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A BOUNDARY THIN OBSTACLE PROBLEM FOR A WAVE EQUATION

BY Jonag UnN KM

Department of Mathematics
Virginia Polytechnic Institute & State University

Blacksburg, VA 24061

0. Introduction.
In this paper we shall discuss a hyperbolic variational inequality associated with the {ollowing

initial-boundary value problem:

%:;-A“finnx(o,:r), (0-1)
u(z,0) = ug(z), 8u(2,0) = uy(z) in Q, (0-2)
u=0onIl; x(0,T), (0-3)

u(zvt) > ¢(z) on Iz x (O’T)v (0'4)

-g—::— >0, (u- ¢)g—:- =0onT;2 x (0,T). (0-5)

Here Q is a bounded open subset of R*, n > 2, with smooth boundary 9Q € C?. We assume
that I'; and T'; are disjoint, nonempty open subsets of 90 such that Q = Iy UT, = T; UT; and
OT'1 = 8T; € C2. The above functions f(z,t), uo(z),u1(z) and ¢(z) are given, and £ denotes the
outward normal derivative on 9Q. We assume that ¢ < 0 and up > ¢ on I';. We can put the above

problem in the form of a variational inequality: find u(z,t) which satisfies (0-2), (0-3), (0-4) and

2
<%t—:,w—u>+a(u,w—u)2<f,w—u> (0-6)



for every w € G, for all t € (0,T). Here we use the notation:

< U,Ww > = / wwdz,
Q
a(u,w) = / Vu - Vwdz,
1}

G={weH Q) :w=00nT; and w > ¢ on I3}

If a solution u of this new problem is sufficiently smooth, one can show that u also satisfies (0-1)
and (0-5) so that u is a solution of the original problem (0-1) through (0-5). The corresponding

stationary variational inequality: find v € G which satisfies
a(u,w—u) 2< fiw—u>, forallwe G, (0-7)

is called the boundary thin obstacle problem (or the Signorini problem), and its mathematical
theory has been well-established: see [6] and references therein. However, to the author’s knowledge,
nothing has been known about the solution of (0-1) through (0-5). The purpose of this paper is to
establish the existence of a (weak) solution of (0-1) through (0-5). This problem is an example of
a hyperbolic variational inequality where a constraint is imposed on the unknown function rather
than on the time derivative of the unknown function. Hyperbolic variational inequalities have been
extensively investigated in the case where a constraint is imposed on the time derivative of the
unknown function; see (3] and [11] among others. On the other hand, when a constraint is imposed
on the unknown function, existence theorems seem to be known mainly for special problems of
space dimension one; see {1], [2], [5], [8], [12], [13] and [14]. In the case of several space dimensions,
{10} and this paper seem to be the only known works. [10] resolved the above problem by microlocal
techniques when Q is a half-space; but the same method does not extend to a general domain, as
is explained in [10}.

In this paper, the basic procedure to prove the existence of a solution consists of a penalty
method [11], a multiplier technique [9] and compensated compactness [4]. Finally, we note that the

questions of uniqueness and energy conservation for solutions of our problem are still open.

1. Notation and Preliminaries.

_a, & _{ 9g dyg
8:- at,au— at?,Vg— (611,...,6111) .

When E is an open subset of RN, N > 1,D'(E) denotes the space of distributions over E and
CrME) = {w € C™(E) : supp w is a compact subset of £}. We assume that Q2 € C? and

8Ty = 8T, € C2. For m=nonnegative integer,



g \* [Z]

H™Q) = oy (=) ...~
@=wer®: (=) (=
Hy* () = the completion of C§°(2) in H™(Q),

H™™(Q) = the dual of H*(Q),

an
) wELz(Q),OSa1+~--+anSm},

HL () ={veH(Q):w=00nT}.

