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The Transfer Matrix Method (TMM) is used conventionally to predict the acoustic properties of laterally infinite homogeneous layers
assembled in series to form a multilayer. In this work, a parallel assembly process of transfer matrices is used to model heterogeneous materials
such as patchworks, acoustic mosaics, or a collection of acoustic elements in parallel. In this method, it is assumed that each parallel element can
be modeled by a 2x2 transfer matrix, and no diffusion exists between elements. The method is validated by comparison with finite element
method (FEM). Then, an overview of the possibilities, such as the combination of series and parallel matrices, the sound absorption coefficient
and the transmission loss of a parallel array of resonators or three-dimensional geometries is presented and discussed.
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INTRODUCTION

In our modern society, noise pollution is a serious concern as it has profound impact on economy, health and
productivity. Thus, the need to reduce noise has led to the development of a wide range of sound barriers and/or
absorbing materials. Among the most used sound-absorbing materials, porous materials exhibit, in general, fairly
high sound absorption coefficients. However, their acoustic performances are highly dependent upon frequency and
are still poor at low frequency. To overcome this problem, different porous materials can be stacked to obtain porous
multilayered materials. Moreover and knowing the properties of each layer, the acoustical properties of multilayered
materials can easily be obtained using the transfer matrix method (TMM) for materials stacked in series’. In
contrast, for parallel stacking of materials, the Finite Element Method (FEM) is the most general approach to derive
acoustic properties. For instance, acoustic properties of micro-perforated panels with different parallel cavity sizes?,
parallel tubes in mufflers®, parallel periodic structures*® and parallel assembly of porous material® can be obtained
using FEM simulations or analytical models developed for specific cases and, therefore, limited to few applications
and difficult to generalize. As far as we know, no study was published yet using TMM for deriving the acoustic
properties of multilayered materials made of parallel stacking of various materials and structures. Recently, the
authors have presented an extension to TMM to deal with parallel assembly of transfer matrices’. This parallel
assembly allows the study of acoustic materials which are in the form of mosaics or patchworks.

The aim of this paper is to first recall this extension of the TMM to account for the assembly of materials (or
acoustic elements) in parallel and series, and to apply to three cases not yet published: (1) a patchwork of 6 materials
under oblique incidence; (2) a parallel versus serial arrangements of perforated plates, and (3) a 3D assembly of
melamine foam spheres in a cubic lattice. The results are presented in terms of sound absorption coefficient and
transmission loss, and compared to finite element simulations. It is found that both methods give similar results.

THEORY

The Transfer Matrix Method (TMM) is a powerful method to predict sound absorption and sound transmission
loss of multilayered laterally infinite materials stacked in series’. In this paper, the extension of the TMM to parallel
assembly of finite size materials is recalled’. The key assumptions underlying the method are: 1) only plane waves
propagate upstream and downstream the construction; 2) only normal incidence plane waves propagate in the
construction; 3) no pressure diffusion exists between adjacent parallel elements, 4) the wavelength is much larger
than the periodic elementary patchwork, and 5) each element can be represented by a 2x2 transfer matrix
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FIGURE 1. Plane wave impinging on the studied parallel construction made of N parallel elements. The arrows represent plane
waves.



Figure 1 shows a parallel arrangement of N elements. These elements can be porous materials, perforated plates,
a measured 2x2 transfer matrix obtained by a three microphones method® or whatever which can be expressed by
2x2 transfer matrix. The case where all elements are open to air on the upstream and downstream sides is only
studied. The other case (e.g. closed downstream) can be formulated following the same steps. Following assumption
2, each element may be seen as being locally reacting and a waveguide along the x-axis. Each element can consist of
a single material or a stack of materials in series. To link the acoustic pressures P and the x-component U of the
acoustic velocities in the air on either side of element i, the following 2x2 transfer matrix relation is used

{P(Ml)}:T{P(M")}:{tIM tllZ:HP(M',)} (1)
U(MI) I U(M|,) ti,21 ti,22 U(er)
where tj nn are the coefficients of transfer matrix T;.

