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ENERGY DECAY IN A WAVE GUIDE WITH DISSIPATION AT INFINITY

MOHAMED MALLOUG AND JULIEN ROYER

ABSTRACT. We prove local and global energy decay for the wave equation in a wave guide
with damping at infinity. More precisely, the absorption index is assumed to converge slowly
to a positive constant, and we obtain the diffusive phenomenon typical for the contribution
of low frequencies when the damping is effective at infinity. On the other hand, the usual
Geometric Control Condition is not necessarily satisfied so we may have a loss of regularity
for the contribution of high frequencies. Since our results are new even in the Euclidean space,
we also state a similar result in this case.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper we study the wave equation with stabilisation at infinity, either in the usual
Euclidean space or in a wave guide. We state our main results for the case of a wave guide,
which was the original motivation of this paper. However some of our estimates are not known
in the Euclidean space, so we will also give the analogous statements in this context.

Let d,n € N*, and let w be a bounded, open, smooth and connected subset of R". We denote
by Q the straight wave guide R? x w C R9*". The main examples which we have in mind are
the tube in R? (d = 1, w C R?), alayer in R? (d = 2 and w is a bounded interval of R) or a strip
of R? (d = 1, w C R). Everywhere in the paper we denote by (z,y) a general point in €, with
zeR?and y € w.

Given ug € HY(Q) and u; € L?(2), we first consider on Q the dissipative wave equation with
Neumann boundary condition

O2u— Au+adu=0 onR; xQ,
dyu =0 on Ry x 99, (1.1)

(u, Opu)|,_g = (uo,u1) on €.

The similar problem with Dirichlet boundary condition and the damped Klein-Gordon equation
will be discussed below.

The function a is the absorption index. It is bounded, takes non negative values and goes
to 1 at infinity. More precisely, we assume that there exists p > 0 such that for 3 € N¢ with
18] < £ 4+ 1 we have

Ve eRLYy € w, |02 (a(z,y) —1)| < C (x)~ 777 (1.2)
If w is a solution of (1.1), then its energy at time ¢ is defined by

E(t) = / [Vu(t)]? +/ |Byu(t)]” . (1.3)

Q Q

We can check that
to
E(ty) — E(ty) = 72/ /a|8tu(t)|2 dt,
t1 Q

so the energy is a non-increasing function of time and the decay is due to the loss in the region
where a > 0. Our purpose in this paper is to say more about this decay. It is also an important
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question to understand the decay of the local energy

En(t) = /| ZC / Dyu(t)]?

|lz|<R
for any R > 0.

On a compact manifold, it is now well known since the stabilisation results of [RT74] (for
a manifold without boundary) and [BLR92] (for stabilisation at the boundary) that we have
uniform (therefore exponential) decay for the energy of the damped wave equation under the so-
called Geometric Control Condition. Roughly speaking, the assumption is that any ray of light
(trajectory for the flow of the underlying classical problem) should meet the damping region.

For the undamped wave equation on unbounded domains, we have uniform decay of the
energy on any compact under the similar non-trapping condition, which says that all the classical
trajectories should escape to infinity. Notice that since the total energy is conserved in this case,
it is equivalent to say that the energy on any compact goes to 0 or that all the energy escapes
to infinity.

This is in particular the case for the free wave equation on R? by the Huygens principle. For
compact perturbations of this model case and under the non-trapping assumption, the energy on
any compact decays exponentially in odd dimensions and at rate t~2¢ if the dimension d is even.
See [MRS77] and [Mel79]. See also [Ral69] for the necessity of the geometric assumption. In
[BH12] and [Boull] the problem is given by long-range perturbation of the free wave equation.
The local energy (defined with a polynomially decaying weight) decays at rate O(t~24+) for any
€ > 0 in this case.

In this paper we are interested in the (local and global) energy decay for the damped wave
equation on an unbounded domain. The local energy decay in an exterior domain (with stabili-
sation at the boundary or in the interior of the domain) has been studied in [AK02, Khe03]. We
also mention [BR14, Roy16a] for a non-compact perturbation of the free model. The decay rates
are the same as for the corresponding undamped problems, but the non-trapping condition can
be replaced by the assumption that all the classical trajectories go through the region where the
damping is effective or escape to infinity.

If all the classical trajectories go through the damping region, and not only the bounded
ones, we can obtain decay estimates for the total energy. We mention for instance [ATK15] for
the wave equation in an exterior domain with damping at infinity and [BJ16] for the damped
Klein-Gordon equation in R<.

In our setting the Geometric Control Condition is not necessarily satisfied. For instance, if
there exists g € R? such that a(xg,y) = 0 for all y € w then any trajectory staying in {zg} x w
will neither see the damping nor escape to infinity. This means that some high frequency solu-
tions may stay in a bounded region without going through the damping region for a very long
time, so we cannot have any uniform decay for the local energy (or, a fortiori, for the global
energy). However, if we allow some loss of regularity we may have some energy decay. Such
results were given in [Leb96, LRI7] for the damped wave equation on a compact domain and
in [Bur98] for the undamped wave equation equation in an exterior domain. These papers give
the minimal decay without any geometric assumption. There are also settings for which G.C.C.
fails to hold even if it is satisfied by “most of the classical trajectories”. This is the case here,
since all the rays which have a non-zero velocity in the = directions escape to infinity. Moreover,
outside some bounded subset all the trajectories meet the damping region. We refer for instance
to [Sch1l, AL14, LL] for a partially damped wave equation, and to [NZ09] for the local energy
decay with trapped trajectories (more precisely, for the corresponding high frequency resolvent
estimates). We have mentioned [BJ16] above. In this paper the damped Klein-Gordon without
G.C.C. is also considered (see also [Wun] for a periodic damping). Here the geometry of our
trapped and undamped classical trajectories is close to the setting of [BH07] where the wave
equation on partially rectangular domains with damping on both ends is considered (see also
[Nis09]).
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The geometry of undamped and/or trapped trajectories governs the behavior of the contri-
bution of high frequencies. However, in unbounded domains, the general rate of decay is also
limited by the contribution of low frequencies. We know that with a short range damping the
rate of decay for the local energy is the same as in the undamped case. We also know that
with a stronger damping, the local energy decay can be slower than without damping (even if,
of course, the global energy decays faster). More precisely, when the damping is effective at
infinity, the contribution of low frequencies tends to behave like a solution of a heat equation.
For the wave equation with constant dissipation on R?

Ofu — Au + Opu = 0, (1.4)

this can be understood as follows: for the contribution u of low frequencies the term 9?u becomes
small compared to d;u and the solution behaves like a solution of the diffusive equation

— Au+ dyu = 0. (1.5)

For the energy decay of (1.4) we refer to [Mat76]. For the comparison with the solution of
(1.5) we refer to [Nis03, MN03, HO04, Nar04]. An asymptotic expansion of the solution in a
periodic setting is given in [OZP01]. For results on an exterior domain we refer to [Tke02] (with
constant damping) and [AIK15] (the damping index is constant outside a compact and satisfies
G.C.C.). When the absorption index a decays slowly (a(z) ~ (z)” " with p €]0,1]), we have
some global energy decay (see for instance [TY09] when p < 1 and [ITY13] when p = 1) and
we recover the diffusion phenomenon (see [Wakl4] when p < 1). As already mentioned, we
recover for the short range case (p > 1) the same kind of results as in the undamped case (see
[Moc76, BR14, Royl6a]). Finally, results on an abstract setting can be found in cite Chill-Ha-
04, Radu-To-Yo-11, nishiyama,Radu-To-Yo-16.

Here we consider the damped wave equation on a wave guide, which is neither compact nor
close to the Euclidean space at infinity in any usual sense. Closely related problems have been
considered in [Roy15] (about the dissipative Schrodinger equation) and [Roy] (about the wave
equation with constant dissipation at the boundary).

Before stating our results, we introduce the usual notation for the wave equation in the energy
space. We define &x as the Hilbert completion of C§°(€2) x C5°(2) for the norm

2 2 2
[(w )llgy = IVullzz@) + V720

(C§°(€2) is the set of restrictions to © of functions in C§°(R4+™)). Given § € R, we denote by &%
the weighted energy space defined as the Hilbert completion of C§°(Q) x Cg°(2) for the norm

o)y = [ vl o+ o]

L2(Q)
1 _
where (x) stands for (1 + |30|2 ) 2. We also denote by /H‘ZSV the Hilbert completion of C§°(Q) x
C5°(2) for the norm

2

L2(Q)’

2 2 2

2 5 ) )

”(u’v)H”?\r N H<z> u‘ L2() + H<x> VU‘ L2() + H<x> U‘ L2(9)

We write Hy instead of HY.
We consider on &y the operator Ay defined by
0 I
An = (—A —ia) (1.6)

on the domain

D(AN) = {(u,v) € &y : An(u,v) € &y and J,u =0 on IN}. (1.7)

Now let Uy = (ug,iu1) € D(An). It is standard that w is a solution of (1.1) if and only if
U:t— (u(t),idwu(t)) is solution of
oUt) +iANU(t) =0, ¢
U(0) = Up.

WV

0 (1.8)
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Since the operator Ay is maximal dissipative (see Proposition 2.2 below), we know from the
Hille-Yosida theorem that —i.Ay generates a contractions semigroup, so that the problem (1.8)
has a unique solution U : ¢ + e"#AN Uy € CO(Ry, D(An)) N CH(Ry, En).

Our purpose is to prove local and global energy decay for the solution of (1.1). The main
result of this paper is the following:

Theorem 1.1 (Energy decay). Let k € N*, 51,59 € [0, %], k> 1, s € [0,min(d, p)[ with s < 1,
01 > Kks1 + s and 05 > Kkso + s. Then there exists C' > 0 such that for t > 1 and Uy € D(Alfv)
with (Ax —i)* € H%2 we have

| k/2+1
Hefzt.ANUnggél <C (t;(lJrerserS) + %) H(-AN - ’L')kUOHHf\?

