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Abstract. This Note describes a method to determine the viscous characteristic length A from an 
analysis and a linear regression of the dispersion curve. This approach is valid in the 
high frequency domain, above 20 kHz, where some asymptotic expansions simplify the 
theoretical equations. It is shown that there is a linear relationship between the squared 
propagation index and the inverse of the square root of the frequency which has a slope 
proportional to A, the thermal characteristic length A' and some physical constants. The 
value of A' is determined using the Brunauer, Emmet and Teller (BET) method. Low 
frequency ultrasound, in the 40-200 kHz range, is used to perform the experiments. 
The computation of the dispersion curve from the experimental waveforms is done by 
using the phase spectrum method, as was outlined in a previous Note, i.e., Brown et 
at., C.R. Acad. Sci. Paris, ~19, Series II, 1994, p. 393. 

Resume. 

Evaluation de Ia longueur caracteristique visqueuse 
de materiaux poreux satures par /'air a /'aide de Ia courbe 
de dispersion ultrasonore 

La presente Note discute une methode de determination de Ia longueur caracteristique 
visqueuse A, a partir d'une analyse et d'une regression lineaire sur La courbe de 
dispersion. Cette approche est rendue plus aisee dans le domaine a hautes frequences, 
au-dessus de 20 kHz. ou des developpements asymptotiques permettent de simplifier les 
equations theoriques. II est montre que le Carre de l'indice de refraction en fonction 
de l'inverse de Ia racine carrie de Ia frequence est une droite de pente donnee 
par une combinaison de A, et d'autres parametres physiques dont A', Ia longueur 
caracteristique thermique. ll faut done avoir une connaissance au prealable de A' 



pour poul'Oir detenniner A. Cette mesure de A' est realisee avec Ia methode BET. · 
Les experiences sont realisees a /'aide d 'ultrasons de basses Jrequences (dans Ia 
gamme 40-200 kHz). Les courbes de dispersion sont obtenues a partir de Ia methode 
du spectre de phase, comme cela etait decrit dans une Note anterieure, Brown et at., 
C.R. Acad. Sci. Paris, 319, sirie 11, 1994, p. 393. 

Version franraise abregee 

La metrologie des parametres physiques des materiaux acoustiques est etudiee activement au 
Mans, notamment avec l'aide de plusieurs techniques ultrasonores basse frequence. Une methode de 
determination de la tortuosite a partir de simples mesures de vitesse fut proposee puis appliquee pour 
caracteriser l'anisotropie de mousses plastiques (Melon, 1995). Un travail sur la dispersion ultrasonore 
des materiaux acoustiques fut initie recemment (Brown, 1994 ), s' appuyant sur un algorithme classique 
portant sur le spectre de phase decrit par Sachse (1978). Cette dispersion est faible mais significative 
(cf figure 3 dans Brown, 1994). 

La presente Note s'interesse a la possible determination des longueurs caracteristiques a partir de 
la courbe de dispersion en utilisant les predictions du modele d' Allard-Champoux (Allard, 1993). La 
longueur caracteristique visqueuse A fut introduite par Johnson (1987). Elle est definie comme 1e 
rapport des carres de la vitesse dans le pore et a sa surface. Par extension, Allard introduisit le concept 
de longueur caracteristique thermique A' (Allard, 1993). Il est remarquable de noter que A' = 2 
VJS, ou VetS respectivement represente 1e volume et la surface d'un pore donne. Du fait de cette 
relation A' peut etre determine a I' aide de la methode de Brunauer, Emmet et Teller, ou methode BET 
(Brunauer, 1938), et ceci fut effectivement mis en reuvre pour des materiaux acoustiques (Lemarinier, 
1995). 11 faut de plus noter que dernierement des mesures de A' ont ete effectuees par diffusion 
magnetique (Hurlimann, 1994). 

La vitesse du son est fournie par : c ( w) = PJP, ou 1e coefficient de compressibilite K et la 
masse volumique de l'air sont exprimees gr§.ce aux equations (l) a (4) tirees de l'ouvrage de Allard. 
Dans ces expressions 'Y represente la constante adiabatique, Po la pression atmospherique, B 2 le 
nombre de Prandtl, ¢ la porosite, c:t00 1a tortuosite, w = 2 1r f la pulsation, a la resistance au passage 
de l'air, Po la masse volumique de l'air au repos, '7 la viscosite de l'air, et c' un facteur de forme 
egal a I pour des pores cylindriques de section simple. La limite asymptotique haute frequence (la 
frequence limite est visualisee a I' aide d'une simulation numerique sur Ia figure 1) permet d'exprimer 
a l'aide des developpements fournis dans !'equation (5) la vitesse de propagation de !'equation (6), 
dans laquelle on retrouve l'epaisseur de peau visqueuse 8 = J2 11/ p0 w, et la vitesse du son dans 

