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Abstract

Stochastic differential equations with mixed effects provide means to model intraindividual and in-
terindividual variability in biomedical experiments based on longitudinal data. We consider N i.i.d.
stochastic processes (X;(¢t),t € [0,T]), ¢ = 1,..., N, defined by a stochastic differential equation
with linear mixed effects. We consider a parametric framework with distributions leading to explicit
approximate likelihood functions and investigate the asymptotic behaviour of estimators under the
double asymptotic framework: the number N of individuals (trajectories) and the number n of ob-
servations per individual tend to infinity within the fixed time interval [0, T|. The estimation method

is assessed on simulated data for various models comprised in our framework.

Key Words: discrete observations, estimating equations, mixed-effects models, parametric inference,

stochastic differential equations.

1 Introduction

Stochastic differential equations with mixed effects (SDEMEs) have received increasing interest due to
their ability to model the whole inherent variability of biomedical experiments which usually contain
repeated measurements over time on several experimental units. This occurs especially in pharcokinet-
ics/pharmacodynamics modelling. Mixed effects models use random variables for the individual specific
parameters and thus provide means to model interindividual variability. Using stochastic differential
equations allow in addition to take into account the inherent randomness of the intraindividual dynam-
ics. Hence, SDEMEs provide a good framework to study population characteristics when longitudinal
data are collected on multiple individuals ruled by the same intraindividual mechanisms (see e.g. Over-
gaard et al. (2005), Ditlevsen and De Gaetano (2005b), Picchini et al. (2008), Mgller et al. (2010), Donnet
et al. (2010), Berglund et al. (2001), Leander et al. (2015) for discussions and applications on real data
sets).

The estimation of population parameters, i.e. the parameters of the random effects distributions, in
SDEME:s is a delicate problem because there is in general no closed form for the likelihood function. In
the abstract framework of non linear mixed effects models, theoretical properties of the exact maximum
likelihood estimator (MLE) of parameters are studied in Nie and Yang (2005), Nie (2006),Nie (2007)
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under several asymptotic frameworks: the number of subjects and/or the number of observations per
subject goes to infinity. The results rely on many assumptions difficult to check in practice. Other
approaches coupled with implementation estimation algorithms have been developped in e.g.Overgaard
et al. (2005), Ditlevsen and De Gaetano (2005a) (exact likelihood for Brownian motion with drift), in
Picchini et al. (2010), Picchini and Ditlevsen (2011) (approximation of the likelihood).

For SDEMEs continuously observed throughout a time interval [0,7], with random effect in the drift
term, estimation of the random effect itself is possible on the basis of one trajectory as T tends to to
infinity. This allows to build, when N trajectories are available, plug-in type parametric or nonparametric
estimators of the random effects distributions (see e.g. Comte et al. (2013), Dion and Genon-Catalot
(2015), Genon-Catalot and Larédo (2015)).

In this paper, we study discretely observed SDEMEs with linear random effect in the drift and fixed
effect in the diffusion coefficient or fixed effect in the drift and random effect in the diffusion coefficient.
We consider here a parametric framework with distributions leading to explicit approximate likelihood
functions and study the asymptotic behaviour of the associated estimators under the double asymptotic
framework: the number N of trajectories and the number n of sample points per trajectory both tend to
infinity while the time interval of observations is fixed.

More precisely, we consider N real valued stochastic processes (X;(t),t > 0),7 =1,..., N, with dynamics
ruled by the following SDEME:

dX;(t) = ®b(X:(1)dt + Vo (X () dW;(t), Xi(0)=z,i=1,...,N, (1)

where (W1, ..., Wy) are N independent Wiener processes, (®;,¥;),i =1,... N are N i.i.d. R?x (0, +00)-
valued random variables, ((®;,V;),i = 1,...,N) and (Wq,...,Wy) are independent and z is a known
real value. The functions o(.) : R — R and b(.) = (bs(.),...,ba(.))’ : R — R? are known. Each
process (X;(t)) represents an individual and the d + 1-dimensional random vector (®;, ¥;) represents the
(multivariate) random effect of individual . We assume that each process (X;(¢)) is discretely observed
on a fixed time interval [0,T] with 7" > 0 at n times ¢; = jT//n. We consider models with parametric
distributions for the random effects. Our aim is to estimate the unknown parameters from the observations
{X;(t;),j=1,...,n,i=1,...,N}, as n, N go to infinity. We consider the two following cases:

(1) We set ¥; = ) = vy~ /2 unknown and assume that ®; is a d-dimensional Gaussian vector Ny(p, 7~ '€2).
We denote 0 = (v, u, ).

(2) We set ®; = ¢ unknown, ¥; = Fi_l/2 and assume that I'; has Gamma distribution G(a, \) with
density (A%/T'(a))y*~texp (=\v) on (0, +00). We denote 7 = (), a, p).

Random effects are often modelled by normal laws when they are real valued or log-normal laws when they
are positive. Gamma distributions are another classical way for the latter case. In addition, choices (1)-
(2) lead to closed-form formulae for the likelihood function. If the sample paths are continously observed
throughout the time interval [0, T and for known =, the exact likelihood of (X;(¢),t € [0,T],i=1,...,N)
for case (1) was obtained in Delattre et al. (2013). Here, we consider discrete observations and assume that
the parameter « in the diffusion coefficient is unknown. Model (1) with nul drift and discrete observations
is considered in Delattre et al. (2015) with ¥; = F;1/2 and I'; with Gamma distribution G(a, A). Case
(2) extends this paper by considering a non null drift depending on an unknown parameter.

We present in Section 2 the model and assumptions and give preliminary lemmas linked with sample



paths discretisations. Section 3 gives the approximate likelihood functions for cases (1)-(2) derived from
the Euler-scheme approximation of equation (1). In Section 4, we study the asymptotic properties of
estimators (Theorem 1, Theorem 2). In case (1), the fixed-effect parameter ~ is estimated with rate
V/Nn and the population parameters (p, Q) are estimated with rate V'N. The case where Q is singular
is included in Theorem 1 which allows to consider mixed effects as some components of ®; can be
deterministic. In case (2), all parameters are estimated with the same rate v/N. Moreover, the estimators
of population parameters are asymptotically equivalent to the maximum likelihood estimators based on
direct observations of N i.i.d. Gamma random variables. Section 5 provides numerical simulation results
for various examples of SDEMEs and different values of N,n and illustrate the performances of the
present framework for statistical inference. Section 6 gives concluding remarks. Proofs are gathered in

Section 7 and auxiliary results in Section 8.

2 Model, assumptions and preliminaries

Consider N real valued stochastic processes (X;(t),t > 0),7=1,..., N, with dynamics ruled by (1). The
processes (Wy,...,Wx) and the r.v.’s (®;,U;),s = 1,..., N are defined on a common probability space
(Q, F,P). Consider the filtration (F; = o(®;, U;, W;(s),s < t,i=1,...,N),t > 0).

The canonical space associated with one trajectory on [0, 7] is given by ((R% x (0, 4+00) x C7)) where Cr
denotes the space of real valued continuous functions on [0, 7] endowed with the usual Borel o-algebra. Let
0 = (v, 1, Q) in case (1) (resp. 7 = (A, a, ) in case (2)) denote the unknown parameter. Let Py in case (1)
(resp. Py in case (2)) be the distribution of (®;, ¥;, (X;(t),t € [0,T]). For the N trajectories, the canonical
space is [T, (R% x (0,400) x Cr), Py = @N, Py) (resp. [, ((R% x (0, +00) x Cp),P, = @N, P.)).

We introduce the following assumptions:

(H1) The real valued functions  — b;(z), j = 1,...,d and © — o(z) are C? on R with first and second
derivatives bounded by L. The function o(.) is lower bounded : o > 0,Vz € R, o(x) > oy.

(H2) There exists a constant K such that, Vo € R, ||b(z)|| + |o(z)] < K.
(||| denotes the Euclidian norm of R%.)

(H3) The matrix V;(T') is positive definite Pg-a.s. for all 6 (resp. P,-a.s. for all 7), where

o 7 be(X(5))be(Xi(s)) 5
Vi(T) = ( /0 o2(X,(s)) ! >1§M§d7 ?

Assumption (H1) is standard and ensures that, for i = 1,..., N, for all deterministic (p,1) € R% x

(0, +00), the stochastic differential equation
dX7V (1) = QXY (O)dt + Yo (XU (1) dWi(t), XPU(0) = (3)

admits a unique strong solution process (X% (t),¢ > 0) adapted to the filtration (F;). Moreover, the
stochastic differential equation with random effects (1) admits a unique strong solution adapted to (F;)
such that the joint process (®;, ¥;, X;(t),t > 0) is strong Markov and the conditional distribution of

(X;(t)) given ®; = ¢, ¥; = ¢ is identical to the distribution of (3). The processes (®;, U;, X;(t),t >



0)),i =1,...,N are i.i.d.. (see e.g. Delattre et al. (2013), Genon-Catalot and Larédo (2015), Comte
et al. (2013)).

Assumption (H2) may appear strong. However, it ensures, in particular, that, for any distribution of
(®;, ¥;) such that E([|®;]|>" + U?) < 400, E(X;(t)%") < 4oc. If (H2) does not hold, this property may
not be satisfied (see Section 8 for a discussion). Assumption (H3) ensures that all the components of ®;
can be estimated. If the functions (by/c?) are not linearly independent, the dimension of ®; is not well
defined and (H3) is not fulfilled. If d = 1, (H3) is obviously verified.

