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STABILITY FOR THE ALIGNED MAGNETIC FIELD BY THE
DIRICHLET-TO-NEUMANN MAP FOR THE WAVE EQUATION IN A PERIODIC
QUANTUM WAVEGUIDE

YOUSSEF MEJRI

ABSTRACT. We consider the boundary inverse problem of determining the aligned magnetic field appearing
in the magnetic wave equation in a periodic quantum cylindrical waveguide from boundary observations.
The observation is given by the Dirichlet to Neumann map associated to the wave equation. We prove
by means of the geometrical optics solutions of the magnetic wave equation that the knowledge of the
Dirichlet-to-Neumann map determines uniquely the aligned magnetic field induced by a time independent
and 1-periodic magnetic potential. We establish a Holder-type stability estimate in the inverse problem.

1. INTRODUCTION

Let Q = R x w be an infinite waveguide, where w is a bounded domain of R?, with C?-boundary Ow.
Throughout this text we write = (x1,2’) with ' = (22, x3) for every x = (z1,22,23) € Q. Let A =
(aj)i<j<sz € W3*°(Q;R3) be time independent and 1-periodic magnetic potential with respect to z; i.e.

(1.1) Az + 1,2") = A(z1,2"), (1,2") € Q=R x w.
Given T > 0, we consider the initial boundary value problem (IBVP) for the wave equation,
(02 —Ax)u=0 inQ=(0,T) x Q,

u(0,-) =0 in €,
u=g on ¥ = (0,T) x 09,
where A4 is the magnetic Laplacian defined by
3
Ap =) (9 +iaj)® = A+2iA-V +idiv(A) — |A].
j=1

In this paper, we are interested in determining the magnetic potential A from the knowledge of the Dirichlet-
to-Neumann (abbreviated to DN in the following) map associated with A

(1.3) Aa(g) = (0, +iA -v)u,
where u is the solution to (1.2) and v = v (x) denotes the unit outward normal to 92 at z. As was noted

in [Es3], the DN map is invariant under the gauge transformation of the magnetic potential: Namely, given
¥ € C'(Q) such that U5 = 0, it ensues from the identities,

(14) eii‘leAei\P = AA+V\II; eii‘pAAei‘I! = AA—}-V\II;
that
Ag=Asivv.
From this information and from a geometric view point, we may reformulate the basic inverse problem
considered in this article as follows.

Inverse problem for the magnetic wave equation: is it possible to determine the magnetic field da s
given by
3
Oa; Oa;
day = — —L)dz; Adx,
aa Z (8:10] 8:]51) i i

ij=1
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from the knowledge of the boundary measurements A 4.

The problem inverse of recovering time-independent coefficient for partial differential equations such as the
wave equation have attracted many attention over the recent years. For example, in [RS1], Rakesh study the
determination of the time-independent scalar potentials in a wave equations, from the DN map. Bellassoued
and Benjoud proved in [BB] that the knowledge of the Dirichlet-to-Neumann map for the magnetic wave
equation measured on the boundary determines uniquely the magnetic field. There methods is essential
based on the construction of geometric optics solution.

In this results, the DN map gives on the whole boundary. The uniqueness by a local DN map is well solved
(Belishev [B], Eskin-Ralston [ER], Eskin [Esl], Katchalov, Kurylev, and Lassas [KKL]).

Note here that all these results are concerned in a bounded domain. In this article We consider the inverse
problem of determining the magnetic field appearing in the magnetic wave equation in an infinite cylindrical
domain. There are only a small number of mathematical papers dealing with with inverse boundary problems
in an unbounded domain. In [LU], Li and Uhlmann proved that the knowledge of DN map determines
uniquely the scalar potential in an infinite slab. In [CKS] Choulli , Kian, and Socoorsi proved a logarithmic
stability in the determination of the time-dependent scalar potential in a 1-periodic quantum cylindrical
waveguide, from the boundary measurements of the solution to the dynamic Schrodinger equation. See also
the refs. ([K], [KLU] and [LUJ).

