for all x € R,

w(z) = mi(@) < C and [x(z) - ma(w)| < C, (45)
and for all x < hg,

lw(z) — x(z)| < C. (4.6)

it) (Bound from below at infinity) There exist two constants g > 0 and C > 0 such that for
every v € (0,70), we have for x >0 and h > 0,

w(z +h) —w(x) > (Pl —h—C x(z+h)—x() > @} -Nh-C (4.7)
and for x < —hg — hyae — 1 and h >0
w(z — )~ w(@) = (P~ PDh—C x@—h)—x(@) = (B —Nh—C.  (48)

The first inequality in (4.7) is valid only if A > min H, and the second inequality is valid only
if A> min Hy. Similarly, the inequalities in (4.8) are valid only if A > min Hy.

iti) (Rescaling) For € > 0, we set
w®(z) = ew (g) and x°(z) =ex (g) ,

then (up to a sub-sequence €, — 0) we have that w® and x° converge locally uniformly
respectively towards W and X which satisfy respectively

(W(z) - W(y)| <Clz—y| forallz,y €R,

Hy(W,)=A for all x > 0, (4.9)
Ho(W,) =A for all x < 0.
and
(X (2) - X(W)| < Clz —y| forallz,y R,
Hy(X,)=A for all z > 0, (4.10)
Ho(X,)=A for all z < 0.
In particular, we have (with W(0) =0 = X(0)),
ﬁi—xl{x>0} +ﬁ0—x1{w<0} < W(l‘) < ﬁ}t,-xl{w>0} +ﬁ9x1{az<0} (411)
and
Pial(as0p +PLalipcoy < X(2) S PLalias0) + P11 {nco)- (4.12)

19



5 Proof of convergence

This section contains the proof of Theorem 2.5, which relies on the existence of correctors provided
by Propositions 4.1, 4.2 and Theorem 4.3.

We will use the following lemmas for the proof of Theorem 2.5, the first one is a direct conse-
quence of Perron’s method and Lemma 3.6 and the second one is a direct consequence of Theorem
3.9.

Lemma 5.1 (Barriers uniform in €). Assume (A0) and (A). Then there exists a constant C' > 0,
such that for all € > 0, the solution (u®,£%) of (2.4)-(2.9) satisfies for all t > 0 and x € R,

|uf(t,z) —up(z)| < Ct and |5 (t,x) — &o(x)| < Ct.

Lemma 5.2 (Control of the space oscillations). Assume (A0) and (A). Then the solution (u®, &%)
of (2.4)-(2.9) satisfies for allt >0, z,y € R, x >y,

{ —2ko(z —y) — 2e < us(t,x) —ut(t,y) <0, (5.1)

—2ko(z —y) — 28 <& (t,x) — E5(t,y) < 0.

Before doing the proof of Theorem 2.5, let us show how it will allow us to prove Theorem 2.8.

Proof of Theorem 2.8. We want to prove that for all ¢ € [0, +00), z,y € Ry UR1, x >y (or for all
t €[0,+00), x,y € RoURy, x >y)

—2ko - d(z,y) < u’(t,x) —u’(t,y) <0.

Using Lemma 5.2, we have that @, defined by (2.16), satisfies for all ¢ € [0, +00), ,y € Ro U Ry,
x>y (or for all ¢t € [0, +00), 2,y € Ry U Ra, > y),

—2ko - d(x,y) — 2 < a°(t,x) —a°(t,y) <O0.

Now using Theorem 2.5, and passing to the limit as ¢ — 0, we obtain the result.

O
Proof of Theorem 2.5. Let us introduce for (¢,z) € (0,T) x R,
u(t,r) = limsup*u®(t,z) and &(t,2) = limsup*€s(t, z), (5.2)
e—0 e—0
T e B T €
u(t,x) = hgn_glf*u (t,z) and £(t,x) = hgl_}l(l)lf*f (t,x). (5.3)

Thanks to Lemma 5.1 these functions are well defined. We also introduce

max (a(t, ~d(0,9)),E(t, ~d(0,4))) for (t,y) € (0,T) x Ro,

u(t,y) = § ult,d(0,y)) for (t,y) € (0,T) x Ry,
£(t,d(0,y)) for (t,y) € (0,T) x R3,

and
min (M(t7 _d(ovy))’é(tv —d(O,y))) for (tvy) € (OvT) X RO;
E(tvy) = E(t’d(ovy)) for (tvy) € (O’T) x R,
£(t,d(0,y)) for (t,y) € (0,T) x R3.

We want to prove that v and v are respectively a sub-solution and a super-solution of (2.17). In
this case, the comparison principle will imply that v < v, but by construction we have v < v,
hence we will get v =¥ = u°, the unique solution of (2.17).
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Let us prove that ¥ is a sub-solution of (2.17) (the proof for v is similar and we skip it). We
argue by contradiction and assume that there exists a test function ¢ € C?((0,+00) x R) (in the
sense of Definition 3.3), and a point (¢,7) € (0,+00) x R such that

i(tj ?j) = 90(5? g)

v< @ on Qs #(t,7) with ¥ > 0 54
v<p—2n outside Q; 7(t,7) with n >0 (5.4)
ot + H(y, py(t, 7)) =0 with 6 >0
where
Hol0o(F, 7)) if § € Ry,
(o (F o H1(0190(t,9)) if y € Ry
H ’ t? = i _77 LY *’
(& ¢4(8:9)) H (D200(t,9)) if y € R3,
F1(90p(t,0),019(t,0), 02¢0(t,0))  if y = 0.

We denote by z = sign(y)d(0, ), with sign : R — R,

1 ifye R;UR;,
sign(y) = —1 ify e R§,
0 ify=0.

Given Lemma 5.2 and (5.2)-(5.3), we can assume (up to changing ¢ at infinity) that for £ small
enough, we have

ut (7, sign(y)d(0,y)) < @(r,y) —n for (r,y) € (Qx(1,9))" N (Ro U Ry), (5.5)
58(7-5 SZng(y)d(O,y)) < QO(T’ y) -0 for (Tv y) S (QF,F(t7§)) N (RO U R2) .

Using the previous lemmas we get that the function v satisfies for all t > 0, z,y € R{ (or =,y € R}
or z,y € R3), such that sign(z)d(0,z) > sign(y)d(0,y),

—2ko - d(x,y) <0(t,z) —v(t,y) <O0. (5.6)
First case: y # 0. We only consider j € Ry, since the other cases (y € R} and y € R3) can be
treated in the same way. We define p = 0y(t,y) which, according to (5.6) satisfies
—2ko <p<0. (5.7)
We choose, 7 > 0 small enough so that £ +7 < 0. Let us prove that the test function ¢ defined by
o(t,x) = p(t,zep) for z <0,

(notice that @, (t,Z) = dop(t, ) and @;(t, Z) = 4 (t, 7)) satisfies in the viscosity sense, the following
inequality for (t,z) € P (t,z

puto (LN (‘Z L) @8z [P @) -l 2 5. 53)

Let us notice that for € small enough we have for all (¢,z) € Py (¢, Z), for k = 1,2,

(5852 2] 7)) 35 (L [ o

For all (t,x) € Pr#(t,Z), we have for 7 small enough

pet) + 55 (280 |28 (@) fouttall = gulha) + onl)

0
l\D
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where we have used (5.4) and the definition of p. We recall that for —2ky < p < 0, we have
Ho(p) = N(0,]0])(0) - [p| = N (0, [0])(0) - [p].
Moreover, for all z € [hg, Amaz], and for € and 7 small enough we have that

@(ta T+ ‘C:Z) — @(tv I)
g

= 2@(t,x) + O(e)
< pz+ o5(1) + ce,

with ¢ > 0 a fixed constant. Now using the fact that F is decreasing we have

) ~Cﬂux+s@—w%t@>_

F(pz+ce+o0:(1)) < F 6

Using this result and replacing the non-local operators in (5.10) by their definition we obtain

hm(l.’l) ~
A >0+ o7+ |p| Jo(2)F(pz + ce + 07(1))dz (5.11)
ho

hmaa

— | : Jo(2)F(pz)dz.

We can see that if we have p = 0, we obtain directly our result. However, if —2ky < p < 0,

- —1 —ce —o5(1 1 —1 (1 3
/ Jo(2)F(pz + e+ on(1))dz = — Vi (CEO(>> _ly <_+C€+0(>> 43y
R D 2 P 2

/RJO(Z)F(pz)dz =—W <_pl> + gVTgaz. (5.12)

Injecting (5.12) in (5.11) and choosing ¢ and 7 small enough, we obtain

or vy (e to) -1
OS; i :T‘Lff'[oo'vo(cg +op(1) ) o ( g )] (5.13)

A

v

Y

)

Y
N DD >

where we have used assumption (A1) for the second line.

Getting the contradiction. By definition, for € small enough and using (5.5), we have

u* <@-—n and & <@ —noutside Prs(t, 7).
Using the comparison principle on bounded sets for (2.4), we get
u*<p—n and & <@ —non Pt T).

Passing to the limit as ¢ — 0, this implies 7 < ¢ — 5 on Oz 7(f,y) and this contradicts the fact
that 7(t, ) = ¢(t,9).

Remark 5.3. In the case y € R} or y € RS, (2.4) is completely decoupled for € small enough in
Prw(t,x) and therefore we can consider each line of (2.4) as independent.
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Second case: y = 0. Thanks to (5.6) (which implies (3.8)), we may use Theorem 3.5 and
assume that the test function has the following form

e(t,y) = g(t) +T)(ly1{y€R3} + D4 yl{yer:} +§1y1{yeR;} on Qr 27(t,0), (5.14)
where g is a C! function defined in (0, +00). The last line in condition (5.4) becomes
J(0)+ Py .5, 72) = g () + A =0 at (,0). (5.15)

Let us consider (w, x) the solution of (2.25) provided by Theorem 4.3, and let us denote

X _
sty = | 90 +ew (D) on Prr($,0), (5.16)
%) (t, xgol{wgo} + zéy l{xZO}) outside PF,QF(t7 0),

and

x _
ve(ta) = 4 I Fex (2) on Pr.2:(1,0), (5.17)
%) (t, repliz<oy + a?é'gl{xzo}) outside Pr 27 (t,0).

