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DOA estimation for noncircular signals:
performance bounds and algorithms

Jean-Pierre Delmas, Habti Abeida
Département CITI, UMR-CNRS 5157,

Institut National des Télécommunications, Evry, France

9.1 Introduction

There is considerable literature about second-order statistics-based algorithms for estimating directions
of arrival (DOA) of narrowband sources impinging on an array of sensors. These algorithms, however,
have been examined under the complex circular Gaussian assumption only. The interest in these algo-
rithms stems from a large number of applications including mobile communications systems [1]. In this
application, after frequency down-shifting the sensor signals to baseband, the in-phase and quadrature
components are paired to obtain complex signals. Complex noncircular signals [2], such as, binary phase
shift keying (BPSK) and offset quadrature phase shift keying (OQPSK) modulated signals, are often
used. Naturally, the second-order algorithms devoted to complex circular signals relying on the positive
definite Hermitian covariance matrix E(y,y) can be used in this context. But because the second-order
statistical characteristics are also contained in the complex symmetric unconjugated spatial covariance
matrix E(y;y/) for noncircular signals, a potentially performance improvement ought to be obtained if
these two covariance matrices are used. However, only a few contributions (among them, [3, 4, 5]) have
been devoted to noncircular signals in DOA estimation in the last years.

The aim of this chapter is to present an overview of algorithms and performance bounds of DOA
estimates of noncircular signals. This chapter is organized as follows. The array signal model with
some notations and the statement of the problem are given in Section 2. The potential benefit due
to the noncircularity property is underscored by the help of subspace-based algorithms built from the
unconjugated spatial covariance matrix only. Three attractive multiple signal classification (MUSIC)-like
algorithms and an optimally weighted MUSIC algorithm built from the two covariance matrices are then
presented with their asymptotic performances in Section 3. To assess the performance and efficiency of
these algorithms, asymptotically (in the number of measurements) minimum variance (AMV) algorithms
in the class of consistent algorithms based on the two covariance matrices or on their associated orthogonal
projectors and AMV bounds are described in Section 4. Because the Gaussian stochastic Cramer-Rao
bound (CRB) matrix is, under rather general conditions, the largest of all CRB matrices among the class
of arbitrary distributions with given mean and covariance (see e.g., [6, p. 293]), the noncircular Gaussian
stochastic CRB is derived in Section 5 as a tight upper bound of the stochastic CRB under discrete
distributions. The case of BPSK sources is specifically treated in Section 6. Finally, this chapter ends by
illustrative exemples and conclusion.

9.2 Array signal model

Let an array of M sensors receive the signals emitted by K narrowband sources. The observation vectors
are modelled as
yt:AXt—l—nt, tzl,...,T,



where (y¢)i=1,.,7 are independent and identically distributed. A(€) = [aj,...,ak] is the steering
matrix where each vector a; = a(fy) is parameterized by the real scalar parameter 0 to avoid un-
necessary notational complexity, but the results presented here apply to a general parameterization.
Xe = (@1, .., T, K)T and n; model the source signals and additive measurement noise respectively. x;
and n,; are multivariate independent and zero-mean. n; is assumed Gaussian complex circular, spatially

uniformly uncorrelated with E(nsnf’) = 021, or spatially correlated with unknown covariance matrix

E(nmf) = Q, (o) parameterized by the vector of real unknown coefficients o & (o1...,0n)T. This
general noise model was introduced in [7] and used in [8] and [9]. x; is complex noncircular, not nec-

essarily Gaussian, and possibly spatially correlated or even coherent with spatial covariance matrices

R, o E(x;x}") and R/, o E(x;x!). Consequently, this leads to two covariance matrices of y; that

contain information about 6 (01,...,05)T:
R, = AR, A" 1 Q, and R, = AR,A" # O. (9.1)

If no a priori information is available concerning the spatial covariance of the
sources, R, and R/) are generically parameterized by the real parameters p =
(R(Reig) S(Raliy), RIRLig) SR )1 <jisics (Relis, RIREL), S(RE]ia) )izt )" Thus

the couple (R, R;) is parameterized by the real parameter o def (OT, pl, O'T)T € RL. This parameter

is assumed identifiable from (R, (), Rg(a)), in the following sense:
R,(a) = Ry(a) and R, (a) =R () = a=da.

These covariance matrices are traditionally estimated by R, 7 = % Zthl ytyﬁ and R;%T = % Zthl ytyf,
respectively.

For a performance analysis, some extra hypotheses are needed. We suppose that the signal waveforms
stem from K independent signals Ty, with K < K, with strict inequality implying linear dependence
among the signal waveforms emanating from, e.g., specular multipath or smart jamming in communication
applications. We suppose that the signal waveforms have finite fourth-order moments. The noncircularity
rate pg of the kth source is defined by E(xfk) = ppe'Pk ng where ¢y, is its circularity phase that satisfies

0<pr<1and O'gk def E|s?,|.
The problem of interest in this work concerns estimating @ from the two sample covariance matrices

R, 7 and R;/ - The number K of sources is assumed to be known.

9.3 MUSIC-like algorithms

We suppose in this section that Q, = ¢2I,s, A is full column rank and R, and R/, are nonsingular.
To prove the potential benefit due to the noncircularity of the sources, we first propose MUSIC-like
algorithms built from the unconjugated spatial covariance matrix only.