As usual in mixed effects models, the likelihood of the i-th vector of observations (X;(¢;),7 = 1,...,n)
is computed in two steps. First, we consider the conditional likelihood given the random effects ®; =
o, ¥, = 1. Then, we integrate it with respect to the distribution of the random effects. As we have
discrete observations, the exact conditional likelihood given the random effects, i.e. the exact likelihood
of a discretized sample of (3), is untractable because the transition densities are not explicit. Therefore,
we use an approximate conditional likelihood derived from the likelihood of the Euler scheme associated
with equation (3).

Let us first introduce the notations that we need in the sequel, using the notation Y” for the transposition

of a vector or a matrix Y.

An =A= Z, Xi,n = Xz = (Xz(tj)), tj,n = tj ij/n fOl"j = ].7. Lo, n,
n
1~ (Xi(ty) — Xi(tj—1))?
Sin =28 = — J 2 s 4
’ 5L A (Kity) W
Viw = Vi— ZAbk(Xi(tj,l))bz(Xi(tj,l)) (5)

o?(Xi(tj-1)) ’
1<k0<d

3

b (X (t;-1))(Xi(t;) — Xi(tj—1))
o?(Xi(tj-1))

1<k<d

T (s
(1) = ( / fmdxm) )

Using that the Euler scheme increments are conditionally Gaussian random variables yields that the
approximate likelihood obtained by the Euler scheme discretisation for (3) with fixed ¢ and ¢ = 1/,/7

is (up to constants) given by:

Lu(Xims 7, 0) =72 exp [~ 3 (Sion + @' Vi = 20'Vin)], - where (8)

N (Xi(ty) = Xi(tj—1) — AP'b(Xi(tj-1)))?
Sin +@Ving =20Uin =3 Sy

j=1

9)

As n tends to infinity, S; ,,/n converges to I'; * in probability, V;.,, converges a.s. to Vi(T) (defined in (2))
and U, ,, converges in probability to U;(T"). Hence, Assumption (H3) ensures that for n large enough V; ,,

is positive definite.



In the general case, let vy(dvy,dp) denote the joint distribution (¥;, ®;) depending on an unknown pa-

rameter ¢, we propose to define an approximate likelihood function by:

N
»CN,n(ﬁ) = H »Cn(Xi,na 19) with Cn(Xi,na 79) = /Ln (Xi,na v, @)Vﬁ (d’% d@)

=1

This function could be studied theoretically by using tools analogous to the ones developped by Nie
and Yang (2005), Nie (2006), Nie (2007). However, proofs are technically heavy. This is why we rather
focus on distributions for the random effects leading to explicit formulae for Ly ,(9) and thus to explicit

estimators of the unknown parameters.

Let us first state some preliminary lemmas. In the first two ones, we set X;(t) = X(¢), 1 = @,V = V.

Lemma 1. Under (H1)-(H2), for s<t andt—s<1,p>1,

Es(|X (1) = X(s)P|® = ¢, ¥ =) S KP(t — )"/ (|lo]l? + ¢P).

T

For t — H(t,X.) a predictable process, let V(H;T) = [; T

H(s,X.)ds and U(H;T) = [; H(s, X.)dX(s).

Lemma 2. Assume (H1)-(H2) and p > 1. If H is bounded, Ey([U(H;T)[P|® = ¢, ¥ =) < |l]|P + ¢P.
Consider f : R — R and set H(s, X.) = f(X(s)), Hu(s, X.) = 220 f(X((G — DANL-naa(s). If f
1s Lipschitz,

Eo(|V(H;T) = V(Hu; T))IP|® = ¢, ¥ = 9) S AP2(|[]|? + 7). (10)

If f is C? with f', f" bounded
Ey([U(H; T) = U(Hn; T))P|® = ¢, ¥ = ) S AP (o] + [[@lP? + 9 + 47P). (11)

We introduce the pivotal random variable which is needed to get the right constraint on N and n:

n 2
m_ 1. m _ N~ Wilty) = Wilt;-1))) 2
Sm = 1“70”” where C’i’n = ]E,l A ~ x“(n) (12)
which corresponds to S;, when b(.) = 0,0(.) = 1 and has an explicit distribution as I'; and Cz(lrz are

independent.

Lemma 3. Assume (H1)-(H2) and p > 1. Then,

(1) P
S’in SZ’I’L
Eg | =% — =0 @ = 0, Uy = ) S AP(1+ 9% [0]|* + 9™ + ||o]|*)

In the sequel, when there is no ambiguity, the subscript n is omitted in notations.



3 Approximate Likelihoods with random effects.

In this paragraph, we compute the approximate likelihoods in cases (1)-(2). We denote A, (X;,0) the
likelihood associated to the sample path X, observed with sampling interval T'/n and Ay, (6) the likeli-
hood of the N paths in case (1) (resp. Kn(XZ-,T),KNm(T) in case (2)).

Case (1): ®; random , ¥; =1 = 1/,/7 deterministic and 6 = (v, u, Q).
Let I; denote the identity matrix of R? and set, for i = 1,..., N,

R = (I + Vi)'V (13)

Proposition 1. Assume that for i = 1,...,N,¥; = v~ '/2 with v > 0 deterministic and that ®; has
distribution Ny(p, vy~ Q). Then, under (H1) and (HS), an explicit approzimate likelihood for (X;.,) is

An(Ximy 1, 1, Q) = "2 (det(Ig+ Vi€2) ™2
exp [~ 2 (S + (1 =V U) R = VU — UV
Proof. Assume first that € is invertible and define
D= Q7 4V my=2(U + Q). (14)

Tim(p, Q) =T (1, Q) = /' Q' pp — m T m;. (15)
Integrating (8) with respect to the distribution of ®; yields:

/2

(27r)d/2(det(ﬂ))1/2 8

/ exp (V(¢'U; — 5@’1/%0)) exp (—%(so — ) Q@ — p))de

An(Xi,naly,ll‘,ﬂ) = ’7 n/2 eXp( ’YS)

det(%;)
det(Q2)

1/2
= e (-35) () e (3T )

Noting that 3; = Q(I;+ V;Q)™!, we get ‘fie;((i)) = (det(I4+ Vi€2)) L. Some computations using matrices

equalities and (5),(6), (13) yield the other expression for T;
Ti(p, Q) = (u -V, 'U)'R7 Y (p — VU — UV MU, (16)

Now, the formula for A, (X; ,,7, i, ) is valid even for non invertible €. So the same conclusion holds

as we can apply the Scheffé theorem to conclude. O

Afterwards, the independence of the X;’s yields that, for the observation (X;,i=1,...,N),

ANn '77/—"7 HA znf}’a“v ) (17)



Remark 1. When v is known and €2 invertible, the exact likelihood associated with a continuous obser-
vation of (X;(¢),t € [0,T],i =1,...,N) is studied in Delattre et al. (2013). Proposition 1 considers the

case of discrete observations and the presence of an unknown parameter v in the diffusion coefficient;
Case (2): ®; = ¢ unknown deterministic parameter and ¥, = 1/+/T; withI'; ~ G(a, A) and 7 = (A, a, ).
Integrating (8) with respect to the distribution of T'; yields:

AT (a+ (n/2))

Ap(Xin,T) = ’
i) T(a)(A + 2(Si — 20'U; + @' Vigp))at(n/2)

(18)

This expression is always well defined since the denominator is positive by (9). For the N paths, we get

the approximate likelihood,

_ N
Ann(T H Xin,T (19)

4 Asymptotic properties of estimators.

In this section, we study the asymptotic behaviour of the estimators based on the approximate likelihood
functions of the previous section. First, a natural question arises here about the comparison with direct
observation of an 4.7.d. sample (®;) or (I';). The case where @, 1) are both deterministic is detailed at the
end of Section 4.3.

4.1 Direct observation of the random effects

Assume that a sample (®;,i=1,...,N) or (I;,i=1,...,N) is observed. Let £y (p,w?) (resp. {n (), a))
denote the likelihood of of the N-sample (®;) (resp. (I';)). For the Gaussian observations, we have

o - a 9 ; v
@ZN(M?WQ)) = ’yw_Z Z(M - (bz)a O 2 ( = T Z (I) - - 7_1(“}2)

i=1

Z 0
The Fisher information matrix is Jo(p, w?) = ( “E; X
2

(1.)4

> . The parameter v cannot be estimated (only

yw™? is identifiable).
If we observe a sample (I';) with Gamma distribution G(a, \), setting 1(a) = I'(a)/T'(a) (the di-Gamma

function), the score function is given by

) Y a )

@ =3 (5-T) . ot = (~(a) +log A +logT)
and the Fisher information matrix is

Io(\ a) = ( i ¢Tél) ) (20)
A

Using properties of the di-gamma function (a1)’(a) — 1 # 0), Ip(a, ) is invertible for all (a, \) € (0, +00)?
(see Section 4.1)).