For s=nonnegative real, H*(Q) is defined by interpolation and H~*(Q)=the dual of H{(Q). We
denote by <,> the duality pairing between H-%*(Q) and H*(),0 < a < % Then, for g €
I*(Q),h € H*(Q),0 < a < }, we have < g,h >= [, ghdz.
As above, the bilinear form a( , ) is defined by a{g, k) = [, Vg Vhdz and
G={we H%I(Q) tw > ¢ on [y},
where ¢(z) € C1(Q) and ¢(z) < 0 on Ty.
Next we define the distance function d by d(z)=dist(z,09) and set

Vi={z€eQ:d(z) < 8}
Let 8o be a positive number such that 1/, bounds the principal curvatures of Q. Since Q is
bounded and 8Q € C?, it is known that d(z) € C*(Vy,); see [7]. We also set

Us = {z € Q:d(z) < §},

S5 = {z € Q:d(z) = 6}.
Then, S5 is a C?-surface for 0 < § < §. We shall use the following lemmas later.
LEMMA 1.1. There is a function h(z) € C1(Q)" such that h(z)=the outward unit normal vector at
z on S5 if d(z) = 6 < 60/2 and h(z) = 0 if d(z) > bo.
Proor: For each ¢ € 55,0 < § < 6o, there is a-unique point y(z) € 89 such that dist(z,y(z)) = é
and the outward normal vector at y(z) on 99 is also outward normal at z on Ss. Furthermore,
y(z) € C(Vs,). Next we denote by v(y) the outward unit normal vector at y on 9. Then, v(y)
is a C* function of y. Let us choose a function p(t) € C!(R) such that p(t) = 1 for ¢ < §/2 and
p(t) = 0 for t > £6o. We then set h(z) = v(y(2))p(d()), which achieves our goal.

The next lemma is known and stated without proof.

LEMMA 1.2, Let g € LY(Q). Then, for 0 < 6* < &,

o
/ gdz = / / gdosds (1-1)
Ugn o Jss

holds where do; is the surface element on Sj.



Next we write a well-known consequence of the Div-Curl lemma of compensated compactness.

LemMa 1.3. Let {ux} be a sequence of functions such that
“"’CHL?(O,T;Hl(n)) <M, (1-2)

“atuk“LZ(o'T;LZ(n)) <M, (1-3)
where M is a positive constant independent of k and each uy satisfies

azuk
T Ay = gy (1-4)

where {gx} is a bounded sequence in L}(Q x (0,T)), and, as k — oo,

uy — u weakly in L*(0,T; H(2)). (1-5)
Then, as k — 0o
Bup\? u\?
(a_zk> — |Vt = (E) - |Vuf? (1-6)
in D'(2 x (0,T)).
PROOF: Set vy, = g—:.,,wkl. = 3:',,1' = 1,...,n, and vgny1) = -%%,wk(,.,.,.l) = %%. Then, apply

Corollary 4.3 of [4].

Finally, we state

LemMa 1.4. Let {ux} be a sequence of functions such that as k — oo,
u, — u weak™ in L=(0,T; HA(2)) (1-7)
Byuy, — Byu weakly in L2(0,T; H*(Q)) (1-8)
where —1 < o < 8 < 1. Then, we have
ux — u in C([0,T}; H™(R)) (1-9)
for any r < 8.

ProOF: A special case was proved in [8]. The same argument can still be employed. Without loss

of generality, we may assume a # —1,8 # -1, because we can take smaller a or 8 if necessary.

Let r =fa+(1-6)8,0 <8 < 1,r # —4,}. There is E C [0,T] such that meas(E) = 0 and for all
11,12 € [O,T]\E, 1 < tg,



[fuk(t2) — ur(t1)llmr ) < .

< Millur(ta) = ue(ts)lfaqahurlts) = wx(t)ligg) g
tg

< Mol [ 10aun Ollnoqayt) < Mo(ta = )7, (1-10)
1

holds for all k and 0 < # < 1 such that fa+(1—8)5 # §, -3, where M; denotes positive constants
independent of t;,¢; and k. Consequently, each u; belongs to C([0,T); H"(Q)) for every a < r < 3
possibly after a modification on E. Since the embedding H"2(Q) ¢ H"(Q) is compact for every

71 < 72, we can use the Ascoli theorem to arrive at the conclusion.

