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Spectral measure at zero for self-similar tilings

Jordan Emme *

Abstract

The goal of this paper is to study the action of the group of translations over self-similar
tilings in the euclidian space R?. It investigates the behaviour near zero of spectral measures
for such dynamical systems. Namely, the paper gives a Holder asymptotic expansion near
zero for these spectral measures. It is a generalization to higher dimension of a result by
Bufetov and Solomyak who studied self similar-suspension flows for substitutions in [4].
The study of such asymptotics mostly involves the understanding of the deviations of some
ergodic averages.
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1 Introduction

Spectral analysis plays an important role in dynamical systems and ergodic theory. Some prop-
erties of the spectrum of the Koopman operator, or of a group of operators acting on a space,
translate into dynamical properties (in our case, the group R? acts on the space of tilings and
this defines a group of operators acting on the functions of the tiling space). In this light, spectral
measures hold some amount of information concerning dynamical systems. Spectral analysis of
some dynamical systems via spectral measures was done in [8] for instance.

In this paper we are interested in a particular family of dynamical systems which is extensively
studied: those who arise from substitutions or self-similar tilings. Substitutions are essentially
combinatorial objects and have no geometry a priori. However it is possible to interpret infinite
words as tilings of the real line (or real semiline depending in which context we are working) and
thus have some (limited) geometry. Self-similar tilings are objects that arise when looking for a
natural generalization of this in higher dimension.

Bufetov and Solomyak have studied the deviation of ergodic averages for the action of R? by
translation over self-similar tilings in [3]. Such results generalize famous works by Bufetov for
d=11n [1] or [2].

*Aix-Marseille Université, CNRS, Centrale Marseille, I12M, UMR 7373, 13453 Marseille, France. E-mail:
jordan.emme@univ-amu.fr



The precise study of the deviation of ergodic averages allows the understanding of the modulus
of continuity for suspension flows over substitution dynamical systems in [4]. One of the results
is that there is a Holder asymptotic expansion on balls centered at zero for the spectral measure
of self-similar suspension flows (which we could see as self similar tilings of the real line). The
Hoélder exponent is explicitly computed.

The aim of this paper is to give a generalization of this result for spectral measures of self-
similar tilings for d > 1. We prove that there is always a Holder asymptotic expansion regardless
of the choice of d, and give an explicit computation of the Hélder exponent.

Section 2 is dedicated to defining self-similar tilings and their associated dynamical systems
along with some basic properties.

Section 3 exposes some of the results that were obtained in [3, 4] which are crucial to the
proof of our main theorem. We also give the principal definition of the paper in this section:
that of spectral measures.

In Section 4 we state the main result and give its proof based on the study of the finitely-
additive measures from [3] and the asymptotics of the ergodic integrals.

1.1 Result

In this article we study a particular class of tilings of the euclidian space R? obtained by the
following process. We fix a finite amount of tiles called prototiles. We endow the set of tilings
of R? by the prototiles with a topology detailed in Section 2. We choose a real constant A and
consider the images of these prototiles by the homothety of factor A. If we can tile these images
with translates of the prototiles, then doing so defines a substitution rule {. If this rule ¢ satisfies
certain conditions, then iterating it over a prototile spans bigger and bigger patches (i.e. union
of tiles) which eventually tile the whole space. Taking the closure of the orbit of this tiling via
the action of R? by translation defines a space X¢. Some other conditions on ¢ ensure that
the dynamical system (X, R?) is uniquely ergodic and we denote its unique ergodic probability
measure by . Then to any real valued function f from X to R in L*(X¢, 1), one can associate
a spectral measure of. The following theorem states that, after renormalisation, this measure is
a Radon measure on balls centered at zero. This can be seen as a Holder regularity property.
The definitions of the technical conditions of this theorem — such as cylindrical functions and the
quantity Mg~ (f) — are given respectively in Definitions 3.4 and 3.5.

