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Radial mollifiers, mean value operators and harmonic
functions in Dunkl theory

Léonard GALLARDO* and Chaabane REJEB'

Abstract

In this paper we show how to use mollifiers to regularise functions relative to a
set of Dunkl operators in R¢ with Coxeter-Weyl group W, multiplicity function & and
weight function wy. In particular for Q a W-invariant open subset of R¢, for ¢ € D(R9)
a radial function and u € Lj, (€, wy(z)dz), we study the Dunkl-convolution product
u %, ¢ and the action of the Dunkl-Laplacian and the volume mean operators on these
functions. The results are then applied to obtain an analog of the Weyl lemma for
Dunkl-harmonic functions and to characterize them by invariance properties relative

to mean value and convolution operators.

MSC (2010) primary: 31B05, 31C45, 47B39; secondary:33C52, 43A32, 51F15,

Key words: Dunkl-Laplacian operator, Dunkl convolution product, Generalized volume mean value
operator, Dunkl harmonic functions, Weyl’s lemma.

1 Introduction

Let R be a normalized root system in R? and k& > 0 a multiplicity function on R.
The Dunkl-Laplacian operator associated to R and k, acting on C2(Rd)—functions is a
differential-difference operator of the form

Apf(a) = Af(a)+2 Y ko)

aERy

(Vi@),0) flz)— f(ffa(f‘f))> (1.1)
< , .

a,x> (a,x>2

where A (resp. V ) is the usual Laplace (resp. gradient) operator, R is a fixed positive
subsystem of R and o, is the reflexion directed by the root « (see [6]). We recall that R
is normalized if ||o||? = 2 for all @ € R and that k is invariant under the action of the
Coxeter-Weyl group W generated by the reflections o, @ € R.
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We know that the Dunkl-Laplace operator can be written Ay = Z;'l:1 ng, for &, 7 =

1,...,d, an orthonormal basis of R% and where for every ¢ € R?, Dy is the Dunkl operator
defined by

f(x) — floa(z))

(o, )

Def(x) = Oef(x)+ D k(o) (,€)

ac€R4

, (1.2)

with O¢ f denoting the usual ¢-directional derivative of f (see [3] and [6]). These operators
are related to partial derivatives by means of the so-called Dunkl intertwining operator Vj
(see [5] or [6]) as follows

VEeRY DeVi = Viok. (1.3)

The operator V4 is a topological isomorphism from the space COO(]Rd)1 onto itself satisfying
(1.3) and Vi(1) = 1 (see [17]). Furthermore, according to [13] or [14], for every x € R?
there exists a unique probability measure p, on R? with compact support contained in
the convex hull of the orbit of x under the group W, such that

V f€CTRTY), Vi(f)(z)= @) ). (1.4)
For abbreviation and later use, we introduce the weight function
wi (@) = [aen, | (o, z) [P (1.5)

and the set D (RY), » > 0, of nonnegative radial C*°-functions with compact support
contained in the Euclidean closed ball B(0,r).

Let © € R? be a (nonempty) W-invariant open set and ¢ a radial mollifier i.e. ¢ €
D;f (R%) with r > 0 small enough in order that the open set

Q= {zeQ; dist(z,00) >r} (1.6)

is nonempty.

For every u € L}

1o (8, my), with dmy, = wy(x)dx, we define the Dunkl-convolution product

O R (1.7)

where 7., * € RY, are the Dunkl translation operators (see Annex A.2). Note also that a
very useful formula for the Dunkl translation has been obtained by M. Résler ([15]) when
f € C®(R?) is a radial function. In such case, the operator 7, is given by

VyeR), 1.f(y) = /Rd FWVT2I?+ Nlyl? + 2 (@, 2))dpy (2), (1.8)

where f is the profile function of f defined by f(z) = f(||z])).
This formula shows that the Dunkl translation operators are positivity preserving on the
set of radial functions whereas this is not true in general ([12] or [16]).

Lcarrying its usual Fréchet topology.



We turn now to the content and the organization of this paper. In section 2, we
recall the properties of the volume mean value operator My, r > 0, acting on continuous
functions as follows

M(N@) = s | P ) ) (19)

mg(B(0,r

where y — hi(r,x,y) is a compactly supported measurable function (called harmonic
kernel, see [8]) given by

hi(r, 2, y) = /Rd Lo, (V2|2 + 1912 — 2 (z, 2))dpay (2). (1.10)

In section 3, we study the Dunkl convolution product (1.7). In particular, We will prove
that this function is well defined and is of class C*° on (2,.. Moreover, we will show the
commutativity relations

Ap(usp @) = u*p App  and  Mp(uxp ¢) = Mp(u) * ¢

and the following associativity property

(uxp @) *p b = (u*p V) 51 @

In section 4, we apply the previous results to give some new properties of Ag-harmonic
functions (i.e. fonctions u € C%(Q) such that Aju = 0). As a first result the show that
any Ag-harmonic function on {2 is in fact of class C*°. Then we prove that Ag-harmonic
functions can be characterized by the local-volume mean value property i.e.

VeeQ, 3ry, >0, Vr<ry, ulz)=Mg(u)(x).

Finally we will establish the following Weyl’s lemma: If u € L], (€2, my,) satisfies Ay (uwy) =

0 in distributional sense, then u coincides almost everywhere with a Ag-harmonic function
on 2.