9.3.1 MUSIC-like algorithms built from R/ ; only

Because Rj, and R, have a common noise subspace (see (9.1)) with associated orthogonal projection
matrices II' = II, the first idea for estimating 0 from R;,T alone is to apply the following steps: Estimate
the projection matrix I, associated with the noise subspace of R;%T by the singular value decomposition
of the symmetric complex-valued matrix R;,T and then, use the standard MUSIC algorithm based on IT/,
where the DOA (0 7)k=1,.. K are estimated as the locations of the K smallest minima of the function:

021%0 = arg mein a (9)IT;ra(6). (9.2)

Compared to the standard MUSIC algorithm based on Il7 associated with the noise subspace of R, T,
we prove in [10] the following



Theorem 1 The sequences \/T(BT — 0), where O7 is the DOA estimate given by these two standard
MUSIC algorithms, converge in distribution to the zero-mean Gaussian distribution of covariance matriz
of the similar structure

2 1H ’
(Colyy = o ((af Uay) (2, Tha))) (93)
! /H !
with ay, © %5 and oy, © 22", Tay, where U™ 62S#R,S# with S © AR, AT and U o28'# RS

with §' %< AR/ AT for the MUSIC algorithms built on Ry and R, r respectively.

As a result, the asymptotic performance of the estimates given by these two standard MUSIC algorithms
can be very similar. In particular, for only one source, it is proved in [10] that these asymptotic variances
are respectively given by:

1 1 1 1
Cy, = <1 + > and Cy, = (1 + > ,
oagm a1 [?r1 oagrpd a1 [|?r1

def o 21

with 71 = —3. We note that for p; = 1 (e.g., for an unfiltered BPSK modulated source), these two

variances are %qual. Naturally when p; approaches zero, Cy, is unbounded and the unconjugated spatial
covariance matrix R;/ conveys no information about #;. This result raises the following query: how does
one combine the statistics I and II7. to improve the estimate of 87 A possible solution is proposed in
the following subsection.

9.3.2 MUSIC-like algorithms built from both R, r and R), 1

To devise simple subspace-based algorithms built from both R, r and R?’J 7, we consider the extended

covariance matrix Ry def E(y:y) where y; def (ytT, y i )T for which:

R; = AR; A" 4 021y (9.4)

with A % ( g f* > and Rj; def < ;{;‘} iz > From the assumptions of Section 3, K <

rank(R;) < 2K and, depending on this rank, many situations may be considered. We concentrate first
on a particular case (case (1)) for which the sources are uncorrelated and with noncircularity rate py
equal to 1 because very attractive algorithms have been devised for this case [3],[4]. This corresponds,
for example, to unfiltered BPSK or OQPSK uncorrelated modulated signals. In this case, R, = A, and

R, = A,A, with A, def Diag(o? ,...,02 ) and A, o Diag(e’!, ..., e ). Consequently

) SK

oo Ar A\ _(Ix )\, (Ix "
“laar oA, )7 ay )% Ay

and rank(Rz) = K. Then subsequently, we consider the general case for which rank(Rz) = 2K (case
(2)). This case corresponds for example to filtered BPSK or OQPSK modulated signals. In these two
cases, the orthogonal projector matrix onto the noise subspace is structured as A and R;. More precisely,
the following lemma is proved in [10]

Lemma 1 In cases (1) and (2), the orthogonal projector matriz I1 onto the noise subspace s structured

as
= (I 1D
H‘(m:m>



where II1 and Iy are Hermitian and complex symmetric, respectively, and where Il is the orthogonal
projector onto the column space of A and IIy = O in case (2) L. Furthermore, the orthogonal projector
onto the noise subspace Ilt associated with the sample estimate Ry of Ry has the same structure

= (I Ilor
= (i ) =

where Iy 7 and Iy 7 are Hermitian and complex symmetric respectively.

Case (1): Uncorrelated sources with p, =1
Consider now three MUSIC-like algorithms for which (9.4) becomes

H
A A )
Rg = ( A*AZ ) A, ( A*AZ > +O‘n12M, (96)

an algorithm (denoted Alg;) devised in [3] has been derived from the standard MUSIC algorithm. Specif-
ically, the estimated DOA (0 7)k=1,. x are obtained as the locations of the K smallest minima of the
following function:

.9,‘;17%1 = argmin [m(gn all (0, 9)IIpa(0, ¢)) = arg min (2" (0)II, ra(0) — [a” (0)IT3 pa(6)]) , (9.7)
. . ~ def a(0)
with the extended steering vector a(f, ¢) = a*(B)e-i¢ )"
H i T 7 a(0) _ i 1 _ : def
Because ( aff(0) e%a’(0) )H( a*(0)e— i ) = (1 € )M( it = 0 with M =

(40 85, )8(0 5 ) o (40 F Yo (%0 ,5,)

positive definite and a consistent estimate of the rank deficient 2 x 2 matrix M. Using this property, a
subspace-based algorithm (denoted Algs) is proposed in [10] defined by

O = arg min go,7(6)

with
go.7(0) ©f Det(M7) = (a («9)111351(9))2 — (@7(0)IT5 ra(9)) (a” (0)TIz ra™(0)) . (9.8)

In the particular case of a uniform linear array, replacing the generic steering vector a(f) =

(1,€?, .. .,ei(A/)ll)e)T by a(z) def (1,2,...,2M=1HT in (9.8), [4] proposed a root-MUSIC-like algorithm
(denoted Algs) defined by

9,?1753 = arg(z) with z; K roots, <y of g37(2) closest to the unit circle (9.9)

where g3 7(2) is the following polynomial? of degree 4(M — 1) whose roots appear in reciprocal conjugate
pairs z;, and (2}) :

g3.7(2) def (aT(z_l)l'ILTa(z))2 — (a(2) 57a(2)) (@’ (z"HILra(z"h)).

Considering the performance of these three algorithms, the following is proved in [10]:

'"We note that IT; is not a projection matrix in case (1).
2We note that this procedure allows one to estimate up to 2(M — 1) possible DOA.



