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Support properties of the intertwining and the mean value
operators in Dunkl’s analysis

Léonard GALLARDO* and Chaabane REJEB'

Abstract

In this paper we show that the Dunkl intertwining operator has a compact support
which is invariant by the associated Coxeter-Weyl group. This property enables us to
determine explicitely the support of the volume mean value operator, a fundamental
tool for the study of harmonic functions relative to the Dunkl-Laplacian operator.

MSC (2010) primary: 31B05, 33C52, 47B39; secondary: 43A32, 51F15.

Key words: Dunkl-Laplacian operator, Dunkl’s intertwining operator, Generalized volume mean
value operator and harmonic kernel, Rosler’s measure, Dunkl harmonic functions.

1 Introduction and statement of the results

Let R be a (finite) root system in R? with associated Coxeter-Weyl group W (see [7]
or [9] for details on root systems) and for ¢ € RY, let D¢ be the Dunkl operator defined by

f(@) = f(oaz)

1 d
o.1) , feC(RY),

Def(x) = Oef(x) + D k(o) (,€)

a€ER

where R is a subsystem of positive roots, o, is the reflection directed by the root a € R,
k is a nonnegative multiplicity function (defined on R) and 0 f is the usual {-directional
derivative of f.

These operators, introduced by C. F. Dunkl in the nineties (see [1]), are related to partial
derivatives by means of an intertwining operator Vj, (see [3] or [4]) as follows

Ve Rd, Dng = Vkag. (1.1)
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We know that V;, is a topological isomorphism from the space C*°(R?) (carrying its usual
Fréchet topology) onto itself satisfying (1.1) and V(1) = 1 (see [15]) and V}, commutes
with the W-action (see [14]) i.e.

vV fECTRY), V geW, ¢ Vilg.f) = Valf), (1.2)

where g.f(z) = f(g7 ).
A fundamental fact due to M. Résler (see [11] or [14]) is that for every z € R?, there
exists a unique compactly supported probability measure uﬁ on R4 with

supp pt c C(z) := co{gz, g€ W} (1.3)

(the convex hull of the orbit of z under the group W) such that

v feCPRY), Vi(f)(z) = y F(y)duy(y)- (1.4)

Note that the property (1.3) has been proved in [8].
Throughout this paper, the notation & > 0 means that k(«) > 0 for all « € R.

Concerning the measure p* (which we call Rosler’s measure at point x), the first result
of our paper is the following

Theorem A. For every z € R%, we have
1) = € supp pf,

2) If k > 0, the support of ;¥ is a W-invariant set,

3) If k > 0 then W.z (the W-orbit of ) is contained in supp pu*.

A question strongly related to the support of Rosler’s measures concerns the Dunkl-
mean value operator introduced by the authors in [6] in the study of harmonic functions
for the Dunkl-Laplacian operator A; = Z?Zl D? where D; = D,., with (e;)1<i<q an
orthonormal basis of R%. Precisely for € R% and r > 0, the mean value of a continuous
function f at (z,7) is defined by

Mg (f)(z) == m e F@)he(r, z, y)wi(y)dy,

where y — hi(r, x,y) is a compactly supported measurable function (see Section 2) given
by

hi(r,z,y) = /Rd Lo, (V/I[2[I2 + 1912 — 2 (z, 2))dpy (2), (1.5)

my, is the measure dmg(z) := wi(z)dr and wy, is the weight function

we(@) = ] [{enz) [ (1.6)

a€ER



In particular we have shown that a C2(R?)-function u is Ag-harmonic in R? if and only if
for all (z,7) € RIxR,, u(z) = My (u)(x). For a further thorough study of Aj-harmonicity
on a general W-invariant open set, it would be crucial to get information on the support
of the mean value operators. We already know that the measures

! ))hk(r,x,y)wk(y)dy (z e R%r > 0), (1.7)

ant, = ——
M mg(B(0,r

are probability measures with compact support equal to supp hg(r, z,.) and satisfying the
following inclusion ([6]):
supp hi(r,z,. ) € BV (z,r) := Ugew B(gx,7), (1.8)

where B(z,r) denotes the usual closed ball of radius r centered at z.
In fact, the second main result of this paper, intimately related to Theorem A, is a
precise description of the support of hy(r, z,.). It states that

Theorem B: Let z € R% and r > 0.
1) We have B(z,r) C supp hg(r, z,.).
2) If k > 0, then we have

Supp hk(T7$7 ) = BW(I‘7T) = UgEWB(g'xvr)'

We will call BY (x,r) the closed Dunkl ball centered at  and with radius r > 0 associated
to the Coxeter-Weyl group W.