Theorem 1.1. Let A = {T1,...,T,,} be a set of polyhedral prototiles in RY and ¢ a primitive
non-periodic tile-substitution over those prototiles defining a self-similar tiling with finite local
complexity. Let A be the real expansion constant of (, and S be its incidence matriz with eigen-
values

01 > 6y > |93| > ... > |9m|

d—1
satisfying 02 > 0,7 . Let f be a cylindrical function with zero mean [ fdp =0 and mg-(f) # 0
(with v being in the eigenspace associated to 62). Let oy be its associated spectral measure on
R?. Then there exists a non-trivial positive o-finite Radon measure n on Ry such that:

o7 (B(0,aA""))

Nlim NN@i2a) n([0,a]), for all a > 0 such that n({a}) =0,
— 00
where
dlog(62)
=——">c(d-1,d).
log(61) ( )



This theorem is a natural generalization of [4, Theorem 6.2] which gives the same behaviour
for d =1.
Remark that in this theorem, we have:

0, = \%.

1.2 Outline of the paper

Section 2 is devoted to defining the framework. More precisely, we give the definition of self-
similar tilings. We recall some famous results. In particular, that a primitive tile substitution ¢
with finite local complexity defines a uniquely ergodic dynamical system (X¢,RY), where X is
the set of tilings of the euclidian space R? obtained with the substitution rules. We also recall
how to subdivide a certain tiling using the implicit substitution rules of (.

With these subdivisions in mind, we recall in Section 3 the construction of finitely-additive
measures. For a thorough and detailed construction of such objects, we refer the reader to [1].
These are capital for the understanding of ergodic deviations. Namely, we state the main theorem
of [3] which gives a precise behaviour of Birkhoff sums depending on a decomposition of R¢ in
stable subspaces for the transpose of the incidence matrix of the tile-substitution (.

Section 4 is devoted to proving Theorem 1.1. We start by stating the spectral theorem which
allows us to define the spectral measures. The proof of the main theorem is then divided into
5 steps. In the first step we integrate a test function (which approximates the characteristic
function of an interval) with respect to the spectral measure. The spectral isomorphism allows
to express our integral in terms of ergodic sums on balls of radius R. The second step uses
Theorem 3.6 on ergodic deviations in order to estimate the rest of our ergodic sum as R goes to
infinity. Step 3 is just a change of variables in the main term, using the ’self-similarity’ properties
of the finitely-additive measures. We can then compute the limit as R goes to infinity. Step 4 is
devoted to the regularity of this limit and how to extend it to a bilinear form, right continuous
on continuous compactly-supported functions. Step 5 introduces a technical lemma which allows
us to make the link between our limit and distribution and then with Radon measures.

1.3 Acknowledgements
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2 Self-similar tilings

In all that follows, we are working in the euclidian space R?. We are interested in tiling the
euclidian space R? (which comes with its origin) with tiles which are compact, and the closure
of their interior. In particular, we are interested in a class of aperiodic tilings called self-similar
tilings. They can be obtained by iteration of a substitution rule over tiles. A famous class of
such tilings is found in [7]. We give an example of such a tiling in Figure 1 before properly
defining this notion. We almost always use the case of Figure 1 to illustrate the numerous formal
definitions in this section.
Let us now give all the necessary formalisms.

Definition 2.1. Fiz a set of types (sometimes called colours) {1,...,m} C N. A tile T in R? is
a pair (A, i) where A =: supp(T) (the support of T') is a closed compact subset of R? such that
A=A andic€ {1,...,m} is the type of the tile.



Figure 1: Part of a self-similar tiling: the table tiling.

We denote the type of the tile T by I(T).

Definition 2.2. Define the translate of a tile T by a vector x € R%:
T+ z := (supp(T) + =, l(T)).

Usually, we fix an ‘alphabet’: a finite set of tiles A = {71, ..., T}, }. It is implied that the tile
T; has type i (but two distinct tiles in this alphabet do not necessarily have different support).
The tiles T; are called prototiles.

After having fixed a finite set of prototiles we are interested in tilings of the euclidian space
only with translates of these prototiles. To be formal, a tiling 7~ of R? by tiles in A = {T%, ..., T\, }
is given by a covering of R? in the following way:

R = | [supp(T3,) + v]
veV

o o

— —_—
and (supp(Tiv) + v) N (supp(Tiw) + 'w) = () whenever v # w.