l'air Co = V'Y Po/ Po· . 
L' in dice de refraction acoustique n = eo/ c ( w) est proportionnel a 1/ ,fW, si bien que Ia courbe 

n~ = n~ (1/ ,JW) est une droite dans la limite haute frequence tout du moins. A l'aide d'une simple 
. --

regression lineaire on obtient done a la fois une estimation de la tortuosite par 1' ordonnee a I' origine 
(pour w -+ oo, soit 1/ ,fW -+ Cl), et de A' qui peut etre evaluee a partir de la pente, comme cela 
est visible sur l'equation (7). Les parametres 'Y et B 2 de l'air etant connus par ailleurs ('Y = 1,400 et 
B 2 = 0,706), Ia determination de A est possible a partir de Ia connaissance de celle de A' obtenue 
par Ia methode BET. 

Des resultats experimentaux significatifs sont rassembles sur les figures 2 et 3. La procedure 
pour obtenir la courbe de dispersion experimentale a partir d'une instrumentation ultrasonore, basse 



frequence et large bande, est decrite dans Brown (1994 ). Le resultat de la regression 1ine,aire sur 
la courbe n; = ·n; (1/ y'w), predit par I' equation (7), est illustre sur Ia figure 2 pour une mousse 
plastique Recticel. Le comportement lineaire est verifie sur cet exemple dans Ia gamme 40-160 kHz. 
Dans d'autres cas, it peut exister a hautes frequences des ecarts qui sont certainement dus a des 
phenomenes de diffusion (la longueur d'onde n'etant plus grande devant 1a dimension moyenne des 
pores). Des erreurs systematiques de ce type sont visualisees sur Ia figure 3 presentant des mesures 
du coefficient de transmission a des frequences discretes en regime entretenu (le rapport des spectres 
d'amplitudes des deux signaux impulsionnels) sur le meme materiau Recticel. Lorsque la valeur 
A = 2,1.10--4 m est uti Iisee dans Ia prediction theorique, la courbe d'attenuation passe au-dessus 
des points experimentaux. II faut prendre une valeur plus faible, A = l ,8.1 0-4 m, pour a voir une 
comparaison theorie/experience qui soit satisfaisante. 

La methode presentee dans cette Note permet d'evaluer correctement Ia longueur caracterisitique 
visqueuse A lorsque A' est connue a priori. Il s'agit d'une approche nouvelle par rapport a celle 
utilisant le deuxieme son, decrite pour les roches sableuses saturees d'eau (Johnson, 1994). Des 
progres restent a accomplir au niveau du traitement du signal, car Ia procedure du spectre de phase 
est tres sensible au fenetrage et a la presence de bruit. Dernierement, cette methode a ete appliquee 
avec deux gaz differents saturant les materiaux poreux, ce qui permet d'obtenir simultanement A 
et A' (Leclaire, 1996). 

1. Introduction 

The metrology of the physical parameters of the so-called "acoustical materials" (e.g., various air­
saturated structures such as plastic foams, synthetic felts, fibrous mats, and the like, which are used to 
reduce noise) is actively pursued in Le Mans (France). Low frequency ultrasonic methods have recently 
been introduced to study these materials and they have demonstrated many significant advances in 
the field. For instance, a method to measure the tortuosity from simple wavespeed measurements 
was proposed, and then applied to characterize the anisotropy of plastic foams (Melon, 1995). An 
experimental study of the dispersion of ultrasonic waves in air-saturated materials has recently been 
described (Brown, 1994). It is based on the phase spectrum method originally introduced in the 1970s 
(Sachse, 1978). Such dispersion in air-saturated materials is generally small, but significant, in the 
20-200 kHz frequency domain (e.g. see figure 3 in Brown, 1994). 

This Note describes some original results for the determination of the viscous characteristic length 
from an analysis of the dispersion curve in the range of the high frequency asymptotic limit using the 
theory of the Allard-Champoux model (Allard, 1993). The shape of the dispersion curve enables the 
prediction of the tortuosity and the viscous characteristic length. The viscous characteristic length A is 
defined as the ratio of the square of the velocity field in the bulk of a given pore to the velocity field 
at its surface for an inviscid fluid under steady flow. The viscous skin depth 8, which is a function of 
the inverse square root of the frequency, becomes very thin at high frequencies. Similarly, the concept 
of the thermal characteristic length A' was proposed by Allard (1993). This par.a.meter is given by 
the relation A' = 2 VjS, where V is the volume of a pore and S is the contact area between the 
frame and the saturating fluid. The ratio V j S can be measured using a non-acoustical technique, the 
Brunauer, Emmet, Tellet (BET) method, which is commonly used in physical chemistry (Brunauer, 
1938). It has been used recently for measuring A' in air-saturated acoustical materials (Lemarinier, 
1995). Additionally, magnetic diffusion has been proposed to determine A' on sedimentary rocks, but 
the results so far are quite inaccurate when compared to BET measurements (Hurlimann, 1994). 