4.2 Random effect in the drift and fixed effect in the diffusion coefficient
4.2.1 Univariate random effect in the drift coefficient

We assume d = 1, ®; ~ N (pu, 7 'w?), ¥; = v~ /2 (fixed, unknown). So 6 = (v, y,w?) € (0, +00) x R x
(0, +00). The associated approximate likelihoood obtained in Proposition 1 is given by (17) with

,Yn/Z

An(Xin, 0) = (A +e2V)2

exp [~ 2 (S: + Tu(, )]

where U,, V; are defined in (5)-(6) and (see (15) and (16))

Vi U\ U2 p2 (U 4w 2p)?
Ti(p,w?) = ———— S U A e S M Y o 21
i) = o (- 7)) - =G - St 1)
Set Iy, (0) = log An ,(0) and define the (pseudo-)score function associated with log Ay ,,(6)
0 0 0 '
GNn(0) = =—lnn(0) =—Inn(0) ==Ly n(0)] . 22
5o = (Goa(®) 5txa®) Ggtn®)) (22)
We study the estimators defined by the estimating equation:
Gnn(Onn) =0. (23)
Define the random variables using (5),(6),(2) and (7),
A=Ay = —on = Rin Bip=Bj=—" 24
in 4 1 +W2V;'_’n and in % 1 +w2‘/z’,n’ ( )
UA(T) = pVi(T) Vi(T)
. . 2 — . c2 —
Ai(T; pyw?) 1+ 2V, (T) and B;(T;w?) T Fw2Vi(T)" (25)

In the proofs, we use that A, ,, (resp. B;,) converges to A;(T;p,w?) (vesp. B;(T;w?) and control their
differences (see Lemma 4 in the Appendix). The vector (22) is given by:

0 Nn 1 0 5y 0 al
2 Avn0) = ———5 Si + T (p, w? —Unn(0) = =5 ) - Ti(p,w?) = Ai,
0 TN s lem Vi 1K,
w@v,n(o) = —52 sz(H,w ) — 3 Z TT w2 Z(“YAi — By).

i=1 i=1 i=1

The parameters v and u,w? have different rates of convergence. Thus, we define the rate matrix Dy,
and the Fisher information matrix Z(8) by
1

VNn
Dy = 0
0

1

0
(=] 0 where
i o L(0) = ( o [10) ) I (26)

OE‘)—‘ o

VN



16) = ( YEq By (T ?) YEgAL(T; 1, w?) By (T50) ) e

YEo A1 (T p, w?) By (T;w?)  Eg (yA3(T; p,w?)B1(T;w?) — 1 BE(T;w?))

It is proved in Delattre et al. (2013) (see Section 8.3) that I(6) is the covariance matrix of the vector

AL (T; p,w?) (28)
LT w?) — By(Tiw?) )

The following holds:

Theorem 1. Assume (H1)-(H2) and that 1(0) is invertible. Then, if N,n tend to infinity with N/n — 0,
with probability tending to 1, there exists a solution to (23), éNm, which is consistent and such that
D]}}n(éN’n — 0) converges in distribution under Py to N3(0,Z71(0)) where Z(0) is defined in (26).

Note that, if the sample paths (X;(¢)),t € [0,T],i =1,..., N) are continuouly observed throughout [0, T
and if + is known, the strong consistency of the exact maximum likelihood (fin,@%) of (u, w?) is proved
in Delattre et al. (2013) together with the convergence in distribution of VN ((fixy — ), (&% — w?)) to
N2(0,171(8)). Hence, there is no loss of efficiency due to the discrete observations under the constraint
N/n — 0.
The parameter « can be estimated from each trajectory: it is well known that, for each ¢, (v/n((n/Sin)—7)
converges, as n tends to infinity, in distribution to A/(0,1/29%). On the basis of N trajectories, Y., has
the same asymptotic distribution with rate v/ Nn.
We can also compare the above result to the case of direct observation of (®;). If w? is known, the
asymptotic variance of fin . is (see (25) and Section 4.1)
2
(YEoBy(T50?) " > .

~
So there is a loss of efficiency w.r.t. the direct observation of the random effects.
It is difficult to compare the asymptotic variance of GJ?V“ to the corresponding one in case of direct

observation of (®;) (see the expression in I(6)). We only do it on a simple example.

Example. Consider the model X;(t) = ®;t + v~ Y2W;(t) (b = 1,0 = 1). Then, ¢y, () is the
exact likelihood, U; = X;(T),Vi = T, the estimation of (u,w?) corresponds to the observation of
Xi(T) = ;T +~~12W;(T). We have:

N

0 _ Nn 1 T Xi(t) 9 0 oy ‘
meN’"(e) T2y 2 ;[S’ T +w2T( 7 W a;/N’"(e) T 14 wT ;(Xl(T) wT),
0 1SN, (Xi(T) — pT)? T VT 0

L tnnl0) = = - , I(0) = >

goz w0 2 ;h Gty 1w 1O 0 %(H%)

2
We can see that 2 (#) > 2w?, thus a larger variance than for direct observation.



4.2.2 Multivariate random effect in the drift coefficient

Let us now consider that ®; ~ Ny(u,77'Q), ¥; = /2 (fixed, unknown) and 6 = (y,p, Q) €
(0,4+00) x R? x M(d), where M (d) is the set of nonnegative symmetric matrices of R?. The associ-
ated approximate likelihood given in Proposition 1 leads to the expression, using (13) and the expression
for T;(pu, Q) given in (16)

N
Nn ~
Inn(0) = —logv—lelogdet (I + ViQ) — 52_: (Si + Ti (1, ), (29)
Let us introduce the quantities

Bi, = Bi=R'=({V'+Q)"! (30)
Ain = Ai=Ig+ViQ) (Ui — Vip) = B;(V;'U; — p) (31)

They converge as n — oo to the random variables
Ai(Ts 1, Q) = Bi(T; Q) (Vi(T) " 'U(T) — p) and By(T; Q) = (Vi(T) ' + @)~} (32)

Denote by V,, f(.) and Vo f(.) the vector (%f(-))lgkgd and the matrix (%}” (.))1<k,i<a- The (pseudo-
)

)score function associated with log Ay ,,(6) is

Grn(0) = (%ew(e) Voulnn(0) erN,n(e)) . (33)

In order to avoid multiple indexes, we denote by M'* the (I, k) term of a matrix and (Y!,...,Y?) the
coordinates of a vector Y € R? . The vector (22) is now , using that dlogdetR; = Tr(R;'OR;),

0 Nn 1
BTVEN’"(G) = w—gg (Si +Ti(p, 82))
7 - al
Vilna(0) = —§ZV;LT1‘(H’Q) = WZAi,
=1 i=1

Valnn(0)

I
I\D\H
M=
5u
1\3\%
HMZ

Similarly, we define the rate matrix Dy, and the Fisher information matrix Z(6) by

L 0 0

VNn 1 0
Dy, = 0 L1, 0 , 7(0) = [ 222 where
’ VN . 0 |I(0)
0 0 ﬁIdXd

where I(0) is the covariance matrix of the vector

3(VAL(T; p, Q)(AL (T 1, Q) — Bi(T592)) ) '

10



The asymptotic study of the estimators of 6 can be done similarly.

4.3 Fixed effect in the drift and random effect in the diffusion coefficient

The ®;’s are deterministic equal to an unknown value ¢ and ¥; = F;l/z with T'; ~ G(a,\) and 7 =

(X, a, ). For sake of simplicity, we just consider d =1 (¢ € R). Let us set £, (7) = log Ax.,,(7) and

Grn(r) = (;AZN,,L(T) %?N’n(f) aiEN,n(T)) . (35)

We consider the estimators 7y, defined by the estimating equation
6N,7L(;N,n) = 0. (36)
Recall that ¢(z) =T"(2)/T'(z) and set

A+ % (Si —20U; + 902Vi)

Glr) =G = a+ (n/2)

(37)

&
S|
St
=
3
2
|
(7=
~—
>
|
L
~—

RS
~
2
3
s
|
M=
9
=
|
S
=

The following holds.

Theorem 2. Assume (H1)-(H2), a > 5 and that N,n tend to infinity with N/n — 0. Then, a solution
TN to (36) exists with probability tending to 1 which is consistent and such that /N (T, —T) converges
in distribution under P, to N3(0,V=1(7)) where Io(\,a) is defined in (20), V(t) in (2) and

V() = L(ha)| 0
0 |E.(V(T) )

For the first two components of Tn.n, the constraint N/n? — 0 is enough.

Let us stress that the estimator of (A, a) based on the indirect observations (X;,7 = 1,..., N) is asymp-
totically equivalent to the exact maximum likelihood estimator of (A, a) based on the direct observation
of (T';) under the constraint N/n? — 0 (see Section 4.1). This result was obtained for ¢ = 0 (null drift)
in Delattre et al. (2014) under the constraint N/n — 0 . Proposition 2 thus extends this study, improves
the constraint on N, n and contains the additional result concerning the estimation of ¢ which is new.

Note that, contrary to the previous section, all the components of 7 are estimated with the same rate v/ V.

11



We can compare this result to the estimation of fixed ¢,y when observing the N-sample paths. The
model is dX;(t) = pb(X;(t))dt + v~/ 2c(X;(t))dW;(t), X;(0) = z,i = 1,...,N. Using (8), we find the

estimators N
. >z Ui . nN
PNn = —N <, YN,n =

1 Vi

Yoy Si+ ¢ Vi — 20N,nUi

The limiting distribution of vV Nn(yn., — ) is N(0,27?). Provided that N/n — 0, the estimator @n.,
converges in distribution to N (0, (YEV(T))~'). The result obtained for ¢y, in Theorem 2 is thus
not surprising. Note that the estimator ¢n , can be considered with random effects I'; and satisfies
VN(pNn — ) converges in distribution to N (0, E(T ™'V (T))/E*(V(T))).