1.1. Notations. Throughout this text we denote by
(1.5) Q=(0,1)xw, Q= (0,T7)xQ, ¥=(0,T) x (0,1) x dw.

1/2
Further, we denote by |y| := (Z?:l yf) the Euclidian norm of y = (y1,y2,¥3) € R? and we write

B (zg,7) = {x = (21,29,23) €R>; |z — 20| <7}, forallr>0.
We note H? () the p-th order Sobolev space on (2 for every p € N, where H° (Q) stands for L? (2) . Finally,
we put
D, =inf{R€R": wC B(z),R) for some z) € R?*}.
We may now define the trace operator T by

Tw =wyy, forw e Cg° ([0,T] x R,C* (w)).

Recall that since w is a bounded domain of R? with C2-boundary, we can extend 7 to a bounded operator
from H? (0,T;H?(Q)) into L* ((0,7) x R, H3/? (dw)). Then the space Xo = 7H? (0,T; H?(12)) endowed
with the norm

| w || xo= f{| Wl m2(0,1:m2(0)); W € H? (0,T; H* (Q)) such that 7W = w},
is Hilbertian. Moreover, the linear operator A4 defined by (1.3), is bounded from X, to L? (X).

1.2. Main results. In this subsection we state the main results of this article. Ours first result can be
stated as follows.

Theorem 1.1. We consider two potentials A;, i = 1,2 in W3 (£; R®) obey the conditions [ Aill a0 ) <
M, i=1,2, For M >0 be fized. Assume moreover that

(1.6) A; = Az on (0,1) X Ow,
(1.7) 0;A1 =042 on (0,1) x 0w, j=1,2,3.
Then there exist a constant C > 0 and u € (0,1), such that

9ay _ Oag
81‘3 8%‘2

~ < C||AA2 - AA1||M'
H=1(Q)

where C depends on T, w and M.
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Theorem 1.1 follows from a result we shall make precise below, which is related to the following IBVP
with quasi-periodic boundary conditions,

(0?2 — A)u=0 in @,
u(0,-) =0 in €,
(1.8) Oru(0,) =0 in Q,
u=nh on X,
U(', 1, ) = ewu('a 07 ) on (07T) X w,

O, u(-,1,-) = €9, u(-,0,-) on (0,T) x w,
where 0 is arbitrarily fixed in [0,27). To this purpose, for any subspace R = (0,1) x R? or R?, we take
HY}(R) = {u e H (R); u(l,-) = e?u(0,-) and ,,u(1,-) = €?d,,u(0,-) in R?},

and
HZ(R) = {u € H*(R); u(1,-) = ¢®u(0,-) and 9,,u(1,-) = €9,,u(0,-) in R?}.
We denote by 7 the linear bounded operator from H? (O,T; a2 (Q)) into L2 ((0,T) x (0,1), H3/2 (0w)),

such that
Tw = wyg for w € Cg° ([0, 7] x (0,1),C* )) .

Then the space Xy = 7 (H2 (O, T;H} (Q))) endowed with the norm

| wll,= inf{HW||H2(O7T;H2(Q)); W e H? (O,T; H? (Q)) such that 7TW = w},
is Hilbertian. The operator
(1.9) Ang:he Xg— (8, +iA-v)ue L2 (z)

where u is the solution to (1.8), is bounded. The following result essentially claims that Theorem 1.1 remains
valid upon substituting Aa; ¢ for A;, j=1,2, for 6 arbitrary in [0, 27).

Theorem 1.2. Let Ay and Ay obey the conditions of Theorem 1.1 for M > 0. Then we may find a constant
C > 0 depending only T, M and w, such that the estimate

‘ 8a2 8a3
holds for every 0 € [0, 2m).

drs  Org
It is clear that Theorem 1.1 yields uniqueness in the identification of the aligned magnetic field from the
knowledge of the DN map.

< COlAay0 — Aay ol
H1(S)

©w
)

2. GEOMETRIC OPTICS SOLUTIONS

In this section we define geometric optics solutions for the magnetic wave equation in (0,7T) X Q with
quasi-periodic boundary conditions. These functions are essential tools in the proof of Theorems 1.1 and 1.2.
The main difficulty here is the quasi-periodic boundary conditions. We shall adapt the method suggested
by Bellassoued and Ben joud in [BB], for building geometric optics solutions to the magnetic wave equation
in a bounded domain, to the framework of periodic media.