2 The harmonic kernel and the mean value operator

In this section we recall some results of [6].

Let (r,x,y) — hg(r,z,y) be the harmonic kernel defined by (1.5). We note that in the
classical case (i.e. k =0), we have pu = 6, and ho(r,z,y) = Ly, (llz — yll) = 1p(r) (¥)-
The harmonic kernel satisfies the following properties (see [6]):

1. Forall r >0 and z,y € R? 0 < hg(r,z,y) < 1.

2. For all fixed z,y € R?, the function r — hi(r,z,y) is right-continuous and non
decreasing on ]0, 4o00].

3. Let r > 0 and = € R%. For any sequence (¢.) C D(RY) of radial functions such that
for every € > 0,

0<¢-<1, p.=10nB(0,7) and Vy € R, lin% we(y) = 10, (Y),
E—
we have

VyeR! () =tm [ G(/TP TP =2 (o)

where @ is the profile function of ¢, i.e. pe(x) = @ (||z])-



4. For all 7 >0, z,y € R and g € W, we have

5. For all r > 0 and z € R?, we have

dprdt2y
d+ 2y’

(s, M = [ o o)y = (B0, 7)) =
R
where dj, is the constant
di = [a1 wk(§)do (&) = gmmitgmy-

Here do(€) is the surface measure of the unit sphere S9! of R? and ¢ is the
Macdonald-Mehta constant (see [10], [5]) given by

)2
Ck ::/ e 2 wi(x)de.
Rd

6. Let » > 0 and z € R%. Then the function hi(r,x,.) is upper semi-continuous on R,

7. The harmonic kernel satisfies the following geometric inequality: if |ja —b|| < 2r with
r > 0, then
VEe Rda hk(?", aaé) < hk(4rv b, f)

(see [6], Lemma 4.1). Note that in the classical case (i.e. k= 0), this inequality says
that if ||a — b|| < 2r, then B(a,r) C B(b,4r).

8. Let z € R%. Then the family of probability measures dni‘f’r (y) defined by (1.7) is an

approximation of the Dirac measure J, as r — 0. That is

Va>0, lim dnk (y) =0

xT,r
=0 le—yll>a

and if f is a locally bounded measurable function on a W-invariant open neighbor-
hood of z and if f is continuous at x, then (see [6], Proposition 3.2):

r—0

lim | Py, (y) = lim Mp(f) () = f(). (2.3)

3 Proof of the results

For convenience we group together the first points of Theorem A and Theorem B in the
following Proposition.

Proposition 3.1 Let x € RY. Then

i) for everyr >0, x € supp hy(r,z,.),



i) = € supp pk,
iii) for every r > 0, B(x,r) C supp hi(r,z,.).

Proof: i) Suppose that there exists r > 0 such that « ¢ supp hg(r,z,.). Then we can find
e > 0 such that hy(r,z,y) = 0, for all y € B(x,e). Let f be a nonnegative continuous
functions on R? such that supp f C B(z,¢) and f =1 on B(x,¢/2).

Since t +— hg(t, x,y) is increasing on |0, +oo[, we deduce that

1

vt €]0, 7], ostg(f)(ﬂf)Sm i

f()he(r, 2, y)wi(y)dy = 0.

Hence, we obtain M4 (f)(z) = 0, for all ¢t €]0,7]. Letting ¢ — 0 and using the relation
(2.3), we get a contradiction.

ii) Let # € R? be fixed. At first, we claim that
Vr>0, VyeRY hy(r,zy) < uF[By,r). (3.1)
Indeed, from the inclusion supp u* C B(0, ||z||), we see that
VyeR, Vzeswppy, ly—2l” < yl*+ 2] -2y, 2) .
This implies for any y € R and r > 0 that

Vze supp ﬂiv 1[0,r](\/”yH2 + Htz -2 (y,z>) < 1[0,7‘](”3/ - ZH) = 1B(y,7")(z)‘

If we integrate the two terms of the previous inequality with respect to the measure p¥,
we obtain hy(r,y,z) < pf(B(y,r)) and then (3.1) follows from (2.1).