1=

5 Simulation study

We investigate both the cases of random effect in the drift and of random effect in the diffusion coefficient.
Several models are simulated in each case. For each SDEME model, 100 data sets are generated. Different
values for N, different numbers of observations per trajectory n and several sets of parameters are used.
Each data set is simulated as follows. First, the random effect is drawn, then, the diffusion sample path
is simulated using a Euler scheme with a very small discretization step-size 6 = 0.001. The time interval
between consecutive observations is taken equal to A = 0.01 with a resulting time interval nA.The
empirical mean and standard deviation of the estimates are computed from the 100 datasets and are
compared with those of the estimates based on a direct observation of the random effects. It follows
from this simulation design that N random effects variables are simulated for each value of n, resulting

in different estimates.

5.1 Random effect in the drift and fixed effect in the diffusion coefficient

We consider models with univariate or bivariate random effect in the drift. Examples 1 and 2 concern a
univariate random effect. Example 3 concerns a bivariate random effect with one deterministic component
whereas Example 4 has a bivariate random effect with two random components. The value of v is either
4 or 10 which respectively corresponds to y~1/2 = 0.5, or v~ /2 ~ 0.32.

Example 1. dX;(t) = ®,Xi(t)dt + J=dWi(t), Xi(0) =0, &; ~ N(p, )

Example 2. dXz(t) = (I)iXi(t)Q/(l + Xi(t)Q)dt + \%dWl(t),Xl(O) =0 5 CDi '~d N(/.L, %2)

2

Example 3. dX;(t) = (pX;(t) + ®;)dt + %dWi(t), X;(0)=0, &, -~ N(p, 2-)
2. 5

Example 4. dX;(t) = (9 X;(1)+Piz)dt-+=dWi(t), Xi(0) = 0, i1 ~ N, ), B ~ Nz, )
with ®;1, ®;5 independent random variables.

Note that, in Examples 1 and 3, which are classical, assumption (H1) is not satisfied. Nevertheless, the
numerical results are quite good giving evidence that the method can be successfully applied even in
these cases.

The results are given in Tables 1 to 4. For the three considered experimental designs (N = 50,7 = 500),
(N = 100,n = 500) and (N = 100,n = 1000), the model parameters are estimated with very little
bias, especially 4. This is consistent with the theoretical result that 4 has rate v/Nn (Theorem 1). The

estimates of (ji,©?) are almost as good as the estimations based on a direct observation of the random

12



N =50 N =100
n = 500 n = 1000 n = 500 n = 1000

(1o =0,w§ = 0.1,7 = 4)

X & 0.00(0.07) 0.0 (0.04)  0.00(0.04) 0.00 (0.03)
@2 0.09 (0.08) 0.10 (0.04)  0.09 (0.05) 0.10 (0.03)
5 4.00 (0.03) 4.00 (0.03)  4.00 (0.02) 4.00 (0.02)
® 4 0.00(0.02) 0.00(0.02) 0.0 (0.01) 0.00 (0.02)
&2 010 (0.02) 0.10 (0.02)  0.10 (0.01) 0.10 (0.01)

Table 1: (Example 1) Empirical mean and standard deviation (in brackets) of the parameter estimates
from 100 datasets for different values of N and n. X: Estimates based on the (X;,)’s; ®: estimates
based on direct observation of the ®;’s.

N =50 N =100
n = 500 n = 1000 n = 500 n = 1000

(/1/0 = 0,&)8 = O-L’YO = 4)

X {000 (0.10) 0.00 (0.06)  0.00 (0.06) 0.01 (0.03)
&2 0.10 (0.15) 0.07 (0.06)  0.10 (0.12) 0.09 (0.04)
5 4.00 (0.03) 4.01 (0.03)  4.00 (0.03) 4.00 (0.02)
d 4 0.00(0.02) 0.00(0.02)  0.00(0.01) 0.00 (0.02)
&2 0.10 (0.02) 0.10 (0.02)  0.10 (0.01) 0.10 (0.01)

Table 2: (Example 2) Empirical mean and standard deviation (in brackets) of the parameter estimates
from 100 datasets for different values of N and n. X: Estimates based on the (X;,)’s; ®: estimates
based on direct observation of the ®;’s.

effects. Increasing N and n reduces the bias and the standard deviation of the estimates. Note that the
results are also very satisfactory in Example 3, where there are both random and fixed effects in the drift,
showing the validity of our method even in situations where the covariance matrix of the random effects

is not invertible.

5.2 Fixed effect in the drift and random effect in the diffusion coefficient

The following models are studied:
Example 5. dX;(t) = pdt +T; /?dW;(t), X;(0) =0, T; ~ G(a,\)

Example 6. dX;(t) = pX,(t)dt + T; /2dW;(t), X;(0) = =, T ~ Gla,\)
Example 7. dX;(t) = pX,(t)dt + T; /% /T + X;(£)2dW;(t), X;(0) =z, T; ~ G(a,))

The results are given in Tables 5 to 7. Estimations based on the processéé'and estimations based on
direct observations of the random effects are compared. The maximisation of the likelihood of Gamma
distributed random variables may be numerically difficult, which may explain that the results are a
little bit biased with relatively large standard deviation. Moreover, the estimates vary according to the

successive IN-samples corresponding to each n. The quality of the estimations based on the processes

13



N =50 N =100
n = 500 n = 1000 n = 500 n = 1000

(MO = l,wg = 1,’)/0 = 10,,00 = 701)

X i 1.00(0.05) 1.01 (0.05) 1.00 (0.03) 1.0 (0.04)
@ 0.99 (0.26)  1.01 (0.26) 1.00 (0.21)  0.97 (0.15)
510 (0.10)  10.03 (0.06) 10.00 (0.05)  10.01 (0.05)
5 -0.10 (0.02) -0.10 (0.01) -0.10 (0.01)  -0.10 (0.01)

¢ i 1.00(0.04) 1.00 (0.05) 1.00 (0.03)  1.00 (0.03)
@2 1.00(0.21)  1.00 (0.22) 1.00 (0.15) 0.9 (0.14)

(o =1,w§ = 04,79 = 4,pg = —0.1)

X i 1.01(0.08)  1.02 (0.06) 1.01 (0.06) 1.0 (0.05)
@2 0.40 (0.14)  0.40 (0.12) 0.41 (0.10)  0.40 (0.09)
5 4.01(0.04)  4.01 (0.02) 4.01 (0.03)  4.01 (0.02)
5 -0.11 (0.02) -0.10 (0.01) -0.10 (0.02)  -0.10 (0.01)

® 4 1.00 (0.05)  1.00 (0.04) 1.00 (0.03)  1.00 (0.03)
@2 0.39 (0.06)  0.41 (0.09) 0.41 (0.07)  0.40 (0.06)

Table 3: (Example 3) Empirical mean and standard deviation (in brackets) of the parameter estimates
from 100 datasets for different values of N and n. X: Estimates based on the (X;,)’s; ®: estimates
based on direct observation of the ®;’s.

is not always satisfactory, even for N = 100. Indeed, the value of N seems to have little impact while
increasing n highly improves the estimation of (A,a). On the whole, parameters a and A are highly
underestimated when n is small (n = 500 and n = 1000), and a high number of observations per
trajectory (here n = 10000) is required to get unbiased estimations of parameters a and A\. When n
is large, the variances of the parameter estimates is close to the variances of the estimates based on
a direct observation of the random effects. The theoretical asymptotic variances of the estimators are
explicit in Example 5, and we see from table 5 that the variances of the parameter estimates are also
close to the theoretical variances when n = 10000. Nevertheless, let us point out that the estimates of
E¥? = ET; ' = \/(a — 1) and (S.D.)¥? = \/((a — 1)y/a — 2) are always satisfactory even for small n.
Parameter p is correctly estimated in all (IV, n) configurations. The standard deviation of the estimations
decreases when n becomes larger, which is in accordance with the theory (see table 5 where the true

theoretical values are known).

6 Concluding remarks

In this paper, we consider N SDEMEs ruled by (1) which are discretely observed on a fixed time interval.
We study the parametric inference for the mixed effects when N and the number n of observations per
sample path grow to infinity. We investigate the two cases of random effect in the drift and fixed effect
in the diffusion coefficient or fixed effect in the drift and random effect in the diffusion coefficient. For

specific distributions of the random effects, we obtain explicit approximation of the likelihood functions
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N =50
n = 500

n = 1000

N =100

n = 500

n = 1000

(/’Ll,O == 70'17!1‘2,0 = 17‘*’%70 = 0.1,&1%0 = 17’70 = 10,P0 = 701)

