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NORMALIZATION IN BANACH SCALE LIE ALGEBRAS VIA MOULD
CALCULUS AND APPLICATIONS

THIERRY PAUL AND DAVID SAUZIN

ABSTRACT. We study a perturbative scheme for normalization problems involving resonances of
the unperturbed situation, and therefore the necessity of a non-trivial normal form, in the general
framework of Banach scale Lie algebras (this notion is defined in the article). This situation
covers the case of classical and quantum normal forms in a unified way which allows a direct
comparison. In particular we prove a precise estimate for the difference between quantum and
classical normal forms, proven to be of order of the square of the Planck constant. Our method
uses mould calculus (recalled in the article) and properties of the solution of a universal mould

equation studied in a preceding paper.

1. Introduction

Perturbation theory is a fascinating subject which appears to have been fundamental for the
birth of dynamical systems through Poincaré and quantum mechanics in the Go6ttingen school.
It is also of fundamental importance for the large computation in physics and chemistry, leading
to a panel of different algorithms for computing perturbation series. Each such a method (e.g.
generating functions for dynamical systems, functional analysis (expansion of the Neumann series)
in quantum mechanics) is very well adapted to emblematic situations (small divisors and KAM
theory in classical dynamics, Kato method and existence of dynamics in quantum mechanics),

but each methodology seems to be strictly tied to the different underlying paradigms.

In the present article we will present in a unified way new results concerning the use of mould
theory for (classical) Birkhoff normal forms (namely in presence of Hamiltonian resonances) and
for quantum perturbation theory, this last topics having never met, to our knowledge, mould

calculus.

As a by-product we also obtain a precise estimate of the difference between quantum normal

forms and the classical ones corresponding to the underlying classical situation, Theorem D. Note
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that this estimate is of order of the square of the Planck constant and involves only the size of

the perturbation.
Mould calculus was introduced and developed by Jean Ecalle ([E81], [E93]) in the 80-90’s in

order to give powerful tools for handling problems in local dynamics, typically the normalization

of vector fields or diffeomorphisms at a fixed point.

Beside the two topics already mentioned (classical and quantum normal forms), the large
difference of paradigm between them has led us to formulate mould calculus in a kind of abstract
operational setting able to include both classical and quantum dynamics, and probably many

other situations.

This formulation leads to mould resolutions of general perturbation problems, that is problems

where a perturbation is added to a bare problem already explicitly solved.

To put it in a nutshell, one of the key ideas of mould calculus can be phrased by saying
that mould expansions are done on non-universal — namely related to the perturbation involved
in the problem to be solved — objects (comould), with universal — namely dependent only on
the unperturbed, solved problem — coefficients (mould). This is quite unfamiliar for people using
standard perturbative tools (e.g. Taylor expansions) where universality is more placed on “active”
objects. This might explain the poor penetration of the beautiful theory of moulds in other fields

than local dynamics.

Thus, in the present article, we want to consider a general formalism that would include the

following cases:

e the construction of the Birkhoff form for perturbations of integrable Hamiltonian systems
h(I,¢) = ho(I) + V(I,9),I € RY pe T

e the unitary conjugation to a quantum Birkhoff form B = B(Hy, ..., Hy) for perturbations
of quantum “bare” operators H = Hy+---+Hyg, [Hy, H)] = 0 (e.g. Hy, = —%h%ik—i—%wﬁx%
on L*(R,dxy) or Hy = —iliwydy, on L*(T,dzy)).

Let us notice that the following two situations have also been already considered via mould theory

in our companion article [P16]:

e the formal linearization, or at least the formal normalization, of a vector field X =

N
w;izi0», + B (where B represents higher order terms) in C[[z1,..., 2x]],
i—1

i=
d
e the formal symplectic conjugation to a normal form of Hamiltonians h(z,2z) = > %wi(xz +
i=1

y?) + V(x,y) near the origin.



Though these four situations are quite different and belong to different paradigms, we would

like to emphasize that mould theory can provide a general formulation handling all of them.

Let us present this general framework. It consists of

e a Lie algebra £, which is a Banach scale Lie algebra as defined in Section 2, or a filtered
Lie algebra (the latter case has been treated in [P16]),

e assumptions on £ insuring the existence of an exponential map defined on L,

e an element B of L,

e clements Y, Z of £ to be determined so that
[Xo,Z] =0 and € (Xy + B) = Xo + Z, (1.1)
for an “unperturbed” Xy e L.

Let us present now briefly mould calculus.

Mould theory relies drastically on the notion of homogeneity, more precisely on the decompo-
sition of the perturbation into homogeneous pieces. In the general setting we suppose that the

starting point is an element X of a Lie algebra of the form
X=Xy+ B

where B is a “perturbation” of X, for which everything is supposed fully known.
The problem to solve consists in finding a Lie algebra automorphism © such that, at any
approximation of size any power of || B|| for a certain norm |||,

@XI@(XQ-I-B) =Xo+ 2 (1.2)

where Z is a normal form, namely a 0—homogeneous element is a sense we will explain now.

We define an alphabet A < C of letters A through the decomposition
B:ZBA
AeA
where B, satisfies
[Xo, Ba] = AB\. (1.3)
An operator satisfying (1.3) is called A—homogeneous and 0—homogeneous operators are called

resonant.



To the alphabet A we can associate the set of words
A:{AZ)\l)\Q)\r“"EN, )\ZEA} (14)

If A = A1... )\, then we use the notation () := r, with the convention r = 0 for the empty word

A=0.
We can now define the Lie comould as the mapping

B[.]: AEA’—’B[A] = [BAT,[B)\ ..[BAQ,B)Q]...]]E,C (1.5)

r—197°
with the convention Bz = 0 and we call mould any mapping
M*: NeAe—s M2 = MM A eC (1.6)

(in this article we use only complex-valued moulds, but [P16] considers more generally k-valued
moulds, where k is the field of scalars of £, an arbitrary field of characteristic zero). To a
mould M*®, we associate an element of £ defined by

1
M*Bpayi= ),
)

M2By,. (1.7)

Returning ot our problem of solving equation (1.2), the key idea will be to process a “mould
ansatz”, that is looking to a solution of (1.2) of the form
Z=F"Bl.), ©=) S*adp, ---adp, (1.8)
AeA

with two moulds F'* and S°® to be determined.

It turns out that (1.2) is satisfied through (1.8) as soon as S® and F* are solution of the
universal mould equation

VS® =1°*xS5*—S*xF*, (1.9)

universal because in (1.9) the perturbation B does not show up.

In (1.9) one has

VM®: A — S(A)MA where ©()) := 31 \;
i=1
M® x N*: A >} MeN? (1.10)
A=ab

TMAr = §,,. therefore I® x M®: X\ — M2, with ‘A ...\ := Aa... Ay

Constructing solutions of (1.9) process in a way familiar to any perturbative setting: first we
note that, precisely because B is perturbation of Xy, ® must be close to the identity and Z to
zero. This entails that S% = 1 and F? = 0 from which it follows that S* x F* = ['* + S* x' F*
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where M® x’ N®: \ — MAeN?. Moreover willing Z to be 0-homogeneous is fulfilled
A=ab

r(a)r(b)<r(d)
by imposing F'® to be resonant, i.e. that VF* = 0. Putting all these properties together leads to
the fact that F'®* and the non-resonant part of S® can be determined by induction on the length
of letters. What is not determined because it disappears from the equation is the resonant part

of S°, since it is “killed” by V.