Let v = v (t,z) € C* ([O,T] L2 (Q)) nce ([O,T] s H! (Q)) be a given solution of the following magnetic
wave equation:

(GE—AA)UZO inS:),
o(T,.)=0 in Q,
(21) at’l}(T, .)=0 '%Il 9,
v=~h in X,
v(,,1,.) = e?v(.,0,.) in (0,7) X w,

Oz,v(., 1,.) = €0,,v(.,0,.) in (0,7) X w.
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Let u=u(t,z) € C! ([O,T] ;L2 (Q)) ne ([O,T} s HY (Q)) satisfy the conditions

(2.2) u(0,.) =0 (0,)=0inQ, uw=0 inX%,
and
w(.,1,.) —e%u(.,0,.) =0pu(.,1,.) —e?d,u(.,0,.) =0, in (0,T) x w.
Then, from the Green formula, we have
/~ (07u — Aqu) vdzdt = / w(02v — Aqv)dzdt — [ (8, +iA - v)uvdo,dt
Q Q )

_ / (O +iA - v) udodt.
)

(2.3)

2.1. Geometric optics solutions in periodic media. For all » > 0, we take ¢ > 0, such that
T>T—40>Dgo  and € C B(zo,(T/2) — 20),
and let ¢ € C§° (R?) such that

(2.4) supp ¢ C D,
where
T — T

Now, for ' € St, 0 fixed in [0,27) and ¢y € H} ((0, 1) x R2) , we may introduce the following subspace of
H?((0,1) x R?),

Hj o (Dg) = {06 =dodo € H* ((0,1) x R?*); &'-Vu¢p € H? ((0,1) x R?) where ¢y € H® (R?) satisfies (2.4)}
endowed with the natural norm:
N (¢) = ||¢||H2((0,1)xR2) + ||“/ ’ van’¢HH2((O,1)x1R2)-
It is apparent from (2.4) and (2.5) that, for all ¢ € Hj ., (Dr)
(2.6) supppNw =0, (suppd £ Tx')Nw =10, V&' €S
Next, for all t € R and ¢ € Hj ., (Dr), we put

(2.7) ®(t,x) = ¢ (x1,2 +tx'), teR, (z1,2') € R?,
then it is clear that the function ® is solution to the transport equation
(2.8) (O — K V) ®(t,2) =0, (t,x) € R xR
Having seen this, we define
t

(2.9) b(t,x) = exp <z/ kA (z1,2" + sk) ds) :

0
where

/ _ (az,ag) (1‘) R if z € Q,
A'z) = { 0, if not.

It is easy to see that
(2.10) (0 — K -V —ix' - A)b(t,x) =0, forall (t,x)ecR xR

Let us now prove the following lemma.
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Lemma 2.1. Assume that A € W3 (Q;R3) satisfies (1.1). Pick ® (resp. b) as in (2.7) (resp (2.9)).

Then for all 0 € [0,27) and A > 0, one can construct a solution u € C* ([O,T] L? ( )) nce ( ( ))
to the equation

(2.11) (02 —A4)u=0, (t,z)€Qq,

of the form

u(t,x) =@ ()b (t,z) =W+ oy (1),
where the correction term 1y satisfies 1y (0,.) = ¥ (T,.) = 0 in Q, 1y = 0 on Q together with the quasi-
periodic boundary conditions

Ux (1 1,.) — ey (1,0,.) = Dp b (1, 1,.) = €0, 5 (1,0,.) =0 in (0,T) x

Moreover, the following estimate
(212) M) + IV L) < O (6).
holds for some constant C > 0 depending only on Q, T and 1 Allvys.00 (2) -