Notations: Let us introduce the following functional spaces and notations which will be
used throughout the paper. For Q a (nonempty) W-invariant open subset of R?, we denote
by:

o Lllc,loc(Q> = L,.(Q, my) the space of measurable functions f : & — C such that
S5 | f(2)|wg(z)de < +o0 for any compact set K C Q.

e D(Q) the space of C*°-functions on 2 with compact support.

e D'(Q) the space of distributions on Q (i.e. the topological dual of D(f2) carrying the
Fréchet topology).

e S(R%) the Schwartz space of C*™-functions on R? which are rapidly decreasing together
with their derivagives.

e B(a,p) (resp. B(a,p)) the closed (resp. the open) Euclidean ball centered at a and with
radius p > 0.

e DF(RY), r > 0, the set of radial mollifiers with support contained in B(0,r).



2 The mean value operators

In this section, we will recall some facts about the volume and the spherical mean operators
in Dunkl setting.

Let (r,x,y) — hi(r, z,y) be the harmonic kernel defined by (1.10). We note that when
the multiplicity function is the zero function, we have u, = d,, ho(r, z,y) = Ly, ([[z—yl]) =
1p(z,)(y) and then our volume mean operator given by (1.9) coincides with the classical
one. We note also that if f € C>(R?), the volume mean of f at (z,7) can also be written
by means of the Dunkl translation as follows (see [8]):

1

MEOE) = B fo, ™ OO0 2.1)

The harmonic kernel has the following properties (see [8]):
1. Forall r > 0 and z,y € R? 0 < hy(r,z,y) < 1.

2. For all fixed z,y € R?, the function r — hi(r,z,y) is right-continuous and non
decreasing on |0, 4o00].

3. For all fixed 7 > 0 and = € R?,

supp hy(r,z,.) C BW(x,r) = Ugew B(gz, 7). (2.2)

4. Let r > 0 and = € R%. For any sequence (x.) C D(R?) of radial functions such that
for every € > 0,

0<xe<1 xe=1lon B(O,’F) and Vy € Rda ;E}%X&(y) = 1B(0,7“)(y)a (23)

we have
VyeRY hy(r,z,y) = li_>r% T_2Xe(Y)- (2.4)
£

5. Forall r > 0, all z,y € R? and all g € W, we have
hk(r7x7y) = hk(ny?aj‘) and hk(T’, gflf,y) = hk(nx?gily)' (25)

6. For all r > 0 and = € R%, we have

h h d B(0 dr T 2.6
It = [l pon(oddy = mi(BO.0) = Hoos(26)
where v :=3_ g, k(a) and dj is the constant

dk = fsd,l wk(ﬁ)da(é) (2.7)

Here do(€) is the surface measure of the unit sphere S of R?.



7. Let 7 > 0 and = € R% Then the function hy(r, z,.) is upper semi-continuous on R

8. The harmonic kernel satisfies the following geometric inequality: if ||a—b|| < 2r with
r > 0, then
v { € Rdv hk(T’, a, g) < hk<4rv b7 5) (28)

Note that in the classical case (i.e. k = 0), this inequality says that if ||a — b|| < 2r,
then B(a,r) C B(b,4r).

9. Let 2 € R% Then the family of probability measures

L (2, ) )y (2.9)

ant (y) = ———
n.CE,T (y) mk; [B(O, r

is an approximation of the Dirac measure d, as r — 0. That is

Va>0 lm dnf .(y) =0 (2.10)
720 lz—yl>a
and if f € C(€2), then
Ve, lim f( )dnk . = lim Mp(f)(z) = f(). (2.11)
r—0 r—0

According to [10], the spherical mean of a C°°-function f defined on whole R? is given

by
M@= - [ e rnli)doty). (212)

where dj, is the constant (2.7) and 7, is the Dunkl translation (see Annex A.2). Moreover,
M. Rosler has proved that there exists a compactly supported probability measure a’;,r on

R which represents the spherical mean operator (see [15]). More precisely, for f € C>°(R%),
the spherical mean of f at (x,7) € R? x R, is given by

My(N@) = | 1 (y)dok . (y), (2.13)
with
supp of . < BY (x,7) = Ugew B(gz, 7). (2.14)

Clearly formula (2.13) shows that we can define the spherical mean at (z,7) of any con-
tinuous function on BY (x,r).

As a first link between the spherical and the volume operators, we have

Proposition 2.1 Let f be a continuous function on Q). Then the formula

_d+2y _
Mp(f)(2) = Ty / ME(f) (x> 1at (2.15)

holds whenever B(z,r) C (.



Proof: When f € C>®(R%), (2.15) has been proved in [8]. Now if f € C(Q), =z € Q and
r > 0 such that B(xz,r) C Q, the result follows by using (2.2), (2.13) and an uniform
approximation of f by polynomials on the compact set BV (x,r). O

At the end of this section, we will give some useful properties of the volume mean
operator when it acts on L}, .(Q)-functions. Firstly, note that thanks to (2.2) and to
the boundedness of the kernel hy, the function (x,r) — Mp(f)(x) is well defined for any

fe Lk 10c(£2) whenever B(z,r) C Q.
Secondly, we will need the following notations which will be used frequently in this paper:

ro :=sup{r > 0; Q, # 0}, (2.16)

with €, the open set defined by (1.6). Clearly, we have €2,, C Q,, whenever ro < r; and
Q= U0 = Uper, 2 (note that, since 2 # (0, we have rq > 0). Moreover, since