Since the elements are in parallel, it is more convenient to work with admittances. Consequently, Eq. (1) can be
written in terms of an admittance matrix Y; as follows
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Following assumptions 1 and 4, since only plane waves propagate in the surrounding air, at a given distance x of
the patchwork the pressure is uniform over the upstream and downstream open-faces in the air. Similarly, continuity
of flow rate is preserved at the open interfaces. These continuity conditions can be written as:
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In Eq. (3), ri is the surface ratio of element i given by S, /S

of element i and the construction, respectively.
Finally, The transfer matrix Tp of the parallel construction obtained by using Egs. (2) and (3) is:

P P’ -1 ZI’i Yiz -1 P’
= TP ' = : [ (4)
U U Z0Y o \Z6Yi 2020 iy —Z0Yi 20 Yin —26Yiy ) (U

From this global matrix, absorption coefficient and sound transmission loss can be calculated by, respectively
J ®)

To obtain the transfer matrix of the patchwork construction, the transfer matrix of each element must be known.
For the results presented in the next section, acoustic models were used: Johnson-Champoux Allard model with rigid
frame case for porous materials’ and Atalla-Sgard model for perforated plate®. Table 1 depicts the main physical
characteristics of porous materials and perforated plate used. The predictions of the TMM were systematically
compared to virtual measurements obtained with a 3D acoustical FEM simulations using COMSOL software. A
three-microphone method is used to get the virtual measurements®. In the FEM model on COMSOL, parabolic
tetrahedral elements were used to mesh the different acoustic domains of the tube, and convergence of the results
was verified in the frequency range of interest. The porous elements of the construction samples were modeled as
equivalent fluids using complex sound speed (Cqq = @/keq, Where o is the angular frequency) and dynamic density
(Peq = Zceq Keq /0 ) given by the Johnson-Champoux-Allard model. Also, the perforated plates were modeled as
interior impedance using Atalla-Sgard model.

where S; and Sy, are the cross-sectional surface areas
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TABLE 1. Physical properties of selected materials.

Static - -
] Open airflow VISCOU:S ) Thermz_il ) _ Pe!'foratlon Thickness
Materials . e characteristic characteristic = Tortuosity diameter
porosity reS|st|v_|ty length (um) length (um) (mm) (mm)

(N.s.m™) gtn (4 gth (4
A Switchgrass 0.774 3660 124 481 2.40 - -
B Glass wool 0.999 15957 97 530 1.00 - -
C Melamine foam 0.999 10900 100 130 1.02 - -
D Polyester fiber 0.990 18428 88 722 1.00 - -
E Polyurethane foam 0.958 11188 70 209 1.94 - -
F Rockwool 0.960 41554 92 92 259 -
G Perforated plate 0.010 - - - - 1 1

RESULTS

Parallel Construction of Six Materials under Oblique Incidence Acoustic Plane Wave

The first construction studied is a rectangular assembly of N=6 materials in parallel under a 30° incidence plane
wave. The materials are switchgrass, glass wool, melamine foam, polyester fiber, polyurethane foam and rockwool
corresponding to materials A, B, C, D, E and F of Table 1. Each material represents one sixth of the total surface and
the rectangle is longitudinally split into sixth equal pieces. The construction is 25 mm thick. To respect assumption
3 of the TMM (no pressure diffusion between elements), each material is isolated by interior rigid walls. The FEM
model for oblique incidence is shown in Fig. 2. A sample is excited by an oblique plane wave. Since the sample
reacts locally (assumption 2), the wave is guided along the normal to its surface, comes out at the same incidence
angle, and reflects on the rigid wall. This oblique incidence arrangement has already been used experimentally by
Jun Mei et al.™ to estimate absorption coefficient of a metamaterial under oblique incidence plane wave; however,
the transmission loss was not evaluated.

Sample Rigid wall

Plane wave ; FEM model

FIGURE 2. Schematic view of the oblique incidence impedance tube setup for the finite element model. The sample is a 3x2
rectangular assembly.

Figure 3 depicts the absorption coefficient and the transmission loss of this parallel construction as a function of
frequency. One can notice that both acoustic properties obtained by the TMM are consistent with data predicted by
the FEM simulation. However a divergence between the TMM and FEM data can be observed at frequencies above
2000 Hz. This is due to the cutoff frequency of the tube. A modal analysis with the FEM model has confirmed this.
To comfort the validity of the TMM, insets of acoustic properties of each material which composes the parallel
assembly were added in figure 3. As one can note, these properties are clearly different from those of the
construction.
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FIGURE 3. Oblique (30°) incidence sound absorption coefficient and transmission loss of the parallel assembly of six materials.
Comparison between TMM and FEM results.