We claim that these functions satisfy in the viscosity sense, for 7 and € small enough, on Pr 7 (¢, 0),

- Et,' Et,' - g 9
gittay+o (28 (0D TEEIN e 190 )| @) st = 2,
o (Rt [ (- - TyF 0
vitt.a)+ o (2 N5 (D 1O e )] @) sl =

We only prove that ¢° is a super-solution (the case for ¢° is similar and we skip it), let h be a
test function touching ¢ from below at (t1,21) € Pr (¢, 0), so we have

w (%) = é (h(ti,z1) —g(t1)),

and

w(y) >

= (hfts,ey) = g(12)

T
for y in a neighbourhood of ZL. Since w does not depend on time, we have
€

he(ty,z1) = g'(t1)-
Therefore, we have

T T

helt o) = g'(01) + 6 (2 Mo (w, 1) (2) ] () ) - oty o)] = A

5
This implies that (using (5.15) and taking 7 small enough)

T1

etz + 6 (2 N (1) () ] (22)) - Pha(in,a)l 2 A+ (1) 2 5.

Now for € small enough such that eh,,q, < 7, we deduce from the previous inequality that for all
(t,x) € Pr7(t, ), we have

o)+ o (22855 (8 D) (o) [ £ o)) - st 2

g

NS

(5.18)
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Getting the contradiction. Using (5.5) and (5.14), we have for € small enough

uf + 1 < g(t) + Pl alizcoy + Dralizso} - F
7 . OHPF ;t,() Pfft,(),
{ & +1n < g(t) + P2 xl{zcoy + P2l {zs0} 2r (8 0\Prr (2,0)

Using the fact that w® — W and (¢ — X, and using (4.11), we have for € small enough

uE + g S (PE
on PT-,QF(E, O)\’PF’F(E, 0)
n
€ T < e
g+ 1<y,
Combining this result with (5.16)-(5.17), we get
us 4 g S QDE
outside Pr 7 (t,0).
&+ 3 <,

By the comparison principle on bounded subsets the previous inequality holds in Pr 7(¢,0). Passing
to the limit as € — 0, we obtain

U+ g S "2 on ij(ti, O)
Evaluating this inequality in (¢,0), we obtain a contradiction.

Remark 5.4. In order to prove that v is a super-solution, the test function in the case y = 0,
needs to be

o(t,y) = g(t) Jriﬁgyl{yeRg} Jrﬁ-l}-yl{yeRf} +T?3rl/1{yeR;} on Qr 27(t,0). (5.19)

This ends the proof of Theorem 2.5.
O

6 Truncated cell problem

This section contains the proof of Theorem 4.3. We proceed as in [18, 19] and we will construct
correctors on a truncated domain and then pass to the limit as the size of the domain goes to
infinity. For I € (ho + hmaz + 1,+00), hg << l and hg + hmaez + 1 < R << I, we want to find
Ai.r € R such that there exists a solution (w!®, y"®) of

Gz, wh (), F], [wh Bl wh®) = g
’ ’ ’ T ’ ifxe (1,1
Gh(r, x (o), [t ], [, ) = A (=L
H (whf) = g .
HLEXl’R) =N )R o=t (6.1)
By )=
Ho (X5") = Mg

with, for j =1, 2,
Gz, w(z), ) [w],q) = ¥p(@)k @)z, No(w, [x])(z), M;[w](2))lq] (6.2)

+(1 =Yg (x)H;jg) + (1 — g (2)Ho(q),
and ¥, by € C®, ¢F : R — [0,1], with ¢ (z) = ¢} (—2) and

YV = { (1) ZE E;io—f’ll,%—]&—oo), and Yr(r) < 1Vr ¢ (—o0, R]. (6.3)

To Gg% we associate C:'g% which is defined in the same way by replacing the non-local operators Ny
and M; respectively by Ny and M;.
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6.1 Comparison principle for a truncated problem

Proposition 6.1 (Comparison principle on a truncated domain). Let us consider the following
problem for 0 < ly <ls and A € R, with ls >> R.

Gz, u(z),[6) [uluz) > X,
{ ég(l‘af(x) e > Frelnh) 4
H (1) = A oo (6.4)
and for g9 > 0,
Gz, v(x),[C], [v],v5) <A—eo
Bl bl ) <h—e  Freb)
HT(”I)S)\*SO ifo—i (6.5)
H;(Cx)g/\—é‘o -2

Then if v(l1) < u(ly) and ¢(I1) < &(ly), we have v < w and ¢ < € in [y, 2]

Proof. Like in [18], the only new difficulty to prove this proposition is the comparison at lo. But
since near ls, the system decouples itself, we can prooceed as in [19, Proposition 4.1].
O

Remark 6.2. We have a similar result if we exchange the boundary conditions, that is to say for
I <lp < —ho = hmaz — 1, and if for all x € [la,lo + hmaa] v(z) < u(z) and {(x) < &(z) and the
following conditions are imposed at x = Iy,

E(l(ux) 2 A ife=1
Ho(vs) <A=co e g
HO (Cw) <A—¢o

6.2 Existence of correctors on a truncated domain

Proposition 6.3 (Existence of correctors on a truncated domain). There ezists a constant A\ g €
R such that there exists a solution (whf x“F) of (6.1). Moreover, there eacz'sts a constant C
(depending only on ko) and two Lipschitz continuous functions mll’R and m , such that

Hy = H,(p)<\Mr<0
0 ze%alxz}%ﬂg (p) LR =%

|wh B () ()|<C for all x € [—1,1],
X" ( ) = ( ) <C for all x € [-1,1], (6.7)
Im (@) —m;(y)] < Cle —y] for all x,y € [<1,1], fori=1,2
wF(z) — ()\<C for all z € [—1, ho).
Proof. We consider the approximated truncated cell problem,
500 + GRlx, v°(x), [¢°], [v°],03) =0
5(6 + GQR(I, §5($)7 [vd]’ [<5],45) -0 ifx e (—l, l)
s o7ty
oy +£}~_(v$)—0 ife=1 (6.8)
8¢ +H,y () =0 .
5U5+§(E(vg) =0 if v = —1
5¢°+Hy (¢) =0
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Step 1: existence of a solution. Using that (0,0) and (Cy/d,Cy/0) are respectively sub and
super-solution of (6.8), with Cy = | mig Hy(p)| and that we have a comparison principle, we deduce
pe

that there exists a continuous viscosity solution (v?,¢?) of (6.8) which satisfies

G

C
09;5370 and 0< (%<

Step 2: control of the oscillations of v° and (°.
Lemma 6.4. The functions v® and ¢° satisfy for all x,y € [-1,1], x >y,

—Ko(z—y) —2<0°(2) —v°(y) <O and - Ko(z—y) =2 < (2) = (y) <0,
with Ko = 2ko.

Proof of Lemma 6.4. In the rest of the proof we will use the following notation

PN

Q={(z,y) €[> st. 2 >y}.
Proof of the upper inequality. We want to prove that

M= sup max (v7(@) — (5), C'la) — C°(y) < 0.
(z,y)e?

(6.9)

(6.10)

(6.11)

We argue by contradiction and assume that M > 0. Since Q is compact and v® and £° are
continuous, we can see that M is reached for a finite point that we denote by (z,7) € Q. Given
that M > 0, we deduce that & # y. Therefore, we can use the viscosity inequalities for (6.8).

Let us assume for instance that M = v%(z) — v°(j) (the other case is similar so we skip it).

We distinguish 3 cases.
-If (z,y) € (—1,1), we have

combining these inequalities with the fact that G(z, U, [E], [U],0) = 0, we obtain
oM <0.
-If z =1 and y € (—I,1), we obtain similarly
oM <0,

using the fact that ﬁ? (0) = 0.
-If z € (—1,1] and y = —I, we obtain

SM < H, (0) <0.

For every value of =,y we obtain a contradiction, therefore M < 0.

(6.12)

Proof of the lower inequality. In order to proof this inequalities, we will use the following

lemma which proof is postponed.

Lemma 6.5. For all z € [—1,—hg], we have

¢ (2) = v’ (2)] < 1.
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We want to prove that

M= sup max (v°(y) = 0°(2) = Ko(x —y) = 2,¢°(y) — ¢°(2) — Ko(x —y) —2) <0.
(x,y)e

We argue by contradiction and assume that M > 0. We can see that M is reached for a finite
point that we denote by (z,y) € Q. Since M > 0, we deduce that £ > y. Therefore, we can use
the viscosity inequalities from (6.8).

Let us for instance assume that M = v°(j) — v?(Z) — Ko(Z — 9) — 2 (the other case is similar
and we skip it).

We distinguish 4 cases.

If z,y € (=1, 1), we obtain

50°(9) + GR(5,0°(H), [¢°], [v°], =Ko) <0
00 (Z) + G (2,0° (%), [¢°], [v°], =Ko) > 0,

combining these inequalities and using the definition of M, we obtain
SM < GR(2,0°(2),[¢°], [v°), = Ko) — GR(5,v°(9), [¢°], [v°], —Ko)- (6.14)

We recall that the non-local operators are non-positive (see Remark 2.10) and that H;(—Ky) =
0 for 4 = 0,1,2. This implies that

M < — GR(y,v°(),[¢°], ], —Ko) = Y5 @¢ 5 (@)9 (5, No(v’, [°1) (), Ma[v°](7)) - Ko. (6.15)

To treat (6.15), we will compute M;[v°](7) and No(v?, [¢°])(¥).
Let us prove that M;[v°](g) = 0. In fact, it is sufficient to prove that for all z € (hg, hmaz], We
have

V(g4 2) —0° () < —2.
Let z € (ho, hmaz), if ¥+ 2 < Z, then using the fact that
V(G +2) =0 (3) - Ko(@ —§—2) =2 <0°(5) (@) — Ko(T ) — 2,
we deduce that
V(g +2) —0°(g) < —Koz < —2.
If ij + 2z > Z, using the fact that v° is non-increasing and that M > 0, we obtain
V(5 +2) —0’(5) < (@) —0°(7) < —Ko(3 —5) —2 < -2
Using that No(v?, [¢°])(7) < 0, and that M;[v°](7) = 0, we get
max (No(v°, [¢°]) (), Ma[v’](5)) = 0.