2. High-frequency asymptotic expressions 

The speed of sound in the air saturating the porous medium is given by the usual relationship: 
c(w) = .jK/P. The general expressions of the frequency dependent complex density of the fluid p 
and the bulk modulus K are provided in Allard (1993), p. 92: 

(I) 

(2) p=aocPo[l+. a¢> GJ(w)], 
J wpo aoc 

where 

(3) 

and 

(4) 

In these expressions 'Y represents the specific heat ratio, Po the atmospheric pressure, B 2 the Prandtl 
number, ¢ the porosity, a 00 the tortuosity, w = 2 1r f the angular frequency, a the air flow resistivity, 
p0 the air density at rest, TJ the air viscosity and A and A' the viscous and thermal characteristic 
lengths. The parameter c' is a form factor which for cylindrical pores having a circular cross-section 
is equal to one and which is close to one for other simple cross-sectional shapes. 

At high frequencies, where the viscous skin depth is smaller than the pore size, i.e., above a few 
I 0 kHz, one can make a simple asymptotic development of the G J ( w) and G~ ( B 2 w) functions: 

(5) 

The actual value of the frequency limit (in the range of 10 kHz) can be unambiguously obtained by 
the use of a numerical simulation with and without the implementation of the approximation. Figure l 
presents some results of such a simulation for a Recticel plastic foam. Using equations (5), the speed 
of sound in the air saturating the porous medium, c(w), is then given, after some simple algebraic 
calculations, by the following equation: 

(6) ( w) = ~ [1 - 8 ( 1 -j) { 'Y - 1 + .!. } ] 
c ~ "2 BA' A 

with 8 = J2 TJ/ p0 w, the viscous skin depth, and Co = V'Y Po/ p0 , the speed of sound in air. The 
next step is to introduce the acoustical index of refraction n and the tortuosity a 00 as given by: 
n = eo/c(w); aoo = lim (co/c(w))2

• 
w-oo 



Fig. I. - Wavespeed in the fluid saturating the porous 
material at norn1al incidence. --. no approximation; - - -. 
approximation from equation (6). The parameters used for 
the calculation are: n= = 1.2, ¢ =0.98, u =4,000 N m~ s. 
c\ = 1.2 x 104 m. A' = 5.0 x I o--1 m. These values are 
common for reticulated foams. 

Fig. /.- Vitesse de pmpagatio11 da11s le jfuide du materiau poreux 
<I incidence 11ormale. -- : pas d'approximation, - - - : 
appmximarion de J'equarion (6). Les parametres utilises pour 
Jes calculs son/: "=-= = 1.~: </1 = 0.98: a = 4 ()()() N m4 s . 
. \ = 1.~· 104 m. N = 5.0·104 

111. Ces 1•aleurs .wmt tmtt <I fair 
caracr,:ristique.,· fWUr d<'S mousses rericu/ees. 
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The squared propagation index, n,. = Re (n), is then expressed by: 

(7) 

From the above equation it is evident that tne curve n~ = n~ (1/ ,jW) is, theoretically, a straight 
line in the high frequency limit. A simple linear regression thus provides both the tortuosity, which 
is the coordinate at the origin (for w ~ +oo, i.e., 1/ ,fW ~ 0), and A' which can be evaluated 
from the slope. The parameters 'f}, p, 1; and B 2 for air are given in any physics and chemistry 
handbook ('fJ = 1.84 x 10-5 kg/(m s), p = 1.205 kg/m3, 1 = 1.400 and B 2 = 0.706). Thus, by using 
the value of A' determined by the BET techniq)Je, the linear regression provides a potential method to 
obtain the viscous characteristic length, A. This approach constitutes a convenient alternative method 
to the one proposed by Johnson ( 1994 a, b) based on second sound which has been used for the 
characterization of sandstone specimens. 