Here V' denotes a countable set of vectors in R? and 4, is in {1,...,m} for any v in V.

In other words, a tiling of the space with tiles in A is a covering of this space with translates
of the prototiles in A in such a way that only the boundaries of the support of the tiles intersect.

In the case of Figure 1, a possible choice of prototiles is:

(-2 3 en) L b))

For visual purposes, the tiles of type 1 are coloured in grey and the tiles of type 2 are coloured
in white.
We now define patches.

Definition 2.3. A patch P is a finite union of tiles of disjoint interiors. The support of a
patch P is the set supp(P) = U supp(T"). A patch P has diameter at most R if its support is
TeP



contained in a ball of diameter R. Denote by P4 the set of patches whose tiles are translates of
prototiles in A.

Let us define tile substitutions.

Definition 2.4. Let ¢ : R — R? be an homothety with expansion constant X > 1. A map
C: A — Py, where Py denotes the set of patches with tiles in A, is called a tile substitution with

expansion ¢ if supp(¢(Ti)) = ¢(supp(T;)).

Example 2.5. An example of tile substitutions using tiles from Figure 1 is:

Notice that this substitution rule has expansion constant A = 2.

Definition 2.6. For any tile substitution (, define a substitution matriz S such that S; ; is the
number of tiles T; appearing in the patch ((T}).

. . e . 2 2
In the example given previously, the substitution matrix is S = (2 2) .

Remark 2.7. If 6; denotes the Perron-Frobenius eigenvalue of S, we have 6; = A4 We refer
the reader to [9] for more details.

Remark that the Perron Frobenius eigenvalue of (3 g) is indeed 0 = 4 = \2.

Remark 2.8. In all that follows, we only study primitive tile substitutions, i.e. tile-substitutions
whose matrix S satisfies the property that there exists a positive integer k such that S* has only
positive entries.

We extend the definition of ¢ to P4 and to the set of tilings of R? by tiles in .A.

In order to extend the definition to the set of patches P4, we first define the application ¢
with real expansion constant A on the set of tiles which are translates of prototiles in A. Let T
be a translate of prototile T} for a certain i by a vector z € R?, i.e. T = T; + x. Then we define
¢(T) = {(T;) + Ax. Now in order to define ¢ on the set of patches we proceed as follows.

Let P be a patch in P4. There exists a finite set of vectors {v1,...,v,} in R? and a finite set
of integers {i1,...,4,} in {1,...,m} such that

P = U T;j +Uj-
j=1

Then define the patch ¢(P) in the following manner

m

¢P) =T + 6(v)).

j=1

We extend the definition of ¢ to a whole tiling of R? in the same way.



Figure 2: Substitution rule on some patches

Example 2.9. For instance, expanding the definition of the substitution given in Example 2.5
to patches is illustrated in Figure 2.

Definition 2.10. A tiling T of R is self similar if ((T) =T for a primitive tile substitution .

Definition 2.11. Given a tile-substitution ¢, we define the tiling space X¢:
A tiling T of R? is in X¢ if every finite patch of T is a sub-patch of (*(T;) for some k € N and
some i € [1,m].

We endow this set with a topology by defining the metric d:

let 71 and 73 be two tilings in X.. We define d(71,72) = min (%, 60) where ¢ is the infimum
of the set of € > 0 which satisfy the following condition: there exists a vector v in R? such that
|lv]] < e (where ||v|| is the euclidian norm) and the biggest patches of 71 and 73 + v inside the
ball B(0,1/¢) are the same.

In other words, two tilings are close if, up to a small translation, one can see the same pattern
in a large ball centered at the origin. For more details on this distance and topology the reader
can refer to [9)].

Definition 2.12. Let A = {T1,..., Ty} be an alphabet. Let ¢ be a tile substitution with expansion
map ¢. A tile T is said to be a tile of order k € 7 if there exist i € [1,m] and y € R? such that

supp(T) — y = ¢*(supp(T3))

Example 2.13. We draw in thick black lines the boundary of tiles of order 3 in the example of
tiling given in Figure 1.