We can therefore assume that —R—1 < § < —hg — hinae (if not we get a contradiction in (6.15)).
Let us now prove that for all —R—1 < § < —hg — hmaz, No(v®, [¢°])(y) = 0. In fact, it suffices
to prove that for all z € (hg, hnaz], we have

CW+z) -0 () < -1

Let z € (ho, humas). If § + 2z > &, using the fact that ¢° is non-increasing and Lemma 6.5 (since
Y+ 2 <Y+ hmae < —hg), we obtain
CH+2)—v'@ < V(G+2) -0’y +1
o (7) — 03 (5) + 1
~Ko(@ —7) — 1< —1,

INIAIA
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where we used the fact that M > 0 for the third line. If y 4+ 2z < z, using Lemma 6.5 and that
V(G +2) =0 (F) = Ko(z -5 — 2) =2 < 0°(g) = o°(7) — Ko(Z —§) — 2,
we obtain

Cg+2)—v(@) < v(FG+z) -0y +1
< 1—Kpz< —1.

Injecting the previous results into (6.15), we get M < 0, which is a contradiction.
-If z € (—1,1) and y = —I, we obtain

5v°(y) + Hy (—Ko) <0
503 (2) > 6v9(z) + Gh(7,v°(7), [¢°], [v0], —Ko) > 0.

Using the fact that H, (—Ky) = 0 we obtain M < 0, which is a contradiction.
If z =1 and y € (—1,1), we obtain

00 (y) + G (5,0°(9), [6°], [v*)], ~Ko) <0
oo (z) + H, (—Ko) >0,
using the result of the first case, and the fact that ﬁr(—Ko) < 0, we directly obtain dM < 0,
which is a contradiction.
-If x =1 and y = —I, we obtain

5v°(y) + Hy (—Ko) <0
509 (z) + Hy (—Ko) > 0,
just like before, we obtain §M < 0, which is a contradiction.

For every value of z,y € [—[,1] we obtain a contradiction, therefore we have M < 0. This ends
the proof of Lemma 6.4.

O

Step 3: construction of the Lipschitz continuous function.

Lemma 6.6. There exists two Lipschitz continuous functions m$ and m$, such that there exists
a constant C' > 0 (independent of | and R) such that

|00 (x) —ml(x)] < C for all x € [-1,1],
1¢%(2) —mi(x)] < C for all x € [-1,1], (6.16)
iml(x) —ml(y)| < Clz —y| for all m,y € [-1,1], fori=1,2
Moreover, for all x € [—1, ho], we have
|00 () — ¢ (x)] < C. (6.17)

Proof. We only do the construction of m¢, since the construction of mj is similar and we skip it.
We define m$ as an affine function in each interval of the form [ih, (i 4+ 1)he], with i € Z, such
that

mS (iho) = v°(iho) and mS((i + 1)hg) = v°((i + 1)ho).

Since m{ and v° are non-increasing, and |[v®((i + 1)hg) — v°(ihg)| < Koho +2 = 4, we deduce that
for all z € [iho, (i + 1)hol,

—4 < 0%((i + 1)ho) — m (iho) < v0(x) — mS(z) < v0(ihg) — mS((I + 1)he) < 4, (6.18)
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and for all z,y € [-1,1],
mS (x) — m3(y)| < 2Kola —yl. (6.19)
We build m$ the same way but using ¢° instead of v°.
Moreover, let x € [, hy), first if © < —hg, using Lemma 6.5, we have that
0% (z) = *(2)| < 1.
If © € [—ho, ho|, we have

W (z) = ¢ (2)] < 0 (x) — my(a)] + [CO(x) — ma(x)| + |ma(z) — ma(z)]
8+ |my(z) — mi(—ho)| + |ma(—ho) — ma(z)| + [m1(—ho) — ma(—ho)|
9+ 8Koho = 25,

ININAIA

where we have used for the third inequality the fact that
[mi(=ho) = ma(—ho)| = [v°(—ho) — (*(—ho)| < 1

and for the last inequality, the fact that x € [—hy, ho].
Choosing C' = max (2K, 25) we obtain (6.16) and (6.17). This ends the proof of Lemma 6.6.
O

Step 4: passing to the limit as 0 goes to 0. Using (6.9), Lemma 6.6 and (6.16), we deduce
that there exists a subsequence §,, — 0 such that

5,007 (0) = =\ R as n — 400,
5 COm (0) = —\ir as n — +0o,
s 5

md —md(0) = mb asn — +oo fori=1,2.

The last convergence being locally uniform. Let us consider,

whf = limsup* (v°" — v°7(0)) and w"® =liminf (v*» —v°(0))
6n—0 6n—=0 4

and

LR — limsup* (¢° —v°(0)) and x"% =liminf (¢°» —v°(0)).

8, —0 - 0n—0

X

IR , LR <l,R IR
» X

Therefore, we have that A\; g, W™, w"™, X and mi’R, satisfy for i = 1,2,

in H, < <
min Ho(p) < A\,r <0,

@R — bR < O, Jwh - miFl < C, (6.20)
_ I,R LR '
X —my T <O XM -my T <G
|o,m-f) < C,
and for x < hy,
|YI’R _ Ml.R| <, |XI,R _ @l,R‘ < C. (6.21)

By stability of viscosity solutions, we have that (w"# —2C, ¥ —2C) and (w" %, x"f) are respec-
tively a sub-solution and a super-solution of (6.1), and

o —20 <whf and Y -20< XZ’R.
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By Perron’s method, we can construct a solution (w!f, x"#) of (6.1) and thanks to (6.20)-(6.21),
mbB wh B bR and A g satisfy (6.7) in which the first inequality is replaced by

in H, <\Nr<O.
min o(p) < \ir <

The first inequality of (6.7) comes from the fact that near {—!} and {/}, (6.1) contains only local
operators H; for i = 0,1,2. Indeed, using [2, Lemme B.1], we can touch from above, near {—[} or
{1}, the functions (w" ¥, x"F) with a regular test function . This implies that H;(p,) < A g for
i=20,1 or 2 which gives

in H;(p) < A\, g- 6.22
iy PR ) = A (022

The uniqueness of \; g is classical so we skip it. This ends the proof of Proposition 6.3.
O

Proof of Lemma 6.5. This proof uses similar arguments to ones used in the proof of Theorem 3.9.
We only prove that for all z € [, —hg] we have ¢°(x) — v°(z) < 1, the proof for the second part
of the result is similar and we skip it. First, let us prove the inequality on the interval [—R, —hg].

Step 1: = € [-R,—hg]. Let z € (—R,—hp) and a > 0 be some small parameter such that
z € [-R+ a,—hg — a]. We denote by

A={zel-ll st |z—z|<a}.
We want to prove that for L := 4Cy/(6a?), we have
COz) —v°(z) <14 Lz —2)? forallz € A, (6.23)
In fact, if we take z = z in the previous inequality, we obtain
COz) —v°(xz) <1 forall z € (=R, —hg)

Using the continuity of v° and ¢°, we deduce the result in [—R, —hg].
In order to prove (6.23), we introduce

M = sgg ((x) =’ (x) =1 — L(z — 2)?) . (6.24)

We argue by contradiction and assume that M > 0.

Step 1.1: the test function. We define for £ a small parameter, the function

@(m,y) = C‘;(x) — v‘s(y) —-1- g(l‘ — 2)2 - g(y - Z)2 - %

The function ¢ reaches a maximum at a finite point (Z,y) in the domain
{(z,y) € [-L,]* st. |z —z[<aand |z —y| < a}. (6.25)

By classical arguments, we deduce that

0< M < M.

—0ase—0.
2e
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Step 1.2: |z — 2| < a and |y — 2| < a. By contradiction, assume that |z — z| = « or
|y — z| = «, in which case, we have

o ) L, _ L, (z —y)?
e e L L (627
< 270_568207

where we have used (6.9) and the fact that L = 4Cy/(6a?) for the second line, which gives us a
contradiction.

Step 1.3: utilisation of the equation. Using the viscosity inequalities we obtain

5¢°(2) + GR(z,¢°(2), 0], [¢°], L(Z — 2) +pe) <0
50 () + GRH,v° (1), [¢°], 0°], =L(§ — 2) + pe) =0,

with p. = (Z — y)/e. Combining these inequalities and using the definition of M, we obtain

OM <G(5,v° (@), [¢°), [v°], =L(F — 2) + p) — GR(2,¢°(2), [v°], [¢°], L(Z — 2) + pe)
<¢ (7, No(v”, [N @), MY [°)(§)) -| = LT — 2) + pe|
=6 (2, No(¢*, [v°)(2), M2[¢°)(2)) | L(Z — 2) + pe]
< = ¢ (2, No (¢, [0°])(2), M2[¢°)(2)) -|L(Z — 2) +pel,
where we have used the fact that the non-local operators are non-positive (Remark 2.10) and that
Z,§ € [~ R, —ho] which implies that ¢ (g) = ¢5(Z) =

Let us prove that No(¢?,[v°])(Z) = 0. It is sufficient to prove that for all h € [ho, hmas), We
have

(6.28)

v (Z+h) - () < —1.

In fact, using (6.26), for ¢ small enough, we can assume that for all h € [hg, hmaz], we have
Z 4 h > 9. Using the fact that v° is non-increasing and that M > 0, we have

V(@ +h) = (@) < (G) - @) < -
Using that the non-local operators are non-positive, we have that
max(No(¢*, [v°])(2), Ma[¢°](2)) = 0.
Given the form of the transition function (see Remark 2.11), (6.28) becomes
IM < —3(2,0,0, Ma[¢°)(7)) - |L(Z — 2) + pe| = 0. (6.29)

This gives us a contradiction and therefore M < 0.