More precisely, if we write Uy = (ug,iu1) and e~ AN Uy = (u(t),i0yu(t)) where u is the solution
of (1.1) then we have

9002y < € (17305509 1 PO e — 0

and -
-1 s1+s ln(t)
10:u() g2 (0 < C (t 3(2Hsitea) 4 W) [(Ay = )" Uol|,52 -

In this result we obtain a polynomial rate of decay. We will see in Theorem 1.5 below that
this rate of decay is sharp in general.

The term 1n(t)k/ 1y t¥/2 is due to the contribution of high frequencies and depends on the
regularity of Uy. Under G.C.C., it could be replaced by an exponentially decaying term and the
estimate would be uniform. On the other hand the damping is effective at infinity, so for the
contribution of high frequencies the energy which escapes to infinity is dissipated. Thus it is
equivalent to look at the local or global energy decay and the weights do not play any role.

The first term in the brackets describes the decay for the contribution of low frequencies. It
depends on the weights (if 6; > 0 then we can choose s; > 0, which improves the decay). If we
want to estimate the global energy without assumption of localization for the initial data, we
have to take s; = so = s = 0 in the theorem. This gives the following estimates:

Corollary 1.2 (Uniform global energy decay). There exists ¢ > 0 such that for t > 1 and
Uo = (ug, iur) € D(A%) we have

IVl 20y < 2 [(Ax = )*Vs oy, and [10(t) 200y < 5 [(Ax =)Vl

where w is the solution of (1.1).

In this result we chose the regularity assumption to ensure that the decay is limited by the
contribution of low frequencies. Again, under G.C.C. we obtain the same estimates without loss
of regularity.

n [Mat76], [TY09] or [AIK15], where global energy decay is studied, the initial data is
localized (compactly supported, or at least in L? N L9 for some q € [1,2[). Theorem 1.1 also
contains this kind of result if we take 4; = 0 and d5 > 0. For instance, for compactly supported
initial data we can take s; = ¢ and we obtain the following estimates (as before we take an

2
initial data regular enough to avoid problems with the contribution of high frequencies).

Corollary 1 3 (Global energy decay for localized initial data). Let K be a compact subset of

Q. Let k > 24 2. Then there exists ¢ > 0 such that for t > 1 and Uy = (ug,iuy) € D(A%)
supported in K x K we have

IVu®)ll 20 ST H (Ax = )*Uolly, and  [0wu(®) 20y <~ (A — )

+4 diq UOH'HN’

where u is the solutzon of (1.1).

Notice that for compactly supported initial data we do not have better estimates than for
(An —0)*Uy € Hy" with 6, > L.

Finally, the dependance in s; in the estimates of Theorem 1.1 emphasizes the fact the local
energy decays faster than the global energy. We said that these two quantities should decay at
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the same speed for the contribution of high frequencies since the damping is effective at infinity.
However this does not apply to the contribution of low frequencies, since then the damping term
aOyu is small.

Corollary 1.4 (Local energy decay). Let K be a compact subset of Q. Let k > d+ 2. Let s
be as in Theorem 1.1 Then there exists ¢ > 0 such that for t > 1 and Uy = (ug,iu1) € D(AK)
supported in K x K we have

c
d+1

05200y < e | (AN = "ol and 1000520y < 55 (A =)V,

where u is the solution of (1.1).

If we can take s = 1 then we recover the same rate of local energy decay as in [Roy]. This
parameter s will be discussed after Theorem 1.5 and in Remarks 2.14 and 3.2 below.

In all these statements, we had to deal simultaneously with the contributions of low and high
frequencies, even if they have very different behaviors. The difficulty is that the operator Ay is
not self-adjoint, so there is no obvious way to localize spectrally on low or high frequencies. One
possibility is to localize with respect to the transverse (Neumann) Laplacian. This will be done
in Theorem 4.4 under the additionnal assumption that the absoption index a(z,y) only depends
on x.

As already said, the contribution of low frequencies for the wave equation with damping at
infinity is expected to behave like the solution of a corresponding heat equation. The purpose
of the next result is to emphasize this fact. Before giving the statement, we remark that the low
frequency part in the estimate of Theorem 1.1 is exactly what we would obtain for the solution of
a heat equation on R?. On the wave guide €2, we show that our solution behaves like a function
which does not depend on y € w and is indeed the solution of a heat equation with respect to
xr € R

For u € L?(2) we set
1

Pou:z— —
||

u(z,y) dy. (1.9)

YyEw

Then Pyu is defined for almost all z € R? and belongs to L2(R¢). The function Pyu can also
be seen as a function on 2 which does not depend on the transverse variable y, so that P, is a
projection of L2(Q). We also set Py~ =1 — F.

Now let v be the solution on Ry x R? for the heat equation

{8,51) — Av =0, on R, x R%,

1.10
v(0) = Py(aug + u1), on RY, ( )

Again, this solution can be seen as a function on Ry x € which does not depend on y € w.

Theorem 1.5 (Comparison between the damped wave equation and the heat equation). Let
81,89 € [0, %], k>1,s€[0,1], 61 > ks1 + s and 02 > ksa + s. Then there exists C > 0 such
that for t > 1 and ug,uy € L*%2(Q) we have

Vo)l 251 () < Ct=2 W29 laug + g | 2.5, ) (1.11)
and
-1 s1+s
100 (E) 2.5 () < C 2319 |lqug + || .5, Q) (1.12)
where v is the solution of (1.10). Now let § € [0,min(2,d, p)[. Then for k € N* there exists
C >0 such that for t > 1 and Uy = (ug,iuy) € D(AY) with (Ax —i)*Uy € HZ we have
[Vu(t) — Vot)|| poney < CET20Fs1F5259) ||(Ay ) “Uol| o2 (1.13)

and

[104u(t) — Dv()]| ey < CETFEFTSF2F9) ||(AN — )k, (1.14)

Ks
[y

where u is the solution of (1.1).
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Theorem 1.1 can be seen as a consequence of Theorem 1.5. More precisely, if we can take §
greater than s (this is for instance the case if we are interested in the global energy decay) then
the energy of u — v decays faster than that of v. This implies that u behaves like v at the first
order for large times.

We notice that the restriction s < 1 in Theorem 1.1 is due to the behavior of the solution of
the heat equation (see Remark 3.2), while the assumption s < min(d, p) comes from the analysis
of the rest. We will see that in the case a(z,y) = 1 we can take s = 1 even if d < 2. See Remark
2.14.

Theorems 1.1 and 1.5 are given for wave guides, which are the topic of this paper. However,
for some aspects these results are better than what is known in the Euclidean space. First, we
give optimal decay in any weighted space (for the initial conditions and for the energy itself),
which is more precise than in the previous papers. Moreover, we allow a slow convergence of
the absorption index to a constant. For these reasons it is important to notice that our analysis
will also give these improvements in the Euclidean space. For ug € H'(R?) and u; € L?(R?) we
consider the problem
0?u — Au+adu =0, onRy xR? (1.15)

(u, Ou)|,—y = (uo,u1), onRY, '

where absorption index a satisfies the same kind of estimate as on the wave guide:
Vo e R, [0 (a(x) — 1) < Cp (x) 7711 (1.16)
for 6 € R we define H) as Hy, except that the norms are in L?(R?) instead of L(Q).

In this setting we obtain a result analogous to Theorem 1.1, except that we do not have any
problem with high frequencies:

Theorem 1.6 (Energy decay for the damped wave equation in the Euclidean space). Let s1, 52 €
[0, %], k> 1, s € [0,min(d, p)[ with s < 1, & = ks1 + s and d2 > ksa + s. Then there exists
C > 0 such that for t > 1 and Uy = (ug,iuq) € ng we have
1
. < —5(1+s1+s2+s) )
IVu(t)l| 2,51 gy < Ct™2 1Tolly¢5
and
||atu(t)”L2,761(Rd) < Ot~ 3(Ztsits2) 1T

where u(t) is the solution of (1.15).

H 52
Hy

All these results will be proved from a spectral point of view. In Section 2 we prove all the
required resolvent estimates, in Section 3 we deduce the local and global energy decay for (1.1)
and, finally, in Section 4 we discuss some closely related problems: the above mentioned problem
on R?, the problem similar to (1.1) with Dirichlet boundary condition, and finally the damped
Klein-Gordon equation in all these settings.

2. RESOLVENT ESTIMATES

The proofs of Theorems 1.1 and 1.5 rely on a spectral analysis (and in particular some resolvent
estimates) for the operator Ay on &y and for the corresponding Schrédinger operator on L?(€2).

2.1. General properties. Because of the damping, the operator Ay is not selfadjoint. How-
ever, since the absorption index a has a sign, it is at least dissipative.

We recall that an operator T on some Hilbert space K with domain D(T') is said to be
dissipative if for all ¢ € D(T) we have

Im (T, @), < 0.

Moreover T is said to be maximal dissipative if it has no other dissipative extension on K than
itself. We know that the dissipative operator T' is maximal dissipative if and only if (T — () is
boundedly invertible for some (therefore any) ¢ € C,, where

Cy:={¢CeC:Im(C) >0}.
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Finally, the operator T is said to be (maximal) accretive if —iT" is (maximal) dissipative. If T" is
both dissipative and accretive, then it is maximal dissipative if and only if it is maximal accretive.

As usual for the damped wave equation, the resolvent (Ay — 2z)~! on &y will be expressed
in terms of the resolvent of —Ay — iza, where Ay is the Neumann realization of the Laplace
operator on €.

Proposition 2.1. Let z € C,. Then 2% belongs to the resolvent set of the operator —Ay —iza.

Proof. The operator —Ay is selfadjoint and non-negative on L?*(Q). If Re(z) = 0 then —iza is
a bounded and non-negative operator, so —Ay — iza is selfadjoint and non-negative. Since z2 is
real negative, it belongs to its resolvent set. Now assume that Re(z) > 0. Then —iza is bounded
and dissipative, so —Ax —iza is maximal dissipative. Thus its resolvent set contains C; and in
particular z2. Finally, if Re(z) < 0 then —(—Ax — iza) is maximal dissipative and —z2 belongs
to C4, so we can conclude similarly. O
For z € C, we set
Rn(z) = ( — Axy —iaz — zQ)_l.