2. Approximate Problem.
In this section we shall consider an approximate problem with a penalty parameter &£ > 0. The

problem is: find a function ug(z,t) such that

Burux(2,1) € L0, T; LX(Q)), Biux € L=(0,T; HE (Q)) (2-1)

ug(z,0) = uo(z), Spur(z,0) = uy(z) (2-2)

< Ouup,w > +a(ug, w) =< fr,w > +/ (k{ux — @)™ —~ -Ilgaguk)wda (2-3)
Ty

holds for all w € H}I(Q), for almost all ¢ € (0,7). Here do is the surface element on J9 and
g~ =max(0,~g).
Our strategy consists of three steps.
(Step 1) Establish the existence of solution of (2-1), (2-2) and (2-3).
(Step 2) Obtain a priori estimates independent of & > 0,
(Step 3) Pass k — oo to arrive at a solution of the original problem.
In this section, the first two steps will be carried out.
2.1 Existence of solution
Throughout this subsection, we shall suppress the subscript k.
ProposiTioN 2.1. Let ug,u; € CP(R),f € CH[0,T);L3(R)) and ¢ € C*() with ¢ < 0 on Ty,

Then there is a solution of (2-1), (2-2) and (2-3).
Proor: We set 4 = v + g + tuy. Then,

v(z,0) = 0,8,v(z,0) =0, (2-4)
and (2-3) is equivalent to

< 8"1),10 > +a(v,w) =< fvw >

+< Aot tu)w >+ [ (v- ¢ wdo
Ty

1
-3 Az(atv)wda, (2-5)



for all w € H}I(Q), for almost all t € (0,T). We shall employ the Galerkin approximation proce-

dure. Let {w;}2; be a basis for H} (Q) where each w; € C=(Q) N Hll«l (). Let us set

Uy = Zam,‘(t)'wj(x) (2-6)

j=1

where each am;(t) is determined from
am;(0) = ém;(0) =0, (27
and

< Bym, w; > +alvm, wj) =< fw; >
+ < A(uo + tuy), w; > +k/I: (¥m — ¢) " w;do
2

-1/ (Beom)wido, j=1,...,m. (2-8)
R,

For each m, there is a unique set of functions am;(t) € C?({0,T]),7 = 1,...,m, which satisfy (2-7)

and (2-8). We next obtain estimates independent of m. Let us substitute dyvm for w; in (2-8):

1d 1d
Eanafvm”%ym + Eza(vmv V)
1

d -
+ EkE”(vm - ¢) “22(1-2)

1
=< fvatvm >+ < A(uﬂ + tul)!afvm > '—E“a!")muzﬂ(p,))- (2'9)
Note that v, — ¢ € C1([0,T] X §) and hence, (vm — ¢)~ is Lipschitz continuous and
d oy € L(0,T
E”(vm_¢) “1)(1’*2) € 0, 7).

It follows from (2-7) and {2-9) that

19¢vm | 3 < M, for all € [0,T] (2-10)
HvM\Hh‘m < M, forall t € [0,T) (2-11)
[(vm ~ ¢}l L2¢r,) £ M, for all ¢ € [0, T} (212)
/GT 10evm 72, dt < M, (2-13)

where M denotes positive constants independent of m. Next we differentiate (2-8) with respect to

t and substitute fyvym for w;:



< 3mvm,5¢tvm > +a(8:vm, O1vim)
=< 0 f, 0uvm > + < Auy, 8yvm >
+k /r 0{(vm — $)"Youtmdo

2

1
-z /r 2(t'?nvm)’ala, (2-14)

which yields

1d ld
EE”aﬂvm“ZZm) + -2'Ea(atvm!atvm)
L8 fll 2y 10eevmll 2y + lAull 2y 10uvmllp2(q

1 _ 1
+ 3810 (om = ) Hizqe,) = e luvmlag. (2:15)
We consider (2-8) at t = 0 and substitute d;vn,(0) for w;:

18e0m (0)|22,gy =< £(0),00m(0) > + < Atio, Bustm(0) > . (2-16)

We have used the fact that v, (0) = d;vm(0) = 0. Now (2-16) implies
10t vm (0]l L2qy < M, (2-17)
M being a positive constant independent of m. Combining (2-13), (2-15) and (2-17), we derive
[Oetvm (| p2¢qy < M, for all £ € [0,T], (2-18)

||3tvm||H% @ S M, forallt e [0,T], (2-19)
1

where M denotes positive constants independent of m. By means of (2-11), (2-18) and (2-19), we

can extract a subsequence still denoted by {vm} such that

Um — v weak * in L°(0,T; HE () (2-20)
8ivm — Byv weak * in L=(0,T; HE, (Q)) (2-21)
Bt — Buv weak x in L0, T; LHQ)) (2-22)

for some function v. By virtue of Lemma 1.4, we have
(vm — ¢)™ — (v =)~ in C([0, T}; L*(292)). (2-23)

We then make use of (2-20) through (2-23) to derive (2-4) and (2-5) through a standard procedure.

7



Remark 2.2. The purpose of the term 8w, in (2-3) is to obtain approximate solutions which
are regular enough to justify manipulations in using a multiplier technique in the next subsection.
The utility of that term is seen in (2-15).

29 — ind ; 4
We still suppress the subscript k and let u(z,t) be a solution constructed in Proposition 2.1

for a fixed k > 0. We can substitute §,u for w in (2.3):

1d 2 1d

Eaﬂﬂrﬂﬂlg(m + E‘&?ﬂ(‘hﬂ) =< f, 0>
1,4 PPN PO 1 / 2 :
T L{(u 8o - ¢ [ (Gude, (2-24)

for almost all t € {0,T). We now derive from (2-24)

1Bl agqy S M, for all ¢ € [0,T} (2-25)
""”Hl‘-,(m <M, forallte[0,T] (2-26)

[1(% = @) lleary) < M/VE, forall t € [0,T], (221)
/ " Ouulta ey e < M, (2-28)

where M denotes positive constants which are independent of &, and depend only on the number
L such that ”""”Hé[ﬂ] + lusllpaay + Iz @x oy < L-
Next we shall adapt a multiplier technique to derive some uniform estimates in a neighborhood
of 9(). Let us set
U = {z € 0 dist(z,80) > §}
for 0 < 6§ < &y. Obviously, 8Q = Sj, which was defined in Section 1. We need to observe that
solution u of (2-1), (2-2) and (2-3) has sufficient regularity to justify manipulations in using a

multiplier technique. First of all, (2-3) implies that
Ouu—Au=f (2-29)

holds in (€ x (0,T)). By virtue of (2-1) and the assumption that f € C1((0,T; L*(Q)), we infer
that

Aue L0, T; LA(). (2-30)

In fact, (2-29) holds in L*(0,T; L3(Q)). Now (2-30) implies

u € L=(0,T; H(Q5)), 8 (2-31)



for each § > 0. Because of the mixed boundary condition on &1, one cannot claim that v €

L*=(0,T; H*(Q)). We also note that (2-1) implies
u € C([0, T HE (92)), 8w € C([0,T); I3(R)), (2:32)

possibly after a modification on a set of measure zeroin t.
We now proceed to obtain the estimates. Using the function hA(z) constructed in Lemma 1.1,

we multiply both sides of {2-29) by (k- V)u and integrate over Q15 x (0,T),0 < § < dp/2:
f v f (Ban)((h - V)u)dedt
Q ﬂ5
= [ @uD) (b V)uD)dz =~ [ (b iuo)ds
05 5
T
- [ ] axh-v)a)izas =
a ﬂl;
(applying the divergence theorem to the last integral)
= / (Bu(T))((h - V)u(T))dz - / (k- V)uo)dz
5 05

L 3 1 2
L % W is V.h : -33
2 f /5(3 u} dogdi 2.[0 fs( )(&ﬂ) dzdi (2 )