Definition 2.14. We extend the definition of the tile-substitution ¢ to tiles of order k € Z and
denote it ¢FC:
¢kA = {(qﬁksupp(Tl), i)}ieﬂl,m]]a

Vi € [1,m], (¢"¢)((¢"(supp(T3)), ) = 6" (supp(¢(T3))).
This allows to define the subdivision map:
Tk; : xd)kg — x(ﬁk—lg.

This divides every tile of order k into sub-tiles according to the substitution rule. Note that is
well defined if and only if the substitution is non-periodic (that is, if R? acts freely over X.) as
justified by the following theorem.

Theorem 2.15 ([10]). The map ¢ : X, — X is injective if and only if ¢ is a non-periodic
substitution.



With this division, we define inductively, for any tiling 7 € X, and for any integer k, the
subdivided tiling 7 in the following way:

TO =T,

T :{ TN, i k>0,
Yiyr.-Yo(T), if k<O,

The space of tilings ¢ € [1,m] by tiles of order k is essential for the introduction of finitely
additive measures in the next section.

Let ¢ be a primitive tile substitution in R? over the finite set of tiles A = {T1, ..., T}, } and S
its incidence matrix. We denote by 6y > [03] > ... > |0,,| the eigenvalues of the matrix S* (6,
being real, greater than one, and of multiplicity one by Perron-Frobenius Theorem). Remark
that RY acts on X by translation. For any vector x € R? let h, be the map from X, to itself
that sends a tiling 7T to its translate by vector —x i.e. T — z. This defines a continuous action
of R? on X by translation.

This defines a dynamical system (X, R?). Remark also that iterating ¢ over a certain tile
may converge towards a tiling of the space R%. This tiling is of course in the tiling space X.

As already stated in Remark 2.8, it is usual to only consider the case of primitive tile sub-
stitutions, which is what is done in this article, but we also add the classical property of finite
local complexity.

T(k) S .}:¢k< .

Definition 2.16. A tiling T has finite local complexity (FLC) if, for any positive real number r,
there is only a finite number of different patches of diameter at most r in T up to translations.
A tile substitution ¢ is FLC if every tiling in the tiling space X¢ has finite local complezity.

Remark 2.17. For the most part, classical self-similar tilings defined by tile substitutions are
FLC. For an example of non-FLC tile substitution we refer the reader to [6] for instance.

Theorem 2.18. [9] If ¢ is a primitive substitution with finite local complexity then (X¢,R?) is
uniquely ergodic. We denote by u the unique ergodic probability measure of the dynamical system
(X, RY).

This theorem has as an immediate consequence the following lemma.



Lemma 2.19. [9] If ¢ is a primitive substitution with finite local complexity, then u is invariant
under the substitution action, i.e. Copr:= po (™t = p.

Proof. It is an easy check that the measure ¢, is invariant under the action of R? since ¢ acts
on vectors as an homothety of ratio A and p is invariant under the action of R? by translation.
Hence, by unique ergodicity, (i = p. O

3 Finitely-additive measures and Ergodic deviation

We now define finitely-additive measures as done in [3].

Definition 3.1. The rapidly expanding subspace ETT is the linear span of Jordan cells of S*
whose eigenvalues 0 satisfy

d—1
0] > 0,7 =L,

In a similar way, denote by E* the linear span of Jordan cells of S* whose eigenvalues are
greater than 1. Equivalently, denote E*™ the rapidly expanding subspace of S.

We define, for any vector v € ET and any tiling 7 € X, on tiles of order k € Z, a finitely-
additive (I):T measure as follows:

@IT(supp(T)) = ((SH*v);, if Ik € Z, yec R T = *(Ty) —y e TW.

The definition of such finitely additive measures can be extended to Lipschitz domains (that
is to say open sets of R? whose boundaries are locally graphs of continuous Lipschitz functions).
This is done in [3].

The following lemma gives a “self-similarity” property for finitely-additive measures after their
extension to any Lipschitz domains.

Lemma 3.2. [3, Lemma 8.2] For any v € ETT, there exists finitely-additive measures (I):,T

defined on the ring of sets generated by Lipschitz domain in R®. Moreover, if Stv = v, they
satisfy, for any Lipschitz domain ), the following:

O () (6(Q) = D5, £(Q) = 02 ().