Proposition 2.2. The operator Ay is maximal dissipative on &y. Moreover for z € C1 and
F € Hy we have

PR Ry (z)(ia + z) Ry (2)
(An —2)7 F = (I + IéVN(z)(izaJr 2?) ZRJ\][V(Z)) E (2.1)

Proof. For U = (u,v) € D(An) we have
Im (ANU,U) g, = — (av,0) 12y <0,
so Ay is dissipative on &y. Then
R 2 2 2 2
[(Ax = )Ullgy = ANz + 1Ullgy —2Im (ANU, U) gy > [[Anlg, + U,

so (An — 1) is injective with closed range. It remains to prove that Ran(Ay — i) is dense in &x.
Let FF=(f,g) € Hn. For U = (u,v) € D(An) we have

v—iu=f <:>{’U,RN(Z)(Q+’L(1f+’Lf)
v=r1u-+f

Defined this way, U = (u,v) indeed belongs to D(Ay) so F' € Ran(Ay — i). Since Hy is dense

in &, this proves that (Ay — i) has a bounded inverse in L(&x), so Ay is maximal dissipative.

In particular any z € C belongs to the resolvent set of Ay. Then if we denote by R 4(2)F the

right-hand side of (2.1), we can check by straightforward computation that R 4(2)F € D(An)

and

(AN—i)U=F<:>{

—Anu—iav—iv =g

(.AN - Z)RA(Z)F =F.
This proves that (Ay — 2) ™' = R4(z) on Hy. O

For the proofs of Theorems 1.1 and 1.5 we have to estimate the resolvent (Ax — z)~! when
Im(z) > 0 goes to 0. This aspect is simplified by the fact that with a strong absorption any real
number except 0 belongs to the resolvent set of Ax.

Proposition 2.3. Let 7 € R\ {0}. Then the resolvent Ry () is well defined and extends to an
operator in L(H(Q)', H1(Q)).

Proof. Since the operator —Ay — iT(a — 1) is a bounded and relatively compact perturbation
of the selfadjoint operator —Apy, we deduce by the usual Weyl Theorem (see [RS79], see also
Appendix B for a discussion about the essential spectrum) that its essential spectrum is the same
as for —Apy, namely R;. Then the essential spectrum of —Ay —ita is Ry — ¢7. In particular
72 € R belongs to the spectrum of —Ay — i7a if and only if it is an eigenvalue. Now assume
that u € D(Ay) is such that (—Ay —i7a — 7%)u = 0. Then

1
/ alul> =—-= Im {(-Ay —ita — 7°)u,u) = 0. (2.2)
Q T

This implies that « vanishes where a > 0. Then (—Ay — 72)u = 0 and, by unique continuation,
u = 0. Finally 72 belongs to the resolvent set of —A — iTa, which means that the resolvent
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Ry (7) is well defined. It defines in particular a bounded operator from L?(2) to H'(Q) and by
duality, from H'(Q) to L?(Q2). By the resolvent identity

Ry(T) = (AN + 1) 4+ Ry(7)(iTa + 7% = 1)(=Ax + 1) !
we conclude that Ry (7) also extends to a bounded operator from H!(Q) to H(Q). O
Proposition 2.4. Any 7 € R\ {0} belongs to the resolvent set of A .

Proof. Let 7 € R\ {0}. Let 1 €]0,1] and z = 7 + ipu. Let U = (u,v) € Hy. By Proposition 2.2
we have
-1 ~N(2)(iza + 2®)u + Ry (2)v
(Anv —2)7U = (u + Ry(2)(iza+ 2%)u + 2Ry (2)v
By Proposition 2.3 we have

IV Ry (2)0ll 2y + 12BN (20l gy S 1ol ey

(where < means “less or equal up to a multiplicative constant which does not depends on
w €]0,1]7). On the other hand, if we see Ay as a bounded operator from H'(f) to its dual we

can write

_ (—E — —RN( )ANU + RN(Z)’U)
—Ry(2)Anu+ zRy(2)v )

H—z71Vu - z71VRN(Z)ANUHL2(Q) + [|1RN (2)Anull o) S Vull-
Thus
|(An — Z)flUHgN S U gy -

This proves that (Ay — 2z)~! is bounded in £(&y) uniformly in g €]0,1]. Since this resolvent
blows up near the spectrum of Ay, this proves that 7 belongs to the resolvent set of Ay. O

Remark 2.5. For further use we remark that the computations for the resolvent (Ax —z)~! still
holds for 7 € R\ {0}. Thus for U = (u v) € é"N we have

[(Av =)', < =Vl + = VRN (V] [Vull + [ Ry ()] o]

Il 7l
+ BN (OVIHVull + [rHEN (O] ]

(all the norms on the right are in L?(Q) or £L(L?(f2))).
Remark 2.6. We can check that 0 belongs to the spectrum of Ay.

2.2. Separation of variables. On a wave guide Q ~ R? x w, it is usual to write a Laplace
operator as the sum of the Laplace operators on R? and on w. From the spectral properties
of these two simpler terms we can deduce useful information about the full operator. See for
instance [KK05, BK08, KR14, Roy].

Here we will have to be careful with the fact that the absorption index a does not necessarily
respect the symmetry of the domain 2. We will nonetheless use this idea in our proofs.

We denote by — A, the usual Laplacian on R%. Then we denote by T the Neumann realization
of the Laplacian on w. This is a non-negative selfadjoint operator on L?(w) with compact
resolvent, 0 being a simple eigenvalue thereof (Tv¢ = 0 if and only if ¢ is constant on w). We
denote by

O=X <M <...< <
the eigenvalues of Ty and consider a corresponding orthonormal basis (¢ ),y of eigenfunctions:
for k € N we have [|¢k|| 2, =1, px € D(In) and Tnepr = ek

Let u € L?(). For almost all x € R? we have u(z,-) € L?(w), so there exists a sequence

(ur(z))ken such that in L?(w) we have
) =D wn(z)p (2:3)

keN

e, M 2ay = 3 ur(@).

keN
After integration over # € R? we obtain that u; € L?(R9) for all k € N and

|UHL2(Q) leuk”LZ(]Rd)
kEN

and
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Let o be a bounded function on RY. We can see a as a fonction on € which does not
depend on y € w. It is not difficult to check that for § € o(—A, —ia) and k € N we have
04+ M\; € o(—AN — i) (see for instance Proposition 4.1 in [Roy15] in a similar context). Here
we have denoted by A, the usual Laplacian on R?. Let ¢ € C in the resolvent set of —Apy — icv.
Let f € L?(w). As above we can write

F=Y e (2.4)

keN

where (fi),cy 1S @ sequence of functions in L*(R?). For m € N we set

m

gm:ka@)gak and vm:Z(—Az—z’a(z)—(gf)\k»*lfk@@k.

k=0 k=0

Then for all m € N we have v,, € D(Ay) and by direct computation (—Ax —ica(z) —)vm = gm.-
Therefore v, = (—Ax —ia(z) — ()" tgm. At the limit m — oo we obtain

(—An —ia(z) =)' f = Z » —ia(z )—(C—Ak))_lfk®g0k. (2.5)
keN

In Section 2.4 we will show that the resolvent Ry (z) is close to (—A, —iz)~! when z € C4.
is small. For this we will use some estimates of the latter. Since the absorption index has been
replaced by 1, we can use the separation of variables.

For o € R we denote by H"LQ(Q) the homogeneous Sobolev space with respect to z € R¢,
endowed with the natural norm

a3 oy = / ) ey dy = [ (-2) B (2.6)
YyEw

Proposition 2.7. Let 0 € R and j € N*. For z € C1 we have

j 1
Hz:(Hw:?(sz)) - W’

[(~AN —iz)” [Va(=Ay = iz)_sz:(H“H(m) <

and

L
<A

IVy (= ZYng(HcH(Q)) =

Proof. Since (=Ayx —i2)71, V, and V, commute with (—A,)#%, it is enough to consider the
case 0 = (0. The first estimate comes from the facts that —Ap is selfadjoint and non-negative
and that for z € C4 we have d(iz, Ry) = |z|. For f € L*(Q) and (fi),cy as in (2.4) we have by
(2.5)

—Ap (AN —iz) T f =D = Au(=As — iz 4 M) T i ® ok

Since iz — A, has negative real part

O L e R

< 42 ka||2L2(1Rd) =4 Hf“iz(ﬂ) :
k=0
Then
N1 2 L .
Hvx(*AN - ZZ) 1fHL2(Q) = <7AI(7AN - ZZ) 1f7 (7AN - ZZ) 1f> | | ||fHL2(Q) )
and the second estimate follows. For the last estimate we recall that (g is constant, so
Vy(—An —i2) 7 f = (=As —iz+ M) 7 fr ® Vyr.

For k,l € N we have

<vy90ka vy‘Pl>L2(w) = <_Ay90ka ‘Pl>L2(w) = A0k, 1,
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so the family (V) is orthogonal and ||Vy<pk||iZ(Q) = A, for all £ € N. This gives

IV, (~An — iz)_ijiz(Q) = Z)\k [(—Az —iz+ )\k)_jkai2(]Rd) <N Hinz(sz)
k=1

and concludes the proof. O

2.3. Contribution of high frequencies. In this section we study the resolvent (Ay — 7)~!
for |7| > 1. We already know from Proposition 2.4 that any 7 € R\ {0} belongs to the resolvent
set of Ay. In the following theorem we give an estimate for the resolvent on the real axis at
infinity. This gives in particular a region around the real axis free of spectrum.