Q, ={z e B(z,r) CQ}, (2.17)
the open set 2., 0 < r < rq, is W-invariant.
Proposition 2.2 Let f € L} 1oe(€2)-
1) Let 0 <r <rq. Then the function My(f) belongs to L}C’loc(Qr).
2) Let x € Q. Then the function r — Mp(f)(x) is continuous on |0, o5 with
0z = dist(x,00). (2.18)

Proof: 1) By compactness, it suffices to prove that M§5(f)wy € L'(B(zo,R)) where
B(zo, R) is an arbitrary closed ball of center g and radius R included in €2, . We have

I:= fB(:vo,R) ‘M |wk dl‘
< m fB(zo,R) (fBW(gw) |f ()| he(r, z, y)wk(y)dy)wk(m)dx
@07 JB@oR (wa (20, R+7) |f(y)|wk(3/)dy>wk(x)dx

my(B(zo,R)

mi(B(0,r)) fBW (zo,R+7) |f( )|wk(y)dy < +00,

where the second inequality follows from the relation hg(r, z,y) < 1 and from the fact that
for every x € B(xp, R) and every g € W, B(gx,r) C B(gxo, R+ 1) C Q.

IN

IN

2) By (2.6), it suffices to show that ¢ : 7 — [ f(y)hi(r, z, y)wi(y)dy is continuous on
10, 0. Since r — hy(r,z,y) is right-continuous, by the dominated convergence theorem,
we can see that ¢ is also right-continuous on ]0, gz /.

Now, fix r €]0, o[ and n > 0 such that |r — n,r + n[C]0, gz[. Let (r,,) be a sequence of
nonnegative real number such that r, — 0 as n — 4-00.

Using (2.5), (1.10) and applying Fubini’s theorem, we obtain

16(r) — 3(r — )| < / (/ F @)y (VI 2 — 20, >>wk<y>dy)dux<z>

= [ (] 1ttty ) e




where A, = A, (z,2) = {y €, r—ry,<VIyl2+z]2-2{y,z2) < r}. Since N, Ay, is
a hypersurface, by the dominated convergence theorem, we get

im [ (f W)y () =0

n—-+o00

Hence, by the previous relations, we conclude that ¢ is also left continuous. O

3 Dunkl convolution Product

The Dunkl convolution product has been defined by means of the Dunkl translation opera-
tors (see [18] and [14]). So that it has been considered only in some particular cases. Here,
we will prove that we can define the Dunkl convolution product of a function u € L}, .(Q)

with a nonnegative and radial function f € D(R?) and we will study some properties of
this product.
For f,g € S(R?%), the Dunkl convolution product is defined by

Va Rl fagla) = [ mfCualurln)ds (3.1)
We note that it is commutative and satisfies the following property:

Fi(f *k 9) = Fr(f)Fr(9) (3.2)

where Fj, is the Dunkl transform (see Annex A.1).

From (3.2), (A.8) and the injectivity of the Fj, transform, we obtain the following relations
Lemma 3.1 Let f,g € S(RY). Then, for every x € R%, we have
(e f) *1 9 = [ *1 (T29) = T2(f *£ 9). (3.3)

Theorem 3.1 Let u € Ll%;,loc(Q) and ¢ € DZF(RC[) with 0 < p < rq. Let

wnbla) = [ u)rsdmnty (34

Then

1) the function u xj, ¢ is well defined on S, and can be written

Ve wnoa) = [ o) olaa)dy (3.5)
= [ -y, (3.

2) ux*y ¢ belongs to C*(2,) and we have

Ap(u g @) = u*p, Apo, (3.7)



3) for all B(z,r) C Q,, we have
Mp(u i, ¢)(x) = Mp(u) *x ¢(x). (3.8)
Proof: 1) e For every ¢ > 0, we see that

VyeR:, 0<6(y) < [0lloolnon®) < [lloow:(y),

where (¢.) is a sequence satisfying (2.3) (with » = p). Using the positivity of the Dunkl
translation operators on radial functions, we deduce that

VyeR: 0<7,0(y) < |@llocTap:(y).

Letting ¢ — 0 and using (2.4), we obtain
Yy R0 <7 o0(y) < [[9]ochnlp, . y)- (3.9)
Consequently, from the relations (2.2) and (3.9), we get that
supp 7_.¢ C B (x, p). (3.10)

This implies that for all z € Q,, the function y — u(y)7_,¢(y)wk(y) is integrable on €.
e The relation (3.5) follows from (A.13) and the relation (3.6) follows from (3.5) and
(A.10).

2) Let zp € Q, and R > 0 such that B(xzg, R) C Q,. We shall prove that the function

u g, ¢ is of class C*° on B(zg, R).
Define the function ® on R? x R? by (see (A.9))

B(a,y) 1= 00(0) = % [ | Ful)(€) (i, &) Pulis o €)ds.

We see that @ is in C*°(R? x RY) and by (A.3) and the inequality |Ex(iy, &)| < 1, for every
multi-indices v € N¢ we get

%

V (z,y) € RY x RY, ‘ 0

S| < i [ 1RGO )i = C, <40,

On the other hand, from (3.10) we have

Ve é(:z:o,R), supp ®(z,.) € BV (z,p) € BV (2o, R+ p) C Q.

This implies that we can write

Ve B(%[}, R)a Vye Rd7 (I)(I)y) = (I)(x7y)1BW(:c0,R+p)(y)‘

Thus, for every multi-indices v € N¢, we deduce that

o a’U
Ve B(%O,R), v Y€ Rd’ |@®(I7y)‘ < CleW(J;O,R+p)(y)'

8



Now, since uwy, is locally integrable, this proves that we can differentiate under the integral
sign in (3.4) and we obtain the desired result.