T
j j (=Au)((h - V)u)dzdt
0 Jig

i for ﬂ; (g_“):“""* f ' f Vu- V{(h- V)u}dadt
T
AR W R
f:fa %(V-h}Wqumdt-l—E/o fs Vudosdt, -
2 6

where & ie the unit outward normal derivative on S;, i.e., ﬁ = h .V on 9. Combining (2-33)
and (2-34), we get

1ff (Bu)do dz—lff |Vultdosdt

2 ("] 55 d 2 o 55 e
T 3

+ f f (‘9-‘1) dogdt = C(6), (2-35)
o JEg ov

where

T
§)= = h - V)u)dzd
c@== [ [ Hh-Opina
+ obvious terms in (2-33) and (2-34). (2-36)



Recalling (2-25) and (2-26), it is evident that

IC(6) < M, for all 0 < § < 8o/2,

(2-37)

where M is a positive constant which is independent of & and depends only on the number L such

that

"“0”;;3(;}] T ”“l”ﬂ(m + ”f”Lz{m(o.T]} =1L

We next choose any p(#) € C(R) such that for all &, 0 < [p(s)| < 1, and set ¥(z) = p(dist{z, #Q)).

Then, ¢(z) is a continuous function and is constant on each 85,0 < § < #. Hence, it follows from

(2-35) that

%f: j:- jss $(x)(Oeu)? dagdédt

- % f: jf _/S ¥(2)|Vul*dosdsdt
3
+ ]: j:- /55 w(z)((h - V)u) dosdbdt =

(using Lemma 1.2)

1 4T 1 /T
= - ¥ 2 o | 2
2].: fu ; W) Bufdadt - 5 | ke ¥z)|Vufded:
T
L L) i .
+£ Lﬁ_ wz)((h - V)uYdzdt = 0(8"),

for each 0 < * < 6/2, where 0(6*) is a number such that

[0(6%)] < Mé",

where M is the same positive number as in (2-37). (2-38) will be used in the next section.

3. Convergence of approximate solutions.

(2-38)

(2-39)

We assume that up € H}(2),u; € L3(R), f € L} x (0,T)),¢ € C({) with ¢ < 0 on Ty, and

define a solution of (0-1) through (0-53) by

Definition 3.1 A function u(z,t) is a solution of {0-1) through (0-3) if

u € L=(0,T; HE, (D)), du € L=(0,T; LAQ)) N C([0, T H/3(Q)),

w(z,0) = uo(z), e{z,0) = wa(z),

u(t) € G, for almest all ¢ € (0,T)

< 3u(T), w(Ty— w(T) > - < g, w(D) — up >
10

(3-1)

(3-2)

(3-3)



T T
- / < O, 0w — Gu > dt + / a(u,w— u)dt
o o

T
2/ < fiw—u>d, (3-4)
0

for every w such that w € L%(0,T; H (0)),0w € L%(0,T; L)), w(t) € G, for almost all
te (0,7).

We shall justify this definition. Suppose that u is a solution according to the above definition.
By taking w = u+ £,£ € CP(Q x (0,T)), in (3-4), we find that (0-1) is satisfied in D'(£2 x (0,7T)).
(0-3) and (0-4) are satisfied in the sense u(t) € G, for almost all t € (0,T). Now we assume further
regularity on u:

Buu € LZ(O,T; LZ(Q \ Es)) (3-5)
ue L0, T; H (Q\ Fs)) (3-6)

for each & > 0, where we set

Es = {z € Q:dist(z,8T,) < 6}.

Recall that 8T = 8Ty is an (n — 2)-dimensional, C*manifold by assumption. Then, (0-1) holds in

a stronger sense:
T T T
/ <E)"u,w>dt—/ <Au,w>dt=/ < fyw>dt 3-7)
0 0 o

holds for every w € L2(Q x (0,T)) such that supp w(z,t) N E; is empty, for almost all ¢, for some
§>0.