X [ -0.10 (0.03) -0.10 (0.02) -0.10 (0.02) -0.10 (0.01)
@}  0.10 (0.04)  0.10 (0.02) 0.10 (0.03) 0.10 (0.02)
fiz 1.00 (0.07)  1.00 (0.05) 1.00 (0.04) 1.00 (0.04)
w3 0.96 (0.28)  0.97 (0.28) 0.94 (0.19) 0.99 (0.20)
¥ 10.03 (0.09) 10.02 (0.07) 10.03 (0.07) 10.02 (0.05)
® [ -0.10 (0.02) -0.10 (0.01) -0.10 (0.01) -0.10 (0.01)
@}  0.10 (0.02)  0.10 (0.02) 0.10 (0.01) 0.10 (0.02)
fiz 1.00 (0.05)  1.00 (0.04) 1.00 (0.03) 1.00 (0.03)
@2 1.00 (0.21)  1.01 (0.23) 0.98 (0.13) 1.00 (0.14)
(p1,0=—0.1,p20 = 17W%,0 = 0-0470"5,0 = 04,7 =4)
X [ -0.10(0.04) -0.11 (0.02) -0.10 (0.02) -0.10 (0.01)
@} 0.04 (0.02)  0.04 (0.01) 0.04 (0.01) 0.04 (0.01)
fiz  0.98 (0.08)  1.01 (0.06) 1.00 (0.05) 1.00 (0.05)
w3 0.37(0.15)  0.37 (0.13) 0.39 (0.11) 0.41 (0.10)
4 4.02(0.03)  4.00 (0.03) 4.01 (0.02) 4.00 (0.08)
® 4 -0.10 (0.02) -0.10 (0.01) -0.10 (0.01) -0.10 (0.01)
@} 0.04 (0.01)  0.04 (0.01) 0.04 (0.01) 0.04 (0.01)
frz 1.00 (0.04)  1.00 (0.04) 1.00 (0.03) 1.00 (0.03)
@3 0.40 (0.07)  0.41 (0.07) 0.40 (0.07) 0.42 (0.06)

Table 4: (Example 4) Empirical mean and standard deviation (in brackets) of the parameter estimates
from 100 datasets for different values of N and n. X: Estimates based on the (X;,)’s; ®: estimates

based on direct observation of the ®;’s.
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N =50 N =100
n = 500 n = 1000 n = 10000 n = 500 n = 1000 n = 10000
(a0 =8, 0 =2,p0 = —1)

X a 6.03 7.03 8.32 6.05 6.88 8.14
(0.73-1.57) (0.91-1.57) (1.80-157)  (0.44-1.11) (0.73-1.11) (L.11- L.11)

A 1.50 1.76 2.08 1.51 1.71 2.04
(0.20 - 0.40) (0.24- 0.40) (0.44-0.40)  (0.12-0.29) (0.19-0.29) (0.30 - 0.29)

p -0.99 -1.00 -1.00 -1.00 -1.00 -1.00
(0.03-0.03) (0.02-0.02) (0.01-0.01)  (0.02-0.02) (0.02-0.02) (0.01-0.01)

v a 8.23 8.57 8.42 8.38 8.32 8.27
(177-1.57) (L76-1.57) (215-1.57)  (L16- 1.11) (1.35- 1.11) (1.31- 1.11)

A 2.06 2.14 2.10 2.09 2.07 2.07
(0.46 - 0.40) (045 - 0.40) (0.53- 0.40)  (0.30-0.29) (0.34- 0.29) (0.34 - 0.29)

Table 5: (Example 5) Empirical mean and, in brackets, (empirical standard deviation - theoretical stan-
dard deviation) of the parameter estimates from 100 datasets for different values of N and n. X: Estimates
based on the (X;,)’s; ¥: Estimates based on the ¥;’s.

N =50 N =100
n = 500 n = 1000 n = 10000 n = 500 n = 1000 n = 10000
(a0 =8, 0 =2,p0 = —1)

X a 6.18 (0.66) 6.79 (0.99) 8.20 (1.61) 6.02 (0.50) 6.70 (0.63)  7.91 (1.04)
A 152 (0.17)  1.69 (0.27)  2.03 (0.42) 1.49 (0.14)  1.66 (0.16)  1.96 (0.25)

5 -1.00 (0.10) -1.01 (0.06) -0.99 (0.02)  -1.00 (0.06) -1.00 (0.04) ~-1.00 (0.01)

U & 8.1 (1.80) 8.12(1.04) 8.20 (1.61) 816 (1.30) 8.10 (1.19) _ 8.10 (1.16)
A 216 (0.45)  2.04 (0.51)  2.07 (0.47) 2.04 (0.33)  2.02 (0.30)  2.03 (0.29)

Table 6: (Example 6) Empirical mean and standard deviation (in brackets) of the parameter estimates

from 100 datasets for different values of N and n. X: Estimates based on the (X;,)’s; U: Estimates
based on the W,’s.

and prove that the corresponding estimators are asymptotically Gaussian. The estimation method yields
very good results on various simulated data sets. When the random effect is in the drift, N influences the
quality of estimates. When the random effect is in the diffusion coefficient, we observe that the estimates
are more depedent on the number n of observations per trajectory.

The case where functions b, o depend on time (b(t,z),o(t,x)) can be studied with little change. Multi-
dimensional SDEMEs with linear random effects are often encountered in applications (see e.g. Leander
et al. (2015), Berglund et al. (2001)) and could be studied by the same approach .

In a forthcoming paper, we complete this study and investigate the case where both ®; and ¥; are ran-
dom.

An interesting extension is to include another source of variability by considering measurement errors in

the observations. This requires an additional step of filtering which is not immediate.
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N =50 N =100
n = 500 n = 1000 n = 10000 n = 500 n = 1000 n = 10000

(CLO = 85A0 = 27P0 = 71)

X @ 6.06(0.73) 6.90 (0.92) 8.03 (1.61) 6.00 (0.47)  6.81 (0.65)  8.08 (1.16)
XA 150 (0.20)  1.70 (0.25)  2.01 (0.41) 1.49 (0.12)  1.68 (0.17)  2.03 (0.30)
§ -1.01(0.11) -1.00 (0.07) -1.00 (0.02)  -1.00 (0.08) -0.99 (0.05) -1.00 (0.02)
© & 844 (1.77) 841 (1.81) 8.17 (1.79) 8.16 (1.24) 8.25 (1.18)  8.08 (1.16)
A 210 (0.45) 2.10 (0.47)  2.06 (0.45) 2.05 (0.32)  2.05 (2.31)  2.07 (0.37)

Table 7: (Example 7) Empirical mean and standard deviation (in brackets) of the parameter estimates
from 100 datasets for different values of N and n. X: Estimates based on the (X, ,)’s; U: Estimates
based on the ¥,’s.

References

Berglund, M., Sunnaker, M., Adiels, M., Jirstrand, M. and Wennberg, B. (2001). Investigations of a
compartmental model for leucine kinetics using non-linear mixed effects models with ordinary and

stochastic differential equations. Mathematical Medecine and Biology p. doi:10.1093/imammb /dqr021.

Comte, F., Genon-Catalot, V. and Samson, A. (2013). Nonparametric estimation for stochastic differential
equations with random effects. Stoch. Proc. Appl. 123, 2522-2551.

Delattre, M., Genon-Catalot, V. and Samson, A. (2013). Maximum likelihood estimation for stochastic
differential equations with random effects. Scandinavian Journal of Statistics 40(2), 322-343.

Delattre, M., Genon-Catalot, V. and Samson, A. (2015). Estimation of population parameters in stochas-
tic differential equations with random effects in the diffusion coefficient. ESAIM Probability and Statis-
tics .

Delattre, M., Poursat, M. and Lavielle, M. (2014). A note on BIC in mixed-effects models. FElectronic
Journal of Statistics 8, 456-475.

Dion, C. and Genon-Catalot, V. (2015). Bidimensional random effect estimation in mixed stochastic

differential model. Statistical Inference for Stochastic processes 18.

Ditlevsen, S. and De Gaetano, A. (2005a). Mixed effects in stochastic differential equation models.
REVSTAT Statistical Journal 3, 137-153.

Ditlevsen, S. and De Gaetano, A. (2005b). Stochastic vs. deterministic uptake of dodecanedioic acid by
isolated rat livers. Bull. Math. Biol. 67, 547-561.

Donnet, S., Foulley, J. and Samson, A. (2010). Bayesian analysis of growth curves using mixed models
defined by stochastic differential equations. Biometrics 66, 7331£;741.

Genon-Catalot, V. and Jacod, J. (1993). On the estimation of the diffusion coefficient for multi-
dimensional diffusion processes. Ann. Inst. H. Poincaré Probab. Statist. 29, 119-151.

17



Genon-Catalot, V. and Larédo, C. (2015). Estimation for stochastic differential equations with mixed
effects. Hal-00807258 V2.

Jacod, J. (1997). On continuous conditional gaussian martingales and stable convergence in law. Lecture
Notes in Mathematics, 1655 pp. 232-246. Séminaire de Probabilités XXXI.

Kessler, M., Lindner, A. and Sgrensen, M. E. (2012). Statistical methods for stochastic differential
equations. Chapman & Hall. Monographs on Statistics and Applied Probability 124.

Leander, J., Almquist, J., Ahlstrom, C., Gabrielsson, J. and Jirstrand, M. (2015). Mixed effects modeling
using stochastic differential equations: Illustrated by pharmacokinetic data of nicotinic acid in obese
zucker rats. AAPS Journal, DOI: 10.1208/s12248-015-9718-8 .

Mpgller, J., Overgaard, R., Madsen, H., Hansen, T., Pedersen, O. and Ingwersen, S. (2010). Predictive
performance for population models using stochastic differential equations applied on data from an oral

glucose tolerance test. J. Pharmacokinet. Pharmacodyn. 37, 85-98.

Nie, L. (2006). Strong consistency of the maximum likelihood estimator in generalized linear and nonlinear
mixed-effects models. Metrika 63, 123-143.

Nie, L. (2007). Convergence rate of the mle in generalized linear and nonlinear mixed-effects models:

Theory and applications. Journal of Statistical Planning and Inference 137, 1787-1804.

Nie, L. and Yang, M. (2005). Strong consistency of the mle in nonlinear mixed-effects models with large
cluster size. Sankhya: The Indian Journal of Statistics 67, 736—-763.