Furthermore, using respectively (3.5), (A.11) and (A.13) (here note that we can use the
relation (A.13) because Ay¢ is also a radial function? (see [10])), we obtain

Bulu o)) = [

u(y) Axr_y ) (2)ox (y)dy = / )y [ D) (w)on () dy
Rd

R4
_ /R () [Ard Wwn()dy = v s Ay ().

This completes the proof of 2).
3) We need the following lemma:

Lemma 3.2 Let f € S(R?) be radial. Then, for all v > 0 and a,b € R?, we have

TaTof = ToTaf (3.11)
and
Mp(t—af)(b) = Mp(T—sf)(a). (3.12)

Proof of Lemma 3.2
e We obtain (3.11) from (A.8) and the injectivity of the Dunkl transform on S(R?).
e Let » > 0 and a,b € R We have

Mh(ruf)0) = s |l (o)t bopn(u)ay
= BT o S D e (1)
= BT L e )y

= Mp(r-f)(a),

where we have used respectively the relations (A.13) and (A.10) in the first equality, the
relation (2.1) in the second equality, the relations (3.11) and (2.1) in the third equality
and the relations (A.10), (A.13) in the last equality. O

Now, we turn to the proof of (3.8).
Let B(x,r) C Q,. By Proposition 2.2- 1), the function Mp(u) belongs to Ly, ;,.(€2). This
proves, by assertion 1), that the function Mp(u) * ¢ is well defined on Q,.,.

*More precisely, we have Ap¢(x) = (% 4+ d29=1 4Gy = ||z|| and ¢ the profile of ¢.

T dr



By 2), the function u * ¢ is clearly in L}, .(Q,) and for z € Q,4, we have®

1
m /Bw(m,r)(/BW(a:,r+p) U(Z)Tiyqb(Z)Wk(z)dz) hk(r’ T, y)wk’(y)dy

1
= T " gy ™A D) (2

- / w(2) M (7—26) (2)eon (=) d2
BW (z,7+p)

Mp(u* ¢)(z) =

= / u(z)Mp (T,mgb) (2)wi(2)dz
BW (z,7+p)

1
(B0, 1)) /sz<m,T+p> ““)(/wa e ()i, 2, Y (y)dy) wi(2)dz

1
= BT St 1 VDN 5l
= Mh(w) w1 6(z).

where,
- the first equality follows from the relations (2.2), (3.5), (3.10) and from the fact that

VyeBY(x,r), BV(y,p) c BY (z,r+p) CQ, (3.13)

-the second equality follows from Fubini’s theorem and (A.13),

-the third equality comes from the relation (1.9),

-the forth equality follows from (3.12),

-in the the fifth equality we have used the relations (1.9) and (3.10),

-in the sixth equality we have used (2.5) and Fubini’s theorem. Finally, using (2.2) and
(3.13), we obtain the last equality.

This completes the proof of the theorem. O

Remark 3.1 Ifu is of class C? on Q, then the relation (3.7) can be also written
VaeeQ, Ap(uxo)(r)=(Aru)x*yd(x). (3.14)

Indeed, using respectively the relations (3.7), (3.4) and (A.11), we get

Ap(usr 6)(x) = /Q () 7o [ M) () () dy = /Q () Arlr—ad (W (p)dy.  (3.15)

Now, we obtain the desired result by using the following integration by parts formula (see
[5] or [14]): Let f,g € C*(Q) such that g has compact support. Then, for all ¢ € RY, we
have

| Det@g(oanta)ds =~ [ f@)Degl)ontz)da, (3.16)
Q Q

with Dg¢ the ¢-directional Dunkl operator (see (1.2)). O

3Note that, in the integrals below, the consideration of the supports permits to justify the correct
application of Fubini’s theorem.

10



Proposition 3.1 Let u € L}, .(Q) and ¢ € Dj(Rd) with 0 < p < rq. If u is with
compact support, then u i ¢ is also with compact support and

supp (u*p @) C B(0, p) + W.supp u C €, (3.17)
with W.supp v := {gz, (g,x) € W X supp u}.

Proof: It x ¢ B(0, p)+W.supp u, then z—gy ¢ B(0, p) for every (g,y) € W xsupp u. That
is ||gz — y|| > p for all y € supp v and all g € W. In other words supp u N BY (x, p) = 0.
Hence, by (3.10), we obtain u x; ¢(x) = 0. O

It is interesting to note that when u is a continuous function, we can write the Dunkl
convolution product in spherical coordinates as follows:

Proposition 3.2 Let u be a continuous function on Q and let ¢ € D;(Rd) with 0 < p <
rq (i.e. Q, is nonempty). Then, for all x € Q,, we have

waole) =y [ SOETIM () (3.18)

where & is the profile function of ¢ and dy, is the constant given by (2.7).

Proof: At first we suppose that u € C°(R%). By (A.14), we have

u g, ¢(r) = y o(y)Tu(y)wr (y)dy.

Then, using spherical coordinates, we can write

wiole) = (a0 [ nutga(©do @)

Therefore, from (2.12) we deduce that the relation (3.18) holds in this case.