Theorem 2.8. There exist 7o > 0, v > 0 and C > 0 such that any z € C with |Re(z)| > 10 and
Im(z) > —v|Re(z)| ™2 belongs to the resolvent set of Ay and

_ 2
(A= 2) 1H£(£N) < C|Re(2)]”.
By Remark 2.5, Theorem 2.8 is a direct consequence of the following result (with H%(Q)) ~
HO(Q) = L*(Q)):

Proposition 2.9. Let 81,02 € {0,1}. There exist 7o > 0 and ¢ > 0 such that for any T €

R\ [—70, T0] we have
HRN(T)HL(H% (Q)’,HP1 () S

For the proof of Proposition 2.9 we use the same kind of ideas as in [BHO7]. After a separation
of variables, the problem will reduce to a similar problem on the Euclidean space. We will need
the following estimate, which will be discussed in Appendix A:

Proposition 2.10. Let o be a non-negative valued function on R¢ such that o > ¢ for some
co > 0 outside some bounded subset of RY. Then there exist 79 > 0 and ¢ > 0 such that for

|7| = 10 we have
. 2\—1 c
[(=As —ira—7%) ||£(L2(]Rd)) S
With this estimate we can prove Proposition 2.9:

Proof of Proposition 2.9. e Assume that we have proved that for 7 € R\ {0}, f € L*(Q) and
u= Ry(7)f we have

lalZaiey < 112y + 72 [ alul?. (2.7)
() (©2) o
By (2.2) we have
2
. / aluf® <7 Il oo 1l 2

so there exists C' > 0 which does not depend on 7, f or u such that

1
[ull72 () < 3 ullz2g0) + CT2 11 fll72(0 -
This yields the result when (31, 32) = (0,0). For ¢ € L?(Q) we have

IVRN(T))|* = (¢, Rn (T)9) + i1 (aRn (1), Ry (1)) + 72 | R (7)) . (2.8)

This gives the case (61,82) = (1,0). The case (51, 82) = (0,1) follows by duality, and for the
case (f1, 82) = (1,1) we use (2.8) again. Thus the conclusion will follow from the proof of (2.7).
e First assume that (2.7) is proved when the absorption index only depends on z € R?. There
exists a such that 0 < a < a on Q, a > ¢y > 0 outside some bounded subset of 2 and « only
depends on 2z € RY. We have

(—A —ita— *)u = f+it(a — a)u.
By (2.7) applied with a replaced by a we get
2 2 2 2
||UHL2(Q) S ||f||L2(Q) +7%|(a — a)UHLZ(Q) + 7 /Q olul”.

Since a — « is bounded, this yields

2 2 2 2
lilagey S 1 1Pngey +7° / (a—a) [uf? + 7 / o ful?.
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This gives (2.7) for a.

e It remains to prove (2.7) when a only depends on x. In this case we can apply the separation
of variables of Section 2.2. Let (uj)ycy and (fi),ey be the sequences in L?(R?) defined as in
(2.3) and (2.4). As in the proof of Proposition 2.3 we observe that the real axis is included in
the resolvent set of the operator —A, — iTa. In particular (2.5) applied with o« = 7a holds for
any ¢ € R, so for all k € N we have in L2(R%)

up = (— Ay —ita— (77 — )\k))_lfk.

Let k € N. The operator —A, — iTa is maximal accretive (if 7 > 0 it is accretive and maximal
dissipative, and if 7 < 0 we consider its adjoint) so if 72 — A\, < —1 we have

[ukll 2 gay < I1kllp2 ey -

Let 79 be given by Proposition 2.10. By continuity of the resolvent ¢ + (—A, —iTa— ()~ there
exists C' > 0 such that if 72 — A\, € [~1, 73] we have

HUkHL2(Rd) < Cka”L?(]Rd) :
It remains to consider the case 72 — Ay > 73. Let 0 = /72 — A € [10,7]. We have
(—A, —ica — o) up = fr +i(T — o)auy.
By Proposition 2.10 we obtain

lurllL2may S 1kl p2ay + 171 laukll L2 gay S I fkll p2(ray + 171 H\/EukHLZ(]Rd) :

Finally
2 2 2 2 2
||u||L2(Q) = Z ||uk||L2(Rd) 5 Z ||kaL2(Rd) + 7-2 H\/aukHL2(Rd) 5 HfHLQ(Q) + 7-2 H\/EUHL2(Q) .
kEN kEN
This is (2.7), and the proof of the proposition is complete. O

Remark 2.11. If a = 1 then in particular GCC holds and we easily get better high frequency
resolvent estimates. If 7 € R\ {0}, u € H?(Q) and f € L?*(Q) are such that

(A —it —7%)u = f,

then
2
7 |lullL2 ) = = Tm (f, w) <[ f]l{]u],
from which we deduce that
1

HRN(T)HL(L2(Q) S p
and consequently that (Ax — 7)~! is uniformly bounded for |7| > 1.
2.4. Contribution of low frequencies. In this section we study the resolvent (Ay—z)~! when
z is close to 0. As said in introduction, for large times the solution wu(t) of (1.1) behaves like the
solution of (1.10) if the initial condition is regular enough. And this is due to the contribution

of low frequencies. This can be seen from the resolvent point of view. More precisely, we prove
in Theorem 2.12 than for z small and in a suitable sense the resolvent (Ay — 2)~! is close to

i(—Ay —i2) 'Pa  (—Anx —i2)7 1P, )

RHeat(Z) = (ZZ(AN . iz)ilpoa Z(*AN — Z'Z)*lpo (2.9)

where (—Ax —iz)~! is the resolvent corresponding to the heat equation (the projection Py
appears in the initial data in (1.10), and the second row in Rpeat(z) corresponds to the time
derivative, which explains the extra factor z).

In order to prove the estimates on u — v in Theorem 1.5, we need estimates for the difference
between (Ax — 2) ™! and Ryeat(2) for 2z small. When it has a sense we set

_ (©1(2) ©2(2)) _ -1
0(2) = (93(2) @4(z)> = (A = 2)7" =~ Ritear (). (2.10)
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Theorem 2.12. Let s1,s5 € [0, %], 01 > s1 and O > so. Let s €]0,min(2, p,d)[. Let m € N.
Then there exists C' > 0 such that for j € {1,2} and z € C1 with |z| < 1 we have

—01 (m) —d2 < (s1+s24+s—1)—m
H<w> VO, (z) (x) iy S C (1 + |2 ) , (2.11)
and for j € {3.4}:
—51 (m) —02 < 1 Z(s1+s2+s)—m 219
[@ = 6@ @™ Ly <C 1+ ). (2.12)

The proof of Theorem 2.12 is based on a scaling argument as in [Boull, BR14, Roy16a]. For
o € R we have defined the partial homogeneous Sobolev space H? L*(Q) in (2.6). We similarly
define H? L?(Q2), endowed with the norm

2 2 o 2
1l 370 12 =/6 luls ) e ay dy = [|(= A0 + 1) 2o g
YyEwW
For z € Cq, u € C§°(Q) and (z,y) € 2 = R? x w we set

d 1
(@:u)(@,y) = |27 u(]2]® 2,y)
(notice that @, only depends on |z|). The function ®, extends to a bounded map on H”L?(f)
for any ¢ > 0 and we have
dy o
9=l 2o p2(0)) = |27 (2.13)

(we can see this directly for o € N and by interpolation for the general case). We also have

d

T

* —_ J,-%
H(I)ZHL(H*“LZ(Q)) - H(I)z 1HL(H—<1L2(Q)) = H(I)Z’IHL(H*“L?(Q)) = |z| : (2.14)

The following proposition generalizes the idea that, as in the Hardy inequality, the multipli-
cation by a decaying function behaves in some sense like a derivative, which is small for low
frequencies.

Proposition 2.13 (Proposition 7.2 in [BR14]). Let s >0, p > s and o € | — 4 g[ be such that
oc—sE€ ] — %, % [ Let m € N be greater than %. Let ¢ € C™(R?) be such that

(@) TP1 9P g(2)| < +oc.

¢ll, == sup sup
|B]<m zeRd

Then there exists C > 0 (which does not depend on ¢) such that for 7 > 0 we have
-1 s
||(p‘l' ¢¢T||£(H<’(Rd),Ho‘7$(Rd)) < CT2 ||¢||p :

Notice that we can similarly obtain estimates in £(H?L?*(2), H°=*L?(2)) if we apply this
result for each fixed y and integrate the estimate over w.

For z € C4 weset 2=2z/|z],a, = ®;'a®,, a0 =a—1, ap, = ®;(a — 1)®,,
Tn

1
~A, = ——O 'AND, = —A, +
|| 2|

3

and
BRn(z) = (= A, —ia, —25)7"
Then we have

RN(Z) = |71|(I)ZRN(Z)(I)Z_1.
Proof of Theorem 2.12. o We first remark that it is enough to prove the result when s;,s2 €
[0, % [ If this is not the case, then we can apply the result with s1, so and s replaced by s; —¢1,
s9 — €9 and s + €1 + €2 where €1,e2 > 0 are such that s; —e; and s2 — €5 belong to [0, g [, and
s+¢e1 42 <min(2,d,p).
e We begin with the estimate of

01(2) =i(—Ay —iz) 'Pira+i(Rn(2) — (~Ay —iz) )a+ zRn(2). (2.15)
By (2.5) applied with a = 0 we see that V(—Ax —i2z) "1 ~™P;- extends to a holomorphic function

on a neighborhood of 0. In particular all its derivatives are uniformly bounded on a neighborhood
of 0 and hence satisfy the estimates of the proposition.
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e For z € C, the resolvent identity gives
Rn(2) — (wAn —i2) ' =iz(=Anx —iz) ragRn(2) + 22(=ANx —i2) 'Ry (2).
In (2.15) we replace zRy(z) by
2(—An —iz) P+ i2?(=An —iz) lagRy(2) + 22 (—An —iz) ' Ry(2).