Proof. To prove our Lemma, it would be enough to show that if ¥, solves

(07 = Aa) o = — (0} — Ay) ((b (w1,2' +tx')b(t, x) ei’\(””/"‘/”)) in Q,

¥x(0,.) =0 in Q,
(2.13) 9x (0,.) =0 in Q,

1/),\ =0 on E,

Px (5 1,.) = €4y (,0,.) in (0,T) x w

Duyhx (1, 1,.) = €0, (.,0,.) in (0,7) x w
Then the estimate (2.12) holds. We set
(2.14) k(t,z) = — (0} — Aa) (gb (x1,2" +t") b (¢, x) e“‘(zl'“/‘”)) , (t,x) €(0,T) x Q.
Thus, we have

k(o) = —eEW ) (02 2 AL) (B (t2)b(t )

—2iNe M) (9, — K V) (@ (¢, 1))
2N M) (9, — k! Vg — ik - A (b (L, 2)).
Since ® (t,z) = ¢ (x1,2" + tx') and b (¢, z) are the respective solutions of (2.8) and (2.10) we deduce that
kot x) = —eX &40 (02— AL) (@ (t,2) b (t 7)) = MW kg (¢, 2)
where kg satisfies
||k0||L2(Q) + ||3tk0HL2(Q) < CONy (9).

Since the coefficient A does not depend on ¢, the function

w(t,x)/0t¢(s,x)ds

solves the mixed hyperbolic problem (2.13) with the right side

kl(t,x):/otk /\/ ko (s,x) A ”“))ds.

Integrating by part with respect to s, we conclude that

C
kil 2 () < S Nw (),

and it follows from the energy estimate for w that

C
19l 25y = 100wll 2 gy < S Nw (9)
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Since ||kHL2(Q) < CN, (¢) we obtain

IVl L2 (g) < CNw (9),

which completes the proof. ([l

Remark 2.1. We have a similar result by replacing the condition ty (0,.) = 0 in Q by )y (T},.) = 0 in €.

3. STABILITY ESTIMATE
3.1. Preliminary estimate. Let us introduce
A=Ay — Ay,

where the function A;, j = 1,2, is as in Theorem (1.1). Recall that since A; — Az = 0 on 052, we can extend
A = (a1,a2,a3) to H' (R?) and we set

t
b(t,z) = (babr) (t,2) = exp (z/ k' A (21,2 + sK') ds) ,
0

where A" = (a1,a2).
The main purpose of this subsection is the following technical result.

Lemma 3.1. Let § € [0,27) be fized. For j = 1,2, let ¢; € ’Hgﬁ,@/ (DR). Then for any k' € S, there exists
a constant C = C (M,w) > 0 such that,

1
(.1) L (91,00) < € (M aso — Aol + § ) Mo (60) Mo (00).
where

Im’ (¢1a ¢2) =

/OT /01 /RZ K- A (2) (¢20y) (1,2 + th') b (t, ) dadt

Proof. Lemma 2.1 guarantees the existence of geometric optics solution ug € C* ([O, T); L? (Q) ) nc ([O, T]; Hy (Q))
to the equation (07 — Aa,)u in Q, with the form

(3.2) us (t,x) = éa (21,2 +tr') by (t, ) X~ oy 5 (8, 2),

where 1), , satisfies

P2 (0,.) =0 in Q,
O x (0,.) =0 in 2,
(33) w27,\ =0 ] on Z,
Yo (., 1,.) :ez‘gw;,\ (,0,.) in (0,7) X w,
Ouybax (4 1,.) = €0y, 102 5 (.,0,.) in (0,7) x w,
and
(3.4) M2l 2@y + VY2l L2(g) < CNw (¢2) -
We denote by uq, the solution of
(at2 - AAl) uy = O iIl @,
(751 (O, ) = 6tu1 (0, ) =0 in Q,
(3.5) up =uz = f2 on ¥,
up (-, 1,.) = e?uy (.,0,.) in Q,

Oz, ur (1, 1,.) = €?0,,u (.,0,.) in Q.
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Further, as u; — us = 0 on %, we get from (3.5) and (3.2) that v = u; — uy € C ([O,T] L2 (Q)) N
C ([O,T} s Hy (Q)) verifies

(02 — Aa,)u=2iA  Vus + Vuy in Q,

u(0,.) =0 (0,.)=0 in Q,
u =0 on f),
u(.,1,.) =e?u(.,0,.) in Q,
O, u (., 1,.) = €9, u(.,0,.) in Q,

where we have set
V = ’Lle(A) — (AQ ~A2 —A1 Al) .