Let us now suppose only that u is a continuous function on Q. Let (p,) a sequence of
polynomial functions such that p, — w as n — —+oo uniformly on the compact set
K := BY(z,p). Since 7_,¢ > 0, by (A.12) we conclude that

|u s ¢(@) = po sk G(2)] < 1726l 11 (me) Sup Pn(y) — w()l = 9]l 1 ey Sup pn(y) — u(y)|-

Hence
uxp $(a) = Lm pn o+ §(). (3.19)

Furthermore, as the probability measures O’l;’t, 0 <t < p, have compact support contained

in BV (x,t) ¢ K = BV (x, p) (see (2.14)), we deduce

Vit<p, |Mi(pn—u)(z) < Sup Ipn(y) — u(y)|.

11



This implies

lim dj /0 ’ (T2 (pn) (2)dt = dy, /0 ’ Gt ML (u) () dt. (3.20)

n—-+oo

From (3.19), (3.20) and the first step, we deduce that the relation (3.18) holds when the
function u is continuous on 2. O

We have the following associativity result for the Dunkl convolution product:

Proposition 3.3 Let u € L, (Q), ¢ € DF(R?) and ¢ € DF(R?) such that Q,, is
nonempty (i.e. v+ p < rq). Then

Ve, (urkd)sp(z)=mus (¢ h)(x) = (uk ) *k ¢(x). (3.21)
Proof: e From Theorem 3.1, the functions (u *J, (;5) x5 ¥ and (u *, w) x1, ¢ are well defined
on QT+p-

e We claim that ¢ *j, 1) is a nonnegative C™-radial function on R? with compact support
contained in B(0,r + p) which implies that u *j (¢ %1 ¢) is also well defined on €, ,.
Indeed, again by Theorem 3.1 we see that ¢ *; v is of class C* on R? and using (3.17)
we obtain supp ¢ *x 1» C B(0,r + p). Furthermore, by the positivity of Dunkl translation
operators on radial functions, we deduce that the function ¢ % 1 is nonnegative. Now,
using the fact that the Dunkl transform Fj, is an isomorphism of the Schwartz space onto
itself and the relation (3.2), we can write that

¢ #r ) = Fp,  (Fi(d) Fu(®) -

Therefore, since Fj, preserves the radial property (see the relation (A.6)), we deduce that
¢ *p, 1 is radial as claimed.
e Ior x € Q,,, fixed, we have

(usr, @) *p 9(z) = / (u sk @) (Y) T2t (y)wi(y)dy

BWY (z,r)

/BW(W) </BW(x,r+p) u(Z)T_y¢(z)wk(z)dz>T_x@/;(y)wk(y)dy

/BW(%H/}) U(z></BW(x,r) T—y¢(z)7—x¢(y)wk(y)dy>wk(z)dz

o RO § R L ROy R

w(2) (¢ * T—ot) (2) wi(z)dz

W (a,r+p)

w(2)T—g (¢ 5 ) (2) wi(z)dz

BW (z,7+p)

u*g (¢ *p ) ().

I
S
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where we have used

-the relations (3.4) and (3.10) in the first line;

-the same relations in the second line with (3.13);

- Fubini’s theorem in the third line: the relation (3.9), the inequality hi(R,a,b) < 1 and
the hypothesis u € L}, (Q) imply that we can use Fubini’s theorem;

-the relation (A.13) in the forth line;

-the relation (3.4) in the fifth line;

-relation (3.3) in the sixth line;

- the above properties of the function ¢ % ¢ and (3.10) in the last line.

Now, changing the role of ¢ and v, we obtain

(u g Y) * () = wkg (Y 51 @) (7).

Finally, by the commutativity of the Dunkl convolution product (see (3.2)), we conclude
the last equality in (3.21). O

4 Applications to Ai-harmonic functions

In this section, we will give some properties of Dunkl harmonic functions. Let us introduce
the space H(2) of Ag-harmonic functions on €.

In order to give further study of Dunkl harmonic functions, we first need some lemmata.
Let us consider the following radial function

1
¢(x) == aexp (—Wﬂﬁe(o,l)(fﬁ)a z € RY, (4.1)

where a is a constant such that x — ¢(x)wi(x) is a probability density.

For € > 0, define the function

0e(0) = <z o) (42)

It is well known that . is a radial mollifier i.e. . € D (R%). We begin by the following
preparatory result:

Lemma 4.1 Let u be a continuous function on Q. For 0 < & < rq, define the function
ue by

Vae R )i un i) = [ u)r ey (1.3

Then the sequence (ug)o<e<rg, Satisfies

i) for every 0 < e < rq, the function u. is in C*(Qy),

ii) for every x € Q, uc(r) — u(x) ase — 0.

iii) for every 0 < r < rq and every x € ., we have Mp(u x, ¢-)(x) — Mp(u)(x) and

Mg (u *p, oc)(x) — Mg(u)(z) as e — 0.

13



Proof: The first assertion follows immediately from Theorem 3.1.
ii) Let x € Q. Applying (3.9) with ¢ = ¢, we get

V yeRY 0< 1 00:(y) <as D hy(e, z,y).
Using (2.6), we can write

dy, 1

% R 0<71, <
yer, U=7 SOg(y)_acl—i-2fy771/z€[B(0,€

i hi(e,z,y). (4.4)

Consequently, for every x € Q and every € > 0 small enough, we have by (A.12) and (4.4)

) = u(@) < [ maipe)lulo) — uta)lon(o)dy
<ot L )~ u@lh e o)
This can be rewritten in the following form

dy
d+ 2~

ue(z) —u(z)| < a M (Ju = u(@)]) (2). (4.5)

Thus from (2.11), we conclude the result.
iii) Let z € Q,. There exists €9 > 0 such that x € Q,,.,. For € €]0,¢[, we have