Theorem 2 The sequences \/T(BT —0), where O are the DOA estimates given by these three MUSIC-
like algorithms [resp., first two MUSIC-like algorithms] for a uniform linear array [resp., arbitrary array/,

converge in distribution to the same zero-mean Gaussian distribution® of covariance matriz
_ 1 (k) (k) (k1) ag)¢>
Co),., = ( —« ) BY ’ 9.10
(Co)ky o Qg o 0,0 04((9{)(;5 ( )

. def T~ ~H ~ _ .. ~ def ag ~ def ~ def
with (BUY), 4 (@0 a)) (a4 T1a,) ), i) = 0,6 where & ( atoin ) T

@ U © 528#R ;8% with S ¥ AR;AH | and with ( (J>) ,,, and 3. are the purely geometric factors:
9. 7]_
(,IE) « ( kHa k) and vy gafb()b — (agfd)))Q. In particular:
(k)
2 -
(Colpp = —22(allUay), k=1,...,K (9.11)
Vi

which gives in the case of a single source:

1 1
Cy = 1 . 9.12
" < - 2\\31\\27“1) (9-12)

Remark: If the case of a single noncircular complex Gaussian distributed source of maximum circularity
rate (p1 = 1), asymptotic variance (9.12) attains the noncircular Gaussian Cramer-Rao bound (9.23).
Consequently, these three MUSIC-like algorithms previously described are efficient for a single source.

Case (2): Arbitrary full rank spatial extended covariance matrix
-~ (II; I A O\ . . .

In that case, based on ITA = < o I ) < o0 A* ) = O, different MUSIC-like algorithms can

be proposed. Using IT; = O, the simplest one* (denoted Algy) is the following

Ot = arg min al (O)I1, ra(0). (9.13)

Because this algorithm is always outperformed by the standard MUSIC algorithm based on R, 7 only
(see [10]), the following column weighting® MUSIC (denoted Algs) was proposed in [10] by using the
ideas of the weighted MUSIC algorithm introduced for DOA estimation [11], then applied for frequency
estimation in [12],[13]:

9;:17%5 = arg m@in g5, 7(0)  with g5 7(0) def (WAH(Q)ﬂTA(Q)) ’

where W is a 2 X 2 non-negative definite weighting matrix, and A(f) is the steering matrix

a(0) *0 To derive the optimal weighting matrix W = wi’l Y12} in the next section,
the weighted MUSIC cost function can be written as
957(0) = (w11 + w2p2) (a” (O)ILy ra(d) + R(za” (0)IIzra(9))) , (9.14)

. def 2w
with z» = —22 .
wi,1tws2,2

W diagonal, we have z = 0 and this algorithm reduces to Algy. Considering the performance of this
algorithm, the following is proved in [10]:

Consequently the performance of this algorithm depends only on z. By choosing

3These three algorithms have different behavior outside the asymptotic regime, as will be stressed in Section 9.7.
4We note that unlike II,, IT; 7 is not a projection matrix.
Because II7 is an orthogonal projector, the cost function gs r(8) reduces to | IIr A(0)W/2|%,.



Theorem 3 The sequence \/T(BT — 0), where O is the DOA estimate given by this weighted MUSIC
algorithm, converges in distribution to the zero-mean Gaussian distribution of covariance matrix

1 A — H ~ - T = T HvT X %
(Coly = 5 (1 = = 1) ((ATO°Ap) & (A" TIA]) + (ATITA]) 0 (Af'UAY) (1 = = )P, (9.15)
k&
with Ay def A(0y) and A, dof %. Furthermore, the value zzpt that minimizes (Cg),, . is given by
TyT*
APt = D 2% (9.16)
ay Ulak.
with U = < Ui Ui >, for which the minimum value of (Cg),, 1. 15
U Uy ’
min (Cg),. , = (9.17)
2 ;

2(akHU1ak)(a/kHH1a;€) '
For a single source, we have [10]:

Corollary 1 The asymptotic variance of the DOA estimate given by this optimal weighting MUSIC
algorithm attains the noncircular Gaussian Cramer Rao bound (9.22) for all values of the noncircularity
rate in the single source case.

Remark 1: The optimal value of the weight previously derived depends on the specific DOA whose
variance is to be minimized, which means that the optimal weight is not the same for all DOAs. This,
however, might have been expected as MUSIC estimates the DOAs one by one. In addition, it should
be noted that zZpt is sample dependent. Consequently, this value ought to be replaced by a consistent
estimate in the implementation of the optimal weighting MUSIC algorithm. We note that this replace-
ment of zzpt by a consistent estimate has no effect on the asymptotic variance of the weighting MUSIC
algorithm as proved in [10].

Remark 2: For circular sources, Ry is block diagonal. This successively implies that S, S# and U are
block diagonal. Consequently, Us = O, z** = 0, W,y is diagonal and the optimal weighting MUSIC

H
algorithm reduces to the standard MUSIC algorithm. Then (9.17) becomes min, (Cg), ; = %,
’ a p lha,
which is the asymptotic variance given by (9.3).
Remark 3: All the performance results presented until now depend on the distribution of the sources
through their second-order moments only. These results can be extended. Following a functional analysis

(see [14]) and assuming some regularity conditions, the following is proved in [10, 15]:

Theorem 4 The asymptotic performance given by an arbitrary subspace-based algorithm built from Iy
[resp. (L7, I17%)] associated with the noise subspace of Ry r [resp. (Ryr, Ry )] depends on the distri-
bution of the sources through their second-order moments only.

Furthermore, using the same approach, it is proved in [10] that the noncircularity of the sources does
not change the asymptotic performance of the standard second-order algorithms; more precisely:

Theorem 5 All DOA consistent estimates given by second-order algorithms based on Ry r only, that do
not suppose explicitly the sources to be spatially uncorrelated, are robust to the distribution and to the
noncircularity of the sources; i.e., the asymptotic performances are those of the standard complex circular
Gaussian case.