This ensures that in all the terms which remain to estimate in (2.15) the first factor is (—Ayx —iz)~
Then, considering their derivatives of order m and taking into account the gradient in (2.11),
we see that we have to estimate a linear combination of terms of the form

1

T(z) = 29 ()" 0P (= Ay —iz) H ia+22)" Ry (2)) (z) "%, (2.16)
I=1
where ¢ € N, 8 = (B,,8,) € N**" (with [3] =1, 8, e N4, 8, e N"), j e N*, v € {0,1}, k > v
6, =0,0q,...,0, € {0,1} and

Jtk—q—v<m. (2.17)
For this we proceed by induction on m (this is true when m = 0 and the left-hand side cannot
increase by more than 1 for each derivation). Notice that we can forget the factor a which
appears in the second term of the right-hand side of (2.15) since it is a bounded operator which

commutes with the weight (z) 2.
o LetZ be a compact of C which does not intersect R and is a neighborhood of { —e, |9| <z}
)—1

Let o € } — 5, g [ As in the proof of Proposition 2.7 we can check that the resolvent (—A

is bounded in L(H°~*L%(Q), H° 1 L*(Q)) uniformly in ¢ € Z and z € C,. Let

d . [d
01,02 € |max —5,0—1 ,min §,O'+1

be such that o1 — o9 = s. By (1.2) and Proposition 2.13 there exists C' > 0 such that for z € C;
with |z| < 1 and ¢ € Z we have

||(_Az - g) - (_Az - iédo,z - C)H[,(H0+1L2(Q) Ho=1L2(Q))

- HCLOZ”E(HU+1L2(Q) Ho-1L2(Q)) N HaOZHL:(HUILQ(Q) Ho2L2(Q)) X < Clef?

Since (—A, — () is an isomorphism from H°T1L?(Q) to H°~'L?*(Q) with inverse uniformly
bounded in ¢, we deduce that for z € C, small enough

<1.

||(_AZ — 120,z — C)_lHL(Hf’*lLZ(Q),Hf’JrlLZ(Q)) ~

With ¢ =iz 4 zZ (which belongs to Z for z € C4 small enough) we obtain
<1 (2.18)

} Hﬁ(H"*lLQ(Q),H“JrlLQ(Q)) ~

e Now let T'(z) be a term of the form (2.16). Let o1 € [0, s1] and o3 € [0, s2] be such that

RN(Z)

o1 + o9 :min(2j+2k—us—|ﬁm|,sl—|—52).

Since §; > o1, we obtain by the Sobolev embeddings that the weight (m>751 defines a continuous
operator from H'L2(Q) to L2(2). Similarly, (z) ™% € £(L2(), H°2L2(2)). Moreover, since
01,02 > 0 we have HO'L?(Q) C Ho* L*(Q) and H~°2L*(Q) € H=°2L*(Q). Thus

k

ag H ((ia + 22 )Ry (2 )

=1

IT ) S 121 |07 (= AN = i2) || £ gron 120

L(H=72L2(Q),H1 L2(Q))
By Proposition 2.7 we obtain
k

o.af, [ ((ia- +22)" By (2)) @2

=1

IT(2)|| S |22 77 7F

L(H=2L2(Q),H1 L2(Q))
By (2.13)-(2.14), (2.18), Proposition 2.13 for ag . and finally (2.17) this yields

< i |M+%,U,m.

5kt 22
1T < 21727
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This gives (2.11). We proceed similarly for (2.12), except that there is no derivative and (2.17)
is replaced by

1+j+k—qg—v<m.
The proof is complete. O

Remark 2.14. We see in the proof that the restriction § < min(d, p) in Theorem 1.5 comes from
the restrictions in Proposition 2.13 applied to ag (in particular we can remove this assumption
if ap = 0). The restriction § < 2 is due to the terms for which there is no factor ag but an extra
power of z.

3. ENERGY DECAY

In this section we use the resolvent estimates of Proposition 2.4 and Theorems 2.8 and 2.12
to prove Theorems 1.1 and 1.5.

Because of the singularity at 0 for the resolvent and since we work in weighted spaces, we
cannot use the abstract results of [BT10] or [BCT16] to convert resolvent estimates for Ay into
estimates for the propagator (this will be possible in the next section for the similar problem
with Dirichlet boundary conditions since then 0 is not in the spectrum). Here, as in [BHO7], the
strategy is inspired by [Leb96]. In these two papers there is no singularity at 0 and no weighted
spaces, so we have to adapt the idea to take into account low frequencies.

3.1. The Heat equation. We begin with the decay estimates for the solution v of the heat
equation (1.10). Estimates (1.11) and (1.12) are consequences of the following proposition:

Proposition 3.1. Let s1,s5 € [0,2] and k> 1. Let 8 € N® with |3| < 1 and s € [0,|B]]. Then
there exists C' > 0 such that for all t > 1 we have

H<x>—nsl—s PYRN <x>—nsz—s

_ s1tso4|B[+s
2

L(L2(RD)

and
_ 81+s2+42
2

()7 Agette (e

<
L(L2(R?))
Proof. We recall that the kernel of the heat propagator e+ is given by
1 =
—e” A,
(4mt)z
For t > 0, ¢ € C§°(R?) and 2 € R? we have

K(t,z) =

for- e o

LZ(Rd

2
_ —2s 1 (ZC—.’i')B _% —s N
_/me]Rd “ </jeRd af @e ¢ @ ¢($>d$> e
L @ el @ el e
g/IGRd (/m@ (4mt)s  (2t) 5 @) 6@ dz | d
1 |$*5i||ﬁ|7S _le—3|? 5 5 ?
td+1Bl+s /eRd (/EGW = W lg(2)| dr | dx

11l 21 may FPUAI= s
td+18]+s /IeRd /zeRd (2t) |m ~onB—s ¢ % |p(Z)| di dx

||¢||L1(Rd) |x — x|2(|5|_s) lo—z|2
< — T - e T2t dx dx
e L B

A

2/\

2

- 161121 ey

N~ g8l
We have used the Cauchy-Schwarz inequality and, for the last step, we have made the change of
variables = (x — #)/+/2t. This proves that

H<x>—s §Pethe (1)

L(L'(R4),L2(R4))
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We similarly get

H<$>_85ﬁ€m’“ (@)= < =5l
£(L2(R).L2(RY))

)7 o7ers (2 PRI
L(L2(R%),L°(R4))

H<$>_5556mm (x)~° < —3-18l-s
L:(Ll(]Rd),LOO(]Rd))

The second estimate gives the case s; = s3 = 0. We consider the case s; = 0, s = %. Since
rd
(x)” 2 defines a bounded operator from L?(R?) to L'(R?) we have

—s ﬁ tA, —s
Rd))g”@ §PetBs ()

xd

(@) 0Pt ()

L(L?(RD),L3( L(LY(RF),L2(R))

We similarly prove the cases s; = %, s9 =0 and s1 = s9 = %l. Then the general case follows by

interpolation, and the first estimate is proved. For the second estimate we write

H<z>71€51 AzetAm <:C>7I€SQ tAg

< H ()" st =

HAze 3

5" () T

L(L*(R))

On the right-hand side the middle factor is of size O(t~1) by functional calculus. For the first
and third factors we use the previous estimate. This concludes the proof of the proposition. [J

Remark 3.2. In this proof we can see the role of the parameter s which appears in Theorems
1.1 and 1.5. When considering a spatial derivative of the solution, a factor of size | — Z| /(2t)
appears in the kernel. We have to control this power of x. For this we can use the negative
power of ¢ and the exponential factor exp ( — |z — i/ (4¢?)). However, in suitable weighted
spaces, this power of z is controled by the weights and the negative power of ¢ gives a better
rate of decay for the energy.

3.2. Comparison between the damped wave and the heat equations. Before the proofs
of Theorems 1.1 and 1.5, we prove the following lemma.

Lemma 3.3. Let K be a Hilbert space and let I be an open bounded interval of R. Let v > 0,
vy >vand C > 0. Let ¢ € C(I,K) and ¢ € C(I,C). Assume that for m € N with
m<vyg+1 and T € I we have

ool <o o).

B <o amd WOl 5

Then there exists ¢ = 0 which only depends on I, v, vy and C such that for all t > 0 we have
‘ /e_itw(T)ga(T) dr|| <ec{t) " exp (t sup Im(1/1)> .
1

I

Notice that for a fixed ¢ we can replace v by any real number. The interest of this result is to

give the uniform decay we can deduce from the uniform estimates on the derivatives of . This
kind of lemma was already used in [BR14, Roy16a, KR].

K

Proof. For t > 0 we set
D(t) = /e‘itw(ﬂ(p(T) dr.
I

Let

o = supIm(v).
I

Since we can replace vy by any 7y €]v, [, we can assume without loss of generality that vg
is not an integer. We first remark that for all ¢ > 0 we have

12l < el z0) €™

so the difficulty comes from large values of t. Let mg € N be the integer part of vy and
v =mo+ 1 — 1y €]0,1[. By integrations by parts we obtain

(it)™ B(t) = /1 ¢~ (LMo ) (1) di,
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where

d 1

" Evey

Then we can write
mo
(i)™ D(t) = > /1 e~ g (1) (1) dr, (3.1)
j=0

where ¢; is a smooth function with bounded derivatives on I, and the bounds only depend on
C. For j € {0,...,mo — 1} we can do another integration by parts. We have

it (T j 1 —itp(r :
‘/e ta( )qj(T)(p(J)(T) dril = n /e t( )L(Qj@(j))(T) dr
I K 1 *

eat . .

<& (49) (j+1)

S5 [ (12 + 1997V ) dr
ot

s [ ar
t Jr
ot

<

~ ot

Since ¢(™o*1) is not uniformly integrable near 0, we cannot proceed similarly for the last term
of (3.1). We separate the contribution of 7 close to 0. Let 3 €]0,1[. We have

’/<tf”w“%uﬂ¢mkﬂm

< e"t/ |7|77" dr < et A=),
i ‘T‘gtiﬂ

For the contribution of 7 € I with |7| > ¢~ we can use an integration by parts as above.

H/>tfiwm%uﬂ¢m%ﬂm

K

<7 (el foeen « f

|T|_"Y_1 dr | <eotthr—L,
T3t

Finally we have
£ (1) S e 70D

and the conclusion follows if we choose g close enough to 1.