Step 2: x € [-I,—R] . We introduce

M= sup ((x)—2°(x)—1). (6.30)
z€[—1,—R]

We want to prove that M < 0 and we argue by contradiction and by assuming that M > 0. Given
that ¢° and v° are continuous, M is reached for a point # € [, —R]. First, let us notice that
thanks to Step 1, M cannot be reached for x = —R. We distinguish 2 cases.
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Case 1: z € (—,—R). We introduce

plry) = @) @) -1 - T (a2 g ey,

which reaches a maximum at a point (z.,y.) € [~I,—R]?>. We denote by M. = ¢(z.,y:). By

classical arguments, we can prove that

2
lim M, = M, lim P2 =¥
e—0 e—0 2e

and (ze,y:) = (Z,7) as € goes to 0.

(6.31)

Therefore, for & small enough, we can assume that x.,y. € (=, —R). Using the viscosity inequal-

ities, we obtain

5C6(x€) + G%(@m C(S(xe)y [U6]7 [Cﬁ]a (xe - j) ""‘pa) <0
5"}6(%) + é}%(yeavé(ya)v [C(s]’ [U6]7 —(Ye — %) +pe) 20,

with p. = (z. — y-)/e. Combining these inequalities and using the definition of M, we obtain

IM <GR(ye, v (ye), [C°], [v°), = (y= — &) + pe)
- GR(ae, O (2), ][], (2 — 7) + pe)
<(1—vr(ye)) Ho(— ( —z)+p)—(1- w;{(xE))FO((xs — )+ p:)
+ 95 (1Y) (e, No (0, [CD(we), MY [0°](ye)) -| = (9 — &) + pe| (6.32)
- wR T:)¢ (xe,NO 6, [U6 D(z-), M2[C6](x6)) J(@e — ) + pel
<(1- 1/13(315)) 0(—(y5 - x) +ps) - (1- 1/}17%(555))?0((‘”6 - i‘) +pe)
— Y () No (¢, [0°]) (o) [ (e — ) + pel,
where we have used that ¢(z.,a,b) = a for x. < —hg — Apmaz — 1.
Using that No(¢?, [v°])(z.) = 0 (see Step 1), we get
OM <(1— 1/)12(115))?0(*(@/5 —Z)+pe)— (1= 1/’1}(%5))?0(% —Z+pe). (6.33)
This implies that
oM <(1— g (ye)) (Ho(—(y — ) 4+ pe) — Ho((ze — Z) + pe))
+||(1/J§)'||00|m6—y5||H0((x5—:f)+p5)’ (6.34)

= _ _ _ —
<IHolloo (lze = 2| + lye = 20) + 1(VR) lloo e = Yel - Vinaal(ze — 2) + pe|

Sos(l)

where we have used the regularity of ¢5 for the first inequality, the form of Hy (the fact that

|Ho(p)| < V,2,.Ip|, see (2.10)), and (6.31) for the last inequality.
Injecting (6.34) into (6.33), we obtain that

oM < o.(1),

which gives a contradiction for ¢ small enough.

Case 2: T = —[. We introduce

pl,9) = @)~ (@)~ 167 (L,0) = 2 (@@ -2 + (s - 7)),

g €

where G is the vertex test function introduce by Imbert and Monneau in [22, Theorem 3.2]. We
fix v = M /2. We refer to [22] for a detailed description on the vertex test function and on how
to build it, but for the readers convenience we recall the properties we use in this proof.
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1. (Regularity)

(6.35)

G e O(-1,12) { ) forall ze [:ll,g]

) forall yel[-11].

2. (Bound from below) G7 > 0 = G(0,0).

3. (Super-linearity) There exists g : [0, +00) — R non-decreasing and such that for all (z,y) €
[_la ”2

_ g(a)
- <G” 1 = = .
9z —y) =G'(z,y) and  lim == =+oc0
4. (Compatibility condition on the gradient)
Ho(y, =G (z,y)) — Ho(z, G (x,y)) <, (6.36)
with, for all x € [—[,]] and p € R,
+F H,(p) ifx=—I

Ho(z,p) =4 o 6.37
o(@,p) { Ho(p) ifze (1] (6.57)

Like in the previous case, the test function ¢ reaches a maximum at a point (z.,y.) and (6.31)
remains valid with £ = —I. Proceeding like before, we obtain (6.32) but for € small enough the
only terms that remain are the local ones. Therefore, we have

oM <Ho (e~ (v = ) = G (2, )) = Ho (2. — 5+ G2 (£, £))

<H, (ys, -Gy (%, %)) — Hy (xg,G;Y (%, ygi)) [ Holloo (e + 1| + |y +1))  (6:38)
<+ o0:(1).

This implies that 6M/2 < o.(1) and we obtain a contradiction for e small enough.
O

Proposition 6.7 (First definition of the flux limiter). The following limits exist (up to some
sub-sequence)

ZR:ZH-I‘P ALRs

— 400

A= lim Ap (6.39)
R—+o00

Moreover, we have
Hy < Z7 ZR <0.

Proof. This proof is a direct consequence of (6.7).
O

Proposition 6.8 (Control of the slopes on a truncated domain). Assume that I and R are large
enough. Let (wh%, xbT) be the solution of (6.1) given by Proposition 6.3.

If we assume up to a sub-sequence that A = lim lim ALR > min H,. Then there exist
R—+o0ol—+00

v > 0 and a constant C > 0 (independent of I and R) such that for all v € (0,v9) and for all
r>0and h >0

whf(z + h) —wh B (2) > (pL —y)h - C (6.40)

33



Similarly, if we assume that A > min Ho then we have forallx >0 and h >0
X" @+ h) = xM@) > (pL —)h - C. (6.41)
Finally, if we assume that A > min Hy, we have for all x < —hg — hypas — 1 and h >0,
wh(z —h) —w(2) 2 (P2 —Nh = C and X"z —h) = x"(2) 2 (L — y)h — C(6.42)

Proof. We do the proof of Proposition 6.8 in two steps.

Step 1: proof of (6.40)-(6.41). We do the proof only for w"#, since the truncated cell problem
(6.1) decouples itself for x > 0. The proof for x"# is similar and we skip it. For p > 0, small
enough, we denote by pt the real numbers defined by

= =+
Hi(p,) = Hy (p,) = Mg — . (6.43)
Using that
min H, < ALr L0,

we deduce that p}t exists for p small enough and p}L € [—2ko, 0).
Let us now consider wt = plllx that satisfies

Hi(wf)=XNr—p forzeR. (6.44)
We also have
3
M [wt](z) :/ Jl(z)E(pi(a: +2)— plltx)dz — §V7,1ww
R

—2
w1 Ria! 3
:/0 " §J1(z)dz+/ §J1(z)dzf §VT}LM

pl
m

-2

Py

For all z € (0,1), we have
) _
ﬂﬂWﬂ@%Wi——%(ﬂ>-¢kﬁﬂ@D—Nﬁ—w (6.45)
m

Using (6.45), we can see that the restriction of w™ to (0,] satisfies

Gh(z,wr, [xt], [wH,wl) =N r—p ifze(0,1)
Hy (w}) = A\r — p if o =1,
notice that since x > 0 there is no actual dependence on x+ on the previous equation.
Let us introduce, for some zg € (0,1],

IR

g=whf —whB(zy) and u=w (o) (6.46)

Then we have
g(z0) = 0 > u(wo). (6.47)

Using that g is a solution of (6.4) (in (0,!] the solutions are invariant by addition of constants)
and u is a solution of (6.5) (with 9 = ), joint to the comparison principle (Proposition 6.1), we
get that

W () - whR(ag) > ph(z - 20)
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This implies that for all A > 0, and for all z € (0,1),

whB(z + h) — whB(z) > p}Lh
Finally, if we choose vy < |p1 — ]3}%|, then we have

- =+

Hy(py —~) = H{ (b — )
Choosing p > 0 such that

p, =D} — 7.

we obtain (6.40).
Step 2: proof of (6.42). The arguments are similar to the previous ones but for the readers

convenience, we detail where the two proofs differ. For p > 0, small enough, we denote by pz a
solution of

Ho(p),) = Hy (p)) = \i,r — 1

Moreover, since min Hy < AR, for p small enough, we have pg € [-2ko,0). We introduce

wT = p%x = x~. Like before, we can see that the restriction of w™ to [—I,—ho — hmaz — 1)
satisfies

G}%(x,w*, X L w ,wy;)=XNr—p ifxe(—=l,—ho—hmaes —1)
ﬁoi(w;)z/\l,R—,u if x = —1.

Similarly, the restriction of X~ to [—I, —Amae — ho — 1) satisfies

{ G?%(an77 [wi]a [Xf]v)(;) - Al,R - M if x S (713 7h0 - hmar - 1)

Hy () =Ar—p it @ = 1.
Let us introduce, for some zg € [—I, —hy — hmas — 1),
LR _ R - - ~
g = w"'t —w T (zp) u=w" —w (z9) —C
(A ettt U (il (6.48)

with €' = Chypas + 3C where C > 0 is the constant provided by Proposition 6.3. Then, using
Proposition 6.3, we have for all « € [zg, 2o + hmaz)

9(z) = whB(z) — W' (z9) > —Cla — z9| — 2C > —Chpay — 2C

and
h(z) = X" (z) — wH(wo) =x"(z) — x"(z0) + X" (20) — w" (o)
> — Chppas —20 - C > -C>-C +p2(x —1x9) = v(x).

Using the comparison principle (Proposition 6.1) with the boundary conditions (6.6) (see Remark
6.2), we get that

{ whB(z) — whf(zy) > pgb(x —x9) —C
XU (x) = wh(z0) > pp(z — 20) = C

Using Proposition 6.3, we have that Ixt B (z) — whB(x)| < C. Therefore, up to changing the
constant C' > 0, we have

Q ey

{ wh i (z) —wh(z0) 2 p(z — w0) —
XM (@) = xM (o) = ply (@ — w0) —
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This implies that for all A > 0, and for all z € (=1, —ho — hmaz — 1),

whB(x — h) —whB(z) > —ph — C
(@~ h) — XM(@) > —ph — C.

Finally, if we choose vy < [po — p° |, then we have

Ho(p? +7) = Ho (72 +7).
Choosing 1 > 0 such that
pp=PL +7

we obtain (6.42).