Lemma 3.3. /3, Lemma 3.3] Suppose that v € ETT belongs to the St invariant subspace corre-
sponding to a Jordan block of size s > 1 with eigenvalue 0 and such that ||v|| = 1. Then for a
Lipschitz domain ), there exists a positive constant C1 such that, for any positive real number
R (writing Qr = RQ),

dlog |0
"I)IT(QR)’SCﬂlogR)S*lRO‘, where o — og |0

logf; °

Before stating the main theorem on the estimates of deviation in ergodic sums, let us remark
that it only gives estimates for cylindrical functions which we define as follows.

Definition 3.4. A function f : X; — R in LY(X¢,p) is cylindrical if it depends only on
the tile containing the origin. More precisely, there is a family of functions (W;);eq1,m] where
W, : supp(T;) — R and ¥; € L' (supp(T;), Leby), where Leby is the Lebesgue measure on R?, such
that

f(T)=¥(z) if 0 € supp(Ti) —w, Ti —x € T.



Definition 3.5. For any cylindrical function f and for any vector v = (v1,...,0m) € C™ we set

me-(f) = sz/ V;(z)dx.

"
i=1 upp(T;)

Now denote by [ the dimension of EtT (and E*“") and choose bases (u;)i<; and (u;);<; of
E*T and ETT respectively. We write <I>:f7- = @Iﬂ- and mg- = mg- .

u

We can state the theorem describing the deviation of ergodic ziverages for the dynamical
system (X¢, R%, u) on Lipschitz domains like thus.

Theorem 3.6. [3, Theorem 4.3] Let { be a primitive substitution with finite local complexity such
that the dynamical system (%C,Rd) is not periodic, and let Q) be a bounded Lipschitz domain in
R?. Then there exists a positive constant C' depending on ¢ and Q2 such that, for any cylindrical
function f, any tiling T € X¢ and any R > 0,

scR**a%Jo{/ | Fldp
X¢

l
o hy(T)dz — Leba(QR) /3€ fdp =" ®F 1(Qr) -mg-(f)
< n=2

Qr

d=1
where s is the mazimal size of the Jordan block corresponding to eigenvalues satisfying |0) = 6,7 .
If there are no such eigenvalues, then s = 0.

4 Spectral measures at zero

Recall that for a measure m on a space R?, the Fourier transform m of m is a function from R¢
to C defined by

Ve e RY m(x) = / 2@ dmy(w).
weRd
We start by stating the spectral theorem:
Theorem 4.1. Let f € LQ(%QM). There exists a positive measure oy on RY called the spectral
measure defined by o7(x) := (fohy, f) for all x € R? such that the function mapping the function

(T +— foha(T)) in L*(X¢, p) to the function (w s e2™«®)) extends to an isometry J between
a closed subspace of L*(X¢,p) and L*(R%, 0y).

We refer the reader to [5] for details on this theorem, but in particular it states that

Vz € R, / » T g p(w) = (f o hy, f),
we

where

meﬁ=/ FCTVF o ha(T)du(T).

TeX,

This theorem introduces the spectral measures on which Theorem 1.1 gives results. In order to
prove Theorem 1.1 we also need the set

Sp(Ry) ={f € C°(Ry,R) | Va,B €N, sup [z*fP(z)] <oo and Vk >0, % (0)=0}

TER

and the continuous function Rad : Sp(R;) — S(RY) (where S(R?) is the Schwartz space of
rapidly decreasing functions on R?) defined by

Vi € Sp(Ry),Yz € RY,  Rad(¢)(z) = v(2])).



4.1 Proof of Theorem 1.1
4.1.1 Step 1: using the spectral isomorphism
Recall that Theorem 4.1 states that

Vo € Rd,/ y 2@ dop(w) = (f 0 ha, f).
we

Moreover, the spectral isomorphism J satisfies J~! (w — 62”(“”:”)) = (T~ fohy(T)) for
all z in R

Let us analyse the behaviour of o ¢ near zero. In order to do this, we fix a function ¢ € Sr(Ry)
and study the integral | |Rad(¢)(Rw)|*dof(w) for all R > 0.