Overgaard, R., Jonsson, N., Tornge, C. and Madsen, H. (2005). Non-linear mixed-effects models with
stochastic differential equations: Implementation of an estimation algorithm. J Pharmacokinet. Phar-
macodyn. 32, 85-107.

Picchini, U., De Gaetano, A. and Ditlevsen, S. (2010). Stochastic differential mixed-effects models. Scand.
J. Statist. 37, 67-90.

Picchini, U. and Ditlevsen, S. (2011). Practicle estimation of high dimensional stochastic differential
mixed-effects models. Computational Statistics & Data Analysis 55, 1426-1444.

Picchini, U., Ditlevsen, S. and De Gaetano, A. (2008). Maximum likelihood estimation of a time-
inhomogeneous stochastic differential model of glucose dynamics. Math. Med. Biol. 25, 141-155.

The corresponding author is:
Catherine Larédo (catherine.laredo@jouy.inra.fr )
Laboratoire MalAGE, I.N.R.A., Jouy-en-Josas, France.

18



7 Appendix

7.1 Proofs of Section 2

In what follows, we use the notation p.b = Zzzl by to avoid confusion with the derivatives.

Proof of Lemma 1. Using the Holder inequality, we have:

X(t) - X ()P < 20 1(||<I>||p/ 16X () 1) +\Iﬂ’|/ >|P).

Using (H2) and the Burkholder-Davis-Gundy (B-D-G) inequality, we obtain the result.(]
Proof of Lemma 2.
We only prove (10)-(11). Denote L; the Lipschitz constant of f. Applying the Hélder innequality twice,

we get

(V(f;T) = Va( ) < LFT* Z/ 1)A X((7 = D)A))*ds.

Taking the conditional expectation w.r.t. ®, ¥, we obtain the first inequality using Lemma 1.
We split U(g;T) — U,(g)) = Ty + T with

n GA
m-) /(“m(g(X(s)) (X (G — DA BH(X(5)d
n jA
=V [ 60D =00 (G = DA (X o)

The term T can be treated as above and we find

Eo(T77|® = 0, ¥ = ¢) S lol* (loll*? + ¢?P) AP

The Ito formula yields, setting Lo wg = ®.bg' + £ ¥%c?g"

§X) oG -0) = [ LavgX ()i

b [ @)
(

J—HA

Therefore, T is split into T5 = T5 1 + 15 2 with

Tz, / oA /jl)A Lo wg(X(u))duo(X(s))dW (s)

Ty = qﬂz /( - /(fMg'<X<u>>a<X<u>>dW<u>o<X<s>dW<s>.
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We write To, = W [ H'dW (s) with

HY = Z 1((j—1)A,jA](5)U(X(S))/ Lo,wg(X (u))du.

=1 (G-1HA

By the assumptions, |H?| < A(||®]|+¥2). By the B-D-G inequality, Eg(Tfﬁ\CI), U) < APUZP (||| +W2)2P.
Analogously, Ty o = U2 fOT KdW (s) where

S

K2 =3 1 naa (5)7(X(5) /( o (X () (X (w))dW (u).

i-1HA

Applying the Hélder inequality, we obtain

(/OT K3) ><Z/ A </j 1)Ag,(X(U))U(X(u))dW(u)>

The B-D-G inequality implies Eﬁ(TQZZVP, U) < APUP. Joining all terms, we get (11). [

Proof of Lemma 3.

2p

For the proof, we omit the index 7 and first consider the case of exponent 2p with p > 1. We have

s
n

1 2
= W) = vt ety TA[(W&H)A*WJA) *A}
<
) 2n—1 9 (]«‘rl)A
— V24U — -wiA :
N JZ, 2 /jA (W(s) — W(GA))AW (s)

Next, we decompose S,,/n using the following classical development (see Comte et al. 2007, p.522):

(X(( +DA)) — X(jA))?

V2o (X (A) + VY (X) + 200V (X)

A
+ 2\I/V(3)( X)+ Rja(®, 0, X),
where )
) l (J+1)AU ) ) B (J+1)AU s
VY0 = ¢ ( [, exeae ) — [ (38)
@ 1 pU+HA
vR(X) = 5 / (G + DA — u)o’ (X (u))o® (X (u)dW (u) (39)
JA
G+1A
VO (X) = 2.H(X(jA) /A o (X (s))dW (s) (40)
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. 2
Ria(®,9,X) = i(/(ﬁl)ACI).b(X(s))ds)

iA
G+1A G+1)A
—i—% ' D.(b(X(s) — b(X(jA)))ds/ o(X(s))dW (s)
JA JA

(G+1A
rx /jA (G + DA — w) Ko 0 (X (u))du

where Ko y(.)) = U2[2®.boo’ + U202(0?)"]. So, 2= = U2 + D P P 4 with

L g2l j 2
Y Y L AR GA) = v
o = Y[ gaw), o= 1S Ea@ )
Y AL TS By v
- X(s))o?(X (s LK?
H,(s) = 7_20 L+ AO.Q)( ((]i)? (X ))1(jA,(j+1)A](S)7 |Hp(s)] < 7(2)7
= iA))o(X (s 2
Kals) = Y 1ga a0 TGRS k() < 2100 35
7=0
Thus,
Su _ i) _ s (1) 4@ 1@ 4 @
For M; = fo 5))dW (s), we have
9 (G+nA G+1A
(Mg = 20) = [ Ceends =2 [ (- Mya)an.,
Therefore, (see (38)),
‘/J(i)(X) B 2 (G+DHA  ps ‘ ‘
SNOR) = BROE) L [ KO o (XGA) (KGN
(0(X(s)) —o(X(jA)) +o(X(jA)))dW (s)
(G+nA
= Tl,j + TQJ’ + Tg,j + Z /A (W(S) - W(]A))dW(s)
It follows that: 15" — v§" (W) = 2W2(nA)~ fOnA W (s) where

L) = S lus e <°’<X§;)§g(jgj““) (ot — o (xG AN )

7=0

,\
A
/—\
\_/
/\
>
S~
<
>
~—
—~
=
=
|
=
<
>
~—
~

1 s .
T o(X(GA) /m("(X (u) = o(X(jA)dW (u).
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We have: (fOnA L%(s)ds) < (nAPL [P L2P(s)ds  with

/OnA S j—: /JA]-H X(jA))? </jSA(U(X(U)) = J(X(jA)))dW(u)>2p
) ZO/AH X(jA)* (W (s) = W(jA)>
) 0 /; " (/ G(X(“)G(X(jA))dW(u)>2p.

We apply Lemma 1, the Cauchy-Schwarz, the Holder and the B-D-G inequalities to obtain:

nA
Eﬁ(/ LiP(s)ds|®i = 0, Wi =) S A%P([le]| " + ") + 207 (|| ]| + 9?P).
0

Consequently,
2p
Eo((? — v0)) " 1@: = 0, = 0) S WP AP(gl* + 47 + ol +6*).

For 1/7(12),1/7(13), we have Eg((v2)?|®; = ¢, U; = ) < ¢%Pn~% and Ey((P)?P|®; = ¢, ¥
L[]
For vy, we have:  R25(®,W, X) S A (||| + (| @[ 02 + 04)?) + A~249217  and
(G+1)A (G+1A
I = / D.(b(X (s) — b(X(jA)))ds / o (X (s))dW (s)
j

iA A

Using Lemma 1, we find ~ Eg, (I7|® = ¢, ¥ = ¢) < A*([|¢]|* + ¢?).

Eo((viD)1®i = ¢, Wi = 9) S A% [llol ™ + 9 (ol +4%)% + (lel9)* (lell* + ¢*)] -

=¢) 3

(42)

Joining terms, we finally get the inequality with exponent 2p > 2. We conclude by application of the

Cauchy-Schwarz inequality.[]

7.2 Proofs of Section 4.2

Now, we assume for sake of clarity that d = 1. The following lemma is easily obtained using Lemma 2.

Lemma 4. Recall notations (24)-(25). Under (H1)-(H2),

Eo(|Bin — Bi(T;0)[P|®; = 0, ¥; =) < AP2(|p|P +4P)
Eo(|Aipn — Ai(Ty p, 0?)|P|®; = 0, Uy =) S AP (™ 4 4p%P)
Eg(|4i(T; p, ) P12 = 0,0 =) < (|o|” + 7).

Proof of Theorem 1

We follow the classical scheme (see e.g. Kessler et al. (2012), Theorem 1.58-1.60, p.86-88).
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Let us set



0 = (61, 02,03) = (v, 1, w?) and denote by

2
2 (0) = (g xn(0)) (43)
1<4,5<3

the Hessian matrix (opposite of the pseudo Fisher information matrix) containing the second order
derivatives of £y, (6) with respect to §. The classical framework to study the asymptotic behaviour of
the estimator 6 N, relies on the following remarks. By the Taylor formula, we write for some 6* € (0, 0 Non)s
GNnOnn) =0=Gnn(0) —Inn(0*)(On.n — 6). This yields

DN nGNn(0) = DN Iy (0 ) Dy Dyl (On,0 —0).

Therefore, due to different rates of convergence, the limiting distribution of D;,}n(é N.n —0) is obtained via
the studies of the convergence in probability of Dy ,Zn ., (6*)Dn,, and the convergence in distribution
of DnnGnn(0).