VyeBY (@), |usp.ly) < / (=) |7y 02 ()i () dz
BW (y,e)

</ (=) |7y pe (2w (2)dz
BW (2,r+¢0)

< sup |u(y)l,
BW (z,r+e0)

where in the last line we have used the relation (A.12).
According to (2.2), (2.14) and to the statement ii), the previous inequality implies that
we can apply the dominated convergence theorem to obtain the results of assertion iii). O

Lemma 4.2 Let u be a C?-function on Q. Then, for any 0 < r < rq and any x € Q,, we

have
M) (z) = u(z) + d+127 /0 M (Apu)(z) td, (4.6)

and
M) =) + iz [ [ Mb@RIG) e @

Remark 4.1 We have obtained in [8] that the relations (4.6) and (4.7) hold when u €
C>®(RY). Furthermore, by polynomial approzimation, we have extended them to any func-
tion u of class C? on an arbitrary W -invariant open set Q C R and any x € Q but with
the condition r €0, 0,/3[, 0z being defined by (2.18).
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Proof: Step 1: Suppose that u is of class C* on Q.

Let 2 € Q and r €]0, o[ and let € > 0 such that B(z,r +¢) C Q. We can find ¢ € D(RY)
such that

1. ¢ =1 on the compact set BY (z,r + ¢/2),

2. supp ¢ C B (z,7 +¢),

3.0<o <1

Therefore, the function f = wu¢ is in C°(R?), supp f € BY(z,r +¢) and f = 1 on
BWY(x,r + ¢/2). According to Remark 4.1 and noting that the relations (4.6) and (4.7)
only involve the compact set BY (z,r) (through the supports of hx(r,z,.) and U’;J), we
can replace f by u in theses formulas.

Step 2: Here, we will suppose that u € C2(£2). By (2.15), it is enough to prove (4.6). Fix
0<r<rg, e, and g > 0 such that x € Q,,.,. By step 1, for every 0 < ¢ < ¢ we

have
1

d+ 2y

M (%5, 0) () = o () + /0 CMY(Alu o) (@)dt. (48)

Now, using (3.14) and Lemma 4.1 , we get
lim Mp(Axlu i ¢e])(2) = lim Mp([Agu] 1, ge)(2) = Mp(Apu) (@),
e—0 e—0
and following the proof of the statement iii) of Lemma 4.1, for every 0 < € < g9 we obtain

Vi<r [Mp(Aplusgpel)(@)] < sup  [Agu(y)l.
BW (2,r+¢0)

Therefore, we can use the dominated convergence theorem in the integral of (4.8) and
using again Lemma 4.1, we obtain the result by letting ¢ — 0. U

In the following result, we will characterize the Ag-harmonicity by the global mean
value property.

Proposition 4.1 Let u € C?(Q2). The following statements are equivalent
i) uwe Hi(Q),

ii) u(x) = Mg(u)(x) whenever B(x,r) C Q,

iii) u(z) = Mpj(u)(x) whenever B(x,r) C Q,

iv) Mp(u)(x) = Mi(u)(x) whenever B(x,r) C Q.

Proof: i) = ii) It follows from (4.6).

ii) = iii) By (2.15), we obtain immediately the result.

iii) = iv) Let f € C?(Q2) and let € Q be fixed. By (4.6) and (2.15) the function
r+ ME(f)(x) is of class C? on ]0, p,[ and we have

D)) = 452

dr r

(ME() (@) = ME(f) () ). (4.9)
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Now, from (4.9) clearly iii) implies iv).
iv) = i) Let z € Q. Using (4.9) and (2.11), we deduce that

Vrel0pl, Mp(u)(z)=u().

Now, if we use (4.7) et we differentiate two times with respect to r, we get M} (Agu)(z) =0
for every r €]0, p;[. Finally, by (2.11), we obtain Agu(z) = 0. O

Corollary 4.1 FEvery Ag-harmonic function on 2 is of class C°.

Proof: Let u be a Ag-harmonic function on 2. As u satisfies the spherical mean property,
by (3.18), we see that u = u*x ¢ on .. Therefore, u is of class C* on ). for every € > 0
arbitrary small. O

Corollary 4.2 Every Ajp-harmonic function on R? is real analytic.

Proof: Let f be a Aj-harmonic function on R?. Since f € C®(R?) (by Corollary 4.1)
and Vj, : C®°(RY) — C=(R?) is a topological isomorphism, the function g := V7 '(f) is
harmonic on R? in the usual sense (i.e. Ag = 0) as an immediate consequence of the
intertwining relation* ApVj, = Vi A. It is well known that g is real analytic (see [1]) and
thus, using multi-indices v = (v1, ..., vq) € N%, can be written

g(x) = Zavxv, z € RY,
v

where a,, are real coefficients. If gy (N € N) denotes the partial sum gy () := ZIU\SN a,x’
(with |v| = v1 + -+ +1vg), then gy — g as N — 400 in the Fréchet topology of C*°(R%).
Therefore Vi(gn) — Vi(g) = f in the Fréchet topology. In particular, f is real analytic
as being the uniform limit of the polynomials ® Vi (gx) on each compact subset of R?. [

Corollary 4.3 Let u be a function defined on Q. Then u € Hi(Q) if and only if u €
L}{’loc(Q) and satisfies
uxpp=u on € (4.10)

whenever 0 < r < rq and ¢ € D (R?) is such that ¢wy is a probability density.