We showed in [P16] that this ambiguity is removed — leading to uniqueness of the solution — by
fixing a gauge generator, namely an arbitrary mould A°, resonant and alternal. More precisely,
for any gauge A°®, (1.9) has a unique solution (S*, F'*). Moreover it happens that S* = ¢ (where

xk

e has to be understood as the exponential in the algebra of moulds, that is " = 3] % where

k=0
x is defined in (1.10)) and G* and F* are alternal, a notion we define now.

The notion of alternality has to do with the shuffling two words a and b, which is the set of
words A obtained by interdigitating the letters of a and those of b while preserving their internal
order in @ or b. The number of different ways a word A can be obtained out of a and b is denoted
by Sh(gj\é). Saying that F'® is alternal is nothing but saying that for all non-empty words a, b,

> sh( f)FA =0.
AEA -

IS}

To be more precise, in [P16] was proven the following “existence-uniqueness” result for the

mould equation. Let us define an operator Vi: M® +— V{1 M*® by the formula
ViM®: Ae A —r(Q)MA (1.11)

for an arbitrary mould M* (recall that r()\) denotes the length of )), and denote by Mg the
resonant part of the mould, defined by 1\40A = Liz=0 M2 for all A € A (where ¥(}\) is by
defined in (1.10)).

Proposition 1.1. Let k be a field of characteristic zero and A a subset of k. For any resonant

alternal mould A®, there exists a unique pair (F'*,G*) of alternal moulds such that

VFE® =0, V(eG.) =1° xe¥ — % x F*, (1.12)
[e—G' x vleG']o — A, (1.13)

The proof of Proposition 1.1 is constructive in the sense that we obtain the following simple

algorithm to compute the values of F* and S® := %" on any word A by induction on its length

r()): introducing an auxiliary alternal mould N°®, one must take S? = 1, F? = N? = 0 and, for



r(A) =1,
1 13
SA) £0 =  FA=0, S'= —(SA - *SQFQ>, N =082 — Y sent,
E(A) A=ab A=ab
(1.14)
A oA *aa b Q) L 7 * qa Arb A A
SA) =0 = FA=gA_ YVgepb gr_ <Af+ 3 stf), NA= A2 (1.15)
r(d)
A=ab A=ab
where we have used the notation ‘A := Ag--- A\, for A = A A9 - -+ A\ and the symbol Z* indicates

summation over non-trivial decompositions (i.e. a,b # @ in the above sums); the mould F** thus

inductively defined is alternal and

N Q) (—1)k71 ® 1 k
G? =0, G*:ZT .8 for\# o (1.16)
k=1 A=al--ak

then defines the alternal mould G* which solves (1.12)—(1.13).

Finally we proved in [P16], Propositions 3.8 and 3.9, the following result, crucial for the link

between the mould equation and the original problem (1.2).

Proposition 1.2. If M* and N°® are two alternal moulds, then
[M®,N*]|B[.) = [N*Bj.], M* B ],
where [M*,N°®] := M* x N* — N* x M*, and
eadMOB[.](NoB[.]) _ <67M. « N® x eM.) B[.]

Moreover,
[Xo, M*Blaj] = (VM*)Blp,  "7701Xg = X — (74 x V(M) By,
This result shows that (1.2) is solved by Z = F*B[,} and © = Y with Y = G*®B[.], where F'*
and G* solve (1.12) (see [P16] for the details).

The goal of the present article is twofold: first we want to show how we can solve perturbatively
the normal form problem (1.1) in the general setting of an Xy-extended Banach scale Lie algebra —
Theorem A — and second we want to show applications to the aforementioned dynamical problems
— Theorems B and C. As a by-product we give also a quantitative estimate concerning the
difference between classical and quantum normal forms — Theorem D.

The different situations in dynamics which can be realized as an Xy-extended Banach scale Lie
algebra are displayed in the next table.



Banach scale Banach spaces Element to be Normalizing
Lie algebra (included in) normalized trans formation
Ham
C((T™ x RL)) = Hamiltonian AN H=Hod
bounded functions H=Hy+V P = formal
near-integrable
analytic in the strip Ho =Y wil; symplectomorphism,
Hamiltonians
Sz < p V=3V, flow of the v.f.
[-,-] = Poisson bracket A=ik -w, keZ" ad;Iam ={x,}
{pseudodifferential Hamiltonian
Q
quantum operators H=Hy+V SN H=UHU!
perturbation of Weyl symbols Ho = Y En|pn){¢n] U = eiX
theory in CF[rn XRZ} V=>Vy, unitary operator
[.7.]Q=%ﬁltator \ = Epy — En
{pseudodifferential Hamiltonian
Q
quantum operators H=Hy+V N H =UHU!
perturbation of Weyl symbols Hy = U = eix
. 2
theory in C’Z’|Tn XRi} Zi](_h a?ci + ‘%2%2)7 unitary operator
hh—0 [,]q = 7(:01111?#““7 V=3V, = quantization of ®
h—0 A=k w, keZ"

The paper is organized as follows. The first part is devoted to the result valid in any Xy-extended
Banach scale Lie algebra whose definition is given in Section 2 and in Section 3 we state the general result
of the article, proven in Section 4. The second part is devoted to applying the main result to classical
dynamical situations, Section 5, the quantum ones, Section 6, and semiclassical approximation, Section 7.
Appendix A gives the minimal setting in semiclassical analysis necessary to the present paper. The three

other appendices provide and prove technical lemmas used in different parts of the article.

Let us finally mention that the present article is self-contained (it uses only Theorem B of [P16], rephrased

in Proposition 1.1 of the present article) and all the constants are explicit.

NORMALIZATION IN X(-EXTENDED BANACH SCALE LIE ALGEBRAS

2. Xp-extended Banach scale Lie algebras

Let (E, [ ]) be a Lie algebra over k = R or C. We say that we have an “Xj-extended Banach scale
Lie algebra ” if:



(1) £ contains a family (B,, || - Hp)peRj‘ of Banach spaces over k such that
0<p <p = B, < By, with ||X|, <|X]||, for all X € B,,

(2) there exists a constant v > 0 such that
g
eX(p—p)p" —p')

(3) L contains an element X, (which does not necessary belong to any of the B,’s) and there exists a

O<p <p'<p XeB, YeBy = [[XY]|y< XN oY1

function x : R¥ — R* such that
1
x(p—p')
Let us denote the adjoint representation of £ by ad, i.e. for each Y € L, ady is the Lie algebra derivation
defined by ady X = [V, X] for all X € £. One can check (see Corollary B.2) that, for an Xy-extended

Banach scale Lie algebra as above, if Y € B, satisfies ||V, < p?/7, then ! := > L(ady)" is a
k=0

0<p <p = ([ X0, Y] < [|Y]|, for all Y € B,.

well-defined linear map

e*: B, — B, for each p’ such that 0 < o' < p—+/[[Y],
and
eady [Xl,XQ] = [eadYXl, eadYXg] for all Xl,XQ € Bp.