9.4 Asymptotically minimum variance estimation

To assess the performance and the efficiency of the previous MUSIC-like algorithms, their performances
are compared in this section to those of the AMV estimators in the class of consistent estimators based on
Ry 7, ie., on (Ryr, R;%T) [16], then on (II7,IT7.) and on IIy [15]. Considering the statistic (R, 7, R;J,T),
the following theorem is proved in [15]:

Theorem 6 The covariance matriz Cq, of the asymptotic distribution of an estimator of o given by
an arbitrary consistent algorithm based on (Ry,T,R;%T) 1s bounded below by the real symmetric matrix

Ca™ ) = (s @)s)
Co > (SHC; Y (a)S)™! (9.18)
where § & ds() s(a) & [vec” (Ry (), vT (R, (a)),vH(R;/(a))]T6 and where Cq(ex) is the first covari-

da 7’ Y
ance matriz of the asymptotic distribution of sp & [VGCT(Ry,T),VT(R;7T),VH(R;LT)]T.

Remark: A priori knowledge on the spatial correlation of the sources may be be introduced in the
bound (9.18) by using adapted parameterization of R, and R/,. For example, if the sources are supposed
to be spatially uncorrelated, R, will be parameterized by ([Rg]x) k=1, I and if, moreover, they are
independent, R, and R}, will be parameterized by ([Ralkk, R(RZ]kk), S(RG]kk))—1 . g only.

Furthermore, it is proved in [15] that this lowest bound is asymptotically tight, i.e., there exists an
algorithm whose covariance of the asymptotic distribution of ap satisfies (9.18) with equality:

Theorem 7 The following nonlinear least square algorithm is an AMYV second-order algorithm:

ar = arg o{rel%RnL[sT —s(a)|fC; (a)[sr — s(a)] (9.19)

and this lowest bound (9.18) is also obtained if an arbitrary consistent estimate Csr of Cs() is used in
(9.19).

To reduce the computational complexity due to the nonlinear minimization required by this matching
approach, the covariance matching estimation techniques (COMET) can be included to simplify this
algorithm if the parameterization of Q,, is linear in o because in this case there exists a matrix ¥ (@) such
that s(a) = ¥(0)(p”,o7)T. Using the approach introduced in [17] and then in [16] with the following

H
consistent estimate W % + ?:1 [(s(t) — % ZtT:l s(t)) (s(t) — % Z?zl s(t)) } of Cs(ax) where s(t) def

< Yi OVt ), the proof given in [16] can be extended, and @7 is obtained by
Yt ®Yyi
Or = arg min sHWw ()2 ()W (0) 1w () Wsy. (9.20)
€R
Furthermore the top left K x K “DOA corner” of CQMV(R’R/) is given by:
AMV(R,R/ _ _ -1
Co VI = (SF O (Mg O 2 ()S1) (9:21)

with § = [S1, ¥] and where Hé_l 20y denotes the projector onto the orthogonal complement of the
s «a

columns of Cs_l/2(a)\Il.

In the particular case where Q,, = ¢2I,s, Theorems 6 and 7 are extended in [15] to the statistics
sy = (7, I1}) and sy = Iy where 8 alone is identifiable from (IT,TIT') and II, and where the inverse
of the matrix Cy (which is here singular) is replaced by its Moore Penrose inverse. Furthermore, the
following is proved in [18]:

Svec(:) is the “vectorization” operator that turns a matrix into a vector by stacking the columns of the matrix one below

another and v(.) denotes the operator obtained from vec(.) by eliminating all supradiagonal elements of the matrix.



Theorem 8 For Gaussian distributed signals, if no a priori information is available on R, and R, the
previous different AMV bounds coincide with the normalized” Gaussian CRB given by Theorem 9 (case
(UW)): )

CgMV(H,H’) _ CgMV(H) _ CQAMV(R’R) CRBNCG(H).
This proves the efficiency of the AMV estimator based on orthogonal projectors, with respect to CRB.
Naturally this result extends to the AMV estimator based on R, 7 only for circular Gaussian signals and
explains the good performances of the standard DOA subspace-based algorithms.

9.5 Stochastic Cramer-Rao bound for noncircular Gaussian signals

In this section, the sources are assumed Gaussian distributed. In such a case, expression (9.21) gives
the stochastic CRB for the parameter 8 alone. But this expression lacks engineering insight and applies
only for a linearly parameterized noise covariance matrix Q,,. Deriving such an interpretable expression
for circular Gaussian signals has been an intensive research field. Among them, Stoica and Nehorai
[19], Ottersten et al [20], Weiss and Friedlander [21] derived this bound indirectly as the asymptotic
covariance matrix of the maximum likelihood (ML) estimator for uniform white noise. Ten years later,
Stoica et al [22], Pesavento and Gershman [23] and Gershman et al [8] derived directly this bound from
the Slepian-Bangs formula [24, 25] for uniform white, nonuniform white and arbitrary unknown noise
field respectively. Using these two approaches, these results are extended in [26] and [9] for noncircular
Gaussian sources. The following result is proved in [26] and [9]:

Theorem 9 The normalized DOA-related block of CRB for noncircular complex Gaussian (NCG)
sources in the presence of an arbitrary unknown (AU), nonuniform white (NU) or uniform white (UW)
noise field is given by the following explicit expression:

N T
DYTILD) o ( [R,AY, RLATIR! AR, — MxTx'M%
A s ) Tlg 7 A*R’* XX X

-1
CRBYC4(0) = % {9%

where A & Q_1/2A D ‘f{g, R; leﬂRgleﬂ ith Qs def ( QO" C(;‘ > and where the expres-
sions of Mx and Tx are given for the (X = AU) and (X = NU) noise field cases in [9] and Myw = O

and TUW =0 /26/
In the particular case of one source, the following is proved in [9]:

Theorem 10 The normalized CRB of 61 for a noncircular complex Gaussian source corrupted by nonuni-
form or uniform white noise field decreases monotonically as the noncircularity rate py increases and is
given by

CRBY““(0,) =

1 [21"1 + a2 + Jlau]® - Haleﬂ%] (9.22)

al Ha1!!2?“1 +1 + (1 = [lan][*r1)p?

where the SNR is defined here by def 75 Zm | == where o2 o E|n tm| m=1,..., M and oy is the

m

. M 1 71 1w ,H def
noise dependent factor 2M (Z _ —) a’, Hglla1 (2a/{'TI; &} for uniform white noise) with a; =

m=1 U%L

~1/2 o def
Q,.%a; and ’13%

Consequently, for one source, the CRB decreases from CRBSG (6;) = O¢17“1 (1 + m) (p1 = 0, circular

case) to

1 1
BYGG(01) = — (1+ s5—5— =1). 2
CR 00) = < + 2H31||27“1> (b1 =1) (9.23)

“(i.e., for T = 1 throughout this chapter).



Furthermore, this bound has also been compared to the CRB for circular Gaussian sources and to the
deterministic CRB in [9], where the following results are proved

Theorem 11 The DOA-related block of CRB for noncircular complex Gaussian sources is upper bounded
by the associated CRB for circular complex Gaussian sources corresponding to the same first covariance
matriz Ry and the same arbitrary noise covariance matrix Q,,.

CRB(“(9) < CRBgY(6).

y 9 -1
Compared to the asymptotic deterministic CRB: CRBBET(H) = % {3‘3 [(DHHiD) ©) RST}} which s

unchanged with respect to the circular case,
CRBgZ!' () < CRB{-4(6).

This result proves that for noncircular sources, a potential performance improvement of any second-order
algorithm can be expected with respect to a second-order algorithms based on the standard covariance
only. Furthermore, compared to the circular case, the deterministic CRB approaches the stochastic
noncircular Gaussian CRB.

9.6 Stochastic Cramer-Rao bound for BPSK signals

In the case of noncircular discrete distributed sources, the stochastic CRB appears to be prohibitive
to compute. However, for independent BPSK modulated sources in uniform or nonuniform white noise
field with ||a(f)||*> = M, interpretable closed-form expressions of the stochastic CRB can be derived.
Compared to those associated with QPSK modulated sources, it is proved in [27] for uniform white noise,
then extended to nonuniform white noise in [28] by simple whitening of the noise covariance matrix with

o = (91) ¢l) 0-81)0-T)T'

Theorem 12 For a single BPSK or QPSK modulated source, the normalized stochastic CRB of the DOA
alone are given by the closed-form expressions

_ 1 1 QPSK _ 1 1

a7 airy \1— f( )

where a; and r1 are given in Theorem 10 and with f(p) is the following decreasing function of p: f(p) def
2

P oo T

Var d-o0 conhluryzp) T
We note that CRBEESK(6,) < CRB%ESK(Hl) and that compared to the stochastic complex Gaussian
CRB (see Theorem 10) associated with the same noncircularity rate (1 and 0 for a BPSK and QPSK
modulated source respectively):

CRBEESK(6)) 1 CRB, X (01) 1

CRBY(C(6) ~ (L= FMr))(1+gar) — CRBSGO) (1= )+ o)

We note that these ratios depend on M7y only and tend to 1 when Mr; tends to co.

For two independent BPSK or QPSK modulated sources, we prove [27, 28| that for large SNRs (i.e.,
2 2
ZM %1 > 1 and Z%zl % > 1) the CRB for the DOA of one source is independent of the parameters

m=1 o2,
of the other source and

1
CRBEESK(&,%) ~ CRB%ESK(HLHQ) ~ [ O‘b” (1) } (9.24)

[ Y&

9



We note that this property is quite different from the behavior of the CRB under the circular Gaussian
distribution and the deterministic CRB, for which the normalized CRB for the DOA of one source depends
on the DOA separation. More precisely, it is proved [19, result R9] that these latter two CRBs tend to
the same limit as all SNRs increase. For independent sources, they are given by (from, e.g., [19, rel.

(2.13)])

v 0 : def '
CRByy (01,02) = CRBiyy (01, 02) = [ ot with B 2 (Jlag? = m(01,02)) . k=12,

0 Bara

where 7 (61,02),k = 1,2 depends on the source separation. This strange property of the stochastic
CRB for independent BPSK sources is illustrated in the next section with the performance of the EM
algorithm.

As a consequence, the behavior of the resolution threshold for two equipowered (r def ry = rg et

o & a1 = ag) closely spaced independent sources is also quite different. Despite the CRB does not

directly indicate the best resolution achievable by an unbiased estimator, it can be used to define an
absolute limit of resolution. Following the criterium described in [29], two sources are meaningfully
resolved if the root mean square of the CRB of the estimated DOA separation (617 — 027) is less than

the DOA separation, i.e.,
21
B - =\/=— <A
v/CRBpsk (61 — 65) ,/Tar < AW,

because #; and 62 are decoupled in (9.24). This resolution bounds the resolution of all unbiased
DOA estimates in the regimes SNR > 1, where the CRB holds. For a ULA, ar = 202[3 71 m?

m=1 J?n
(Z%:_ll %)2(2%:1 (%2)*1] which is an extended SNR 7, (r, = W#Lng—i for the specific case of uni-
form white noise) and we get:
o? 12 : . .
Te > T(A9)2 and 2 > TM(M2 — 1)(A0)2 for uniform white noise,
n

which compared to Gaussian distributed sources for which the SNR threshold varies as (A#)~% or (A§)~3
according to the domain of T' (see [30, (35)] for the MUSIC algorithm which is asymptotically efficient
as the SNR tends to infinity) is quite different.