Applying the Inverse Fourier Transform, which preserves S(R?) and the radial property of
Rad(¢), we obtain

Rad(¢)(Rw) = R4 / g 2™ @) Rad () (z/R)dx

By the spectral isomorphism, this function (of w) maps, by J~1, to

R~ fohy(T)-Rad(y)(x/R)dx

r€R4
which is a function of 7 in L?(X¢, u). Since the spectral isomorphism preserves the L? norm, we

obtain

2

/ _J o ha(T) - Rad(4) /Ry du(T),

e Tex,

Now let us change coordinates of the right-hand side and use spherical coordinates. Let u be
the mapping from spherical coordinates to euclidian coordinates on R?. Since Fourier transform

preserves radial functions, Rad(w)( .0) = R/ac@(u(p, ®1,...¢pa—1)). For simplicity, in all
that follows, let us write Rad( )(p) 1nstead of Rad(z/;)(p, 0,...0). Then the integral

fohe(T) - Rad(¢)(x/ R)d

r€R4

can be written as

+oo -
/ /0 Je- 1/¢ Othu(Pv¢17-~¢d—1)(T)'Rad( )(p/R d 1H Slnd 1= J(¢j))d¢d 1...do1dp

j=1

/M

Now, an integration by parts with regards to the variable p, differentiating Rad(1)(p/R) and
integrating f[o,w]d | f P o f o hu(pgr,an)( T)pd1 H;-l;f(sindflﬂ(¢j))dq§d_1...dq§1, yields

¥)(p/R) / / hutp,gr,.ta ) (TP 1H (sin=" (¢;))dpg1...dp1dp
[Oﬂ' ¢d 1= 0

10



+oo

[ 7o helT) - Rad() o/ Byde = 2w [ ST ) FarRad()) o/ R (1)
where

S(f,T.p) = / £ o ha(T)ds.

z€B(0,p)

4.1.2 Step 2: estimating the rest

From Theorem 3.6 and Lemma 3.3, and since f fdp =0, we have

S(.T.p) = 1 (p) - ma () + R(p).
where
R(p)| < Crmax(1, p*"%)

with a = dlifé(e?)) and some ¢ > 0 small enough.

Since F(z1Rad(x)(z)) is in S(R?), we have

| F(@1Rad () (2))(p)] < Cypamin(1, p~Y).
Finally,

—+oo

. R(p)F (x1Rad()(x))(p)dp

R +oo
27TR_1 < Clcw,QQﬂ'R_l <1 +/ po‘_adp_’_/ pa—e(p/R)_a_ldp)
1

R

hence, since « is in (d — 1,d),

2rR™! = O(R*9). (2)

+oo
/ R(p) F(a1Rad($) (2))(p)dp

4.1.3 Step 3: change of variables in the main term

Now that the error term in fp+:<>0<> S(f, T, p)F(z1Rad(®))(x))(p/R)dp is estimated, let us study the
main term in Equation (1). To that end, we will assume that

N
R=X =07 N>1.
Let p = ANr = Rr, and let us use Lemma 3.2 to do the following renormalisation:

3 1 (p) = @3, (AVr) = 9§V¢;<,N(T) (r) = R*®5 o n (7).

After this change of variables we have

+oo
2im R / . (23.7(p) - Mg (f) + R(p))F(z1Rad(¥) () (p/ R)dp

+oo
= 2im g (1) [0y (0 Rad(19) @) )

11



The estimation of the rest in Equation 2 and this last equality can be used to get that

[ IRad) (e )
dM(T) + O(R2a—2d—2£)

2

+oo
/ B (r) FlarRad () () (r)dr

r=0

— 4 2R20¢—2d _ 2
. (mg-(£) /T N

as R — +o0, since y is ¢ invariant by Lemma 2.19. Finally, with R = AV

Jucra Rad(y) A w) *do s (w)

Nim AN (2a—2d)
+o0 2
= (2mmy_(f))? / / F 1 (1) F (e Rad(v)(2))(r)dr| dpu(T).
Texe |Jr=0

We can remark that the right-hand side is non zero by the hypothesis on m4- (f) and because
2