Moreover, e*dY X := 37 %(ady)kXo too is well-defined and e X, — X, € B,/ for each p’ as above.
k=0

3. The general result

Notation 3.1. Let A be a nonempty subset of k. For a word A = A;--- A, € A of length » > 1 and a

subset o of {1,...,7}, we set

Ay =D A (3.1)

leo
For 7 € R*, we define a function 8,: A — R, by the formula
1
BN = ), o (3.2)

2\ |/
O
such that Ag;éO

Theorem A. Let L be an Xo-extended Banach scale Lie algebra and let p > 0 and B € B,. Suppose that
there exist a subset A of k and a decomposition
B =) B\  with By € B, such that (3.3)
AeA
(i) [Xo, Bx] = A\Bax

(i) for all r € N*| there exist n, > 0 and 7, = 1, such that

ST 1Ball- 1B e = €, < o, (3.4)
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Then, for all N € N*and 0 < p/ < p, there exists ¥ = e*(N,p') and D = D(N,p’), expressed by (4.17)-
(4.18) below, such that, if F A GMo-Ar Xy N\ € A, are the coefficients satisfying (1.12)-(1.13)
with A* = 0 and given recursively by (1.14)—(1.16),

(a) the two following expansions converge in By,

1
> =P [By L[ [Ba, Byl o= Zn € By,

N

2 ;

r=1 A1,..,Ar€A
N

(b) forel+ -+ en <€*,

vy (Xo + B) — X0+ Zn + En,
[Xo,ZNn] =0, (3.5)
IEN]ly < D((e1 4 -+ en)V T+ ens1 + ... en2)

(see (4.16) for a more precise result).

Remark 3.2. If in Theorem A we take B = B(e) depending on a perturbation parameter e so that

I Br(e)||, < Cile| for each A € A, with non-negative constants C, then condition (3.4) factorises and

e- = O(€"). In this case, the final estimates reduces to [|En||, = O(eV*+1).
Moreover €; + --- + ex and ey41 + --- + eny2 can be replaced obviously by w sup €, and
r=1...N
N(N3-1)

sup €, respectively in (3.4).
r=N+1...N2

Remark 3.3. Below, in Sections 5 and 6, we will take A of the form A = {ik-w | k € Z?} for a

given w € R?. We shall see that, if there exist & > 0 and 7 > 1 such that the Diophantine condition

2

VkeZl k-w=0or |k -w =alkl™" (3.6)

holds, then one can find Xy-extended Banach scale Lie algebras such that any B € B, has a decomposition
satisfying (3.4) provided 7, = 7 and 7, < ”2‘%/? Moreover, €, = O(| B||;) and [|Ex|l, = O(| B[ ") in

(3.5) in this case.

Remark 3.4. There are alphabets for which there exists C' > 0 such that, for each A € A and ¢ <
{1,...,7(A)}, either A, = 0 or |[A,] = C. Then, condition (3.4) reduces to ||Bx||, < oo and entails
e = O(||B|,) and [[En|l,» = O(|[B][},). This is the case for example in Remark 3.3 in dimension one, or

when w is totally resonant.

4. Proof of Theorem A

4.1. More about the mould equation. We start by proving the following results concerning the solution

of the mould equation (1.9) as expressed in Proposition 1.1.
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Lemma 4.1. Let us fix A* = 0 in Theorem 1.1. Then, for the solution of the mould equation, F
(resp. GM ) is a linear combination of inverses of homogeneous monomials of order v — 1 (resp. r) in
the variables {\, | o < {1,...,r}}, with the notation (3.1): A, = > As.

leo
More precisely,
Cr A
A=A\ = A=) L*(—) (4.1)
{oj}li=1..r1 Aav
ojc{l,...,r} j=1 J
Dy, 0, (Y)

{ojti=1..r I Agj

ojc{l,..,r}  j=1

where C7 : A — Q and D},

— A — Q are bounded functions such that

1yeeesOp "

Co,....orr (2) = 0 when H 0, Dy, .. ,(A) =0 when H)\

r

Note that the sum in (4.1) (resp. (4.2)) contains (f_l) (resp. (2:)) terms.

Proof. The fact of having evaluations of F'*, G* in the form of sums of bounded functions divided by
monomials in the variables mentioned in the statement of Lemma 4.1 is a property obviously stable by
mould multiplication. Therefore it is enough to prove it for S°® in order to get it satisfied for G*. It is
easily shown to be true by induction using (1.14) and (1.15) and the fact, easy to prove, that (once again
we take A® =0)

1
F'=1, S°=N°=0and F* =0, SX=NX=X, for X # 0.

The homogeneity property follows also easily from the induction generated by (1.14) and (1.15). !

Finally the fact that the functions C7, . and D7,
(1.14)-(1.15) by induction on the length of the words and the fact that the possibly unbounded constant

(at fixed length r of the word) appearing in (1.14)-(1.15) is £(A) := Z Ai and it appears only in (1.14)

are bounded comes from the way of solving

with homogeneity —1. 0

We get also the homogeneity by a simple physical dimension reasoning: since the letters are defined by

{Xo,Bx} = ABx and the Poisson bracket by {A, B} = %%—? — %%—f, we have that A must have the dimen-

sion of “=%9% (the dimension of action is the one of p x ¢). An evaluation of the comould on a word of length

r, {Bx.{Bx,_,{...,Bx}}...} has the dimension %4 Finally the dimension of the normal form is the

one of an energy. Since all the constants in the mould equation (with zero gauge) are universal and therefore

have no dimension, we conclude that the dimension of the evaluation of the mould F* on a word of length r is

P - | . r—1 1 .
energy x 4ction __ (ac“"”) = (dimension of \)~ =1 In the same way one sees that since one takes the
energy energy

exponential of ady, , ady, must have no dimension and therefore Yy must have the dimension of an action and

get the desired homogeneity.
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3oy Opr—1 O1,..,0p
Fo= s (G M Ge= s (D5 )] (43)
A=A AneA A=A AEA
O1yenny or—1c{1,...,1} T1yenny orc{l,...,r}
Corollary 4.2. Making use of the notation (3.2), we have
(r—=1)7r T
|FA1 ..... Ar| <F, ( Tr ) enrﬁn(a)’ |G>‘1 ,,,,, /\r| <G, (i) e B ()
Enr enr

Proof. We first remark that F'* and G* are well defined for each words, so the denominators in each rational

functions component don’t contain any term of the form n - w = 0. We finish using first the inequality

r < (l) e for all T,nm,z >0 (4.4)

€n
with z = |Aa|*1/“, 7 = 7, and 1 = n,, and second the fact that we have |C.(A,,,...,A,, | < F, and
|Dr(Ag,s- 5 Aq, | <G, forall oq,...00 < {1,...,7}. O

Using (B.2) of Lemma B.1 in Appendix B, we immediately get the following result.

Corollary 4.3. Under the hypothesis (3.4) of Theorem A we have that

Lo, (r—1)! N oD
I3 SF B L (B Bl < =) B o
Aseaveh r ( )

| G B L B Bl < S ”))G(>

T T
ALy AnEA

4.2. More estimates. The following Lemma is a direct consequence of Corollary 4.3 and the definition

of Yy in Theorem A.

Lemma 4.4.

=DV oy N (T
Ynlly < D . % G, & = Enpp, (4.5)

] (p—0p

where Gy is defined in (4.3).



. . . . d
Performing a truncation of e*¥~ as in Corollary B.2, we get, defining e?vy

||eadYN (XO + B) — e?\?YN (XO + B) HP'
N+1

(e Il

(1 - 2 lvnl,)

(e Ve )
— )2 — )2 NP_P')
— <M+||B|p> (p=¢") 5

x(555) (1- G225 1Y s )

< (-

+ || B //)
xX(p" = p) 15

by taking p” = pgp/ < p and using ||-|[,» < ||-]|,-

Lemma 4.5. Let

Then Ex = e*n (Xo + B) — e?vdyN (Xo + B) satisfies

IEx Tl < Oy (B )N

/
p=p
N, 25

sg _ (p - p,)Q 47 N
Oner =2 <4X(PTP') " |B”p> ((p p’)2)

with

4.3. End of the proof. Let us go back now to the mould equation:

VF*=0, V() —I"xe +e% x F* =0.