Proof of Theorem 4.3. The proof is performed in two steps.

Step 1: proof of i) and ii). We want to pass to the limit as [ — 400 and then as R — 400
for the solution of (6.1) given by Proposition 6.3. Using (6.3), there exists I,, — 400, such that
for i = 1,2, we have

mimf mi”’R(O) — ml

i i asn — +o00,

the convergence being locally uniform. We also define

wh(z) = limsup® (w'F — wlF(0)), X (z) = limsup® (x!»F — w!F(0)),
R, _ flﬁfc}? (whn R — R (0 and R\ — ITHJTOE R )
w'(z) = liminf (w w'(0)) x"(e) =liminf (x w'(0)) .

Thanks to (6.3), we know that these limits are finite and satisfy
m{%—CSMRSERSm{{—&—C. and m?—CSXRSXRSmg—I—C.

By stability of viscosity solutions (@ —2C, " —2C) and (w®, x7) are respectively a sub-solution
and a super-solution of

8

GL(z, w(z), [xT], [wh], wk
{ G?Z(a:,x’*‘(x), [wr], [xF], xF) = Ag (6.49)

Therefore, using Perron’s method, we can construct a solution (w?, x®) of (6.49), with mf, Ag,
w’ and x 7 satisfying

|mE(z) — mE(y)| < Clz — | for all z,y € R, fori=1,2,

|wi(z) — mi(x)] < C,|xT(z) —mb(z)] < C forall z € R,

|wf(x) — xf(z)] < C for all x < hy, (6.50)
Hy<Ar<0

Using Proposition 6.8, if A > H; (resp. A > min Hs), we know that there exists vy and a constant
C > 0, such that for all v € (0,7), for all z > 0, and h > 0,

wf(z +h) —w"(z) > Py —y)h - C (resp. X (@ +h) = x(2) > (B} — )b — C)- (6.51)
Similarly, if we assume A > min H, then we have similarly, for all z < —hg — hynee — 1 and A > 0,

w(x—h) —w(x) > (-p2 —Nh—C and x*(x —h) —x"(x) > (-p} —1)h—C. (6.52)
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We now pass to the limit as R — 4+o00. We consider (up to a sub-sequence), for i = 1,2,

— -1 % R RO — lim inf R RO
() = limsup (w —wf(0)), w(z) ggf;c*(w wf(0)) ,

x(z) = liminf (x® —w(0)),

— — 1 * R _ . R 0
x(w) = lim sup® (3 —w™(0)), x(v) = lim inf

A= lim A =i R_mR
A= REIEOO Ag, m; RETM(mZ m;*(0)).

The last convergence being locally uniform. Thanks to (6.50), we know that the previous limits
are finite and that

m —C<w<w<m+C. and my—-C<x<xY<my+C. (6.53)

By stability of viscosity solutions (w — 2C,X — 2C) and (w, x) are respectively sub-solution and
super-solution of (2.25) with A = A. Using Perron’s method we can construct a solution (w, x) of
(2.25) with A = A that satisfies (4.5), (4.6), (4.7) and (4.8).

Step 2: proof of iii). Let us now consider the rescaled functions w® = cw(x/e) and x*(x) =
ex(z/e). Using (4.5), we have that

w®(z) = emy (g) +0(e) and x°(x) =emq (%) + O(e). (6.54)
Therefore, there exists a subsequence ¢, — 0 as n — 400, such that

w'™ =W and x°* — X locally uniformly as n — +oo, (6.55)

with W (0) = X(0) = 0. Arguing as in the proof of convergence away from the junction point, we
have that (W, X) satisfies

Ho(W,)=A
{HO(XJ;)ZA for x < 0,

H(W,) = A
{Hg(Xm)zA for z > 0.

This proves (4.9). Let us now prove (4.11). B
For z < 0, we have for all v € (0,9), if A > min H,

W, <P’ +7v and X, <P’ +7,
where we have used (4.8). Therefore, we have
Pl < Wi, Xo <P, (6.56)
this inequality remains valid if A = min Hy (in which case, given the form of H,, we have
Wx:Xx:ﬁ(i:pO—ZPO)- . - . -
For z > 0, we have for all v € (0,70), if A > min H; (resp. A > min Hy),
W Zfoi_ -y (resp. X, Zﬁ_ 77),

where we have used (4.7). Therefore given the form of H; (resp. of Hs), we have that W, = p}}
(resp. X, =p3) for z > 0, this result is still valid if A = min H; (resp. A = H>).
Combining these results, we obtain (4.11).
O
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Proof of Theorem 2.9. Up to a sub-sequence, we assume that A = lim lim AL,r- We want to
R—+o00 l—+00

prove that A = inf F, with
E = {\ € [H,0] : 3(v,() € S solution of (2.25)},
and

S = {(v,() s.t. 3 two Lipschitz continuous functions m; and mg s.t. m1(0) = my(0) =0
and a constant C' > 0 s.t. ||v — m1||eo, || — M2l < C}.

We argue by contradiction and assume that there exists A € E such that A\ < A, associated with
(v*,¢*) solution of (2.25). Arguing as in the proof of Theorem 4.3, we deduce that the functions

v$(z) = v (g) and  (§(x) = e (g) (6.57)

have as limits, as € goes to 0, W* and X* (With WA(0) = X*(0) = 0) which satisfies

Ho(Wy) =
{ H(Xg‘) for z < 0,
H (W) = for z > 0.
Hy(X3) =X
This means that for all z > 0, we have
—+
W) <pP't <Pl with Hi(py') = H, (0}") = A, (6.58)
and
X2 <ph? < with Hy(p)?) = Hy (p)?) = A (6.59)
Similarly, for all z < 0, we have
WM X >p) >3°  with p* = min{p € [~2ko,0]: Ho(p) = H, (p) = \}. (6.60)

These inequalities imply that for all v > 0, there exists a constant C‘ such that

>\2
Aoy < { OF + e A Oy fora> 0, Mgy < { P+ T+ Cy fora >0,
= { (p —y)z+C, forz<0. and - (*(z) < (P =z +C, forz<0. (6.61)

In fact if (v*, ¢*) does not satisfy (6.61), we cannot have (6.58), (6.59), and (6.60). Using Theorem
4.3, we have for v small enough and for R > 0 big enough,

v <v and ¢ < ¢ for |z| > R.
This implies that there exists a constant C'z such that for all z € R, we have
M) <wv(z)+Cx and ¢MNz) < ((z) + O
Let us now introduce two functions (u,¢) and (u*, &), defined by

{ u(t,x):v(a:)JrCngt, and { u Mt ) = v Mx) — M,
£(t,x) = ((z) + Cp — At, é-A(tv z) = CA(I') — AL

Both functions are solutions of (2.4) (with € = 1) and
ur(0,2) <u(0,z) and €X0,z) < &0, ).
Using the comparison principle (Proposition 3.7), we obtain
v Mx) — M < v(x) — At + Cp.

Dividing by ¢ and passing to the limit as ¢ goes to infinity, we get A < X, which is a contradiction.
O
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7 Link between the system of ODEs and the system of
PDEs

Theorem 7.1. For e =1, the cumulative distribution function (p1, p2) defined by (2.1)-(2.2), is
a discontinuous viscosity solution of

{ (Pl)t +¢ (CC, NO(p17 [pg(t, )])($)7 M, [pl(tv )](:L‘)) ) ‘8rp1| =0 fO?" (t, I) € [07 +OO) xR, (7 1)
(p2)t + ¢ (z, No(p2, [1(t, ) (), Ma[p2(t, -)|(2)) - [Ozp2| =0 for (t,z) € [0,+00) xR. *

Conversely, if (u,€) is a bounded and continuous viscosity solution of (7.1) satisfying for some
T >0, and for all t € (0,T),

u(t,x) and £(t,x) are decreasing in x,

then the points U;(t), defined by u(t,U;(t)) = —(i+1) fori € Z if i odd, and defined by (¢, U;(t)) =
—(i41) fori € Z if i even, satisfy the system (1.1) on (0,T).

Before the proof of Theorem 7.1, let us do the proof of Theorem 2.6.
Proof of Theorem 2.6. We recall that in Theorem 2.6, we have

w@ ={ S iwaso i o@={ 5, ilg fraleew
First, we would like to prove that for all £ > 0, we have
[p5(0,2) —up(z)| < f(e) forall z e R (7.2)
and
[p7(0,2) — &o(x)] < g(e) forall z € R, (7.3)

with f(e€),g(¢) — 0 as € goes to 0. Let us begin by proving (7.2). To do this, we consider a
piece-wise affine function v such that

p1(0,2) = v(z) for x = U;(0), for all i € Z such that i[2] = 1. (7.4)

First, given that for all ¢ € Z, U;4+1(0) — U;(0) > hg, we notice that v is 2ko—Lipschitz continuous
and by definition of pl, we have

lp1(0,2) —v(z)| <2 forall z € R. (7.5)
Let us consider the integer ig € N defined by
io =sup{i € Z, s.t. i[2] =1, U;(0) < —R}.