Next let v € C! ([0, T); L? (Q)) nce ([0, T); Hy (Q)) be a solution of the wave equation (87 — Aa,)v =0,
in Q, having the form
(3.6) v(t,w) = ¢ (1,0 + ) by (,2) A0 1y (1),

where ) satisfies

Via(T,.)=0 in Q,
(3.7) Pia=0 _ on ¥,
. wl,A ('a 17 ) = 6101)[}1’)\ (~7O7 ) in (O,T) X w,
Oy th1x (5 1,.) = €?8,,191 (,,0,.) in (0,7) x w,
and
(33 Misall iz + 900l g) < O (61)
Set

g (t,2) = ¢ (x1, 2 + 1) by (t, ) ) (¢ 2) € 3,
In light of (2.3), we deduce from (3.5), the following orthogonality identity
(3 9) [ 2i A - Vuosvdxdt —l—/~ \%4 (.1‘) usvdxdt = —[ (AAhe — AA2’9) (f/\)gi)\dUdt

Q Q b))
= 7<(AA1-,9 - AA279) (f)\) 397>
On the other hand by (3.2) and (3.6) we have

(3.10) [ 2iA - Vugurdzdt = —/ 2Xk" - A" () (¢26y) (z1, 3" + tr') (babr) (¢, ) dadt + I,

Q Q
where
Iy = [ 2iA -V (®g (t,x) by (t, 7)) Dy (¢, ) by (¢, ) dwdt
Q

+ / 2%A -V (D (t,2) by (t,2)) NG (¢, 2) dadt
Q

+/~ 2iA - Vo x (t,2) By (t,2) by () A=)
Q

+[ 21A - va,)\ (tﬂ :ZZ) Jl,)\ (ta :ZZ) dadt
Q

- [ 2Xk" - A’ (2) by (t, ) Po (t, ) Elvkeu(z"“l“) dxdt.
Q

Using (3.4) and (3.8), we obtain that
(3.11) [ZA| < CNyw (62) Niwr (¢1) -
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From this and (3.9)-(3.10), it follows that
A ’ /Q WA (@) (628) (o1, + 1) (baby) () dxdt‘
L (0= ) () o] + M0 (00) N (01) )

Moreover, by (3.2), (3.4), (3.6) and (3.8), one gets

(3.12) <C (’ / Vusvdrdt| +
Q

(3.13) ‘ / dedt’<cxv (62) N (1)

By a trace inequality, we have

/i (Aay0 —Aayo) (fA)gAdffdt‘ = ‘((AAl,e = Aaz0) (FN) 590 2 ()

1(Aase = Aaz0) (P L2 (s l9r ]l 2 s:)
1Aas0 = Aol /315, 97112 (5
(3.14) CON* [ Aay0 — Az 0l Niwr (61) Nowr (62) -

From (3.12)-(3.13) and (3.14), we derive for A sufficiently large

///R“ A (2) (¢26y) (x1,2" + W) b (L, ) ddt
43 ) Ao (0N (62).

This completes the proof of the lemma. |

INCIN A

3.2. X-ray transform estimate. The X-ray transform is an integral transform, defined by integrating over
lines. More precisely, if x/ € S! and f is a function defined on R3, then the X-ray transform of f in the
direction &’ is the function P defined by

(3.16) (Pf) (k' x) = /Rf (z1,2" + sk')ds, © = (x1,2") € R3.