3

O

Now we can finish the proofs of Theorems 1.1 and 1.5:

Proof of Theorems 1.1 and 1.5. We use the notation of Theorem 1.5. Let £ > 1. Let Uy =
(ug,iu1) € D(AX) and Wy = (Ax — i)*Up. Let u and v be the solutions of (1.1) and (1.10),
respectively. For ¢ > 0 we set

U(t) = <i§:ff()t)> =e Uy and V() = (mi%)) - (me::@z(i?futﬂn) '

We prove that there exists C' > 0 such that for all £ > 1 we have

-1 s1+82+S 1n(t)k/2+1
I90(0) = o020y < © (173009 BOEE g e
and L
-1 s1+82+48 ln(t) 2
Jorute) = Buu()ls o < € (1780w 4 BOC T e (33)

Estimates (1.13) and (1.14) will follow. Moreover, with (1.11) and (1.12) this will give Theorem
1.1.
e Lett>1. Given p €]0,1[, we start from the identity

. 1 e—itz
—itAn 4 - —kW — _ _1W d
‘ ( N Z) 0 2im /Im(z)_u (z - Z)k (AN Z) 0=

(see [Bur98]). By Proposition 2.4 there exists v > 0 such that the result of Theorem 2.8 holds
with 7y replaced by 1. Let ¢ € CY(R) be such that ¢(7) = p if 7 € [-1,1], ¢(7) € [—7/9, ] if
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7| € [1,2], ¢(1) = —7/9 if |s| € [2,3] and ¢(7) = —/72 for || = 3. We can also assume that ¢
is smooth on | — 3, 3[. We set
F'={r+i¢(r), 7 € R}.
Then we have
1 efitz
eTAN (AN — i) TR W, = ———(Ay — 2) W dz.
(A =)™ Wo = 227T/F(z—i)k( N = 2) 04
Let xo € C§°(R,[0,1]) be supported in | — 3,3[ and equal to 1 on [~2,2], and x; = 1 — xo. For
j €{0,1} we set
1 efitz
Ii(t) = Re(z))—— —2) "' Wo dz.
(0= 5= [ (Re@) e Ay =) Wo de
e  We begin with Io(¢t). We first notice that replacing Uy by Wy in order to introduce a factor
(2 —4)~" in the integral will be necessary to estimate the contribution I (¢) of high frequencies,
but it is useless for low frequencies. It would not be a problem to obtain the uniform estimates
of Theorem 1.1 alone, but in order to prove the sharp result of Theorem 1.5 we have to go back
to an expression in Uy and without the factor (z —i)~*. For this we use the identity

k
(An — 2) " (Ax — i)k ZAN—Z =iz — i) 4 (2 — )R (A — 2) 7
Jj=1

We set,

k
s ©1(2)) _ k=i i1k
6= (§107)) - >y =) e = 970 + OG0
where ©(z) is given by (2.10). Then by Theorem 2.12 we have Iy(t) = Iieat(t) + lo(t) where we

have set
1

Tgeat(t) = %im /F e_ithO(Re(z))’RHeat(z)Uo dz

= (32) - [+ i

e Let s €]3,min(2,d, p)[. For Ig we apply Theorem 2.12 (with s instead of s) and Lemma 3.3.
This gives

and

IVIoa(t)ll 25, S et 21Tt 1 (3.4)

H’Hf\?
and

o2 ()]l 2.—s, S ettt 2(rFo2t502) 37 (3.5)

Hq.[f\?
e  We now turn to Ipeat(t). We set

tios(t) = (e @) e )

IHeat (t) Heat (t)

We consider the upper left coefficient I}, (t) = i(—Ay —iz) 1 Pya. We denote by Ex the
spectral measure associated to —Ay and IIy = En([0,7/18]). Then

1 too 1 e—ztz
IHeat(t)UO = Z/ XO(RG( )) . dz dEN (E)POG/U/O-

—0 2 — 12

The integrand is holomorphic in (] — 2, 2[—HR) \ {—zu} so by the residue theorem

L 15 - e—lt(f iv/9)
HNIHeat (t)uo = / e—t_ dEN(E)POauO + = / p— dr dEN (E)Poa/l}o
=2=0 ==0 —3 5*17*7/9
13 , -
= Ty e®N Pyaug + Py XO(T)efmf'Vt/QHN( — AN —iT — 7/9) 1P0au0 dr.
T=—3
The second term can be considered as a rest:
1 s —itT— . -1 —at
2—/ Xo(T)e™" w/gHN(*AN*ZT*V/g) Poaug dr Se HUOHLz(Q)-
T Jr=—3 L2(Q)




18 MOHAMED MALLOUG AND JULIEN ROYER
We also have (1 = n)e' 2~ Pyauol|| < e~ s ||up|| and after a change of contour (such that
Im(z) = —45 if [Re(2)| < 1)

(1 = T L (o] S €73 [luo]l.
This yields

_at
|V (Zyga (t)uo — "N Pyaug ) HLz(Q S €75 [uoll 2 -

We estimate similarly il (t)u1, I, (t)uo and il (t)ur and finally obtain

itea(8) = V)l gy S €5 [Uollye,, (3.6)
e TFor I;(t) we use the strategy of [Leb96, BHO7]. We set

Let m > 2, c; € ]0,/v/(m +2)[ and ¢ €]0, c2[. We can write

—itz

1 1 2 &
T - —(2—0)7/2 - — 2w, )
' (t) 2im \/2_71 /zGF /G'GR ‘ Xl(Re(Z)) (Z Z)k (AN Z) 0 dordz

Then we split I1(t) as I11(t) + I12(t) where I11(t) and I12(t) are defined as I;(t) except that in
I11(t) the integral on o is restricted to [—c1p(t), c1p(¢)] (and to its complement for I12(t)).
e We first consider I1;(t). If z € T is such that |Re(z)| < cap(t) then

Y
Im(z) < — ,
T ap(t)?
SO
e—itz oty _
oAy =T se BT s
zZ—1
EN

On the other hand there exists €9 > 0 such that if |o] < ¢1p(t) and |Re(z)| = cap(t) (with ¢ large
enough) then we have

Re ((o — 2)?) = 2e0(p(t)* + Re(2)?),

1—
i (@®)llgy < p(D)

o
oo

2 — z)? —m
3 ||W0Hé"N +/ er e 2e0(p(t)+Re(z) )||W0||£N dz <t ||W0H5N-
[Re(z)|Ze2p(t)

(3.7)
e It remains to estimate I12(¢). In the integrand the factor = )k is small when |Re(z)] is large,
and this is what we will use to obtain the time decay. On the other hand we observe that the
factor e~ is small when Im(z) < —1, while (Ay — 2)~! is small for Im(z) > 1. We also have
to keep in mind that the factor e~ (z=9)°/2 can become large if Im(z — o) is large compared to
Re(z — ). For 0 € [0,t] we set

J(0) 2”\/%/261“ /|o’|>clp(t e (=)’ 2x1(Re(z ))( ZGZ) (An — 2) "Wy do dz
and ) -
Ki(0) = %\/?/ZEF /lol%p(t) e (z79) /2X1(Re(z))mwo do dz.
We have
(O +1iAN)J(0) = iK(0),
SO .
o) = Ju(t) = Ji(0) + i /0 e=it=0AN I, (9) do. (3.8)

It remains to estimate separately J;(0) (for which we no longer have the factor e~%*) and the
integral of K¢(f) (for which we no longer have the resolvent of Ay ).
e We begin with J;(0). For this we follow [Leb96]. We write

J:(0) = S(o)do, (3.9)

2im \/2m /o—>c1p<t>
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where for o € R we have set

e—(z—0)?/2
NCEELE
In (3.9) we estimate the integral over [¢1p(t), +0o[. The integral over | — oo, —c¢1p(t)] is analogous.
We set

S(o) = /GF x1(Re(2)) (Ay — 2)" "Wy dz. (3.10)

O = {UE(C :arg (0 — c1p(t)) € [0, g}}

For o € ; we define the contour 'y, = T'_ UTy, UT; , where I'_ = ' N {Re(z) < 3}, To.»
is the line segment joining the points 3 — iy/9 and 3 + iIm(o) + ¢ and I'y , is the half-line
{Re(z) > 3,Im(z) = Im(o) + 1}. In (3.10) we replace the contour I by I',, and we denote by
S_(0), So(0) and S1 (o) the contributions of I'_, I'g » and 'y ,, respectively. There exists eg > 0
such that for 0 € Q and z € I'_ UT'y , we have

e_(z_@m‘ < e 0P+l +121%)

S0
IS= (o)l + [ISo() | < e==0®@ 1wy . (3.11)
On the other hand
g _ 00 ,—((n—Re(0))?~1)/2 1 Wl dn < 1 1 W
15+l = /:3 G Tmie) 11170092 TR (o) 71 170
(3.12)
The function S, is holomorphic in C. We consider the contour
= {clp(t) + ne%,n > 0} .
By (3.12) we have
/ Si(o)do = / Si(o)do
o>cip(t) oe¥
and
< In(p(?))
o)do|| < / Wol| dn Woll -
|, setorio] 5 | i ol < 2
With (3.9) and (3.11) this yields
In(t)*/2+1
[760)] 5, < —z Woll g, - (3.13)

e For the integral of K;(f) we proceed similarly, but on the other side of the real axis. We
write

1 1

e 27 /27 Jo|ze1p0(t)

Sy (o) do,
where for o € R we have set

(o) = —(z=0)?/2_©
Si(0) = [ xa@e(:)e =
Again we only consider the integral for o over [c1p(t), +oo[. We denote by QF the image of
by complex conjugation. For o € Qf we define the contour I'; = T'_ UT§ , UT'} , where I'f ,
is the line segment joining the points 3 — iv/9 and 3 + iIm(o) — ¢ and I} , is the half-line
{Re(z) = 3,Im(2) = Im(c) — 1}. We denote by S* 4(0), S5 4(0) and S 4(o) the contributions
of I'_, T'5 , and T  in Sj(0), respectively. As above

—ifz

WO dz.