Now, if z ¢ supp p%, there exists ¢ > 0 such that p%(B(z,e)) = 0. Thus, we have
1% (B(y,€/2)) = 0 whenever y € B(z,¢€/2). Using (3.1), we deduce that hi(e/2,2,.) =0
on B(z,€/2), a contradiction with the result of i).

iii) Let y € R? such that ||z —y|| < r. As lim,_,(||lz]|? + |y||> — 2 (z, 2)) = ||z — y]|?, there
exists n > 0 such that

VIl + yll2 =2 (x,2) <r  for every z € B(y,n).
Therefore, by using the fact that y € supp ,u’; we obtain hg(r, x,y) > ,u]; [B(y,n)] >0. O
Remark 3.1 For a € R, let
H, :={z eR? (z,a)=0}

be the hyperplane directed by «. Note that in [12] (Corollary 3.6) and under the condition
r ¢ UaerHey, Résler has proved that x € supp p* by using the asymptotic behavior of the
Dunkl kernel Ex(x,y) which is defined by

Buey) = Vele ) @) = [ 0o



We turn now to the second statement of Theorem A that we recall below:
Theorem 3.1 Let = € R? and assume that k > 0. Then the set supp p¥ is W-invariant.

Proof: In order to simplify the formulas, we will assume here that the root system R is
normalized i.e. ||a||? = 2 for all @ € R. In particular, for reflections we have o,z =
x— (o, ) a.

We will prove that if y € supp p¥, then o,y € supp u¥ for every a € R. Let then
Yy € supp Mfg and suppose that there is a root @ € R such that o,y ¢ supp /’Lm' Write
Y = 0,y to simplify notations. There is a ball B(y/, €) (¢ > 0) such that for all f € C>(R%)
with compact support included in B(y', €), we have

fRd 2)pa(dz) = Vi f(z) =0

Let us denote by CP_ (resp. Cy ) the set of all functions f € C®(RY) (resp. f € C(R%))

with compact support in B(y/,€). For all ¢ € R? and all f € C7 ¢, we also have Ocf € Cre
By the intertwining relation (1.1) we obtain

VEERT, VfeCr., DVif(x)=0

Suppose f € C;’,‘j€ and f > 0 and let g := V3. f. We have g > 0 on R? (because V}, preserves
positivity) and

Ve, Dugte)— )+ 3 keI g

aER4 <33, C¥>

But as g(z) = 0, x is a minimum of g so de¢g(x) = 0 and relation (3.2) implies

S 9(x) — g(oaz) _
Now, consider the set

R,:={a € Ry; x € H,}.

There are two possible locations for x:
e First case: Suppose that R; = () i.e © ¢ UaerH, (i.e. for all root o € R, (z,a) # 0).
Applying (3.3) with £ = 2 and using the fact that g(x) = 0, we get

za€R+ k(a)g(aoﬂ:) = 0.

As g > 0and k > 0, we obtain that g(coaz) = Vi f(0az) =0foralla € Ry and all f € CF
and f > 0. By uniform approximation, we deduce that for all f € Cy . and f > 0, we
also have Vj f(0qx) = 0. Finally for every f € Cy ., by decomposing f = f* — f~ with
/T = max(f,0) and f~ = —min(f,0) and using the linearity and W-equivariance of Vj
(relation (1.2)), we obtain that

Vfe Cy’,ea VaeR,, ka(O'a:L‘) = Vk(o'a-f)(x) =0,



where o,.f is the function z — f(042). As it is easy to see that 0,.Cy o = Cp y e, We
deduce that
Vae Ry, VfeChye, Vif(xr)=0

But this implies in particular that Vi f(z) = 0 for all f € Cy ¢ in contradiction with the
hypothesis 5 € supp p*. The result of the theorem follows in the first case.

e Second case: Suppose that R, # (. For every § € R, clearly we have z = ogx.
Therefore, since g(x) = 0, we get g(ogx) = 0, for all B € R,. But, as z is a minimum of
g, we have

xXr) — ORI 1
A 979 — [ 919(e — t(2,5) Bt = pg(a) =0,

Hence, the relation (3.3) with £ = x implies

Ve Ry,

> acr\R, KF(@)g(oaz) =0.