We first prove that, as N,n go to infinity, Dy nZn n(0)Dn,n converges in probability under Py to the
3 x 3 matrix Z(#). The terms of Dy nZn (0)Dn . are (see (22) and (24)):

L2 = i NZ
_117(8822)2&“"(9) = JVSQ(MA?’”BZ’"_B?’");
Jbaj;wz Nn(0) = Jbiﬂ’*"&’";
N}/ﬁaf;umm(e) - 1n]if§A““ N;a;ﬁwz Inn(8) = MNi
];(f;elvm(e) - #; ;78822 (n X[ﬁ: Bin ;
_]1/'(8322)2&\/’”(9) = ;iﬁ;(?vA?,nBi,n—Bin);
_zifa,?;ﬂm"(e) = Jbé'}/Ai,nBi,n;
‘Nf/ﬁaf;,/“"(m _ ‘\}mlvé“‘i’"; —Nf/mgoﬂm,n(e)=—2jmlvéz4?m.

In the above terms, replace A; ,,, B; ,, respectively by A;(T; u, w?), B;(T;w?). Denote the resulting matrix
by II(VT). As the random variables appearing in the sums are i.i.d. and have finite moments (see Section
8.3), we apply the large law of numbers and obtain that, as N tends to infinity, IJ(\;F) converges a.s. to
Z(0).
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First note that the ®;’s have moments of any order. Therefore, using Lemma 4, all terms

EO‘Bi,n -

tend to 0. Hence, Dy nZn n(

Bi(T;w?)|,Eo|2vA? , Bi sy —

B'?,n - (2’YA22(T’ N7w2)Bi(T;M7w2) -

0)Dn ,, converges in probability to Z(6).

Similarly, for the multidimensional case, we have:

B}(T; pyw

0? Nn 0?
9.2 n o = T o2 A s
672€N, (0) 2772 (“)78,u Z .
(92 82
na(0) = Soak Al i )= Bl
3730%1 N, ( ) Z z n aﬂka,ul N,n Yy Z in
62 ~y N P
——— N0 — (AR Al Y= — B]k Al
aﬂj@(ﬁkl N, ( ) 2 zz:a ( i, zn ’YZ i,mo
82 1 N
——F—Inn(0) = 5 zk:Blk' Al AL BEK
OOy ©) 2Z &n Z inDin

=1

The second step is to prove that, under Py,

N

Dy nGnn(0) = N35(0,Z(6)) in distribution. (44)
We can write (see Lemma 3 with I'; = v deterministic)
N (1) N
1 9 11 Sim M
L inn® = VNn[—-—— : R, = ( Ry,
VN oy @) (27 2N & o ;X%"»N* !
LEEN (9) — i T T +R2 ZX(2) + Ry
VN o | |
1 9 al
2
ﬁng,n(e) = g YA (T pyw Bi(T7w + Rz = le N + B3,
with
n N (1) 2
(1) / l (t] 1))2 1 Sz n Siﬂl - Ti(ﬂaw )
Xz n,N n/N n ; ) Rl 2N Z n )
(2) ! iy
2 2 2
) = — Az T, , W), Ry = — Azn Al Tv ) )
Xi,N \/NFY ( H ) 2 \/N ;( ) ( H ))
S b AX(T; p,w?) — Bi(T, w?
Xi,N 2\/ﬁ(7 (15 py w”) (T, w7)),
;XN
Ry = — A2 — Bin) — (YAX(T; p,w?) — Bi(T,w?))) .
s ﬁv;((w, ) = (YA (T3 %) = By(T,?)))
- . . N (2 «N _(3) .
By the central limit theorem and the results recalled in Section 8.3, (3_;_; X; x> ;=1 X; )’ converges in
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distribution to N3(0, I(#)). Moreover, Z 1 XEK, converges in distribution to A'(0,1/(2v2)). Now, let us

prove that Zfil E Xglj)\,xz(%z,, Zl LE XE ]1,)(53) both tend to 0. We only treat the first term as the second

one is analogous. We have

1 — (W1 ( 2
ZE Xglz)vxz v =Eo [ vAL(T; pp,w 5 (1= Z 1 Wi(tj-1)) )
j=1

According to a theorem for stable convergence for discretized processes ( see Genon-Catalot and Jacod
(1993),Jacod (1997)), for all random variable Y, Fp-measurable,

W Wi(tj—1))?
v - 3 WA Z )P )
j=1
with 7, Y independent and 1 ~ N(0,2). We can apply this result for Y = A (T u, w?). As A1(T; p,w?)

has moments of any order (see Section 8.3), we easily obtain that the sequence (A1 (T;pu,w?)v/n(1 —
1 Zn (Wl(tj)*Wl(tj—l))Q))
n Jj=1 A

is uniformly integrable. Thus,

EgAl (T o, W

zn: Wi (t ( - 1))2) — EgAr(T; 11, ®)E(1)) = 0.

1
n
Jj=1

Hence, (Zivzl XZ(.?\,, £=1,2,3) converges in distribution to N5(0,Z(9)).

By Lemma 4, as ®; is Gaussian and ¥; = 1/,/7 is fixed, we have Eg|4;, — A;(T; p,w?)| = O(1/y/n),
thus Eg|Rz| = O(y/N/n). The same holds for R3. By Lemma 3, IE9|(S£,173 — Sin)/n| = O(1/n) and
Eg|T;(p,w?)/n| = O(1/n). Therefore, Eg|R1| = O(y/N/n).

Hence, (44) is proved.

The last step to obtain weak consistency and asymptotic normality is to prove a uniformity condition, the
convergence under Py of —Dy ,Zn »(0*) — Iy n(0)Dn p to 0 uniformly for 6* such that [0* — 6] < c/\/ﬁ

This last step can be obtained easily by standard computations.

7.3 Proofs of Section 4.3

We first state a lemma useful for the sequel.
Lemma 5. We have (see (37)):

1)

Sin 1 1 _ _ _
E-flG— =5 PI0] S (U W ) = (L I T ),
1
E G — - PI0) S — (1407 4w u gl
S‘(I) P
1 -
S —p(l+1“§.’+1“f”/2+1“f”+1“i2”)

p
and B (|G W] S (147 4 T3/ 112 4 172 g (22)7,
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Proof of Lemma 5.

We can write

n n 20 +n n 2a+n+2a+n

SN
< in |\I’i
n

Due to (H1)-(H2), V; is bounded and by Lemma 2,

. Si(,lrz_<5i,n Sf}i) n S0 24 2

By (12),

E,

E (|U;|P|¥;) S (1+99) = (1 +1‘*;P/2).

Using Lemma 3 yields, as ¢ is deterministic, that :

E Sz'n, Sz(,ln ’ \IJ < 1 1 \112p l:[/4;) 1
U T Th |Wi| < ﬁ( + WP+ W) = ﬁ(
Thus,
s 1 1
E, |G — 222 0| S —(1+ 0P+ 0P 40Py = — (14T, P2 41,7 4+1;2).
n np 1 1 1 np 1 1 1

Now, we write:

= n S(ln) 1,1 1 1
Gi S(l) = ( n Gi) e (a e PN

Thus,

2 ) 2 2
o n () e (B "

Using that ¢; > \/(a + (n/2)) yields

Therefore,

2p €y p €y
— n n a—+(n 2 P — Sl n — Sl n
G -l S () () e (ﬁ—@) U gl

0(1)

R

S(l)

i,n

For all p < n/8 (see Section 8.2),
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2(¢?V; — 20U;)

2a+n

c\"
= (;) = UP0(1) =T;70(1).

1+T,7+T;77P).

(48)

(49)



We apply the Cauchy-Schwarz inequality and (46) to obtain:

p
n 1 _ _ _ 1/2
ET[Qil—S(l | < n—p(1+\11i4p+\11,.6p+\11i8”+\11§”)
< L (1 N IR T N e \1:‘.11’)
~ np 1 K2 3 1
< i(1+rf’+r?”p/2+r?p+rf2p).
~ np K3 3 3 K2

We deduce E, (|G| 7P|0;) <1+, 7% 4 @7 4 9P, [

Proof of Theorem 2

We again follow the classical scheme. First, we study the convergence in distribution of N~/ 2 N (T)
(see (35)). We can write (see (37)):

N_1/2 4 ZN,n(T)

N N
T S FETR ST S VrNe)
im1 =1

B3N
N N
71/22~ _ —1/2 ) / _ ar—1/2 -1 )
N 3a£N’n(T) = N Z (log A —(a) +logT;) + ro + ra, ro =N Z (log (I; 1) — log )
i=1 i=1
a9 ~ N N B
N_W%EN,n(T) = NN TUUAT) = @Vi(T) + 13+ 75, ra=N"V2Y (T = (U — oVa),
i=1 i=1

N
vy = N2 (b(a+ (n/2)) ~log (a + (n/2))), vy =N"Y23 T, (U; — Ui(T) - (Vi - Vi(T))) . (50)
i=1

We will check that all r,r'-terms are negligible.

Before, we look at the main term of the decomposition of N~1/2G Nn(T). The first two components
are exactly the score function associated with the observation of (I';,i = 1,...,N) (see Section 4.1).
The whole vector is ruled by the standard central limit theorem. We only need to check that the third

component is not correlated to the first two ones. This follows from the fact that:
E-((Ui(T) — Vi(T))II';) = 0.

Hence, the vector Nﬁl/QéNyn(T) converges in distribution to N3(0,V(7)) provided that all remainder
terms are negligible.

