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RANDOM WALK IN A STRATIFIED MEDIUM

Julien Brémont

Université Paris-Est Créteil, mai 2016

Abstract

We give a recurrence criterion for a Markov chain in Z%*! in a medium stratified by
parallel affine hyperplanes. The asymptotics of the random walk is governed by some notion
of directional flux variance, describing the dispersive power of some associated average flow.
The result admits a geometrical interpretation, surprisingly intrinsically non-Euclidean. Some
applications and open questions are discussed.

1 Introduction

We study the recurrence properties of an inhomogeneous Markov chain (S, )n>0 in 74 x 7, where
d > 1. Starting the random walk at 0, let S,, = (S}, 52) € Z¢ x Z. We call “vertical” the quantities
relative to the second coordinate. The environment is invariant under Z%translations, i.e. the
collection of transitions laws is stratified with respect to the affine hyperplanes (Z¢ x {n}),cz. We
make no hypothesis on the relative dependence between transitions laws in distinct hyperplanes.
A planar random walk of this type was proposed by Campanino and Petritis [3] in 2003, as a
simplified probabilistic version of PDE transport models in stratified porous medium considered
by Matheron and de Marsily [6]. Following this line of research, we focus on a more general case
in Z3*1. For the sequel we fix Euclidean Norms and denote scalar product by a dot.

Let us state the model. For each vertical n € Z, let reals p,, ¢, rn with p, + ¢, + 7, = 1 and
a probability measure j,, with support in Z%. We suppose that for some ¢ > 0 and all n € Z :

1) min{pna‘]nvrn} > 5,

2) ZkeZd ”k”max(d’g).“n(k) < 1/6a
3) the eigenvalues of the real symmetric matrix ), ;. kkT p, (k) are > §. Equivalently :

Stk (k) > 8)1t], t € RY
kezd

Notice that the last condition implies that the subgroup of (Z?,+) generated by supp(j,) is d-
dimensional. The transition laws are then defined, for all (m,n) € Z? x Z and k € Z%, by :

IP)(n’b,n),(rn,nJrl) = Pn; IP)(n*b,n),(rn,nfl) = Qn, I['D(m.,n),(rnJrk,n) = Tnlu/n(k)

Z

m+ k,n)
an

Pn Tnftn (k)
(m,n) /F\F(
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The model of Campanino-Petritis corresponds to taking d = 1, with p, = ¢, = p € (0,1)
and p, = ., , fixing some sequence (&,,)necz of £1. Campanino and Petritis [3] for instance show
recurrence when e, = (—1)" and transience for €, = 1,50 — l,<o or when the (e,) are typical
realizations of i.i.d. random variables with law (61 +J_1)/2. In some neighbourhood of this setting,
several variations, extensions and second order questions were subsequently considered by various
authors; see the introduction of [2]. In [2], a recurrence criterion was given for the model introduced
above when d = 1, assuming the local vertical symmetries p, = q,, n € Z. In this family of random
walks, planar simple random walk, hardly recurrent, is the most recurrent one. This explains the
prevalence of transience results on the Campanino-Petritis model. Mention that for the latter, a
growth condition larger than logn on €1 + - - - + ¢, is sufficient to ensure transience.

Pushing to some natural limit the method used in [2], we establish in this article a recurrence
criterion for the model described above. This furnishes a large class of recurrent random walks
in Z? and Z3. The mechanism governing the asymptotic behaviour of the random walk reveals
some familiarity with classical Electromagnetism, involving notions such as flux variations. The
latter represent the dispersive properties of some average flow associated with the random walk.
Variations are measured in a probabilistic sense, via some empirical variances. We also provide a
geometrical interpretation of the recurrence criterion. Surprisingly it involves hyperbolic geometry,
stereographic projections and some kind of anisotropic pseudosphere.

2 Statement of the result

2.1 Notations and result
Definition 2.1
o Forn €Z, let mp =) cya kpn(k) be the expectation of pin.
o Forn € Z, let pl, = pn/(Pn + qn), @ = qn/(Pn + Gn)-
o Forn €Z, let ap, = q, /D), = qn/pn and by, = 1/p, =1+ ay,.
o Set :
aj - Qy, n>1

Pn = 1, n =0,
(1ans1)- -+ (1/a)(1/ag) < —1.

e Forn >0, let :
vy (n) = Z pr and v—_(n) = ag Z Pks
0<k<n —n—1<k<—1
as well as :
wiln)= Y (/p) andw ()= (1/ao) S (/)
0<k<n —n—1<k<—1
We denote by 6 the “left shift” on indices. Given f = f((¢;/pi)iez), set 0f = f((it+1/Pit+1)icz)-
In particular the cocycle relation for (p,) reads as :
V(n, k) € Z2a Ptk = pTLanpk'

We next need a definition of inverse function for non-decreasing functions defined on the set of
non-negative integers N = {0, 1,--- } and having values in R} U {+o0}.