12

NzgﬂmﬂmﬂmﬂL
d=0 ST

(4.6)

(4.7)

Let us call Fy and Gy the moulds of Zy and Yy, that is FJ%, = FAif r(\) < N and F%V = 0 otherwise.

Let us define (e“")y as for Fy and G. Obviously (e“")x = (e“¥)y, and

(V(eG.))N - (V(GG;V))N’ (I. * eG.)N - (I. 8 eG;V)N’ (eG. 8 F.)

Moreover the mould equation reads
(V(eG.) —I* x % 465 x F') =0, VN
N

and therefore

(V(eG;V) —I* x % 4 N x FJQ,)N =0, YN

We get

= (G F')
(% x Fy)
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vy (XO + B) (4.9)
— V(X + B)+ £ (4.10)
N
=Xo+I°Bpe) + [GN, .- [GN. VGY + [GN. I*1]B[e) + Ex (4.11)
d=1 d—1 times
N

=Xy +I.B[.] +

N [Gh VG + [GR TN Brep+ &8 + €y (4.12)

d—1 times

N
= Xo + (—e_G;V x (VefN) 4 e7ON x I* x eG?V)NB[.] +EX+EN (4.13)
=Xo+ FYBo)+ X + &N (4.14)
=Xo+2Zn+EN

with [|EX | < CX 1 EN (oo a0d

N

9 N ! (r—1)
PRSI DY 2

r=N+1\ d=1 kitkot..ky=d Hk'
k1+2kate+ Nky=r

() o (G)
o

(o) @)
2 Gr - €r
r %]H (dZ]l ) (p—0')? enr
<2NY(En2,ppy — Enp-p) (4.15)

where Ey,, is defined by (4.6). Let us explain how we derive the chain of inequalities after (4.10):

(4.9)=(4.10); is Lemma 4.5.
(4.10)=(4.11); writing the first part of (4.10) in mould calculus by Proposition 1.2.

(4.11)=(4.12) with (4.15): since the support of G contains only words of length up to N, we
can expand the mould in (4.11) up to words of length N, which appears in (4.12), plus the rest.
The rest, whose support contains only words on length between N + 1 and N2, gives (4.15) by
combinatorial coefficients and Corollary 4.3.

(4.12)=(4.13); is obtained by decomposing

—e N x (VeON) 4 e N x I* x CN = J* +

GNa (RS [G;\L7VG;V + [G;\HI.]]]

d—1 times

(see also Propositions 3.8(ii) and 3.9(ii) of [P16])and noticing that, since G = 0, one has that
[GN, [GNs -, [GN, VGY + [G%. I°]]] contains only word on length greater than N.

M times, M>N
e (4.13)=(4.14); is obtained by (4.8).

e (4.14)=(4.15); by writing En := EX + E%.
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Therefore
1(p—p')?
s N+1 N
IEnlly < CRAEN (oo pryj + N7 (En2pmpr = Ent,ppr) for By ooy < 3 1y (4.16)
where C}, | and Ey (,_ ) are defined in (4.7) and (4.5). We now take
(p=p')? (p—p')?
e — = T — = v ~ (4.17)
32 - ( L ) ( T“) (N—1)! - 2N,
VT:SR}..D.N mo (=) i 275 (oo e nf .
and
N\ N+1
. (N —1)! v N\ 2Vn
P=Cva |1y (p—p')? e inf 1,
r=1...N
2 | NZ—1 N? N
V@ 1) gl 27 (4.18)
N2 (p—p')? e inf - p. | '
r=N+1...N2

Theorem A is proved.

APPLICATIONS TO DYNAMICS

Normal forms have a long history since the seminal work by Poincaré in perturbation theory [P1892].
See also [B28] for a more “dynamical systems” presentation. Their use in stability problems for dynamical
systems are presented in the textbooks [M56, A78, G83, L88]. More recent results and surveys are present
in the articles [P03, Z05, S09].

Bohr-Sommerfeld quantization of normal forms have been used before the birth of quantum mechanics
itself (namely the publication of [H25]): see [B25]. More recently quantum normal forms have been used
in spectral problems near minima of potentials ([S92], [B99] and [C08], for inverse problems in, e.g., [102]
and [G10] and perturbations of integrable systems in [G12, P14].

The link between quantum and classical normal forms has been established in [G87] and [D91].

The three Theorems B, C and D below give systematic precise estimates for the construction of normal
forms at any order as rephrasing of the general Theorem A. The estimate between quantum and classical

normal forms contained in Theorem D is to our knowledge new.

5. Quantitative classical formal normal forms

We denote the circle by
T :=R/27Z.
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Let d = 1 be integer. We are interested in two situations: the phase-space P is either
1,8 d
T*R? ~ R? x R? and then Xo(z,&) = 5 ( Z 5]2 + Z w?:c?),
j=1 j=1
or it is
T*T4~ T¢ x R? and Xo(z,£) = w - €.

In both cases, we suppose that w € R? has components w; > 0, and we will denote the variable in P
by (z,€). The symplectic 2-form being > d{; A dx;, the Hamiltonian vector field associated with X is

{Xo,} => (fj%j —wiT; (%) in the first case, and ij%j in the second.

We want to perturb Xy by a “small” perturbation B and want to show that it is possible, after a
symplectic change of coordinates, to put the new Hamiltonian Xo+ B into a normal form Xo+Z, {Xo, Z} =

0, modulo an arbitrarily small error.

The result will be expressed in Theorem B below, which will follow from Theorem A. We first have to

show how our situation enters in the framework of the first part of this article.

Let
P:=RIxRY if P=RIxR? P:=R¢xzd ifP=T*T

We define the (symplectic) Fourier transform G of a function G € LY(P,dzd€) by
~ 1 . ~
Glq,p) = —f G(x,&)e" P9 dxd¢  for (q,p) € P. (5.1)
2m)¢ Jp

Let du denote either the Lebesgue measure dgdp on R? x R? or the product of the Lebesgue measure dg

by the sum of Dirac masses on Z¢ = R? (counting measure).

If G e L'(P,dp), then

G(z,§) = # J-/@(q,p)ei(m_qg)du(q,p) for a.e. (z,8) € P. (5.2)

By a slight abuse of notation, from now on, we will denote du(g,p) by dgdp in both cases.

Let us write Xo = Xo,1 + -+ + Xo,q with, for each j =1,...,d,
Xo,j = %(532 + wfxf) on P = T*RY, Xo,j i=w;& on P = T*T,

Since the X ;’s Poisson-commute and since, for each j, all the solutions of the Hamiltonian vector field

{Xo,j,} are %—periodic, we get an action of T¢ on P by defining
J
(bt . tl td d
0 ‘= exp —X071+---+—X0,d,- fort=(t1,...,td)e']T.
w1 Wd

Given k € Z% and an integrable function G, we now define

Gy (,8) = ﬁ de G(@B(m,f))e_iktdt for (x,€&) € P.



16

Lemma 5.1. For any real-analytic G, one has Y, Gy = G (pointwise convergence on P) and, for each
kezd
keZ4,

{Xo, G(k)} =ik - wG(k). (5.3)

Proof. For each (z,£) € P, the function t € R? > G o ®f(x,€) is analytic and 27-periodic in each t;; for
each k € Z%, its kth Fourier coefficient is G (k)(,&). The first statement thus follows from the fact that

G o ®f(z,€) is the sum of its Fourier series.