152 o(0)]| + [1S5.6(0) || Se e ®* ) |y (3.14)
On the other hand

oo o—((Re(o)—m)?—1)/2 1
g < 0@ Wl dn € L =6 Im@)) [ |
IS0l < | g IWoll d1 5 R Wol



20 MOHAMED MALLOUG AND JULIEN ROYER

Using the complex conjugation ¥} of ¥; we obtain

t
/ / St (o) do
0=0||Joex;

+o0
< 1 —0(L+sin(/8)n) 1yl db d
~ /n>o (cip(t +77)k/0 ) e

1

<
~ /n>o (c1p(t) +n)* 1+ sin(r/8)n

< lnp(gg’i}) IWoll,

[Woll dn

~— | = —| =

hence
k/241
< In(t)

. t
/ efz(tfe).ANKt(o) do < /0 ||Kt(9)||8w df < ki HWOHgN :
EN

I
With (3.8) and (3.13) this gives

1n(t)k/2+1
[112()] 5, < — Woll g, - (3.15)

e With (3.4), (3.5), (3.6), (3.7) and (3.15) we obtain (3.2) and (3.3) up to a factor e'*. But all
these estimates are uniform in g €]0, 1], so we can take the limit ;1 — 0. This gives (3.2) and
(3.3) and concludes the proofs of Theorems 1.1 and 1.5. O

4. RELATED PROBLEMS

In this section we discuss several problems close to (1.1). More precisely we explain how our
analysis provides results about the global and local energy decay for damped wave equation
on R?, on the wave guide with Dirichlet boundary conditions, and the damped Klein-Gordon
equation.

4.1. The damped wave equation in R?. We begin with Theorem 1.6 about the energy decay
on the Euclidean space. The analysis of low frequencies is the same as for the wave guide.
Indeed we saw that the main contribution was given by functions which do not depend on y € w
but only on # € R%. There is nothing else on R?. The main difference with the wave guide is
that on R? any classical trajectory goes to infinity and therefore meet the damping. Thus by
Proposition 2.10 we obtain that the corresponding resolvent (A—7)~! (where A is defined as Ay
but on & = H'(R?) x L?(R?%) and there is no boundary so no boundary condition) is uniformly
bounded on & for |7| > 1. In this case we know that the contribution of high frequencies decays
exponentially and without loss of derivative (see for instance [Royl5] for a proof of the energy
decay with a uniform bound on the resolvent in a slightly different setting). Thus the energy
decay in this case is similar to the results on the wave guide except that the energy decay is only
limited by the contribution of low frequencies. This is what was stated in Theorem 1.6.

4.2. The damped wave equation on the wave guide with Dirichlet boundary condi-
tion. Now we discuss the damped wave equation on the wave guide 2 with Dirichlet boundary
condition:
O?u — Au+ a(r)0yu =0 on Ry x Q,
u=0 on Ry x 94, (4.1)
(u, Opu)|,_ = (uo,u1) on §.
Here we can replace the assumption (1.2) on the absorption index by the following weaker
version: a is bounded and there exist a compact subset K of 2 and ¢y > 0 such that

V(z,y) € Q\ K, a(x,y) > co. (4.2)

Contrary to the Euclidean case, we will have the same problems as for (1.1) for the contribution
of high frequencies, but there is no longer any restriction due to low frequencies (which is why
the absorption index no longer has to go to a constant at infinity).

The operator Ap is defined by
0 I
Ap = <—A —ia>
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on the Hilbert space
&Ep = Hy(Q) x L*(Q)
with domain

D(.AD) = {(u,v) € ép - AD(U,’U) c (gaD} (43)

Proposition 4.1. The operator Ap is mazimal dissipative on &p. Moreover any T € R belongs
to the resolvent set of Ap.

Proof. e For the maximal dissipativeness we proceed as with Neumann boundary conditions
(see also [AK02] where the similar statement is proved in an exterior domain).

e Now let 7 > 0 (the case 7 < 0 is analogous). Since we have weakened the assumption on the
absorption index, we have to adapt the proof of Proposition 2.3. Let a = a+colg. Then a > ¢y
everywhere on . This implies that the operator —A — i7(a — ¢p) is maximal dissipative, and
hence its spectrum is contained in the lower half-plane. Therefore the spectrum of —A —ira(x)
(and in particular its essential spectrum) is a subset of {Im(¢) < —7¢p}. Since —A —ira(x) is a
bounded and relatively compact perturbation of —A —ira(x), we deduce by the Weyl Theorem
(see Theorem B.1 in appendix, applied with U containing {Im(z) > —7c¢o}) that its essential
spectrum is included in {Im(¢) < —7co}. Then 72 belongs to the spectrum of —A — ita if and
only it is an eigenvalue. As in the Neumann case we can check that this is not the case, that
(—Ap —iza—2z?) ~! extends to a bounded operator in L(H*(2)', H*(Q)) uniformly in z = 7+ip
with p € [0,1], and consequently that 7 belongs to the resolvent set of Ap.

e [t remains to prove that 0 also belongs to the resolvent set of Ap. We use the separation of
variables as in Section 2.2. The only difference is that in this case the transverse operator is the
Dirichlet Laplacian Tp on w, whose first eigenvalue is positive. We denote by 0 < 5\1 < 5\2 <...
the eigenvalues for the transverse operator Tp and by (Pk)ren+ a corresponding orthonormal
sequence of eigenfunctions. Then as in Section 2.2 for v = 7, . ur(2)Pr(y) € D(—Ap) we
can write

(=Apu,u) 20y = Z <(_Az + Xk)uk,’uk>
keEN*

Y 2
B Z luellz2ra
kEN*

L2(Rd)

3 2
2 At lullz2q) -

This proves that —Ap is invertible. Then, for z € C small enough, this is then also the case for
(—Ap —iza — 2%). We deduce that 0 is not in the spectrum of Ap. O

With the same high frequency estimate as in Theorem 2.8 this proves that there exists C' > 0
such that for all £ € R we have

_ 2
[(Ap = 7) " (e, S C{T°. (4.4)
It only remains to apply the abstract result of [BT10] to obtain the global energy decay for (4.1):

Theorem 4.2. Let k € N*. Then there exists C > 0 such that for all Uy € D(AY%) and t > 1
we have

e~ AP Up||, < Ct% || AR U,

ls, le, -

4.3. Neumann boundary condition when a is constant on each section. We have seen
that on the Euclidean space the energy decay is limited by the contribution of low frequencies,
while on the wave guide with Dirichlet boundary conditions it is mainly a high frequency problem.
The difficulty in Section 3.2 about the wave guide with Neumann boundary condition was that
we had to deal with both difficulties at the same time.

In the analysis of Ry(z) is Section 2 we saw that the main contribution is given by Ry (z)FPo
for low frequencies (see (2.9)). On the other hand, for high frequencies the difficulty come from
the contribution of high transverse frequencies. More precisely, Ry(z)(1 — Py) extends to a
holomorphic function around 0 (as for Dirichlet boundary condition), while Ry (z)Py behaves
nicely for high frequencies (as in the Euclidean space).

For U = (u,v) € &N we set

Pl = (11225) and PLU = <(1 - PO)“) . (4.5)



22 MOHAMED MALLOUG AND JULIEN ROYER

Because of the factor a in (2.1), we cannot simply say that (Ax — 2) 1Py behaves nicely for
high frequencies and that (Ay — ,2:)_1’P0L behaves nicely for low frequencies. However, if a only
depends on z, then it commutes with Py and in this case we can reduce the Neumann problem
to two simpler analyses.

Proposition 4.3. Assume that a does not depend on y € w. By restriction, the operator Ay
defines a mazimal dissipative operator Az on & = Pg-En (with domain D(Ag) = D(AN)NE")
such that o(Ag) NR = 0.

Proof. Let (u,v) € D(Ax) N &;-. We define the sequences (ug),cy and (vg),cy as in (2.3). By
(2.2) we have

—Au —iav = Z ( — Agup + A\pup — iavk) ® ¢ € Ran(l — Py),
k>1

u o v 1
An (v) - (Au — iav) €4

Similarly (Ayx —2) ! leaves &;- invariant for any z € C,, and the restriction is a bounded inverse
for (Ag — 2). This proves that A3 is maximal dissipative on &-. As for Ay, any 7 € R\ {0}
belongs to the resolvent set of Ag. And for 7 = 0 we follow the same proof as for Ap. O

Thus when the absorption index only depends on x we can deal sperately with the projections
on Poéy and P&y of the solution. On Pyéy everything is exactly as in the Euclidean space
and on &5t the resolvent (Ag — z)~! satisfies the same estimate as in (4.4). In particular, as
for Theorem 4.2 we can use [BT10] and hence we have no logarithmic loss as was the case in
Theorem 1.1.

Theorem 4.4. Assume that a only depends on x € R?.
(i) Let k € N*. Then there exists C' = 0 such that for t > 1 and U € D(A%;) we have

He—it.ANpOlUHgN < Cct = HPOLUHD(A").
(ii) Let s1,52 € [0, %], k> 1, s € [0,min(d, p)[ with s < 1, 61 > ks$1 + s and d2 > KSy + s.

Then there exists C = 0 such that for t > 1, ug,u; € C3°(Q) we have

He_itANPOU||L2,*51(Q)2 < O~ 3(tsits2+s) 1PoU| 2.5 ()2 -

4.4. The damped Klein-Gordon equation. We finally discuss the damped Klein-Gordon
equation

OPu — Au + mPu + adyu = 0,
where m > 0, either on R? or on © with Neumann or Dirichlet boundary conditions. The
corresponding operator is now

0 I
Axc = (A + m? ia) ’

with suitable domain depending on the context. The corresponding resolvent on L?() is then
Rka(2) = (= A+m? —iza— 22)71.

If a = 0 we can check that the spectrum of Ax¢ is R\] — m,m[. Moreover for z close to m
or —m the resolvent Rk (z) behaves like (—A — ¢)~! for ¢ close to 0. This explains why we
have the same rate of decay for the energy as for the Schrodinger equation. With compactly
supported damping, we have the same kind of behavior (see [Mall6]).

For the damped version of the Klein-Gordon equation with damping effective at infinity, the
situation is quite different. Indeed, for the same reason as for the wave equation, any 7 € R\ {0}
belongs to the resolvent set of Ak (in particular there is no singularity for 7 = +m). But, for
the same reason as for the undamped Klein-Gordon equation, 0 also belongs to the resolvent set
of Agg. Thus, there is no “low frequency effect” at all for the damped Klein-Gordon equation.
On the other hand, for |7| > 1 the resolvent Rkg(7) behaves as the wave analog (m? is negligible
compared to 72) so, finally, the energy decay for the damped Klein-Gordon equation is the same
as for the contribution of high frequencies for the corresponding wave equation. Thus, on the
Euclidean space we have a uniformly bounded resolvent on all the real axis, hence a uniform
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exponential global energy decay for the time dependant problem (this is in fact a particular case
of citeBurqJo). And in a wave guide with Neumann or Dirichlet boundary conditions we obtain
the same decay as in Theorem 4.2.