It is easy to see that (Pf) (', z) does not change if 2’ is moved in the direction w’. Therefore we normally

~1
restrict ' to /= {¢ € R?; ¢-w’ = 0}. For j = 1,2,3, let us introduce the following notations

oA’ 3 Oa;
. — . — i) 3
(3.17) Pj (x) =k ., (x) E Ki v (), zeR°.

and
DF (k) ={2' €D,, 2’ - ' > 0}.
Then, the X-ray transform stability estimate of the functions p; is as follows

Lemma 3.2. Let M > 0, and let A;, for j = 1,2, be as in theorem 1.1. Then, there exists constants
C >0 and Xo > 0 such that for all &' € S and all ¢ = ¢popo € HL 4 (D,) satisfying supp (¢o) C D and
djp € H2 4 (D), the estimate

1
[ [ @ o e (i [ o)) ] <
0 R2 R

1
€ (M0 = Aasall + 5 ) A (@) N B30,
holds for any A > Ao, k € Z and j = 2, 3.
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Proof. For ¢1,¢2 € ’Hi',e (D,), we have
T /1 B
/ / / KA (x) (h20,) (w1, 2" + t") b (t, x) da'dw dt
o _Jo Jr2
T 1 B
/ / / KA ($17$I—tli/) (¢2¢1) (:L‘)b(t7$1,33/—tl€/) d.’L‘ldﬁtldt
o Jo Jr2
1 7 T .
/0 1/]R2 (¢2¢1) (x)A T,g’ LA (x171-’ t_ t,‘{/) exp (Z/O KA (.%171'/ . Slil) ds) dtda’ dz,
- d
. il . / . A/ / _ 12 ’
2/0 /}R2 (¢201) (a?)/o 7 &P (Z/O K (1,2 — sk )ds) dtdzydx
1 _ T
Z/O - (¢2¢1) (,T) |ﬁXp (Z/O KA (.%‘1,.’)3/ o SH/) dS) _ 1] dr.

We choose ¢1 and ¢o such that ¢ (z) = e2k™%1¢ (z), ¢1 = 9,6, j € {2,3} and integrating by parts, so
(3.18) yields

///Rzﬁ A (= ¢’2¢1)($1’$ +tk') b (t, z) dedt

/ /R2 emiZhmn g2 ( ) [ (Z/o KAz, 2! —Sﬁl)ds>1 do
_7/ /Rz e @ )aw] (/ WA ($1,x’—3,@’)d3>

T
(3.19) exp (z/ K A (21,2 — sK') ds> dx.
0

(3.18)

Since the support of A’ is contained in R x B (0,7/2 — 2¢), we have

T
(3.20) / K A (z1,2 — sk')ds = / K - A (21,2 — sK')ds,
0 R

for all 2 € D} (x'). In fact, for all s > T and 2’ € Dy it is easy to see that (z1,2" 4 sx’) ¢ supp (A’), for
each z1 € [0,1]. Therefore we have

T [eS)
(3.21) /0 K - A (2,2 — sw')ds = /0 KA (21,2 — sk)ds, (z1,2") € 0,1] x DY (x').
On the other hand, if s < 0 and 2’ € D it holds true that [z" — si')? =@/ |> 4+ s2 — 252’ - K > (T/2 — 20)*

hence A (z1,2' + sk’) = 0. This and (3.21) entail (3.20). Further, upon inserting (3.20) into the equation
(3.19), we obtain

///'ﬁ A )<¢2$1)(xhiv/th/i’)b(t,x)dxdt

= —f/ / e 12T 2 () — (/ K A (21,2 — sw) ds) exp <z/ K A (x1, 2 — sK') ds) dx
R2 ax] R

:_7/ /R =T G2 (1) P (p) (W, ) exp (i/Rn'.A’(xl,x’—sm’)ds> d,

where p; is given by (3.17). From this and Lemma 3.1, we obtain for any A > ¢ that

1
/ e ZhmrL [ 02 (1) P (p;) (K, 2) exp (z/ K - A (1,2 — sK') ds) dr'dr,| <
0 R? R

C ()\ |Aa, 0 — Aayol + /1\) Nt () Ny (059) .
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The proof is then complete. O

3.3. Aligned magnetic field estimation. In this subsection, we estimate the the partial Fourier transform
of the aligned magnetic field, in terms of the DN map. To this end, we denoted by f the partial Fourier
transform of the function f with respect to the variable z’ € w, i.e