Using the assumption that for all ¢ € Z such that U;(0) < —R we have U;41(0) — U;(0) = h, we
deduce that for all < U,,(0)

+Am¢%m»:_z+w¢m

o xr Uio (O)
v(r) = =3+ h T h

h h
Let us now consider the integer i; € N defined by

— g — 1.

i1 = inf {Z €Z, s.t. 7,[2] =1, U;(0) > R}

Now using the assumption that for all ¢ € Z such that ¢[2] = 1 and U;(0) > R we have U;12(0) —
Ui(0) = h1, we deduce that for all z > U, (0)

. 2x 2Ui1 (0)

2 2U;, (0
o@) = ~ 22 4 2000 | o o)) = -2 4 2000
hy hy

— — (1 1).
I I (i1 +1)
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Moreover, we recall that for all ¢ > 0, we have p5(0,z) = ep1(0, z/¢), this implies that for all

€T ¢ [gUio (O)a 5Uil (O)]a

|p5(0,2) — up(x |<’p10x)—5v( )’—F‘sv( )—uo(:p)

|
%1() wi()l‘). (76)

<2
< s+smax(‘ ) 3

i)

Similarly, we have for all x € [eU;,(0),eU;, (0)],

0= 0.2 (] (2) -0 )

<% +¢ max (lvo(y) —uwo(y)]),
VE[Uig (0,04, 0)]

(7.7)

where we have used the fact that eug(z/e) = ug(x). Combining (7.6) and (7.7) and choosing

U, (0 )
) Oh()lolD

we deduce (7.2). Similarly, we can construct g(e) such that (7.3) is satisfied. Notice also that
thanks to (7.2) and (7.3), we have

[(p7)"(0,2) —uo(z)| < fle) +& and  [(p3)"(0,2) = &o(z)] < g(€) +e. (7.8)

Therefore, we have

{ ug(x) —max(f(e), 9(c)) < pi(0,2) < (p1)*(0,2) < uo(x) + max(f(e), g(¢)) +
So(x) — max(f(e), 9(¢)) < p5(0,2) < (p3)*(0,2) < &o(x) + max(f(e),g(¢)) +

Using the fact that (p§, p§) is a viscosity solution of (2.4) and the comparison principle (Proposition
3.7) we deduce that (with (u®, £%) a continuous solution of (2.4) associated to the initial condition

(u0,&0))

{ u®(t,z) — max(f(e), g(e )) <
gg(ta I) - max(f(zs),g( )) <

Passing to the limit as € — 0 and using Theorem 2.5 we get that

2U;, (0)
1

—i1—1

y€[Uiy (0),U:, (0)]

f(e) = 2¢ + emax ( max (lv(y) —uo(v)]),

pi(t,x) < (p1)"(t,x) < us(t, o) + max(f(e),g(€)) +e.
p5(t, ) < (p3)* (¢, ) < & (¢ x) + max(f(e), g(¢)) + e

p5(t,—d(0,z)) for (¢t,z) € (0,400) X Ry,
po(t,x) =4 p5(t,d(0,x))  for (t,x) € (0,400) X RF, (7.9)
p3(t,d(0,z))  for (¢,z) € (0,400) x Rz,

converges locally uniformly to u® (unique solution of (2.17)), which ends the proof of Theorem
2.6.
O

Proof of Theorem 7.1. Theorem 7.1 is a consequence of the following lemma.

Lemma 7.2 (Link between the velocities). Assume (A). Let ((U;);) be the solution of (1.1) with

{ UZ<0) < Ui+1(0) — hyg Zf Ul(O), Ui+1(0) € Ry (7 10)
U;(0) < U;42(0) — hg  otherwise. ‘

Then we have for all i € Z, such that i[2] = 1,

Ui(t) = =o(Us(t), No(u(t, ), [E(t, DU (1)), Ma[u(t, ))(Ui(t))), (7.11)
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and for all i € Z such that i[2] = 0,

Us(t) = =o(Us(t), No(&(t, ), [u(t, ) (Us(t)), MalE(t, )] (Ui(1))), (7.12)

where E and F are defined in (2.7), J; = V! fori=0,1,2, and u and & are continuous functions,
decreasing in x, such that

u(t,z) = p1(t,x) = (p1)«(t,x)  for x =U;(t), for alli € Z, such that i[2] =1, 713
x) = (p2)(t,x)  for x =U(t), for all i € Z, such that i[2] = 0. (7.13)

with (p1, p2) defined in (2.1)-(2.2) (withe =1).

Proof. We drop the time dependence to simplify the presentation. We only do the proof in the
case i € Z, i[2] = 0, the other case being identical.

In the case U; < 0, all the vehicles remain in order, meaning that £(U;) = —(i + 1) and
—(i42) =u(Uiy1) < w(U;) < w(U;—1) = —1, using this and (7.13) we have for all z € [0, +00),

—-1< U(Ul + Z) — g(Uz) <1 ifze [0, U¢+1 — U,’),
U(Uz + Z) — E(Uz) < -1 if z € [Ui+1 — Ui, +OO).

Given that v and £ are continuous, this implies that
U1+1 U, —+o00 3 3
Mol L)) = [ Gzt [ De)ds - 3V = ~Va(Ui ~ U (.14
0 2 Ui1—Us 2 2

Now using (7.13), and the fact that £(U;) = —(i + 1), we obtain

—2< §(Ul + Z) f(Ul) 0 ifze [0, Uiyo — Ul>,
f(Uz-i-Z)—f(U)S -2 if z € [Ui+2_Ui,+OO).

Again, given that £ is continuous, this implies that
U7,+2 U; —+o00 3
Mle)(U) :/ sz(z)der/ 2 h(e)de — 2V2. = Va(Uie —U)).  (7.15)
0 2 Uiso—U; 2 2

Combining (7.14) and (7.15), we get (7.12).

Thanks to (7.13), we have for & = U,(t), for all i € Z, i[2] =1,

No((p1)«(t, ), [(p2)«(¢, ) (x) = No(ul(t,-), [£(t, )])(z) = No(ul(t,-), [£(t,)]) (@),
Mi[(p1)«(t,)l(z) = Mafu(t,)|(z) = Mifu(t,))(2).

Similarly, we have for all z = U;(¢), for all i € Z, i[2] =0,

No((p2)(t,- )7[(01)*(72')])( ) = No(&(t, ), [u(t, ))(z) = No(&(t, ), [ult, ) (),
Mz|(p2)«(t,))(x) = Mal€(t,))(x) = Ma[€(2, )] (x)

and using Lemma 7.2, and Definition 3.1, we can see that ((p1)«, (p2)«) is a discontinuous vis-
cosity super-solution of (7.1). We obtain a similar result for ((p1)*, (p2)*) therefore, (p1,p2) is a
discontinuous viscosity solution of (7.1).

We prove the converse. Using from [15, Proposition 11], we can conclude that
((p1)s« = [u],(p2)« = [&]) (resp. (pf = |u],p5 = [€]) ) is a viscosity super-solution (resp.
sub-solution) of

{ (pl)t -G (t,l’)(pl) =0 with Cl( ) ) - ¢($7 No(U(t, )’ [f(tv )])(m)’Ml [u(t’ )](33))’ (7 16)
(p2)t = E2(t, @) (p2)a = 0 with &(t, ) = ¢z, No(§(t, ), [u(t, -)]) (@), M2[£(2, )](x))-



Using the fact that u and £ are decreasing, we define for all ¢ € Z, i[2] = 1,

Ui(t) = inf {x, u(t,r) < —(i+ 1)} = (u(t,-)) " (=i — 1), (7.17)
and for all i € Z, i[2] =0,

Ui(t) = inf {z, &(t,2) < —(i+1)} = (&) 7 (=i = 1), (7.18)

and we consider the functions ¢t — U;(¢t). They are continuous because u and ¢ are decreasing in
x and continuous in (¢, z).

We now prove that the functions U; are viscosity solutions of (1.1). Let ¢ be a test function
such that ¢(t) < U;(t) and ¢(tg) = U;(to). Let us now define ¢(t,z) = —(i + 1) + ¢(t) — z. Let
us for instance consider ¢ € Z, such that ¢[2] = 0 then we have

¢(to, Ui(to)) = (p2)«(to, Ui(to))
and
St x) < (p2)«(t,x) for U;(t) — 1 <z < Uipa(t).
This implies that

@i(to) + Ea(to, Ui(to)) > 0
& @i(to) = —Ca(to, Uilto)) = —¢ (Ui(to), —Vo(Uir1(to) — Ui(to)), —Va(Uir2(to) — Ui(to)))
& pi(to) > & (Uilto), Vo(Uisi(to) — Ui(to)), Va(Usya(to) — Ui(to))) -

We obtain a similar result in the case i[2] = 1. This proves that U; are viscosity super-solutions
of (1.1). The proof for sub-solutions is similar and we skip it. Moreover, & (-, U;(-)), for i = 1,2,
is continuous, we deduce that U; € C1, and is therefore a classical solution of (1.1).

O

8 Extensions

In this section, we will introduce some extensions of model (1.1) for which an homogenization
result is possible by using the same arguments as the ones used in the case presented in this
paper. However, since the models we introduce in this section are more complex, many technical
difficulties appear. Particularly, we will no longer be working with a system of two equations but
with a more general system. We will not go into details of the proofs for each of the models,
however we give some guidelines for any reader that would like to do the proofs in detail.

8.1 One incoming road, n outgoing roads
8.1.1 General model

Let us begin by considering a model where we have one incoming road Ry and n € N\{0} outgoing
roads that we denote by Ry, for k = 1,...,n. We consider a simple periodic setting and assume
that the vehicle ¢ € Z such that i[n] = k — 1 goes into Ry, where i[n] denotes the rest of the
euclidean division of ¢ by n (therefore i[n] € {0,...,n — 1}). We consider the following model, if
iln] =k —1, for all t > 0,

Ui(t) = & (Us(t), Vo (Uita (t) — Us(t)) , Vie Ui (t) — Ui(1))), (8.1)

where U; denotes the position of the i th vehicle and U; its velocity. For ¢ = 0,...,n, V; is an
optimal velocity function. The function ¢ is the same as before and is defined in (1.2).

In Figure 5, we have an schematic representation of model (8.1).

We assume that the optimal velocities satisfy assumption (A). However, we need to change
assumption (A5), to take into account the fact that we have n possible exits.
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Ry

; ; o Ui = VilUi = U)
Ui = min(Vo(Uisr = U, Vi...n(Usen = UY))
/ ! / U = ValUin — U)

h | h
‘;]7’() — s} “Lh’l)

‘
‘
: N ‘ - \“\Jh““\\‘$
Ry @ —hy—hpai—1 v
! \ N v ~

BN
Ui = Vi(Uisn — U))
\ N » .
Y: *\_ Transition zones *
Ui = VoUi = Ui)

U = (Ui, Vo(Uiy — Up), Vi, a(Usin — Uy))

Figure 5: Schematic representation of the microscopic model.

e (A5’) There exists a unique pg (resp. pi,...,pk) such that the function p — pVo(—1/p) (resp.
p — pV;(—2/p), for j=1,... k) is decreasing in [—1/hq, po] (resp.[—2/ho,p;]) and increasing
in [po, 0] (resp. [ps,0]).