3. Experimental results 

The procedure to obtain the experimental dispersion curve at low .ultrasonic frequencies has been 
described by Brown (1994 ). In order to gain access to a sufficient spectral domain, broad-band 
piezoelectric transducers were used. The measurements are significant only over the spectrum of the 
transmitted pulse, generally extending from 20 to 250 kHz at- 6 dB (as seen, for instance, in figure 2 
of the same reference). This spectrum is the convolution of the bandwidth of the transducers by the 
transfer function of the porous material which acts as a low-pass filter. 

The linear regression on the curve n~ = n~ (1/ ,jW), made clear from the use of equation (7), is 
outlined as an example in figure 2. The results are quite acceptable. However, for some other materials, 
at high frequencies the experimental curve deviates from a straight line, because the propagation of 
the ultrasonic waves is no longer in the homogenized regime (where the wavelength is greater than 
the average pore size), but instead is governed by diffusion mechanisms. On the other hand, at low 
frequencies (!>elow 20 kHz) there also exists a discrepancy with the linear behaviour. This domain 
has not been represented on the curve because it extends outside the bandwidth of the transducers 
where the experimental results do not provide sufficient accuracy. This part of the dispersion curve, 
however, should be interesting because it is there that the dispersion is most pronounced. In terms of 
the model, one should not use the high frequency asymptotic developements, but instead start with 
the initial set of equations (1) to (4). 
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Fig. 2. - A characteristic example for the linear fit n;. = n; (1/ ,jW) :::: a00 for a Recticel plastic foam. The thennal 
characteristic length A' detem1ined by the BET method is A' = 6.1 x J<J' m. The recovered parameters from the regression 
are: ltx =1 .046. A =2.1x104 m. 

Fig. 2. - Un exemple caractiristiqu~: pour Ia regression liniaire n?. = n?: ( 1/ ,jW) :::: a 00 pour wre mousse Recticel. La dimension 
caracuiristique tlremrique .\' ditermimie par Ia methode BET est A' =6,1·104 m. Les parametres obtenus a partir de Ia 
regression sont : a:x: = 1,().;16, A =2.1· 10-4 m. 

Fig. 3. - Measurements of the transmission coefficient for a Rectice1 plastic foam at discrete frequencies and comparison with 
theory for two values of A. --. exact theory, for which A = 2.1 x I O-' m; - - -. fitted theory, for which A = 1.8 x 104 m. 

Fig. 3. - Mesures du coefficiem de transmission pour une mousse Recticel a des friquences discretes et comparaison a~·ec Ia 
tlrt!orie pour deux mleurs de A. -- : thiorie exact e. pour laquelle A' = 2,1·1 0-4 m, - - - : thiorie avec ajustement, 
pour laquelle A' = 1.8·104 m. 

Some systematic errors may occur in the measurements of transmission. An example is given in 
figure 3, showing the coefficient of transmission versus frequency. The experimental results were 
obtained from the ratio of the magnitudes of fast Fourier transforms of transmitted pulses with and 
without the material present. The comparison with theory was done with a model making use of 
some asymptotic approximations which are valid in the 20-100 kHz bandwidth of figure 3. When the 
expected value of the characteristic length, i.e. A = 2.1 x l 0-4 m is used, the predicted transmission 
curve versus frequency is slightly above the experimental data. It is only when A is modified 
to a smaller value, i.e. A = 1.8 x 10-4 m, that the agreement between theory and experiment is 
satisfactory. Consequently, the experimental transmission is too weak, because some losses are not 
taken into account. The difference between the two values of A is, however, small (in the range 
of 15%). These measurements show that the order of the expected value of A = (2 x 1Q-4 m) is 
obtained as confirmed from the results of figure 2. The ultrasonic transmission is too weak due to 
some diffusion processes existing above 20 kHz, and to some geometrical losses along the acoustical 
propagation paths. It should be noted that the value of the form factor c' was taken to be equal to 
one, which is the value for cylindrical pores with a circular cross-section. This value gives reasonable 
results for the foam tested here, but may vary for other types of foams. 

4. Conclusions 

In this Note, original results concerning the evaluation of the viscous characteristic length A for air­
saturated materials have been demonstrated. It has been shown that a simple linear regression program 



enables A to b(! obtained from the dispersion curve using a standard phase spectrum algorithm. 
Some difficulties were encountered with the experiments, mainly because the dispersion curve is quite 
sensitive to noise and the signal processing procedures. The reproducibility of the method and the 
signal processing schemes need to be improved to make the technique more robust. Although the 
proposed method relies on the fact that a priori knowledge of the thermal characteristic length A' is 
needed to obtain A. this work constitutes some preliminary steps towards the ultrasonic determination 
of these quantities. Recently the same method using two different gases saturating the porous media 
has been proposed to simultaneously measure the two characteristic lengths (Leclaire, 1995) . 
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