Next choose any nonnegative function &(z) € C3(T'2). Then, we can extend &(z) so that
&(z) € CY(Q) and supp £ N {Es U T} is empty for some § > 0. Choose any nonnegative function
7(t) € C3((0,T)) and take w = u + £(z)n(t) in (3-4). By means of integration by parts and the

divergence theorem (this procedure is justified by (3-5) and (3-6)), we find

T T .
| <ouneemn > a- [ < sugenn >
4] 0

+ /OT /Fz (g_g) ¢(2)n(t)dedt > /OT < £,E(2)n(t) > dt. 39)
1t follows from (3-7) and (3-8) that

which is true for all nonnegative functions £(z) € C4(T2) and 7(t) € C3((0,T)). Hence we can

conclude that

11



% > 0, almost everywhere in I'; x (0,T). (3-10)
It remains to show the second part of (0-5). Let us choose a function £5(z) € C({2) such that
0<é(e)<1,forall z € Q,6=10n T\ Es and supp &N {Esy2 UT1} is empty. We also choose

any 7(t) € C3((0,T)) such that ~1 < n(t) < 1 for all ¢. Then, we set

w=u+ £s(2)n(t)(u - )

in (3.4). As above, we use integration by parts, the divergence theorem and (3-7) to arrive at

T Ou
/ / £s(2)n(t) (-—) (u - ¢)dodt = 0. (3-11)
0 Ty al/
Here, we have the equality, because —7(t) can be also chosen in place of 7(t). Since u—¢ > 0
almost everywhere in I'; x (0,T) and § > 0 is arbitrary, (3-10) and (3-11) imply

(g%) (u — ¢) = 0, almost everywhere in I'z x (0,T). (3-12)

This completes the justification of the above definition of a solution.

We now proceed to present the main result.

THEOREM 3.2. For ug € H3(Q),u1 € L¥(Q) and f € L¥Q x (0,T)), there is a solution of (0-1)
through (0-5).

Proor: Choose sequences {uox}, {u1x} in C(2) and fx in C([0,T); L*()) such that as k — oo,

ugk — ug in H3(Q), (3-13)
Utk — % in L3(Q), (3-14)
fi = fin L3 x (0,T)). (3-15)

Using these, for each k, let u; be a solution constructed in Proposition 2.1. Then, each uy satisfies
T T
/ < Opup,w —up > dt + / a(ug,w — uk)dt
0 0
T T
=/ <f,w—uk>dt+k/ / (ux — @)~ (w ~ ug)dodt
(i o Jry
1 4T
-1 / / (Beui)(w = we)dodt, (3-16)
kJo Jr,

for every w(z,t) such that w € L=(0,T; Hp, (), 8w € L(0,T; L*(12)) and w(?) € G, for almost

all t € (0,T). Using integration by parts and
T
/ / (ur — )~ (w — ui)dodt
o Jr,

T T
= /0 /r’(uk - )" (w— ¢)dodt — /o /r:(uk — ¢)~(up — ¢)dodt
20 12 (3-17)



we obtain

< Beup(T), w(T) — u(T) > = < uk, w(0) — vor >

T T
—/ < Bguk,agw > dt +/ /(B,uk)zdzdt
0 0 Q

T T
+ / o, w)dt - / / Vs |2dzdt
0 0 Q
T 1 T
2/ < fiw—up >dt— —/ / (Brug)wdodt
o kJo Jr,

1
fo /r (w(T)do.

(3-18)

By virtue of (2-25) and (2-26), we can extract a subsequence still denoted by {u;} such that as

k — o0,

uy — u weak * in L°(0,T; H}l(ﬂ)),

Byur — Byu weak + in L=(0,T; L%(Q)).
Since each uy satisfies (2-29), we infer from (3-15) and (3-19) that
Ot — Oyu weakly in L2(0,T;H'1(Q)).
Hence, by Lemma 1.4, we find that
Beur — By in C[0,T): H~-¥ (),

w — win C([0,T); HY (),

80 that

< Byup(T), w(T) — uk(T) >—< 8:u(T), w(T) — u(T) >

as k — 00, for each w. In the meantime, we notice that

1T
E'/o /rz(aguk)wdadtl

}_ T T . é
< k(,[, /rz(atuk)gdo'dt)%(/o /r‘, widodt)?,
(using (2-28)),

T
< M(/ / widadt)}VE - 0,
o Jr,
as k — 00, for each w. Next we shall show that

T T
/ /((a,u)ﬁ = |Vu|t)dedt > lim sup/ /((a,u,,)2 — |Vig|H)dzdt
o Ja koo o Ja
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(3-19)