~

flang)=(2m)~ / flana) e da!, € € R a1 € R
R2
Further, setting w't = {¢ € R?; ¢-w’ = 0}, we recall from the definition (3.16) that

Lemma 3.3. Let f € L' (R?) and &’ € S*. Then (Pf) (v,.) € L! (R X K’l) and

—

(PR ) €)= @0 [ P .m0ty de’ = o, €).

forall & € &',

Let us now estimate the Fourier transform of the aligned magnetic field o3, where
6&1 3aj

- Ba:]- a’EZ ’

More precisely, with the aid of Lemma 3.2 and lemma 3.3 we may establish the following result.

Oij i,j=1,2,3.

Lemma 3.4. Let M > 0, and let A;, for j = 1,2, be as in theorem (1.1). Then, there exists a constant
C > 0 such that for any A > Ao the following estimate

(3.22)

1
/ TG0 (21, €') day
0

1
<0 (Mo~ Aasall + 3 ) (€

2\ /2 N
holds uniformly in k € Z and £ € R?, with ((k,&')) = (1 + k% + ¢ ) and where 73 denotes the partial

Fourier transform of oa3 with respect to x'.

Proof. We fix z) € K- N B(0,T/2 — o). Let h € C5° (R) be supported in (0, o/4) and satisfy the condition

/Rh2 (t)dt = 1.

2
_ Z_g _‘/|2 r /+ ’
n =5 73 zol”y 21 =20+ nuk .

Let

It is not difficult to check that
B (2, 0/2) ¢ D} ().
Let By € C5° (k' N B (2}, 0/4)) be nonnegative and for y = (y1,y’) € R?, put

, i
o (y) = €V exp (—2/ K- Ay, Yy — sK') d8> s y=(y.y) €eR?,
R
and A
Go(y) =h(y K —n) e # B () — (v KK, Y € R
It is apparent that
supp (¢o) C B (21, 0/2) C D} (x).
Set

(3.23) ()=o) b0 (y), y=(y1,y") € R



STABILITY ESTIMATE FOR THE ALIGNED MAGNETIC FIELD IN A PERIODIC QUANTUM WAVEGUIDE 11

It is clear that ¢ € Hi',e (D,) . By performing the change of variable y’ = 2’/ +tx’ € '+ @Rk’ in the following
integral, we get upon recalling that & € '+, that

/ /]R2 e T2 () (Ppj) (K, ) eXp('//{ A (21,2 — sK) ds) dx

/ //u_ e RTTLG2 (o) af + 1K) (Ppy) (K, 21,2 + k)

exp (Z/Rw <A (z1, 2 — sK) d5> dx’ dtdxy
/01 e~ i2km /R/n/i h? (t =) e~ By () (Pp;) (K, w1, ) da’ dtda,
= /O1 e~ i2kme1 /,L e~ By (2') (Ppy) (K, 1, 2") da' dxy.

It follows from this and Lemma 3.2 that
1
[ e [ e o) (Poy) (6, ) ddn
0 K,/J‘
1
<0 (A as = Aasoll + 5 ) M ()N @30).

As ¢ is given by (3.23) and N (8) = |8l gr2((0.1)xr2) T 15" Vardllg((0,1)xr2)» an elementary calculation
gives for any &' € k/*+
Nﬁ’ (¢)Nn’ (ajd)) < C<(k’£/)>57
where C' > 0 is independent of k and £’.
From the last two inequalities we derive for all ¢ € w'* and k € Z that

1
/ / e (Ppy) () daday
0 KL

By Lemma 3.3 we have
1
/ e—z2k7rml (xl f)dl‘l
0
In view of the identity &’ - w’ = 0 we have for j = 2,3,
3
&) = Z ki&a; (., & Z ki (&ai (., &) —&ay, (. Z ki0ij (
i=2

Since ' € S! is arbitrary, we get, for any £ € R? and k € Z that

/ e 5 (0, €) day 1) e

proving the result. O

(3.24)

<C ()\ IAa 0 — Aay ol + i) ((k,€))°.