Now we look at the 7,7/ terms. For the term r}, we use that (¢(a + (n/2)) —log (a + (n/2))) = O(n™1)
(see (58)). Thus 7, = O(v/Nn~') tends to 0 under the constraint N/n? — 0. For %, we use

E|r}| < VNE,[Di(|U; = Ui(T)| + (Vi = Vi(T)])]
By Lemma 2, as ¢ is deterministic,
E, [[Ti(|U; = Ug(T)| + (Vi = VA(D)D][T] S Ti(AV2A 4+ 0, + 07 + 09) + AV2(1+ 1)

1 1/2 -1/2
— 1+ +T,/7+T,777).
~ \/’FL 3 3



1/2

Note that I'; has moments of any order. Provided that E,I', 7/~ < +o0,

|N
ET|T§)\ S e

Thus, 74 = Op(y/N/n) tends to 0 under the constraints N/n — 0 and a > 1/2.

Now, 71,72 can be written as follows:

N
1 n 1 n -1 ._
v, D (“‘s}l)*mzi_ <s<< >‘+ o

Y R v A W B U
o = 7N lz:; <10g F’L — 10g T;) + ﬁ ; <log T’ - IOg (CZ)) =T21 + r2,2- (52)
For 711,721, we use that (see (12))
S,(l) C-(l) n
SHL =TI where ot =" AT Wi(ty) — Wilty—1)

is independent of I'; and has distribution x?(n) = G(n/2,1/2). By exact computations, using Gamma

distributions (see Section 8)), we obtain, for n > 4,

2
n 2 n_ _ 2n+8 _ 1
E<c,<1> 1>_n—2’ E(o@ 1) ECEPITEr I

i,n

Elog C},) /2 —log (n/2) = 1(1n/2) — log (n/2) = O(n™"), Var(log C{}) /2) = ¢/ (n/2) = O(n™").

Thus, Erf ; = O(N/n?) and Er? , = O(N/n?) which implies

N (1)
1 n vN 1 S VN
:75 r.—— | = A - loo T — 1o =™ | = YNy
11 JN 2 ( i S(l)> Op( n ), T21 N <0g i og o > Op( n )

i,m =1
Next, for 71 2,72,2, we need to study (see (51) and (52))

(M
= — log (¢:)

n -1 i,
n

S0 G

i,n

, E; |log

T

By Lemma 5,
3/2

(1+T, +T2 4T +1;2).

_ n 1
E-(|¢" - ~oll¥) S -~

i,mn

Finally, as I'; has moments of any order, if ETI‘;2 < 400, i.e. a > 2,

E,(|r12]) < VNE, (¢ — %| — O(VN/n).

7,M
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For the second term of (53), we write

g (G — o 52— (¢ g%/ﬁ ! CR
og () —log — = P S|~~~ <o 5y
n n 0 sS;‘”—l—(l—s)Q Si{n S:{n
(1) ¢! 1
1 i,n 1 S (1 B S)
= e (Cz - T; ) T (Cz - ;in )2/ ds D
- - L

This yields

€y 1 1)\ 2
; ; 2 S

log ¢; — log —™| < 4711 T, |G — o | 4 22 *(n/ )Fi G——=11- (54)
n Cz(n) n A n

Therefore, we get, applying the Cauchy-Swarz inequality and Lemma 37,

Sz(ln) 1 -1 -3
Erllog ¢ — log “2)| S ~(1+ E.I; ! + 1),
n n

We thus obtain that for a > 3,

E-(|r22]) = O(VN/n).

Analogously, in r3, we split I'; — Ci_l =TI, - ﬁ + ﬁ — Ci_l. This yields

N N
_ n _ n _
ry=rg1+rse=N""2Y (I - W)(Ui —oV;) + N71/2 Z<ﬁ — G (Ui — pVi).
i=1 ‘

i,n =1 i,m

We proceed as above for r1,ry. Using Lemma 2 yields

1/2
M N oV . _ ™y R y VIR
E-(I(T, $MW1¢WWJ55R<EQ dMEN%4MH%0
1 1
< T 0(—=)(1+T7HY2 S 0(—=) (T + T3,
S TR +IT) S0 )T + T
Hence, E,(|r31]) = O(y/N/n).
In the same way, using Lemma 37,
1/2
n _ n _
Er(l(ﬁ -G YU = V)W) < (Er((s(l) =G B (U —@‘/;)2|\I/i)>
1 _
S AT AT )
1 _
< ST 42412 472 4 172,
n

Hence, E, (|rs.2|) = O(v/N/n) provided that E,T; *? < +ooc, i.e. a > 5/2. We thus obtain E,(|rs|) =
O(y/N/n) instead of O(y/N/n) as for ri,rs.

Finally, N~'/2Gy,,(7) converges in distribution to N3(0, V(7)) if N/n — 0 and a > 3. For the first two
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components, the constraints v N/n — 0 and a > 3 are enough.

Let us set 7 = (71, 72,73) = (), a, p) and denote by

Vaalr) = ( aaa 7 <r>)1<m<3 (53)

the Hessian matrix ¢, ~N.» (7). By computations analogous to the ones above using assumptions (H1)-(H2),
Lemma 2, Lemma 4 and 5, we prove that —Vy ,,(0)/N converges in probability to V(7) as N, n tend to
infinity under the constraint a > 5.

The last step of the proof of weak consistency is standard and omitted. [

8 Auxiliary results

8.1 Discussion on Assumption (H2)

Assumption (H2) may appear strong. Usually, one would only assume that the functions by, o have
linear growth and impose moment assumptions on X (0). When there are no random effects, as X (0) is
supposed to be deterministic, this implies that X;(¢) has moments of any order. In the case of model(1),
with unbounded random effects, the assumption of linear growth for drift and diffusion coefficient is not
enough to ensure that X;(¢) has finite moments. Let us illustrate this property on the example of the

mixed effects Ornstein-Uhlenbeck process:
dX(t) = ®X(t)dt + VdW(t), X(0) = a. (56)

It has the explicit solution: X (t) = ze®' + Y (t), Y (t) = Ve® fot e~ P dW (s).

Hence E|X (t)] < +oo if Eexp ($t) < +oo and E(|Y (¥)|) < +oo. If & is random, and ¥ deterministic,
the conditions hold for & Gaussian but may not hold for another distribution. If ® is deterministic and
¥ random, the second condition requires E|¥| < +o0. In the case of ¥ = I'~'/2 with T' ~ G(a, \), this
holds only for a > 1/2.

Nevertheless, on some models that we have implemented, Assumption (H2) is not verified and this does

not seem to deteriorate results.

8.2 Properties of the Gamma distribution

The digamma function ¢ (a) = I'(a)/T'(a) admits the following integral representation: ¥(z) = —v +
fo —t*71) /(1 — t)dt. (where v = (1) = I’(1)). For all positive a, we have ¢/(a) = 01 lfgt te=Ldt.
Consequently, using an integration by part, —ay’(a) = —1 — fo t®g(t)dt, where g(t) = (logt/(1 —1t)). A
simple study yields that t%g(t) integrable on (0,1) and positive except at ¢ = 1. Thus, 1 — a¥)’(a) # 0.

The following asymptotic expansions as a tends to infinity hold:

1 1 1
logT'(a) = (afi)logafa+§log27r+0(a), (57)
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Y(a) =loga— 5+ O0(-g), ¥(a) = - +0(5). (59)
The following results are classical.

If X has distribution G(a, \), then AX has distribution G(a, 1). For all integer k, E(AX)F = Fgf(z)k) For
a>k EAX)"F = F%‘l(;f) Moreover, Elog (AX) = ¢(a), Var [log (AX)] = ¢'(a).

In particular, if X = 377, 7 where the ¢;’s are i.i.d. N(0,1), then X ~ x*(n) = G(n/2,1/2). Therefore,

EX P < +o00 for n > 2p and as n — 400,

X\? n\P
E <n> ~0(1), E (f) = 0(1). (59)
Using the Rosenthal inequality, for all p > 1
X _ 1 1
E|= — 1] < opn (nBle} — 1 + (nE(e} = D)) S O(=5 + =), (60)
and for n > 4p, and p > 2,
1/2
n n\2p X » 1
— 1P < — - < .
E|l< - 1] _<]E(X) E(n 1) ) $0(=7) (61)

8.3 Continuous observations of the sample paths

Assume that U; = /2 is deterministic and known, that ®; ~ AN (u, v 'w?) and that the sample
paths (X;(t),t € [0,7]),i = 1,..., N are continuously observed throughout [0,T]. The exact likelihood
associated with these observations is explicit and was studied in Delattre et al. (2013) together with the
consistency and asymptotic normality of the maximum likelihood estimator of (11, w?). Moment properties
of the random variables U;(T), V;(T) were derived (see Section 4.2 p.327 and Section 5, p.329). We recall
those needed in the present paper. We use notations (7)-(2) with d = 1 and (25). The random variable
Ai(T; p, w?) has moments of any order, B;(T;u,w?) also as it is bounded and the following relations
holds:

EQ(AI(Tv H, WQ)) = Ov E@(ry A?(Tv M, w2)) - BZ(T,/.L,CUQ)) = 0;
1
Eo(A;i(T; p,w?)Bi(T; p,w?)) = §E9(Ai(T;u,w2) (v A}(T; p,w?)) — Bi(T; p,w?))
1 2 1
1B (v AT p,w?) = BTy p,w?))” = SBo(2y AX(T pw?) Bi(T; %) = B (T 1, w?)).

This shows that the matrix (27) is positive and is the covariance matrix of (28).
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