APPENDIX A. HIGH FREQUENCY RESOLVENT ESTIMATES ON R? WITH DAMPING AT INFINITY

In this appendix we give two proofs for Proposition 2.10. This high frequency resolvent
estimate is well known in weighted spaces when a is compactly supported (or decays suit-
ably at infinity). This can be proved either with semiclassical defect measures and the now
usual contradiction argument (see [GLI3, Leb96, Bur02, Jec04]) or with the Mourre theory (see
[Mou83, ABG96]) for dissipative operators (see [Royl0, BG10, BR14, Roy16b]). Both methods
can be adapted in this situation. Notice that the setting of Proposition 2.10 is quite simple
and that both methods will prove to be efficient here. However it is interesting to have both of
them for more general situations. For instance, the method with semiclassical measures allows a
Schrodinger operator whose non-selfadjoint part has no sign (see [Roy14]) and/or is supported
by the boundary of the domain (see [Roy]). On the other hand the Mourre method can be
applied to more general operators and requires less regularity.

For both proofs we rewrite the problem with semiclassical notation. With h = 77! the

estimate reads
1

[(=h2A, —iha — 1)71||£(L2(Rd)) S n’

0<hK. (A.1)
We refer to [Zwol2] for general results about semiclassical analysis.

Proof 1 (with semiclassical measures). Assume by contradiction that (A.1) is wrong. Then we
can find sequences (Am),cn €0, 1N, (0m)en € RY, (um) ey € HXRHY and (fm), ey €
L2RHYN such that h,, — 0, 0, — 1, [ fmllp2gay = o(hm) and for all m € N we have
[tmll 2 (gay = 1 and

(= h2 Ay —ihma — )t = fn.
The sequence (u,,) is bounded in L2(R9) so, after extraction of a subsequence if necessary, there
exists a Radon measure 1 on R?? such that for all ¢ € C§°(R??) we have

<Op}fm (@)U, um> — qdj.

m— 00 R2d

We first observe that

1
—Tm ((=h3 Ay = ihp@ = O )t ) —— 0. (A.2)

2
lotim |22 ge) S 1Vt 2 e = =7 meee

Now let ¢ € C*°(R??) be such that ¢ and all its derivatives are bounded, and ¢(z,&) = 0 if
‘|§|2 - 1‘ < %. Then for m large enough we can define Gy, : (z,£) — q(nc,f)/(|§|2 —0,,) and write

: w _ : w ~ 12 _
Jg{l}o <Ophm (Q)Uma Um> = W}Ego <Ophm (Qm)( hipn Az — O, “m> (A-S)
_ 1 W~ _ 12 i _ _
= mlgr(l)o <Ophm (Gm)(—h5, Ay — ihpa Gm)um,um> =0.

Let x € C5°(R%,[0,1]) be such that a(z) > c¢o on a neighborhood of supp(1 — x). (A.2) and
(A.3) imply that p is supported in supp(x) x {’ |§|2 - 1’ < %} Moreover for ¥ € C§°(R%,[0,1])
such that Y(¢) =1 if | €]? — 1| < § we have

| @5 .

so pu # 0. To obtain a contradiction, it remains to show that in fact 4 = 0. For this we use
the invariance of the support of u by the classical flow. Let ¢ € C§°(R?¢,R) be supported in

{(2.€)  |16P = 1] < 3}. We have

d

— td :/ ° b
7 quwﬁ 1 de{'f' ,qo¢'}dpu,

(ODY (X()X(E))thmy ) = 1 (2, ) = 1,

= lim
m—00 m—00
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where ¢'(z, &) = (z + 2t£,€) and {p, ¢} is the Poisson bracket d¢p - 0,q — 0,q - Oeq. With (A.2)
we obtain that for any § € C§°(R?¢ R) we have

/ (IR, gy du = tim (B2 A, OPY. (@)t tim)
R2d m— 00 hm

2
= — lim . Im <OpZ’m (@) um, (—hanm —ihpa — Gm)um>

m—r oo

=0.

This proves that the integral of q o ¢* does not depend on ¢. But for some ¢ large enough the
supports of g o ¢' and p are disjoint. This yields [¢dp = 0. Then p = 0, which gives the
contradiction and concludes the proof of the proposition. 0

Now we give a proof based on the Mourre’s commutators method. For a perturbation of a
Laplace operator, it is usual to consider (a perturbation of) the generator of dilations

~ i h
Ah:—%(x-v—i—v-x):Op}f(x-f)

as conjugate operator. Here, due to the damping at infinity, we will only need a “localized
version” of Aj. We refer to [Roy16b] for the general theorem.

Proof 2 (with Mourre’s method). Let x € C§°(R%,[0,1]) be such that a(x) > ¢o on a neighbor-
hood of supp(1 — x). Let x € C§°(R, [0, 1]) be supported in } %, 2[ and equal to 1 on [%, %} For
h €]0, 1] we set

Ay = Op} ((z - €)x(2)x(1€]%)).

This operator is selfadjoint and bounded on L?(R). We check that it satisfies all the assumptions
of [Roy16b, Theorem 4.1]. Let h €]0,1] and ¢ > 0. For u € C§°(R%) we have

d

_e—isAh ve—i(e—s)Ahu ds
ds

6
HVe_wA’lu — e_wAhVuH < /
0

6
g/
0

e*iSAh [Ah; v]efi(efs)AhuH ds

S ull-
This proves that the form domain H'(R9) is invariant by e~*4#. By pseudo-differential calculus
the commutators
[7h2Az, Ah], [7h2AI — ihOz, Ah] and [[7h2Az — ihOx, Ah], Ah]

extend to bounded operators on L2(R?) uniformly in h €]0, 1]. It remains to check the main point,
namely the lower bound of the commutator. There exists 3 > 0 such that for all (z, &) € R?? we
have

{169 (@ - Ox(@)REP) } + Balw) = 21 x(@)RUE) +2(z- )¢ Vx(@)R(EP) + Balz) > X(€P).
After quantization and multiplication by A we obtain

[~h*Ay,iAp] + Bha(z) > hx(=h*Ay) + O(h),
where the rest is estimated in £(L*(R?)). We set J = [2,3]. We compose this inequality by
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the spectral projection 1 ;(—h2A,) on both sides, and for h small enough we obtain

1y(—=h*Ag) ([=h* Ay, i4s] + Bha(z)) 1, (—h*A,) > g]lJ(—thm).

This is the Mourre assumption in the dissipative and semiclassical setting. By [Royl6b] we
obtain that there exists hy €]0, 1] and ¢ > 0 such that for h €]0, hg] we have
¢

A (=R2A, —iha — 1)1 (A *1H <<
H< w tha = 1)7" {An) £(L2Rrd) ~ h

But (Ap) is a bounded operator on L?(R%), so we easily deduce the same estimate without
weight. This gives (A.1) and concludes the proof. O
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Notice that we did not make standard use of the Mourre theory. Indeed we did not have to
prove the limiting absorption principle in some weighted space, since here the resolvent is well
defined even on the real axis. The point was only to use the parameter dependant version of the
abstract result to obtain uniform estimate for this resolvent.

APPENDIX B. WEYL’S ESSENTIAL SPECTRUM THEOREM

In this section we briefly discuss the essential spectrum of a non-selfadjoint operator. We first
recall that there are different reasonable definitions which coincide for selfadjoint operators but
not in the general case (see for instance [Sch66, GW69, EE87]).

Here we follow [RS79]. Let A be a closed operator on some Hilbert space K. We denote by
p(A) the resolvent set of A. Let X in the spectrum o(A) of A. We say that A is in the discrete
spectrum oqisc(A) of A if it is isolated in o(A) and if the projection

# (A—o)tdo

2im lo—X|=r
(where r > 0 is such that o(A4) N D(A,2r) = {A}) is of finite rank. Then we define the essential
spectrum of A by 0ess(A) = 0(A) \ odisc(A). It is a closed subset of C.

With this definition, the essential spectrum of A is preserved by perturbation by a relatively
compact operator if A is selfadjoint but not in the general case (see Corollary 2 and Example
1 in Section XIIL.4 of [RS79]). It may happen that a connected component of C \ oess(A) is
included in the spectrum (and therefore in the essential spectrum) of the perturbed operator.
However, we can check that this is the only problem which can occur. Thus, if we can show that
some connected component of C\ oess(A) intersects the resolvent set of the perturbed operator,
it has empty intersection with its essential spectrum:

Theorem B.1 (Weyl’s essential spectrum theorem). Let A and B be closed operators such that
(B — A) is A-compact. Let U be a connected component of C\ 0ess(A). Then

UNp(A)Np(B)£D = UNoes(B) =0.

The proof follows the same lines as the proof of Theorem XIII.14 in [RS79]. We recall the
ideas.

Proof. Let zo € UN p(A) N p(B), Ra = (A — 2)~! and R = (B — z9)~!. By the resolvent
identity the difference D := Rqx — Rp = Rp(B — A)R4 is compact. Let V be the (connected
and open) set of z € C* such that zo + 27! € Y. By Lemma 2 in [RS79, Section XIIL.4] we have
VNp(Ra) Np(Rp) # 0 and it is enough to prove that ¥V C cess(REB).

Let z € V. If 2 € p(Ra) then (R —2)~! exists if and only if (1—D(Ra—z)~!)~! exists. This
is the case for at least one point in V. Moreover the map z + 1 — D(R4 — z)~! is meromorphic
in V. By the meromorphic Fredholm Theorem (Theorem XIII.13 in [RS79]) we obtain that
(1—D(Ra—2z)"1)~! exists on V except for a discrete set where it has finite rank residues. Thus
Rp only has discrete spectrum in V), and the conclusion follows. O
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