Proof: Using the spherical mean value property and the relation (3.18) we see that any
Ag-harmonic function on § satisfies (4.10). Conversely, let u € L}, () satisfying (4.10).
At first, by Theorem 3.1, clearly the function u is of class C*° on Q. On the other hand,
let z € Q and 0 < r < p, be fixed. Let (¢z) be a sequence as in (2.3) (i.e. such that
T_zp:(y) — hi(r,z,y) as € — 0). So, by the dominated convergence theorem, the
hypothesis

U *p ) = u(x)

”%HLl(Rd,mk)

implies that Mp(u)(z) = u(z). Thus, u € Hy(Q2) by the volume mean value property. O

In the following result, we will characterize de Ag-harmonicity by the local mean value
property:

4which follows clearly from (1.3).
5V} is a bijection of the space of polynomials of degree < n onto itself ([6]).
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Theorem 4.1 Let u € C3(Y). The following statements are equivalent
i) u < Hk(Q),

ii) w satisfies the local spherical mean property i.e. for every x € S, there exists ry > 0
such thatV r < 1y, u(x) = M§(u)(x),

iii) w satisfies the local volume mean property i.e. for every x € €, there exists ry, > 0
such that V' r < ry, u(x) = Mp(u)(x).

Proof: i) = ii) We know that the Aj-harmonic function u satisfies the global spherical
mean property and then it satisfies also the local one.

i1) = 14i) It is a direct consequence of (2.15).

1i1) = i) Let z € Q. The local volume property and the relation (4.7) imply

TP
Vor <rg, / / M (Agu)(2)tdtp™>dp = 0.
0o Jo
If we differentiate two times with respect to r, we obtain
Vr<rg, Mp(Agu)(xz)=0.

Hence, according to (2.11), we get Agu(z) = 0. O

In order to prove a Weyl type lemma for Dunkl harmonic functions, we will clarify some
facts about the action of Dunkl operators on distributions. For a distribution T' € D'(Q),
we define the weak Dunkl ¢-directional derivative of T (¢ € RY) by

Vo eD), (DeT,¢) = —(T,Ded).

Note that by the intertwining relation (1.3), the operator D¢ = Vkang_l : C®°(RY) —
C>(R?) is continuous for the Fréchet topology. Moreover, since De leaves the space D(2)
invariant, we deduce that D¢ : D(Q) — D(2) is also continuous for the Fréchet topology.
This justifies that D¢T is well defined as an element of D'(Q).

In particular, if f € L,lg?loc(Q) ie. fwp € L} .(Q), the weak Dunkl-Laplacian of fuwy is
given by

Vo eDQ),  (Au(fwr),d) = (for, Ard) = /Q f@)Apd(@wp(@)de.  (4.11)

Theorem 4.2 Let u € L,lf’lOC(Q) such that Ag(uwg) = 0 in D'(Q). Then, there exists a
Dunkl harmonic function h on € such that u = h a.e. on Q.

Proof: Let 0 < € < rq and let ¢, the function defined by (4.2). From Theorem 3.1, we
know that the function

o) i= wnepele) = [ ulo)r ey,
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is well defined and is of class C*° on .. Furthermore, using (3.15) and the fact that uwy,
is weakly Ag-harmonic on 2, we can see that the function u. is (strongly) Ag-harmonic
in Q..

e Let us now fix r such that 0 < r < rq. We claim that
Ue, () = ugy(x) whenever z € Q, and e +e2 <r (4.12)
Indeed, since us, € H(£2;), by the spherical mean property and (3.18), we have

Ugy = Ugy ¥ Pey = (u *k 9051) * Pey 0N L

If we change the role of €1 and €9, we also obtain

Ugy = Ugy ¥k Pe; = (u *k 9052) ¥k 0z on (.

Thus the relation (4.12) follows from the associativity property (3.21).
e Now, we will use the following lemma which follows from (4.5) and Lebesgue’s differen-
tiation theorem (see [11]):

Lemma 4.3 For almost every x € Q, us(x) — u(z) as e — 0.

Letting g — 0 in the relation (4.12) and using Lemma 4.3, we deduce that u coincides
almost everywhere with the Ag-harmonic function h := u., on 2,. Since r can be taken
arbitrarily small, the proof of the theorem is complete. O

Remark 4.2 A version of Weyl’s lemma has been proved in [2] for Ap-harmonic functions
f on whole R* and under the additional assumption that the function f is locally bounded.

Now, we will characterize the strong Ag-harmonicity by means of weak Ag-harmonicity.
More precisely, we have

Corollary 4.4 Let u be a function defined on Q. Then u € Hi(Q2), if and only if u
satisfies : u € L}MOC(Q), Ag(uwg) = 0 in D'(Q) and u(z) = lim,_,0 M} (u)(x) for every
x € €.

Proof: By integration by parts formula (3.16) and (2.11), we obtain the ’only if” part. Let

us now prove the 'if” part. By Theorem 4.2, there exists h € Hy(£2) such that u = h a.e.
on {). Therefore, for all z € €2, we have

Vr€l0, 0., Mp(u)(z) = Mp(h)(z) = h(x),
where g, is defined by (2.18). We obtain u = h on ) by letting » — 0. O

Corollary 4.5 The space Hi(QQ) is closed for the L,lg’loc(Q)-topology.

Proof: Let (u,) be a sequence of Ag-harmonic functions on Q such that w, — u in
L,l€ 10c(§2). As the functions u,wy and uwy, are in LIIOC(Q), we have also upwp — uwy, in
D/(Q). In particular, Ay (upwi) — Ag(uw) in D'(Q). Now, since u, € Hy(), we deduce
that Ag(uwg) = 0 in D'(Q).