9.7 Illustrative examples

In this section, we provide numerical illustrations and Monte Carlo simulations of the performance of
the different algorithms presented in Section 9.3, numerical comparisons of the variances of these DOA
estimates to the asymptotic variance of AMV estimators based on Ry 7 (i.e., Ry and R;/,T) and on
R, r alone [16] and numerical illustrations of the AMV bounds and of the CRBs given in Sections 9.5 and
9.6, respectively. Finally Monte Carlo simulations of the EM algorithm illustrate some strange properties
presented in Section 9.6.

We consider throughout this section two equipowered (o2 o o2 = o2)) filtered or unfiltered BPSK

modulated signals with identical noncircularity rate (pp. def p1 = p2) with phases of circularity ¢; and
¢2. These signals consist of two equipowered multipaths issued from the DOAs #; and 6. Referenced on
the first sensor and from the DOA 6;, we have equivalently: z;1 = Z;; and x2 = cos(a)Z¢ 1 + sin(a)Zy 2

i1
with R; = 0?1 and R} = 02p, < 60 62,2 > Consequently,
1 cos(a) el cos(a)ei
_ 2 - A A .
R, =0 ( cos(a) 1 ) and Ry = 0%pne ( cos(a)e? 1 cos?(a)et + sin®(a)e?? |-
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These signals impinge on a uniform linear array with M = 6 sensors separated by a half-wavelength for
which a, = (1,¢e%,...,e{M=1D0)T where 6, = 7sin(¢y), with 1, the DOAs relative to the normal of
the array. 1000 independent simulation runs have been performed to obtain the estimated variances and
the number of independent snapshots is 7= 500 (unless explicitly stated otherwise).

The first experiment illustrates Theorem 2 for which p,. = 1 and o = 7/2. Figs.9.1, 9.2 and 9.3 exhibit
the dependence of var(6; 1) given by algorithms 1, 2 and 3, and by the AMV algorithm based on R; 1 (i.e.,
on Ry 7 and R;J’T), with the SNR, the DOA separation Af = 6 — 0, and the circularity phase separation
A¢ = ¢y — ¢1 ®. Figs.9.1 and 9.2 shows that the domain of validity of our asymptotic analysis depends
on the algorithm. Below a SNR threshold that is algorithm-dependent, algorithm 3 (root-MUSIC-like
algorithm) outperforms algorithm 2 which outperforms algorithm 1, and naturally all three algorithms
clearly outperform the standard MUSIC and the AMV algorithm based on R, 7 alone. In Fig.9.2, we
note that the asymptotic variances given by algorithms 1, 2 and 3 and the AMV algorithm tend to a
finite limit when the DOA separation decreases to zero. For algorithms 1, 2 and 3, this strange behavior

is explained by the two non-zero eigenvalues (Ay)g=12 of S which interact in U def U2S#RQS# given in

rel. (9.11) of Theorem 2. With A\, = 2M¢o?, (1 + (=1)kcos((M — 1)52 - Aqb)%j%) k =1,2, we see
that one of these eigenvalues approaches zero and consequently the asymptotic variances increase without

limit only if both Af and A¢ tend to zero. For the AMV algorithm, Cgy = [(SHC?ES)*l] LKL and §
is column rank deficient only if both Af and A¢ tend to zero as well. Fig.9.3 illustrates the éensitivity
of the performance to the circularity phase separation A¢, which is particularly prominent for low DOA
separations. Figs.9.1 and 9.2 show the favorable efficiency of these three algorithms compared to the

AMV estimator based on Ry 7, particularly for large DOA separations. To specify this point, Fig.9.4

exhibits the ratio r; f Va 9MV(R ) /Var, Al gl >? as a function of the SNR for different DOA separations.

It shows that algorithms 1, 2 and 3 are very efficient, except for low DOA separations and low SNRs.

107 1 r r r r T r 10°

algl
+ alg2
alg3
o ; «  AMV(RR’)

o]

MusIC
AMV(R)
algl

alg2

alg3
AMV(R,R)

*

x ¥ +04d0D

107

1

10°

asymptotic variance of 8
asymptotic variance of 6,

107

10°

6 I I I I

10 i i | | | | | | L 10 !
10 12 14 16 18 20 22 24 26 28 30 o 0.05 01 0.15 02 025 03

SNR (dB) DOA separation (rd)

Fig.9.1 Theoretical (solid line) and empirical asymptotic Fig.9.2  Theoretical (solid line) and empirical asymptotic
variances given by algorithms 1, 2, 3 and AMV algorithms variances given by algorithms 1, 2, 3, standard MUSIC and
based on (Ry, T, R;’T) as a function of the SNR for A0 = AMV algorithm based on Ry, r only and on (R, T, Ry T)asa
0.05rd, A¢ = 7/6rd. function of the DOA separation for SNR=20dB, A¢ = m/6rd.

8Note that one finds, by numerical examples, for two equipowered sources with identical noncircularity rates, that the
different theoretical variances depend on 61, 62, ¢1, ¢2 by only A8 = 6 — 01 and Ad = ¢p2 — ¢1 in case (1) [only AG = 6, — 6,
in case (2)] .
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08=0.3rd

0.95- - +A8=0.2rd : -

091

0851

£08=0.1rd

asymptotic variance of 91

° 01 02 03 04 05 0 2 4 6 8 10 12 14 16 18 20

circularity phase separation (rd) SNR (dB)

Fig.9.3  Theoretical asymptotic variances given by algo- Fig.9.4 Ratio r & Va rAMV(RR /Va r?lgl *% as a function
rithms 1, 2, 3 (1) and by the AMV algorithm based on of the SNR for different DOA separations, A¢ = 7/6rd.