To simplify we call (A’) assumption (A) with (A5’) instead of (A5).

8.1.2 Injecting the system of ODEs into a system of PDEs

The technique remains the same as before and we inject the system of ODE (8.1) into a system

of PDEs by considering n "cumulative distribution functions". For j =0,...,n — 1,
Stx)=—ne- | > H(z—el ) + > (14 H(z-eU !
Pt = L ‘\e R “\e (8.2)
i[n]=7, 1>0 i[n]=j, i<0
+e(n—1-1j),

with H the heaviside function defined in (2.3).

Remark 8.1. We choose this type of "cumulative distribution function’, to simplify the compu-
tations, because if i[n] = j, then we have p;(t,U;(t)) = —(i +1).

Under assumption (A’) we can prove that (pj) j=0,..n—1 15 a (discontinuous viscosity) solution
of the following non-local system of PDEs, for (¢,z) € (0,4+00) x R,

OuE + ¢ <": Ng <“J [“J“(t)D (), Mz, [“ﬂ(;)} (x)) Jpu] = 0

3 9
forj=0,...,n—2 (8.3)
e x e u;— ug (t’ ) & ufv,— (ta ) e
o v+ o (2 (M= |02 ) otz [0 ) sl =
where N§ and M? for j =1,...,n are non-local operators defined by
3
NG (U 18) @) = [ B F(Ee + =)~ U@z = 5Vo (5.4
R
and
MiU)(e) = [ JEW e+ 22) ~ U@)ds = 5 Vi (.5)
R
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with J; = V] for j =0,1,...,n,

0 if z>n-—1, 0 if z >0,
Flzy=<¢ 1/2 if —1<z<n-1, and E(z)=1¢ 1/2 if —n<z<0, (8.6)
3/2 ifz < -1, 3/2 ifz< —n.

Finally, the function ¢ is the same as the one in (2.8).
We will consider the following initial conditions,

u5(0,2) = ujo(z) forzx € Randfor j=0,...,n—1, (8.7)
and we make the following assumptions.
(A0’) (Initial condition). Forallz <0,andall j=1,...,n—1,
up,0(x) = uj0(x).
Moreover, we assume that for all z € R

n
nky = ——

T < (uj,0)e <0 forallj=0,...,n—1.

8.1.3 The effective Hamiltonians

Like in the case of a simple bifurcation, we will have an effective Hamiltonian on each road. We
introduce Hy, for k = 0,...,n which are the effective Hamiltonian on each of the roads Ry for
k=0,...,n. We define kg = 1/hg and Hy : R — R by

—p — nko for p < —nko,

— -1

Ho(p)=1 —W ( ) ) “|p| for —nko <p <0, (8.8)
D for p > 0.

We also define, for k=1,...,n, H, : R = R by

—p — nky for p < —nky,
o) = V(=) ol for ko <p<0, (59)
P for p > 0.

[p|—-+oo

of (A5’), there exists a unique point py € [—nko,0] such that

For k = 0,...,n, let us notice that H}, is continuous, coercive < lim H(p) = +oo> and because

H}, is non-increasing on (—oo, py), (8.10)
H}, is increasing on (pg, +00), '
We denote by
Hy= max minH(p). (8.11)

ke{0,...,n} peER
8.1.4 Convergence result

Let (u5); be the solution of (8.3)-(8.7). It is possible to prove that the function defined by

(1, 2) = { ug (¢, fd(é),z ) for (t,z) € (0,400) X Ry, (8.12)

us,_4(t,d(0,2)) for (t,z) € (0,+00) x R}, ke {l,...,n},
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converges locally uniformly on compact subsets of (0, +-00) x R as ¢ goes to 0 to the unique viscosity
solution of the following problem

u + Ho(ud) =0 for (t,x) € [0,400) x Rg,

u) + Hp(u) =0 for (¢,z) € [0, +00) x R},

uf + F(9ou®(t,0), . ..,0,u’(t,0))) =0 for (¢,x) € [0,400) x {0}, (8.13)
up,0(—d(0,z)) for z € Ry,

0 - —
w0,2) = wo(@) = " (d(0,2) for z € Ry

where A is a constant to be determined and F= is defined by

P— 7_['_ JE—
Fx(po, - - .,pn) = max(A, Hy (po), kgaank (pr)), (8.14)
where for £ =0,...,n,
- Hy(p) ifp<pe =+ { Hy(pr) ifp<pg
T (=d & i and Hipm =14 , 8.15
e () { Hy(pe) if p > py " () Hy(p) ifp>py. (8.15)

Theorem 8.2 (Junction condition by homogenization). Assume (A0’) and (A’). For ¢ > 0, let
(u5); be the solution of (8.3)-(8.7). Then there exists A € [Ho,0] such that the function defined
by (8.12) converges locally uniformly to the unique viscosity solution u® of (8.13).

Theorem 8.3. Assume (A’) and that at initial time we have, for all i € Z, if the vehicle i + 1 is
m Ro,

Ui(0) < Uypy1(0) — ho, (8.16)
and if not
Ui(0) < Uin(0) — ho. (8.17)
We also assume that there exists a constant R > 0 such that, for all i € Z, if U;(0) > R
Uin0) = Us(0) = by ififn] = j— 1
and if U;(0) < —R
Ui+1(0) = U;(0) = h,

with h > ho and for j € {1,...,n}, hj > hg. We define the functions (ujo); (satisfying (A0’°)) by

itz <o
uj_1,0(x) = —hmc F250 forallzx eR forj=1,...,n.
h;

Then there exists a constant A € [Hy,0] such that the function

[ pa(t—d(0,))  for (t,y) € (0,400) X Ro,
Pt y) { Z%,l(t,d(o,yy)) for (t,z) € (0.400) x R ke {1, n), (8.18)

converges locally uniformly to u® the unique solution of (8.13).

Theorem 8.4. Assume (A0’)-(A’). Let u® be the unique solution of (8.13), then we have for all
(t,x) € [0,400) X R,

—nky < ug <0,

with ko defined in (A0’).
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Remark 8.5. First, notice that, at the macroscopic scale, we obtain a similar result like the one
from the case of a simple bifurcation (and of course if n = 2 we find the same result).

In the introduction we mentioned that the main difficulty to obtain an homogenization result
was to build the correctors at the junction since we are in a non-periodic setting. However, notice
that in the proof of Proposition 6.3 (in the core of the proof of Theorem 4.3 which gives the existence
of correctors at the junction) the key element is that we are able to control the oscillations in space
of the solutions in the truncated domain for the approximated cell problem (Lemma 6.4). Notice
also that the arguments used in that lemma are actually similar to the ones used to prove Theorem
3.9. That is why we will give the equivalent theorem in the case of n outgoing roads and then give
some guidelines on how to prove it.

Theorem 8.6 (Control of the oscillations). Let T' > 0. Assume (A0’)-(A’) and let (u;); be a
solution of (8.3)-(8.7), with e = 1. Then there exists a constant Cy1 > 0 such that for all z,y € R,
x >y and for all t,s € [0,T], t > s, we have

0 <wu(t,z) —u(s,z) < Ci(t - s),
Oéfﬁﬂﬂ—ﬁww)SCRr—g (8.19)
with Kq := nkg.

Sketch of the proof of Theorem 8.6. We only give the ideas necessary to prove Theorem 8.6, and
the order in which the proof must be done.

1. Prove the control of the oscillations in time using the barriers and the fact that the solutions
are invariant by additions of constants and by translations in time.

2. Like in Theorem 3.9, prove that the functions u; are non-increasing in space.

3. Now we need a comparison between the functions (u;); solution of (8.3) (with e = 1) for all
x < —hg. We want to prove that for all x < —hg, all ¢t € [0,T] and for j =0,...,n — 2,

—1<wuji(t,z) —uj(t,z) <n—1 and —1<wu(t,xz)—up—1(t,z) <n—1. (8.20)
To prove (8.20), we need to proceed in the following order.

(a) Using a localisation argument, like in the proof of Lemma 3.10, we prove that for all
x < —hg,allt €[0,T] and for j =0,...,n— 2,

—1<wujp(t,z) —ui(t,z) and —1<wo(t,z)—up—1(t,x).
(b) Using the previous result, we deduce that for all x < —hg, all ¢t € [0,7] and for
j=0,...,n—2
Ujr1(z) —uj(r) <m—1 and wup(r) —up—1(z) <n-—1.
4. Using the previous results, proceeding like in the proof of Theorem 3.9 prove the lower
bounds on the control of the space oscillations.

O

8.2 A more general distribution of vehicles

Let us consider the case we have one incoming road Ry and two outgoing roads R; and Ry like
in the case treated in detail in the previous sections. However, instead of considering one vehicle
going to the left and one to the right, we consider a more general distribution of the vehicles (but
still a periodic distribution). More precisely, let n > 2 and assume that the vehicle i € Z such
that i[n] = 0 goes into Ry and the rest of the vehicles go into Ry (one vehicle goes left and n — 1
go right). We then consider the following model for all 4 € Z and all ¢ > 0,
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-if i[n] = 0,
Us(t) = 6(Us(6), Vo (Ussa (1) = Uilt)) , Vi (Uit = Ui1)) ), (8.21)

-ifin] =k e{l,...,n—2},

Ui(t) = 6(Uit), Vo (Ui (£) = Ui(1)) , Vo (Ui () = Ti(1)) ). (8.22)
-if ifn) =n —1,
Us(t) = 6(Us(6), Vo (Ussa (t) = Ui(t)) , Va (Ui () = Ui(1)) ), (8.23)

where U; denotes the position of the i—th vehicle and U; its velocity. For i = 0,1,2, V; is an
optimal velocity function. The function ¢ is the same as before (see (1.2)).
In Figure 6, we have a schematic representation of model (8.21)-(8.22)-(8.23).