(I);T is not almost everywhere zero, since our substitution is defined on polyhedral prototiles (see
Lemma 3.5 and section 6.2 of 3] for more details), and because this is true for all choice of .
4.1.4 Step 4: regularity of the limit

This limit is a quadratic form on Sp(Ry4). Let us write the associated bilinear form on the space
Sp(Ry) x Sp(Ry):

Osts) i tim Jueze R A w)Rad(y) W) doy ()

N—+oo AN(2a72d)

+oo
(/ @;T(T).F(SclRad(i/}l)(l'))(T)dT/

=0 r=0

—+o0

= (27rm(1>; (f))Q/ @;T(r)}"(lead(z/Jg)(x))(r)dr) dup(T).

TeXe

Let us remark that this bilinear form (which depends solely on the product 1112) is contin-
uous, non-negative on non-negative functions, and not identically zero.
Let us also prove the following.

Lemma 4.2. Every function in C§°(Ry,R) is the uniform limit of a sequence of functions in
Sr(Ry).

Proof. To see this, it suffices to take a function f in C5°(R) and a sequence of functions (fy)nen=
in C(R) such that

o Vn e N* Vo e[, 3], fulz) = £(0);
e (fn)nen+ converges uniformly towards f;
e Vn € N*| f,, is compactly supported.

Then we take a regularizing sequence (pr,),,cy and remark that for all n € N* and m > n,
the convolution py, * f, is in C§°(R) and is flat in 0. Thus there exists a strictly increasing
sequence (my)nen+ € N* such that the sequence (pm,, * fn)nen+ (consisting of C§° functions flat
in 0) uniformly converges to f, thus proving the lemma. [l
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Let us also remark that

V¢1a¢2 GSF(R-F)a Q(w%an) <Q(wlaw1)||w2”00

As a consequence, for all 11 in Sp(Ry), 1 — Q(¥)%,1)2) has a continuous extension with
domain the whole of C§°(R4,R). Thus it is a distribution that is non-negative on non-negative
functions.

4.1.5 Step 5: a technical lemma

Let us prove the following lemma.

Lemma 4.3. There exists a o-finite positive Radon measure n on Ry such that for any 11,
in C§°(R4+,R) we have

Q1,42) = . P1tbadn.

Proof. In order to prove this lemma, we need to use a classical result from the theory of distribu-
tion stating that if a distribution D supported on R, is non-negative on non-negative functions
in C§° (R4, R) then there exists a o-finite positive Radon measure 7 supported on Ry such that

D(p) = /]R+ pdn).

First we observe that for any non-negative ¢ € Sp(R,), the functional ¢ — Q(¥?, ) is a
distribution on R, that is non-negative on ¢ > 0. Thus there exists a measure 7y, such that

Yo e CFRLR) QU = [ v
Remark that Q((v112)?%,0) = Q(13,13p), hence

dnwl’l/& = l/éd??wl for wla 1P2 € SF(R—i-)

Thus, taking any ¢ > 0, dnp = ﬁdnw does not depend on the choice of .
Now let 91, 12 be two functions in C§°(R4,R) and remark

2 Y1vs

QY1,¢2) = QY7 e )= 1adn,
Ry

which proves the lemma.

Let us now conclude that the following formula

fweRd Rad (1) (AN w)Rad(v2) (AN w)do f (w)

NE}EOO \N(2a—2d) = - Pripadn

also holds for characteristic functions of intervals [0, a] where a is a point of continuity of the
measure 7).

Indeed, let us choose a € R* such that n({a}) = 0, let ) = ¥y = b2 = X[0,q and choose
sequences of functions ;7 4 in C§° (R4, R), flat in 0, approximating v respectively from above
and below, converging pointwise to ¢ and uniformly on the complement of (a — §, a + §) for any
0> 0.

13



By continuity of n over non-atomic a we have

Ve >0, 3§>0, n(la—4da+d)) <e.

As a consequence,

lim (Ot =y ) dn =0,

N —+o00 R,

and so the formula is still true for the characteristic function x(o, whenever n({a}) = 0.

This proves Theorem 1.1.
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