<0 (MAno— Aawol + 3 ) (€

<c (A 1Aaro— Aa, ol +

Having established Lemma 3.4 we may now terminate the proof of Theorem 1.2.

3.4. Proof of the Theorem 1.2. For simplicity, we use the following notation

1
B (€)= (05 () ooy = [ € TG (o0, do,
0
where ¢y (z1) = e~2k™@1 for all k € Z. Then, by the Parseval-Plancherel theorem, we find that

625)  lomle =2 [ (€ w2 n] a = [ empen] e,

kEZ
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where pp =), 0,. Using (3.22) we get

2, = kY26 ’,k ® de'd k) 'k ® de'du (K
ol sonman = [ (@R[ n] agdn /|w>|>R (k)72 [B( 0| ddp ()

< (¥ 1ao = Aasal+ 35 ) B 4 5 ).
Choosing
(3.26) A\ = RS,
we obtain, that
1
(3.27) lozalln-s ey < € (B IAasa = Ansoll + 3 )

for some positive constant ¢. The arguments above are valid for A > A\g. In light of (3.26) we need to take A
sufficiently large. So there exists a v > 0 such that if ||Ag, 6 — Aa, 0l| <vand R=||Aa, 0 — AA2’9||_1/(£+1) ,
we have A > Ag and by (3.27) we obtain

H023||H*1((0,1)><R2) < ClAae —Aasol”,

where p =1/ (¢ +1). Now if ||[Aa, — Aa,]|| > 7, it holds true that

oM . oM
(3.28) lo2slli—1(01)xr2) < 7 /0 < i Ao = Az

G
Thus it follows from (3.27) and (3.28) that,

o2l r-1((0,1)xr2) < C'llAar0 — Aasypll”

This ends the proof of Theorem 1.2.

4. THE FLOQUET DECOMPOSITION

The idea here is to pass from the boundary operator A4, thanks to the partial Floquet-Bloch-Gelfand
(abbreviated to FBG in the following) Transform, to the family of operators {A4 ¢, 6 € (0,27)}. To that
end, we start by recalling the definition of the partial FBG transform.

Let f € C§°(Rx Y), where Y denotes a C? open subset or submanifold of R”, n € N*. We define the partial
FBG transform U by

+oo
(41) f@(xlvy) = (uf)g(t,l') = Z e_ikef(xl + kay)? (mlay) € R x Y7 0 e [07277)
k=—oc0
Then
(4.2) fo(xr +1,y) = € fo(x1,y), (z1,y) ERXY, 0 €[0,27),
and
8mf _ 3mf9 *
(4.3) <“azm)0_ ol me N, 9 e 0,2m),

We turn now to studying the problem (1.2). We will show that we can decompose the Cauchy problem (1.2)
into a IBVP with quasi-periodic boundary conditions of the form (1.8).

Proposition 4.1. Let A € W3>°(0,T; W2>(Q)) fulfill (1.1) and let g € Xo. Then u is solution to (1.2) if
and only if each g = Uu)g € Zg = L? (O,T;He1 (Q)) NnH! <O,T; L? (Q)), 0 € 10,2m), is solution to the
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following IBVP
(0?2 — A )v=0 in C?,

v(0,-) =0 in )

4.4 ’ ol

(44) ow(0,) =0 in Q,
v = gg on X.

Armed with Proposition 4.1, we may now decompose A 4 in terms of the fibered boundary operators A 4 g,
6 € [0,2m).

Proposition 4.2. Let A be the same as in Proposition 4.1. Then we have:

@ do
UAAU_lz/ AA’GT-
(0,27) ™

Proof. For every 6 € [0,2m), we know that the IBVP (4.4) admits a unique solution sg(ggp). Further, it
holds true that Ayg = 71 o 59, where we recall that 7; is the linear bounded operator from L2((0,T) X

(0,1), H*(Q)) N HY(0,T; L*(Q)) into X; = L*(X) x L*(Q2), obeying
fiw = Oy +iA-v)ws for w € C5°((0,T) x (0,1),C™(@)).
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