Ry

Ui = min(Vo(Usy — Usf, Vio(Us — U)
; 4 /

‘Ui = VilUpo — Uy) if i[n) = 0

/ ! /
=ho = Mz ! “;h”

n *h% — h\”"“’\“:f 1 [L =Va(Uis1 — Uy) ifi[n] € {1,...,n — 2}
‘ : AU,:VQ(U,‘sz,) ififn] =n—1
N ) e N /
i . Transition zones \
U= Vol U Ry

U = 6 (U, Vo(Ups1 — Uy, Via(U; = Uy))

Figure 6: Schematic representation of the microscopic model (8.21)-(8.22)-(8.23). The index i
denotes the index of the vehicle that will be in front of the vehicle 4 after the bifurcation.

We assume that the optimal velocities satisfy assumption (A), however, we need to change
assumption (A5), to take into account the fact that we have a different distribution of vehicles.

e (A5”)There exists a unique pg (resp. p; and ps) such that the function p — pVy(—1/p) (resp.
p = pVi(—n/p) and p — pVa(—n/(p(n — 1))) is decreasing in [—1/hg,po] (resp.[—n/ho, p1]
and [—nkg/(n — 1), p2]) and increasing in [pg, 0] (resp. [pi,0]).

To simplify we call (A”) assumption (A) with (A5”) instead of (A5).

As before, for j =0,...,n — 1, we define the following "cumulative distribution functions"
. t t
p(t,x) = —ne- Z H|z—-eU - + Z —1+H|z—-eU; B 894
i[n]=j, i>0 i[n]=4, i<0 (8.24)
+e(n—1-j).

Under assumption (A”) we can prove that (p;);=o,...n—1 is a (discontinuous viscosity) solution
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of the following non-local system of PDEs, for (¢,z) € (0,+00) x R,

o + o (2,35 (2.2 (o). [ (0)) o = o

9 9

o (2.5 (1[5 v (4, [ 540 ) -

forj=1,...,n—2

Oty + (i Ng (“2—1, {WD (2), L5 (“3—1, {“W’ )D (x)) Owu_y| = 0,

(8.25)

3 £ 3 £

where N§ and M7 are defined respectively in (8.4) and (8.5). The non-local operator N5 is defined
like N§ but with J; and V2 instead of Jy and V9 (in order to recover the velocity V5 on Ra).

max max

Finally, the non-local operator Lj is defined by

3
L; (U, [2) (z) = / J2o(2)G(E(x +ez) — U(x))dz — §V,,2ww, (8.26)
R
with Jp = V4 and
0 ifz>n—2,
G(z)={ 1/2 if —2<z<n—2 (8.27)

3/2 if z< —2.

The function ¢ is the same as the one in (2.8).

8.2.1 The effective Hamiltonians

Like in the previous scenarios, we have an effective Hamiltonian on each road. The effective
Hamiltonians Hg : R — R and H; : R — R are defined respectively in (8.8) and (8.9) while Hy is
defined by (with kg = 1/hg)

—p — nko for p < —nkg
Hy(p) =1 Vs (p(n_ill)) for —nky <p <0, (8.28)
p for p > 0.

For k = 0,1, 2, let us notice that such H}, is continuous, coercive ( ‘lim Hi(p) = —1—00) and
p|—+o0

because of (A5”), there exists a unique point pi € [—nko, 0] such that

{ H}, is non-increasing on (—o0, pi), (8.29)

Hy is increasing on (pg, +00),
We denote by

Hy= max minH, .
0 ke{O,fZ}pER k(p)

8.2.2 Convergence result

Theorem 8.7. Assume (A7) and that at initial time between two consecutive vehicles there is
atleast a distance of hg between them. We also assume that there exists a constant R > 0 such
that for alli € Z, if U;(0) > R

Ui+n(0) — UZ(O) = h1 Zfl[’n] = O,
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{ Uit1(0) = U;(0) = ho  if i[n] #0,n — 1
UH_Q(O) - Ul(O) = h2 zfz[n] =Nn— 1,

and if U;(0) < —R
U;+1(0) = U;(0) = h,
with h, hq, he > ho. We define the functions uoo and w1 (satisfying (A0’)) by

Tz <o0
up—1,0(x) = —hnx o forallx € R and k=1 or 2.
e if x

Then there exists a constant A € [Hy,0] such that, for any k € {0,...,n — 1} and any j €
{1,...,n — 1}, the function

pi(t,—d(0,y))  for (t,y) € (0,+00) X Ry,
pe(ty) =< p5(t,d(0,y))  for (t,y) € (0,+00) x RY, (8.30)
p5(t.d(0,y))  for (t,y) € (0,+00) x R3,
converges locally uniformly to u® the unique solution of
ud + Ho(ud) = 0 for (t,x) € [0,400) X R,
ud + Hy(u)) = for (t,z) € [0,4+00) x RF,
uf + Ho(ul) = for (t,z) € [0,+00) x RS,
u? + I3 ( ou ( ) 81U ( )782u0(ta 0))) =0 fOT’ (t7x) € [07 +OO) X {O}a (831)
uo,0(—d(0,z)) for x € Ry,
u®(0,z) = ug(x) = { woo(d(0,z)) forze Ry
u1,0(d(0,z))  for x € Ry

where A is a constant to be determined and F is defined by

Fi(po, p1, p2) = max(A, Hy (po), 7y (p1), T (92)). (8:32)
and for k=0,1,2, we define
o= { B, Brz T - { T rn
Moreover, the unique solution u® of (8.31) satisfies
—nko <l <0,
with ko = 1/ho.

Remark 8.8. Let us notice that if we choose n = 2, we recover the same result as the one from
the case of a simple bifurcation (one vehicle goes left, the other goes right).

Like in the previous extension, we will give the equivalent of Theorem 3.9 in the case of the
more general distribution of vehicles. Contrary to the case of n outgoing roads, there is a slight
difference, in this case, when building the correctors away from the junction in Ry. We will explain
how to correctly choose them and how to obtain the effective Hamiltonian Ho.

Theorem 8.9 (Control of the oscillations). Let T > 0. Assume that (A7) and (A0’) are valid
and let (u;); be a solution of (8.25), with e = 1. Then there exists a constant C1 > 0 such that
forallz,y € R, x >y and for allt,s € [0,T], t > s, we have

0 <u(t,z) —u(s,z) < Ci(t —s), d —Ko(x —y) —n <u(t,x) —ult,y) <0, 3.33
0<e(ta) ) <Cli-s) " Koo —y)-n<eltn) ety <o, &)
with Ko := nkg.
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Sketch of the proof of Theorem 8.9. We only give the ideas necessary to prove Theorem 8.9, and
the order in which the proof must be done.

1. Prove the control of the oscillations in time using the barriers and the fact that the solutions
are invariant by additions of constants and by translations in time.

2. Like in Theorem 3.9, prove that the functions u; are non-increasing in space.

3. Now we need a comparison between the functions (u;); solution of (8.25) (with ¢ =1). We
want to prove that for all z € R, all t € [0,7] and for j =1,...,n — 2, we have

-1 <wujpi(t,z) —u(t,z) <n-—1L1 (8.34)
We also want to prove that for all < —hg and all ¢ € [0,T],

—1<u(t,z) —up(t,z) <n—1 and —1<wup(t,z)—up_1(t,z) <n—1. (8.35)

Finally, we want to prove that for all z > —hg and all ¢ € [0, T], we have
=2 <uy(t,z) — up—1(t,z) <n—2. (8.36)

To prove (8.36)-(8.35)-(8.34), we need to proceed in the following order.

(a) First, prove that

—1 <wujpi(t,z) —u(t,z) forallz € R,allte[0,T] and for j =1,...,n —2.(8.37)

To do this, we argue classically by contradiction and assume that the supremum of
—1 —ujt1(t, @) + u;(t, z) over [0,T] x R is strictly positive.

(b) Using a localisation term, like in the proof of Lemma 3.10, prove that
-1 <uy(t,z) —up(t,z) forall z < —hyand all ¢t € [0,T].
(c) Similarly, prove that
—1 <wug(t,z) —up—1(t,z) forall x < —hg and all t € [0,T].

(d) Using the previous results, deduce that for all & < —hg, all t € [0,T], and for j =
0,...,n— 2, we have

witi(t,x) —uj(t,z) <n—1 and wo(t,z) —up—1(t,x) <n—1.
(e) Using a localisation term, prove that for all x > —hg and all ¢ € [0, 7], we have
-2 <wui(t,z) — up—1(t, ).

(f) Using the previous result and (8.37), deduce that for all z > —hyg, all t € [0,T] and for
j=1,...,n—2, we have

ujp1(t,x) —u;(t,z) <n—1 and wi(t,z) —up—1(t,z) <n—2.

4. Using the previous results, proceeding like in the proof of Theorem 3.9 prove the lower
bounds on the control of the space oscillations.

O
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Proposition 8.10 (Homogenization on Ry). Assume (A”). Then for p € [—nkg,0], there exists
a unique A € R, such that there exists a bounded solution (v;)j=1, . n—1 of

N3 (vj, [vi1])(2) - |00 + p| = A for j=1,....n-2,
Ly (vn—1,[n1])(@) - [0xvn—1 +p| = A,
v; forj=1,...,n—1 is Z — periodic,

with

+oo
N2(U, [E])(z) = / Jo(2)F(E(x + 2) — U(x) + pz)dz — %Vfwx
and

+oo
Lg(U, [Z])(z) = / J2(2)G(E(x + 2) — U(x) + pz)dz — giwz.

— 00

Moreover, for p € [—nkg,0] we have A = Ha(p) = —Va (—n) Ip].

p(n—1)
Proof. Contrary to the construction of the correctors on Ry and R;, we cannot consider the
correctors equal to zero. However, we can see that choosing for j =1,...,n—1,
ji—1
v = ,
7T n—1
we obtain for j =1,...,n—2
-n
L2(vp_1, [v1])(z) = N2(v;, [v; r)=-Vo| — . 8.38
p(n—1, [1])(2) = Ny (v), [vj11]) (2) 2\ oo (8.38)

This ends the proof of Proposition (8.10).
O

Remark 8.11. From the previous extensions, we can imagine even more complexr scenarios.
For instance having a bifurcation with n outgoing roads, with a very general (but still periodic)
distribution of vehicles. The technique remains the same for that type of problem but one has to
consider a great number of "cumulative distribution functions'.
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