Finally, by Theorem 4.2 there exists a Ag-harmonic function h on 2 such that u = h a.e.
in Q. Thus u =h in Lllc,l(;(:(Q) and the result is proved. O

As a last result, we will improve Proposition 4.1 as follows
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Corollary 4.6 Let u be a function defined on . The following statements are equivalent
i) ue Hi(Q),

ii) w is continuous on Q and u(x) = Mg(u)(x) whenever B(xz,r) C 2,

iii) w is continuous on Q and u(x) = Mp(u)(x) whenever B(z,r) C Q.

Proof: i) = ii) It is obvious.

ii) = iii) By (2.15), clearly we obtain the result.

iii) = i) Let g¢p > 0 small enough. Since u satisfies the volume mean value property, from
(3.8) we see that the C*°-function u %k . (¢ < gg) defined by (4.3) satisfies also

U *g Pe = Mg(u *k 905) on Qe

for any r such that 0 < r < r +¢9 < rq with rq given by (2.16). Thus, according to
Proposition 4.1, u ¢ € Hp(Qe,y)-

On the other hand, let K be a compact subset of €2.,. Noting that for all 0 < & < g¢ and
all x € K, supp 7_pp. C BV (2,¢) € BV (2,50) € KW := Ugewg.K + B(0,e0) and using
(A.12) and the fact that 7_5p. > 0, we can see that

VaeK, Ve<en |uwps(a)< / ()| 7—spe (W)ox(w)dy < sup Ju(y)].
KW yGKW

From this inequality and from the dominated convergence theorem, we deduce that when
e tends to zero, u g . — u in L' (K, mg). In other words, u s p: — u in Li, (Q,).
Finally, Corollary 4.5 and the continuity of « imply that u coincides with a Dunkl harmonic
function h on ,. As g > 0 can be chosen arbitrary small, the result is proved.

il
A  Annex
A.1 The Dunkl transform
In this Annex we recall some properties of the Dunkl transform (see [9] and [14] ).
e The Dunkl transform of a function f € L'(R%, m;,) is defined by
Fi(f)(A) == f(@)Ep(—i\, z)wp(x)dz, X € RY, (A.1)
Rd

where Ej(z,y) := Vi(e®))(y), x,y € R% is the Dunkl kernel which is analytically
extendable to C% x C? and satisfies the following properties (see [4], [6], [9] and [14])

1. forall z,y € C% all A€ C and all g € W,

Ek(iva y) = Ek(ya'r)v Ek(xa Ay) = Ek()‘xa y)v Ek(gx,gy) = Ek(x7y)7 (A2)
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2. for all z € R?, y € C? and all multi-indices v € N,

(,fvam,y) < ol g P 0. (A3)

e It is well known (see [9]) that the Dunkl transform Fj, is an isomorphism of S(R?) onto
itself and its inverse is given by

F ) () = ¢ /Rd FNEg(iz, Nwp(VN)dA, 2 € RY, (A.4)

[

where ¢, is the Macdonald-Mehta constant given by ¢, = [pae™ 2 wy(z)dz (see [7]).
Moreover, the following Plancherel theorem holds (see [9]): The transformation c; ' F
extends uniquely to an isometric isomorphism of L2(R? m;,) and we have:

v e LR, my), ey Frllle@amey = 1 12@m,)- (A.5)

o It is useful to note that if f € L'(R? my,) is radial, Fj(f) is also radial. Precisely, using
spherical coordinates and Corollary 2.5 of ([15]), we have

+oo
D) = de [ F0)iy g D 3 € R (4.6)

where dj, is defined by the relation (2.7) and for A > —1/2, j, is the normalized Bessel

function given by

. o0 —1)" z 2n
ia(z) =T(A+1) 3% n!r((ni)xﬂ) (3)™

A.2 Dunkl’s translation operators

The Dunkl translation operators 7,z € R%, are defined on C>(R%) by (see [18])
VyeR! mif(u) = [ VioT oV (wdne(z) (A7)

where T}, is the classical translation operator given by T, f(y) = f(z +y). If f € S(R?),

7.f € S(R?) and using the Dunkl transform we have (see [18]):

V oy eRY mf(y) = F Bl ) F(£)]() (A8)
=% [ DB Bl sV (49)
k

In particular, the relations (A.9) and (A.3) show that (z,y) — 7, f(y) is of class C* on
R x R4,
The operators 7,z € R%, satisfy the following properties:

1) For all z € R%, the operator 7, is continuous from C*°(R?) into itself.
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2) For all f € C*(R?) and y € R?, the function z — 7,f(y) is of class C* on R,

3) For all f € C>®°(R%) and all z,y € R, we have

4) The Dunkl-Laplace operator A; commutes with the Dunkl translations i.e

To(Apf) = Ap(mef), zeRY,  feC®RY. (A.11)
5) for all f € D(R?), we have

vyeRl | miwemd = [ e, (A12)

6) Let f € S(R?) be radial. Then we have (see [8], Lemme 3.1)

T2 f(y) = 7y f(2) (A.13)

The following duality formula has been established by the authors (see [8], Proposi-
tion 2.1):

7) Let f € C*(RY) and g € D(R?). Then, for all 2 € R?, we have

/ 72 ()9 () (9)dy = / ) mag(w)n(v)dy. (A.14)
R R4
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