For each j, {Xo;,G )} is the kth Fourier coefficient of the function {Xo ;, G o ®}}, and this function

coincides with wj(% (G o @6), hence {Xo j, Gy} = ikjw;G (), and the second statement follows. O

For p > 0 we will denote by J, the space of all integrable functions G whose associated family of

functions Gy have a Fourier transform whose modulus is integrable with respect to dgdp weighted by

ePUal+1PD) the family of integrals obtained that way being itself summable with the weight e?!*l.

Namely,? we set J, := { G € L}(P,dzd¢) | |G|, < o0}, with

al e G (g, p) P11 PIHIRD o,
p (k)
keZd P

Note that each function in J), is real analytic and has a bounded holomorphic extension to the complex
strip { (z,£) € C* x C | [Sma1],...,[Smzq|, |Sm&],...,|[Sm&| < p}. T, is obviously a Banach space
satisfying |G|, < |G|, whenever p' < p.

In the case P = R? x R? let us denote by ?071, e ,3(\07(1 the functions defined on P by yod(q,p) =

~t A~
Xo,j(p,q) (order of variables reversed) and let ®; be the corresponding torus action on P. It is easy to

check that, defining
(@,€) - (p,q) = pz — &, (5.4)
we have
Dh(2,€) - By(a,p) = (@:€) - (0,) (5.5)
Defining now

(ﬁ)(k) (q,p) = (2%)11 JW ﬁ(&;to(q,p))e*iktdt

we get by (5.5) and the conservation of the Liouville measure by symplectomorphisms that

Fiy = (F)w)- (5.6)
In the case P = T*T we get easily
Fii (4,9) = F(q,9)0%.p- (5.7)

ZNote that in the case of T*T?, G() is nothing but the Fourier coefficient of G(-, &) times e~**". Therefore in
this case C/ﬂk\)(q,p) = 6k’p§$(q7p) and so |G|, = S|a(q,p)|ep(|‘”+2‘p‘)dqdp4 We present nevertheless the two cases
(T*T* and T*R?) in a unified way.
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Let £ be the space of real analytic functions on P. The two lemmas of Appendix C show that (£, [-,-])
endowed with 7, = B,,, 0 < p < o0 and with [,-] = {-,-}, v =1 and x(p) = 4

53

is an Xp-extended Banach

scale Lie algebra.

Let us remark now that the homogeneous components of a perturbation B are easily deduced from the

family (Bx))geza. Indeed, let us define
A={ik-w|keZ} (5.8)
as in Remark 3.3. In view of Lemma 5.1, we see that, for each A € A,

{X0,By} =ABy with By:= > B, (5.9)
keZd|ik-w=A\

and B = > B,. Moreover, since
AEA

1 t t —i(kt+k't 1 s _—iks i(k'—k)t
(F(k))(k/) = (22 J-FO(I)OO(I)Oe (Kt+EE) gt = W Fodge ds | ¥ Wt — F(k)ékk,,

we have that

1B, = Z ||B(k)||p€p‘k|- (5.10)
kezZd

In particular, Y || B |, e"*! is convergent for each n < p.
keZd

Let us assume that the Diophantine condition (3.6) is satisfied.

By (5.9), ||Ball, < >, |IBwlly, hence, we have, using the definition (3.4),
keZeik-w=X

€ < Z ||B(k1) ||p . ||B(kr) ||p &by ((ikrw)w(ikr'w))_

E1,... k€24
Now, given k1, .., k, € Z%, we have
. . 1 1
ﬂ‘ﬂ«((lkl w)(lkT w)) = Z 1/ < 1/ 2 |EO'|
|k, - w «
oc{1,...,r} g oc{1,...,r}
such that k_-w#0 such that k_#0
27‘
< W(|k1|++|kr|)

We get, for n,2"a~Y" < p,

102" (e e |k
& <Y UBll e 1Bl eniss (s sibe)

Ey,....kn€Zd
ki|+-+|kr r
< S 1Bunler 1By lpe?Ual=10) —pr < oo v e . (5.11)
Ei,...,kn€Zd

Therefore hypotheses (i) — (ii) are satisfied for all B € J,, with 7, = pa/72™" and 7, = 7. Theorem A
applies.
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Before to state it in the present setting, let us remark that since ¢, < || B||},, one can improve (3.5) (or

rather (4.16)). To do so we first remark that in Lemma 4.4, if || B||, < 1,

ol (r—1)! ~ -t T\
ENvP_P’ § HB”P Z r ( )2 GT en = HBHPFN

= p—1r "

Therefore for € = inf (1 we have that the second inequality of (4.16) is satisfied when || B||, < e.

L0y
? 8y
Under the same condition on ||B||, we find that

’
CJ%]+1EJ]¥,J{;}7p’)/2 < ||B||i;v+1cjs\;]+1(FN)N+l

with
N+1
o o [l=P) ( dy ) "
M Ax(552) (p—p')? ’
and
NN(En2ppy = Ent1,p-p) < | Bl T' NN 2
with

N2 (7’ . 1)' ~ r—1 . Tr
Twew = 2, w=rr) “\a)
r=N+1 r

’

D= C¥  (TN)N*! 4+ 2NV s v and € = inf (1,;;—&). (5.12)

Thus we define:

Finally, Zxn and Yy are real functions, and e*d¥~ corresponds to a composition by a symplectic transform.

We get the following rephrasing of Theorem A.

Theorem B. Let p > 0 such that || B, < .

For all N e N* and 0 < p' < p, let D and € be given by (5.12). Then

(a) the following two expansions converge in B,y

N
1
Zni=>, ;F“"'W{B,\T,{...{BAZ,BAI}...}},
r=1 A1,...,\.€A

YN = 2 Z %GM 7777 )\T{B/\M{'-'{Bz\zaBM}"'}}

(XQ+B)O(I)N = Xo+ Zn + En,
{Xo,Zn} =0, (5.13)

€N < DIBIS,

® N being the Hamiltonian flow at time 1 of Hamiltonian Yy .
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Remark 5.2. In the two geometrical situations present in this section, namely T*T¢ and T*R<, no use
is made of the underlying symplectic structure. Therefore it seems to us reasonable to think that our
methods apply to the situation of perturbations of Hamiltonian flows on Poisson manifolds. Indeed the
method is essentially algebraic, using extensively the derivation ad referring only to the Poisson structure,
so we are inclined to believe in the possibility of deriving a mould equation in this situation. The point
then will to find a norm not using the Fourier transform (peculiar, say, to the linear or homogeneous spaces
situation) but rather, and essentially equivalently, complex extensions of real analytic functions (in the
case of real analytic Poisson manifolds). More generally (and more difficult), it would be very interesting
to transfer the methods of our paper to the question of the local description of a Poisson manifold around
a symplectic leaf through the construction of normal forms as presented in [M04, M12, M14], or even to
generalized complex geometry as in [B13]. We thank the referee for mentioning the possible extension of

our work to Poisson geometry and pointing out the references quoted in this Remark.

6. Quantitative quantum formal normal forms

This section constitutes the quantum counterpart of the preceding section.

d

Let the Hilbert space H be either L?(R%) and in this case let X = 2(=A°A + 3 w?x?) or L*(T9) and
i—1

Xy = —ihw - V, corresponding indeed to the quantization of the two situations of Section 5. Let us recall

that in both cases X is essentially self-adjoint on H.