Parallel versus Serial Arrangements of perforated plates

In this part, parallel TMM is combined with series TMM. A parallel arrangement of two microperforated plate
resonators (MPP) made of an assembly of a same perforated plate with two different air cavities is compared with a
serial conventional construction of these resonators. The first resonator is made of a perforated plate, corresponding
to G in table 1, with a 60 mm thick air cavity. The second is the same but the air cavity is 20 mm thick. Each
element occupies 50% of the total surface. Figure 4 depicts the absorption coefficient and the transmission loss of
this parallel MPP construction, the series arrangement of the first and second MPP resonators (Series 1), and the
reverse of the series configuration (Series 2). One can notice that both acoustic properties obtained by the TMM are
consistent with data predicted by the FEM simulation. The parallel resonator is comparable to the typical double
degree of freedom resonator both with a smaller thickness (61 mm instead of 82 mm). A recent work by Wang and
Huang™, deals with this kind of parallel resonator.
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FIGURE 4. Normal incidence sound absorption coefficient of the MPP absorber array consisting of a MPP of 1% perforation
ratio, 1 mm thick and 1 mm orifice diameter. The parallel MPP is backed by two parallel air gaps of thickness 20 and 60 mm,
respectively. The two series MPP used 60 and 20 mm air gaps, and 20 and 60 mm air gaps, respectively.



Simulation of 3D Configuration

It was shown that series and parallel matrices can be combined in order to describe a sample made of
heterogeneous layers. Thus a question arises: is it possible to describe a 3D configuration with the parallel/series
TMM? To answer this question, a volume can be discretized into elementary or representative volumes as in a finite
element concept. The surface of each elementary volume can be decomposed into several parallel cells. To
reconstruct the entire configuration, it is necessary to stack, in series, the elementary volumes describing several
materials stacked in parallel. To illustrate this approach an example is presented below. It is an arrangement of 32
melamine spheres of 25 mm diameter in a cubic lattice as shown in Figure 5. Along the thickness axis, it is
necessary to know the surface ratio of the melamine and the air. These surfaces are obtained by trigonometric
relation:

ifL <2R

Smela(Lx) :167[(R2 _(Lx - R)Z)
if L, >2R and L, <4R (6)

St (L) =167(R* - (L, —3R)?)
Selir (Lx) = 64R2 _168mela(|—x)

where L, is the penetration distance in the sample and R is the sphere radius.

To yield convergence of the TMM, the sample was divided into 200 layers. A 3D FEM model was used to
evaluate the absorption coefficient and the transmission loss of the spheres of melamine foam in series. Figure 5
presents the results obtained with TMM and FEM. Once again, both methods give similar results. The proposed
approach could be referred to as an element transfer matrix method (ETMM). It is important to highlight that the
computation time of this ETMM is a fraction of that of the FEM. Here, there are no rigid walls to ensure
assumption 3. Indeed, there are no diffusion phenomena because the permeability contrast between melamine and
air arle2 weak, thus the plane wave is not disturbing. For more information, diffusion phenomena are studied by Olny
etal.™.
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FIGURE 5. Normal incidence sound absorption coefficient and transmission loss of the assembly of 32 melamine spheres. Each
sphere is 25 mm in diameter. Comparison between TMM and FEM results.

CONCLUSION

An extension to the transfer matrix method (TMM) was exposed to handle a parallel assembly of multiple
elements. It was shown that the parallel TMM compares well with FEM results on 2D or 3D configurations. One of
the key assumptions is that there is no pressure diffusion between adjacent parallel elements. In fact, for some
conditions, the proposed method works. These conditions depend on many variables such as media size, surface
ratio between media, contact shape and distribution of the first medium with regard to the second one. Some rules
must be identified in future works. It is a first step to achieve a generalization of the TMM in order to take into
account all acoustic phenomena and size effects. Such generalized TMM can be useful to optimize and analyze



heterogeneous structured surfaces and volumes (ETMM) as encountered in acoustic metamaterials. More details on
the work presented in this paper can be found in a recent paper by the authors’.
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