Consequently, we obtain g(o,x) = 0 for all @« € R. The end of the proof of the first case
applies and gives also the result in this case. This completes the proof of the theorem. [J

From the W-invariance property of the support of % and the fact that = € supp ¥,
we obtain immediately the last assertion of Theorem A:

Corollary 3.1 Let x € R? and assume that k > 0 . Then, for all g € W, gx € supp uk.
Now, we can turn to the proof of the second statement of Theorem B.
Corollary 3.2 Let x € R and r > 0. If k > 0, then

supp hi(r,x,.) = BV (2,7) := Uyew B(gz, 7). (3.4)

Proof: Let g € W and y € R? such that ||gz — y|| < r. We will proceed as in the proof of
Proposition 3.1, iii). We have

tim /Jol?+ gl —2 (@ 2) = 1z — g yl.
zZ=g~ Y

Hence, there exists n > 0 such that for all z € B(g 'y, n), /|[=]? + Jyl2 — 2 (z,2) < r
and thus hy(r, z,y) > py[B(g~ 'y, n)].

But, from the fact that ¢~y € supp ,u'; we deduce that y € supp hy(r,z,.).

This completes the proof. O

Remark 3.2 When k > 0, we will say that a root o € R is active if k() > 0. Let us
denote by Ry = {a € R; k(o) > 0} the set of active roots and F the vector subspace of
R? generated by {a, a € Ra}. Then we can generalize the results of Theorems A and B
wn the following form



a) The set Ry is a root system. Indeed, using the fact that k is W-invariant, we can see
that for every o, B € Ra, k(0aB) = k(B8) > 0. Thus

Vae Ry, RiNRa={xa} and o0,(Rs)= Ra.

b) Let Wy be the Coxeter-Weyl group associated to the root system Ra. Then the re-
striction ka of k to R4 is clearly invariant under the Wa-action. In other words, it is a
multiplicity function.

c) For any ¢ € R, we will use the notation £ = & +¢&" € F 4+ F-=R? (where F- is the
orthogonal complement of F in RY).
o Let x € R Résler’s measure uk is of the form (see [13])

k= i @ Gy, (3.5)

where ,u];f‘ is Rosler’s measure associated to (Ra,ka) and dzn is the Dirac measure at x”.
We have

supp (i = 2" + supp i
From (1.3), the support of ,u,';;“ is contained in the convexr hull of Wa.x' (the W s-orbit of

x'). Furthermore, by Theorem A, it is invariant under the action of the group Wa and
contains the whole orbite W 4.x'.

o Let x € R and r > 0. According to (1.5) and (3.5) the harmonic kernel is given by

hi(r, 2, y) = /R o) (VI = TP+ T =2 ) dyhit (), y € R,

The support of hy(r,x,.) takes the following form
supp hg(r,z,.) = 2" + BWA(:L‘/,’I“) =z + UgewAB(g:B',r) = Ugew, B(gz, 7).

Example 3.1 Let (e1,ez) be the canonical basis of R%. Then, the set R := {%ey, +es}
is a root system in R?, its Coxeter-Weyl group is Z3 and the multiplicity function can be
identified to a pair k = (k1,kz), with k; = k(e;) > 0, i =1,2. Take x = (xl,azz) E R? with
T1,22 > 0. In this case, according to [16], Rosler’s measure is given by ,ugc = /‘xl & Mm,
where uw =0y, ifki =0 and

(i, f) = k+1/2 / f(tx L1 tykiar.

if ki >0 (see [2]).
o If k=1(0,0), uk =6, and hy(r,z,y) = 153 ) (y).
o If k = (k1,0) with k1 > 0, then supp pk is the line segment between x and oe,x =
(—z1,22) and

Supp hk(’f’,ﬂl‘, ) = B({L‘,T’) U B(081$7T)’
o If ki,ko > 0, the support of u’; is the convex hull of Z3.x and the closed Dunkl ball is
given by

BZ3 (x,7) = supp hi(r,x,.) = B((wl,xg),r)UB((—xl,xg),r)UB((xl, —xg),r)UB((—xl, —xg),r).
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