Here again we want to perturb Xy by a “small” perturbation B and want to show that it is possible,
after a conjugation by a unitary operator on H, to put the new quantum Hamiltonian X+ B into a normal

form Xo + Z, [Xo,Z] := XoZ — ZXy = 0, modulo an error we want to be as small as we wish.

The result will be expressed in Theorem C below but let us first see how the quantum situations just
mentioned enter also in the framework of the first part of this article, though they belong to a very different

paradigm than the one of the preceding section.

Let J, be the set of all pseudo-differential operators whose Weyl symbols belong to J,. We define the
norm of an operator belonging to J, as the | -||, norm of its symbol and we denote it by the same expression
- 1lo-

There are different ways of defining Weyl quantization (see Appendix A below for elementary definitions).

In the case P = T*R%, one of them, actually the historical one exposed in the book by Hermann Weyl

[W29] consists in writing again the formula (5.2) for the inverse Fourier transform

G(z,¢) = (271061 f@(q,p)e“’”_qg)du(q,p, )
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and replace in the right hand side = and ¢ by xa and —ihV respectively, in the case where P = T*R¢. We

get the operator B associated to the symbol op by the formula

1 —~ i(px+1
y JoB(q,p)e P iha¥) dp(g, p, ).

(2!
The reader can check easily that when op = = (resp. £) on recover B = xx (resp. —ihV). Moreover, using

the Campbell-Hausdorff formula, one gets that

ez(pz+quV) — o7 T qFLV.

This is this formulation that we use in the case where P = T*T¢ since px + ihqV doesn’t make any sense
on the torus, so we cannot use e PrHihaV) hyut =T does (remember p is the dual variable of x so is

discrete). Therefore we define in both cases

1 ~ i —ipx —qhV
- g | e e g ), (6.1)
Note that a straightforward computation gives back the usual formula (A.2) or (A.3) of Appendix A:
—i1&(x— dé
BI(@) = [[onla+ /2. 0e I )y sy

But the main interest of this formula for our purpose is the fact that e’ e~%¢~9"V is unitary, since

et'2 em TV (1) = etF e~ T p(z — hq), so ||eF e PTe Y || 2, 12 = 1% and therefore
2 ¥ q
1Bll2—ss < l68llam) = “loslle” < lonll, == B, for all p > o. (6.2)

Moreover it is straightforward to show that when op is real valued, B is a symmetric operator so that, when
bounded, is constitutes a symmetric bounded perturbation of Xy, therefore we just proved the following

result.

Lemma 6.1. Let B be defined by (6.1) with op real valued and let ||B||, := |loB||, < % for some p > 0.
Then Xo + B is essentially self-adjoint on H.

Let £ be the space of hermitian operators on H. The lemma in Appendix D shows that (£, [-,-]4)
endowed with J, = B,, 0 < p < o0 and with [-,-]; = +[-,-], v = 1 and x(p) = e—lp, is an Xp-extended

Banach scale Lie algebra.

The decomposition into A—homogeneous components of an arbitrary B € J, involves the letters of the
same alphabet A defined by (5.8) as in Section 5. In fact, the homogeneous components of B can be

obtained by Weyl quantization of the homogeneous components of the symbol op, or directly as

1 1 N 1 53 ;
By = }: —— | emtXoBe mtXoem Rt gt for each \ € A, (6.3)
- (27T)d Td
keZ|ik-w=X\

where X ; = 771283], +w3z? in the case of R and X j = —ihw;d,; for T, since linear Hamiltonian flows

commute with quantization (see Lemma A.2 below).

3We denote by ||-||;2_,.2 the operator norm on .
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Therefore the hypothesis (i) — (i7) of Theorem A are satisfied for the same values
N =pa/727" and 7, = T (6.4)
as in Section 5.

Moreover, if Yy is a self-adjoint operator, then e*d¥~ corresponds to conjugation by the unitary transform

1 . . . .
e YN hence the conclusions of Theorem A for this situation can be rephrased as:

Theorem C. Let p > 0 such that || B, < 0.

For all N e N* and 0 < p' < p, let D and € be given by (5.12). Then

(a) the following two expansions converge in B,y

Iy = i S pvendip 2 L, a0
PPN inBre gl i B B

N
Yv = _G)q,...,kT_B 20 2B B
! ;A Z\eAT zh[ )‘T’m[ m[ o> Bl

(b) and, if moreover ||B||, < €, then

e YN (Xo + Ble™w YN = Xo + Zn + EN,
[Xo,Zn] =0, (6.5)

€Nl < DIBJS.

7. Semiclassical approximation

In this final section we would like to link in a quantitative way the two preceding Section 5 and 6. Since
the estimates in Section 6 are uniform in the Planck constant, it is natural to think that the quantum
normal form should be “close” to the classical one when the Planck constant is close to zero. Since such a
comparison invokes objects of different nature (operators for quantum, functions for classical), it is natural

to use the symbol “functor” o to quantify this link.

Expressing the quantum normal form in its mould-comould expansion, we see that, on one hand, the
mould in independent of 7, and (therefore) is the same as the one in the mould-comould expansion of
the classical normal form. On the other hand, for any pseudodifferential operator B, the symbol of the
commutator (divided by ih) of any two homogeneous components of B tends, by Lemma A.1, to the
Poisson bracket of their two symbols, as i — 0. Moreover the symbols of such homogeneous components
of B are nothing but the homogeneous parts of the symbol of B by Corollary A.2. Finally, by iteration
of Lemma A.1, iteration precisely estimated in Proposition A.3, we see that the symbol of the quantum
normal form is, term by term in the mould-comould expansion, graduated by the length of the words, close

to the classical normal form, as i — 0.

Our next result expresses quantitatively this fact, improving the results of [G87] and [D91].
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For N = 1, we will denote by ZZ% (resp. Z§;) the quantum (resp. classical) normal form of XOQ + B@

d
(resp. X& + BC) as expressed in Theorem C (resp. Theorem B). Here X& — L(-R’A + Y w?a?) or
i=1

d d
—ihw - V as in Section 6 and X§ (,¢) = %( DE+F Y w?z?) or w- £ as in Section 5. Note that, in both
j=1 j=1

cases, X& = Op"(X§). Let us recall that w satisfies the Diophantine condition (3.6) with parameters

a,T.
Theorem D. Let us suppose that BC = 0p" (BC), so that X& + B2 = 0p" (X§ + BE).
Then ZZ% = OpW(aZQ) where, for all N =2, 0,0 satisfies, for p' < p,
N N

l(oge —0s0 )~ (25— Z§_ )y < BCw|BIY

(N=-1)7 N+2
where Cy = £X (ep2aL17N) (e(]zf/f,)) and Fy is defined by (4.3).

Note that, when N =1, ZlQ = Bé2 = OpW(Bg) and Z{ = B{, so that 0,0 — Z¢ = 0.

Proof. By Theorem C (a), we have that

N
therefore Z]?, = OpW(JZ]%) with 049 = > EFMe AT(O'B? g (-0 kg (UBS *h 0pQ )
r=1 s 2 1

by Lemma A.1, and

029 =049 = 2 UBSN #n(0ge  #n (o #n (Ung2 *, UBSI))).