(Rny,R;’T) (2) as a function of the circularity phase sepa-
ration for two DOA separations and SNR=20dB.

The second experiment illustrates Theorem 3. The noncircularity rate p,. is arbitrary and a = /2.
Compared to the standard MUSIC algorithm based on R, 7, Figs.9.5 and 9.6 shows that algorithm 5
outperforms this MUSIC algorithm, particularly for low SNRs and DOA separations when the circularity
rate p increases.

1
SNR=150B
095 ]
26=0.3rd
0.9 SNR=100B
0.85(-
08
0sl SNR=508
= 0751 o
ol 26=0.1rd
: SNR=0dB
065
081 £6=0.05 rd
o5l 06 1
05 L L L L L L L L L L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
no-circularity rate non-circularity rate
. . def Algs MUSIC(R . . . def Al MUSIC(R
Fig.9.5  Ratio 72 ‘= Vary **/Vary, () as a function Fig.9.6 Ratio r2 = 0, [ Var, R as a func-
of the noncircularity rate for different DOA separations for tion of the noncircularity rate for dlfferent SNRs for Af =
SNR=5dB. 0.1rd.

To implement the optimal weighted MUSIC algorithm, the following multistep procedure described in
[13, Section 7] has been proposed in [10]:

1. Determine standard MUSIC estimates of (0)x=1,.. x from Ry 7.
2. For k£ = 1,..., K, perform the following: Let 92.T denote the estimates obtained in step 1. Use

(627T) k=1,... k and the estimate Uy r and Uy 7 of Uy and U, derived from fLy,T to obtain consistent

12



estimates zj 7 of z;*'. Then determine improved estimates 0} ;» by locally minimizing the weighted
MUSIC cost function (9.13) associated with zj 7 around (92 T

The following table compares our theoretical asymptotic variance expressions with empirical mean square
errors (MSEs) obtained from Monte Carlo simulations for the standard MUSIC and the optimal weighted
MUSIC algorithms for p = 0.9, Af = 0.2rd. We see that there is an agreement between the theoretical
and empirical results beyond a SNR threshold. Below this threshold, the optimal weighted MUSIC
algorithm largely outperforms the standard MUSIC algorithm.

Standard MUSIC Optimal weighted MUSIC \
SNR(dB) || empirical MSE | theoretical variance || empirical MSE | theoretical variance
6 4.452.1073 4.589.10~% 3.154.10~% 4.151.10~4
8 1.600.1073 2.604.10~* 2.344.107% 2.449.10~%
10 2.899.10~4 1.527.10~% 1.561.10~% 1.474.107%
20 1.338.107° 1.348.107° 1.337.107° 1.347.107°

The third experiment exhibits the benefits due to the second covariance matrix R;;,T through the

comparisons between the AMV bounds based on (Ry,T,R?’J’T) and those based on R, 7 only. Figs.9.7

and 9.8 show the ratio vare MV(R.R) Jva A V) as a function of the noncircularity rate for o = 7/2rd

[resp. Af = 0.1rd] fixed for different values of A@ [resp. a] when no a priori information is taken into
account. We see that for large DOA separations and/or large spatial correlation between the sources, the
second covariance matrix contributes almost no additional information beyond the information in the first
covariance matrix. If this spatial uncorrelation a priori information (o = 7/2rd) is taken into account,
Fig.9.9 shows the anticipated benefits due to the noncircularity, particularly for low DOA separations.
Consequently, the subspace-based algorithms lose their efficiency in these circumstances.

ne=0.1rd

Ae=0.05rd

o o1 o2 o3 o 0.5 0.6 o7 o8 0.9 1 o o1 o2 o3 o4 0.5 0.6 o7 o.8 0.9
non-—circularity rate sarity rate

Fig.9.7 Ratio r3 def varé\Mv(R R /v r(?IMV(R) as a function Fig.9.8 Ratio rs def var?le(R R /varAMV( ) as a function

of the noncircularity rate for different DOA separations for of the noncircularity rate for different spatial correlation o
SNR=5dB, a = w/2rd and A¢ = 7 /6rd. for SNR=5dB, Af = 0.1rd and A¢ = 7 /6rd.

The fourth experiment considers a non white noise field modelled by the two following covariance
matrices Q%l)(k I) = o2 exp(—(k—1)%¢) and Qg)( I) = o2 exp(—|k—I|¢) introduced in [ |. In these noise
field models, 7 = (02, () where ( is the ‘color’ parameter and the SNR is defined by — 51 . Fig.9.10 shows

the bounds CRBNCG(Hl), CRBSY(0;) and CRBRET (1) ? plotted against ¢ for Af = (92 — 61 = 0.1rd and
SNR = 0dB. We note that when ( decreases all the CRBs approach zero because Q,, becomes singular.
When ¢ > 1, the two noise models tend to a uniform white noise model and the two CRBs associated
with the models merge. We see that the stochastic CRB under noncircular complex Gaussian distributed
sources is visibly larger than the deterministic CRB.

9Note that you find by simulation that the different CRBs depend on 61, 62, ¢1, ¢2 by only A8 = 2 —6; and Ap = ¢o— 1
for two equipowered sources with identical noncircularity rates.
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Fig.9.9 Ratio rs & var;\le(R’Rl)/varan(R) as a function Fig.9.10 CRBXG®(61), CRBS{ (1) and CRBRET(6:) as a
of the noncircularity rate for different DOA separations for function of { for the first and second models with A = 0.2rd,
SNR=5dB. A¢ = 7/6rd. SNR= 0dB and A¢ = 7 /6rd.