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)

(3-25)

(3-26)



It is convenient to introduce the notation:
Ag = (0 )? - IVl + (B - V)u)?,
Bi = ((h-Vyu),
= 38wy - 3Vl + (A V)u)p?,
B =((h-V)u)
First of all, by Lemma 1.3, as k — o0,

Ay — By = A— B in D'(Q x (0,T)). (3-27)

Since the sequence {Ax — By} is bounded in L=(0,T; L}(£2)), we observe that as k — oo,

/0 i /n W(z)( Ak — By)dzdt — /0 ! /n ¥(z)(A ~ B)dzdt (3-28)

for each ¥(z) € Co(£2). Let us define a function ps(s) € C(R) such that ps(s) is nondecreasing in

s and

_ [0 foralls<§/2
”6(3)‘{1 for all s > 6. (3-29)

We then set 1s(z) = ps(dist(z,8Q)). Fix any 0 < § < §p/2. According to (3-28),
T T
/ / ¥5(2)(Ax — By)dedt — / / Vs(2)(A — B)dadt (3-30)
o Ja o Ja
as k — oo. Furthermore, with the aid of (2-38), we notice that
T T
/ / (s(2) ~ 1) Aydzdt = / / (¥s(z) — 1) Axdadt = 0,(6), (3-31)
o Ja o Jus
where we can estimate 01(6) by using the number M in (2-37), and (3-13), (3-14) and (3-15),
|01(8)| £ M8, for all k. (3-32)

Meanwhile we also have

/OT'/andzdtZ /OT[)wg(z)Bkdzdt, (3-33)

for each k, since By is nonnegative and integrable, and 0 < 9¥5(z) £ 1, for all z. Since A— B €

L>®(0,T; LY(Q)), it is apparent that

T T
/o /0(1 — ¥s(2))(A - B)dzdt = /0 /[]6(1 — ¥5(2))(A ~ B)dadt
=05(6) > 0asé—0. (8-34)

Choose any € > 0. Then, by (3-32) and (3-34), there is 0 < §(¢) < éo/2 such that

102(8)] + [02(8)} < &, (3-35)
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for all 0 < & < 8(¢) and all k. Using (3-30) and (3-34), we have for each 0 < § < 80/2,

/OT /n(A — B)dzdt = /OT /Q 0s(2)(A - B)dadt + 0(6)

T
= 04(6) + Jim /0 /r;vdzg(z)(Ak - By)dzdt
T
=000+ fim { [ [ (A~ Buyaaat
T T
+ /0 /n (bs(z) - 1) Ardadt - / / s(2) Badadt
T 0 0
+/0 /andzdt}. (3-36)

In particular, for 0 < 6 < §(¢), we use (3-31), (3-33) and (3-35) to arrive at

T T
/ /(A — B)dzdt > —¢+ lim sup/ /(Ak — By)dzdt. (3.37)
o Jo k=00 o Ja

Since € is arbitrary, it follows that

T T
/ / (A - B)dzdt > lim sup / / (Ai — By)dedt, (3-38)
o Ja ko0 o Ja

which shows (3-26). Combining (3-18), (3-19), (3-20), (3-24), (3-25) and (3-26), we conclude that
(8-4) is satisfied. Finally, (3.23) implies

(v = ¢)” — (u = ¢) in C([0,T}; L*(T2)). (3-39)
But, each uy satisfies (2-27) and thus

© > ¢, almost everywhere in Ty, for each ¢, (3-40)
from which (3-3) follows. Now the proof of Theorem 3.2 is complete.
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