AN-1
On the other hand, by Theorem B and for the same coefficients FAt AN

1
Z5-ZG_ = )] NF*M“"AN{BEN,{...{Bg,Bg}...}}.
kl,...,kNEA
Since B9 = OpW(BC) we have, by Corollary A.2, that 050 = Bf so that, by Proposition A.3,
A
1 ( N+2 \"*? N
_ . ZC . ZC , < h2_ F)\l ..... )\N BC
l(oag =025 ) = (28 =25 Dlls <h*55 \ co ) AZAA EH P

Using now the first estimate of Corollary 4.2 with (n,, 7,.) given by (6.4), and the definition (3.2), we get

N
F)\l,...,)\N BC < F ;T (N_I)TE < F ’17- (N_l)T B N’
M ...Z,\:Ne/\ EH e N(epaWTN) N N(epa? 2*N) 151,
where we have used (5.11) for the last inequality. O

Remark 7.1. Theorem D implies Hozg 75y < hQCg\,HBHﬁ(l — || B]|,)~t with C = max{Cs,...,Cn},

but this is less precise than the result stated above.

Note that the correction is of order 2 in the Planck constant, which means that the classical perturbation

theory incorporates the entire Bohr-Sommerfeld quantization, including the Maslov index.
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Appendix A. Weyl quantization and all that

Weyl quantization has been defined in Section 6. Defining the unitary operator U(q, p) where (¢, p) are
the Fourier variables of P = T*R¢ or T*T¢ by:

Ulg,p)g(x) = ' FePe™ "V o(a) = eF e g(a — hg), ¢ € L*(R? or T7),
the Weyl quantization of a function oy on P is the operator

_ @ j dpdav (¢, P)U (¢, p) == Op" (ov) (A1)

where dpdq is used for du(g,p) as in Section 5 page 15 and * is the symplectic Fourier transform defined
by (5.1)%.

Obviously, as mentioned earlier, ||U(g,p)||r2—r2 = 1 and therefore
Vil iz < llovio, Yo > 0. (A1)

Note that (A.1) makes also sense when oy is a polynomial on P (polynomial in the variable £ in the case
P = T*T?) since U(q, p) as defining an unbounded operator. One check easily that this is the case for X

in the two examples of Section 5 and 6.

The following result is the fundamental one concerning the transition quantum-classical and, as presented

here, is the only one we really need in the present article.

Lemma A.1. Let V = 0p" (ov), V' = Op" (ov) with oy, oy either belong to J, for a certain p > 0 or
are polynomials on P.
Then
1
ih
where xp, is defined through the Fourier transform by
f sin[hi((g = ¢ )W — (0 —1)d)]
P h

[V,V'] = 0p" (ov *1 ov))

alp—1,q—4)o (', ¢ )dp'dq'. (A.5)

O *p U/(Qap) =

4The goal of this appendix is not to give a crash course on pseudo-differential operators, but rather to recall the
strict minimum used in the present paper. The reader is referred to [F89] for a general exposition. The reader not
familiar with the presentation here can recognize easily the Weyl quantization of a symbol oy being, e.g. of the
Schwartz class. That is to say that, when oy, € S(R?*?), V defined by (A.1) acts on a function ¢ € L*(R?) through

the formula

T+y ) dédy
— . A2
V(p(l') J;l&ded UV( D) ) )6 <,0(y) (27Th)d ( )
and, in the case where oy, € C*(T%) ® S(RY), V acts on a function ¢ € L*(T?) by the same formula
x + _;&x—y) dédy
_ 7 A.
V(p(iﬂ) J]Rdx]}{d UV( 2 76)6 (P(y) (27Tﬁ)d ( 3)

where, in (A.3), it is understood that o, (-, &) and ¢ are extended to R* by periodicity (see [P14]). Note that (A.2)
and (A.3) make sense thanks to the Schwartz property of V' in £ and that in (A.3) the r.h.s. depends only on the

values of ov (z, £) for ¢ € hz.
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In particular
lim o = 0’ = {0,0'}.
h—0
and
/ /
o9 xp 0 = {09,0'}

when o9 is a quadratic form. Therefore, in this case,

exp (ad g w ) Op" (ov) = Op™ (€™ o). (A.6)

Using (6.3) and (A.6) we get the following result.

Corollary A.2. Let Xy be as in Section 6. Then the homogeneous component By, A =k - w,
ke Z% of any pseudodifferential operator B is the Weyl quantization of the A—homogeneous part (with
respect to ox,) of o, that is

Bx = 0p" ((0B)x).

Using the operator A of Lemma A.1 and similar arguments that the ones used in the proof of Lemma

B.1 we get the following result.

Proposition A.3. Let 0 < p' < p. Then for any d = 2

lop, #n (0B, *n (- *n (0B, *n.0B,))) = {0B. 10Ba_1s - - {0By, 7B, } |
2 d+2 d

< (02) T,
6 \e(p—p) Pl

Note that [ [ [ n
By, [By_1,...[Ba, B
(i) = O™ (0B, .[By_1....[Ba.Ba]l)/(iH) )

with O-[qu[Bd—l1---[B27B1]]]/(ih)d = 0B, *h (O’Bd71 *p ( c kg (0’32 *p UBl)))-

Proof. The proof will be using the methods of the one of Lemma D.1.

Tterating (D.1) we get

O[Bas[Bar,...[Ba,B1]1)/ (1) (Pd> Q) = fdmd(h ..dpg—1dqq—1
1 . ~
7 sin "((9d — gi—1)Pa—1 — (Pa — Pa—1)qd—1)0 B, (Pd — Pd—1,4d — qd—1)

1 . ~
7 sin ((ga—1 — qd—2)Pd—2 — (Pd—1 — Pd—2)qd—2)0 B, 1 (Pd—1 — Pd—2, Gd—1 — dd—2)

1 . ~
7 sin h((g3 — q2)p2 — (P3 — P2)q2)0 B, (P3 — P2, 43 — q2)

1 . ~
7 sin (g2 — q1)p1 — (P2 — p1)q1)T B, (P2 — P1, 92 — q1)

8131 (pl, Q1)-
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Expanding

SRS

d
i=1

for some 0 < 7’ < h, one realizes that the first term gives precisely after integration the Fourier transform

d h2 d
sin hx; = Hwi -y Z xk sin 'z, H —smh T
i=1 k=1

l;ék

Of{UBda{UBd—N'-'{UB2aJBl}}k

Using |sin 'z, | < 1 and | sin A'z| < |z;] we get

018 [Bar,...(Ba. B (1) — 10Bas A0Ba 15+ ATB2s 0B I
h/2
<

<% e Ualtlprlt-+laal+lpal) gy dgudpa_1dga—r . . . dprdg

SH

Dl | [ 1268, (o — pr-1, @k — as-111G5, (P — P11, @ — @11
k=1 I#k

with p_1 = ¢—1 := 0 and x := (P& — Pk—1)qk—1 — (@ — Qr—1)Pk—1 = PkQh—1 — qkDk—1-
We have obviously that

d+2

Z k[T ol < 2 ]_[ am < (Ip1| + la1] + -+ + [pal + lga)™*°

1k a1,.
6{\p1|7\q1| »»»»» Ipdl \qdl}d+2

B
Therefore, using a last time the magic tool 2%e="% < (%) , Bym,x =0, we get that

d d 2 d+2
S g P T faafee sl Haal+lnab o <%) ol |+ [p1 |+ al +Ipal) (A7)
e(p—p'

- 1%k

Defining Py = pr, — pr—1 and Qx = qx — qx—1 and using
|ga| + pal < lqa — qa—1| + |ga—1 — qa—2| + .- .|g2 — q1| + |q1| + |pa —pd—1| + o+ p1])

Z |Pk| + Q)

in ePlaltlpil++laal+lpal) e get the result by (A.7) and the change of variables (px, qr) — (P, Q1) (note
that the covariance property with respect to the flow generated by X is exactly the same as explained in

the beginning of the proof of Lemma D.1). O

Appendix B. Estimating Lie brakets

The following Lemma is a slight generalization of [P14, inequality (5.11)] (see also [G12]).