The last experiment illustrates the stochastic CRB for BPSK sources for uniform white noise. Fig.9.11

CRBppsk (91) .14 CRBqpsk(01)
CRBNCG(Gl) CRBegq(01)

that figure that the CRB’s under the noncircular [resp., circular] complex Gaussian distribution are tight
upper bounds on the CRB’s under the BPSK [resp., QPSK] distribution at very low and very high SNRs
only. The last three figures are devoted to two BPSK independent sources and uniform white noise.
Fig.9.12 exhibits the domain of validity of the high SNR approximation!?. We see from this figure that
this domain depends not only on M, SNR and DOA separation, but also on the distributed sources. It
is shown that this domain reduces for QPSK sources compared to BPSK sources. The larger the DOA
separation is or the larger M is, the larger the domain of validity of the approximation is.

Since the CRB under the noncircular [resp., circular] Gaussian distribution is a very loose upper
bound on the CRB under the discrete BPSK [resp., QPSK] distribution, specifically for small DOA or
phase separation, the ML estimators that take these discrete distributions into account outperform the
stochastic ML estimator under the circular Gaussian distribution (see e.g., [19]) and the weighted subspace
fitting estimator (see e.g., [20]) which both reach CRBcg(f1). Consequently, the EM approaches [31]
that are iterative procedures capable of implementing the stochastic ML estimator under these discrete
distributions outperform the ML estimator under noncircular or circular Gaussian distribution.

. def .
as a function of p = Mr; for a single source. We see from

shows the ratios

LersK BesK

CRBg)

o cam SR @

def Fig.9.12 Approximate and exact value of CRBgpsk (61) and

: ; def  CRBppsk(61) lef
Fig.9.11 Ratios r4 = CRBncG (01) and (1) = CRBqprsk(01) as a function of the SNR for different values
%ﬁ:&(f;) as a function of p def Mry. of the DOA separation.

F1g913 CRBBPSK(Bl) and estimated MSE E(017T — 91)2
given by the deterministic EM algorithm (10 iterations) as a
. : s : :, p function of the DOA separation for A¢ = 0.1rd.

0Because closed-form expreAsswnsof this stochastic CRB appears to be prohibitive to compute, a numerical approximation
of the Fisher information matrix derived from the strong law of large numbers is used as a reference.
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Fig.9.14 CRBspsk(01), CRBncc(61) and estimated MSE
E(01.r — 61)? given by the deterministic EM algorithm (5
iterations), for Af = 0.3rd and A¢ = 0.1rd, versus SNR.

)

Fig.9.13 exhibits CRBppsk (f1) and the estimated mean square error (MSE) E(6; 7 — 61)? given by
the deterministic EM algorithm initialized by the estimate given by MUSIC-like algorithm 1 described
in Section 9.3, as a function of the DOA separation for two SNR’s. We see that contrary to CRBxca(61)
(see Figs.9.7 and 9.9), CRBppsk (1) does not increase significantly when decreasing the DOA separation.
Fig.9.14 compares the MSE E(#; 7 — 61)? given by the deterministic EM algorithm (initialized as in
Fig.9.13) to CRBppsk(f1) and CRBncg(61), as a function of the SNR. We see from this figure, that the
EM estimate reaches CRBppgk (#1) which largely outperforms CRBxcg (61).

9.8 Conclusion

This chapter has presented an overview of DOA estimation for noncircular signals by considering algo-
rithms and performance bounds. From the viewpoint of algorithms, we have proved that three specific
MUSIC-like algorithms built under uncorrelated sources with maximum noncircularity rate, largely out-
perform the standard MUSIC algorithm. In the general case of nonsingular extended spatial covariance
of the sources, the optimal weighted MUSIC that we have introduced outperforms the standard MUSIC
algorithm as well, but the performance gain is prominent for low SNRs and DOA separations only. Fur-
thermore, this optimal weighted MUSIC is computationally more demanding than the standard MUSIC
algorithm. Consequently, from an application viewpoint, this performance gain might not justify the
extra computational load. In this general case, only a multidimensional non-linear optimization algo-
rithm such as the AMV estimator is able to totally benefit from the noncircular property. From the
viewpoint of performance bounds, through the stochastic Gaussian CRBs and the AMV bounds, it is
proved that the benefits due to the second covariance matrix occurs primarily for low SNRs and DOA
separations, particularly when the sources are uncorrelated with maximum noncircularity rates if this a
priori knowledge is taken into account. In the specific case of BPSK modulated sources, it is proved that
the stochastic CRB for the DOA of one source is independent of the parameters of the other source over
wide SNR ranges. Consequently, ML implementations such as the EM approaches outperform the ML
estimator under the circular Gaussian distribution, especially for small DOA or phase separations.
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Fig.9.1 Theoretical (solid line) and empirical asymptotic variances given by algorithms 1, 2, 3 and AMV algorithms based
on (Ry T, R;yT) as a function of the SNR for Af = 0.05rd, A¢ = «/6rd.
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Fig.9.9 Ratio r3 Lof vary, /varf;le(R) as a function of the noncircularity rate for different DOA separations for
SNR=5dB. A¢ = 7/6rd.
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Fig.9.10 CRBYG“(61), CRBSS (61) and CRBRET (1) as a function of ¢ for the first and second models with Af = 0.2rd,
SNR= 0dB and A¢ = 7 /6rd.
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Fig.9.12 Approximate and exact value of CRBppsk (61) and CRBqpsk(61) as a function of the SNR for different values
of the DOA separation.
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Fig.9.13 CRBgpsk (1) and estimated MSE E(61,7 — 01)2 given by the deterministic EM algorithm (10 iterations) as a
function of the DOA separation for A¢ = 0.1rd.
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Fig.9.14 CRBsprsk (1), CRBnca(01) and estimated MSE E(61,r — 01)2 given by the deterministic EM algorithm (5
iterations), for Af = 0.3rd and A¢ = 0.1rd, versus SNR.
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