Lemma B.1. Let us suppose that for 0 < p' <p”" <pandi=1...d,de N*

ol 1
I[Xs: Y]l < IXillp 1Y s X0, Xl < ———<Xill, - (B.1)
P —p) T xlp—p)
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Then,
1 'yd d
X a0 YD < Y [Tl (3.2)
and
1 7d
S ll[Xa, [Xa—1, . [X1, Xo]l]ll» < = HHX llo- (B.3)

Writing e?dxY = Z 2 [X, [X, ... [X,Y]]] we get easily the following Corollary.
%/_/

=0
d times

Corollary B.2.

Y1,

Jerdxy |, < e
(N pp——y ¢

and
P ,7 X
e X — Xl < —
x(p—p') (1* = 1 X1l )
Moreover
., N+1
ey Z XYL < Y (WI\XH)
d' P = 2||X||P
d times
and
N x|
1 (p=0") (<P el )
H@ddXXO - Xo— Z a1 [Xa [Xa s [X’XO]]]HPI <
T x(p =) 1= = 1X,

Proof of Lemma B.1. (following [G12] and [P14] where the case X; = X is studied) (B.2) is easily obtained
by iteration of the first part of (B.1). Consider the finite sequence of numbers 65 = d;‘sé. We have §p = 6,
0g=0and ds_1 — s = %. Let us define Gp :=Y and Gg41 := [Xst1,Gs], for 0 < s < d— 1. According to
(B.1), we have, denoting C' = Z,

C

mHXSHPHGsleP*&d—Hl for 1 <s<d.
s(g

1Gsllp-s4. <

Hence, by induction, we obtain, since dg = § and Gy : =Y/,
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1
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The proof of (B.3) follows exactly the same lines. O

Appendix C. Estimating Poisson brackets

Lemma C.1.

IHEGH <

1
F G v
eQ(p_p/)(p//_p/)H ”PH ”/J

whenever p' < p"” < p.

Proof. We will first prove, in the two cases P = R? x R? and P = T*T¢ the following identity.

F.G(a.p) = Y. Jdpdq (=) — 00V Eorr(a—d'.p— )G (d. 1) (C.1)
k'eZd

Proof of (C.1). {F,G}(z,&) = 0cF(x,8)0,G(x,&) — 0, F (2,£)0:G(x,§). So

{F,G}(q,p)

f((q ) —(p—1)d)F(a—d.p—p)G(d p)dq dpf

f(q —d . p—1) -0, ¢)F(qg—d,p—1)G(d,p)dd dp'. (C.2)
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In the case P = R? x RY, m = @( k) 50, since @}, is linear symplectic and so preserves Liouville

measure, we get by using (C.2),

{F, G}(k) (qvp)

o~ ~t

B (2%)‘1 Jdtdp/dql(q/’p/) (@ (a.0) ~ (@ ¥ )F@y(a.0) — (¢ )G p)e ™

1 ~t ~t ot . §
" @ | deartad it ) Bifa — oo -V F @0 - a0 - 9)E@ (e
—1 o~ ~t PPN »
~ em? fdtdp’dq,((q —q)W — (0= 0)aVF(®o(a—d',p—))G(Po(q,p"))e™
gl PN oy -
= @) Jdtdp’dq/dt’ Z etk ( 7t)((q W — -1 VE@g(q—q.p—1)C(®, (q/,p/))eﬂkt
k'ezd

=, fdp’dq’((q — W = (=) F g (a— ' p = PG (d. 1)
k'eZa

=, fdp’dq’((q — W = (0= 1))V P (@ — ¢ — PG (d . 1).
k'ezd

In the case P = T*T¢, {F, G} (q,p) = {F, G}(g, p)Sk.p, 50

{F, G}(k) (qvp)

(¢—d,p—1p)G(d,p)dd dp’

el

= Okp f((q - ) —p-p)d)

(¢—d,p—1p)G(d,p)dd dp’

el

=] J-(Sk—k’,p—p’(sk’,p’((q —d)W —(-1)d)

k'€eZ?

= Jdp’dq’((q ) — (p—P)d )V F—y(a — 0 — )Gy (d, D).
k’ezd

e?’* for all

Using now |g| < |q — ¢'| + |¢'|,Ip| < |p = P'| + P'|, [k < [k = K| + |F| and zer'™ < A=

x = 0, one gets,by (C.1),
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HEGHp = Y f dgdp| (T, G}y (g, p) e 11141 (C3)
keZd

<] qudq’dpdp’(lq —q|IP'| + [p = Plla' DI F—rr (@ — ¢ p — D) Gary (¢, ) | e a1+ IPIHIRD
k!

<), J(Iq =o'l +1p = Pl DI Fih—rry (@ = ¢'s0 = ") Gy (¢, ')
k. k!
e (a=d'I+Ip=p' |+ k=K I+ |+2'1+ D) god e/ dpdp’

<y f<|q 1+ oD Foe @ —dsp — 0B (d 1)

k!
mep (a=d"[+1p=p' I+ k=K D+p"(dI+1P"1+ KD g dg’ dpdp’
< 3% [ al + 1pDIFGw 0PI G (1)
K,k
1 ’ + + k/ + /! ’ + / + k/
=it (lal+1p+18 D+ U 114D g dof dpdp’
<), J-|F(k) (¢, 0)G (' 0
K,k
1 1 / u ’ / /
P al+ Bl 80U |+ 116D gl dpdy!
e(p” —p')elp—p')
since p’ < p” < p and one easily concludes. O

The same argument, used this time the weighted sum in k, leads to the next result.

Lemma C.2.

X0, Gl < 1G],

elp—p')

Proof. We first remark that

{X0,G}) = J{XO, G} o dfetat = J{XO, Go®ite™dt = {Xo,G} = ik - wG

by (5.3), and we easily concludes using again |k|e” ¥l < e(pip/)ep“d. O

Appendix D. Estimating commutators

It has been proven in [B99] for L?(R?) and [G12, P14] for L?(T¢) the following Lemma.

Lemma D.1. Suppose 0 < p’ < p and F,G € J,. Then

1 1

”%[FvG]HP' S e2(p—p)p

IEN oGl

/!

-0

1
I1G1l,

1
— [ X0, G|y € ——=
HZ [ 0 ]HP e(pfp’)

h
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Proof. Since the evolution by Xy commutes with quantization by Corollary A.2 (see Appendix A), we get

that o q),/in = (O[p,c1in)k, Yk € 7. Moreover, by Lemma A.1, orr,q)jin = Alcr ® o). Therefore

~ 1 . - ~
orr.c1/in (P q) = f 7 sinfi((g — ) ——0)d)orlq—d.p—p)oa(d,p)dd dp’ (D.1)

a formula similar to (C.2) by the change ((¢ — ¢')p' — (p — p')¢') — £sinfi((g—¢)p' — (p—p')¢'). The

proof of the first inequality is identical to the one of Lemma C.1 modulo this change up to (C.1), and the

rest of the proof, after (C.3) is vertabim the same using the inequality
1.
|5 sinhl(g =)' = (p = P)d) < (g =)' = (0 =) )]-

The proof of the second inequality is similar to the proof of Lemma C.2. |
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