Definition 2.2
Let f: N — Ry U{+o00}, non-decreasing. For z € R, let f~(z) = sup{n € N | f(n) < z}, with
sup{N} = 400 and sup{e} = 0.



We next turn to notions related to directional fluxes and their variations.
Definition 2.3
o Let ST ={x € R? | ||lz| =1, 1 >0} be a half unit Euclidean sphere of RY.

o foruc Si_l and k <1 in 7Z, introduce :

l

l 2
Ts — Ts
Ri(u) =32 Pn o and T} (u) = p’; L(RL(u)? = pr-pn <Z mu> .

s—Fk Ds Ps l o) PsPs

e Form>0,n >0, let y(—m,n) be the positive (maybe +00) quantity such that :

P?(—=m,n) = nwy ovy'(n) + mw_ ov='(m).

We also set (n) = (—n,n), Yi(n) =(0,n), ¥_(n) = (—n,0), for n > 0.

e Forue Si_l, m >0, n>0, let p,(—m,n) be the positive (maybe +00) quantity such that :

@i(_mvn) = ¢2(—m7”) + Z Tli(u)

—v_H(m)<k<I<vi'(n)

Set forn > 0, @u(n) = gu(=n.n) and g, 4 (n) = V(=1 m)+E_ 1 0y cpercot oy pis0 T (W)
Introduce also :

Pur(n) =42 (O,n)+ Y Ti(u) and py 4 (n) = $*(—n,0)+ > T (u).

1<k<i<vi (n) —v= ' (n)<k<i<—-1

The aim of the article is to prove the following result.

Theorem 2.4
The random walk is recurrent if and only if :

—1(1))2
Z n_d_l/ (('0“1((7)3 du = +o0.

d—1 -
n>1 S+ <p“7+

2.2 Geometrical interpretation; corollaries

Let us detail a geometrical interpretation of the above result. What comes out of the compu-
tations is the integral :

/ (e WO oy

esilo<t<t Py (1/t)

It will be explained later why this quantity has the same order as the one appearing in the statement
of the theorem. The term (¢, '(1/t))%/¢, ", (1/t) essentially comes from a stereographic projection.
We draw below a picture when d = 2 (hence in R?) showing that the previous integral is the volume
of some anisotropic version of Beltrami’s pseudosphere. The classical pseudosphere is a model in
R3 of a part of the hyperbolic plane (the whole hyperbolic plane cannot be represented in R3;
theorem of Hilbert, 1901). Here is a way of visualizing this integral (d = 2) :

- Draw the vertical line passing at 0, directed by es, the third vector of the canonical basis of
R3. Fix u € Si. Let Py = u* be the vectorial plane orthogonal to u. For 0 < ¢t < 1, let P, be the
affine plane parallel to Py and passing through tu.

- We parametrize points on the left half of Py in polar coordinates pe’®, with 0 < o < 7 and
p > 0, as shown, starting from the Northern part of the vertical axis and turning counterclockwise.



- At each pe'® we plug in direction u (therefore orthogonally to the plane P,) the length
1/@u(—psin(a/2), pcos(a/2)). When 0 < o < 7 and p > 0, the [—psin(a/2), p cos(a/2)] describe
all the intervals in the vertical direction containing the point 0. We hence obtain a surface above
the left half of Py in direction u, parametrized by p > 0 and 0 < o < 7.

- For 0 < t < 1, the plane P; cuts this surface along some dashed line shown on the picture.
The point on this line and in the horizontal plane has coordinates (¢, —v/2'p; *(1/t),0) in the basis
(u,u', e3), where v’ = eg A u. The point on the level line lying on the vertical line passing through
(t,0,0) has components (¢,0, <p;71++(1/t)).

- A little of geometry, related to some kind of stereographic projection, shows how to obtain z;
equal to (@;1(1/t))2/¢;714_+(1/t) up to multiplicative constants on the picture, at a point of coor-
dinates (t,0, z;), still with respect to (u,u’,e3). We use that ¢, 1 (z) < cp;#(m) < @;ﬁri(x), giving
that the orthogonal triangle in P; with vertices (¢, —v/2'¢; ' (1/t),0), (t,0,0) and (¢,0, <p;71++(1/t))
has a vertical edge larger or equal to the horizontal side.

- In the plane generated by u and es we have a function t — z;, 0 < t < 1. The integral of
this function is the top of the hatched area and has order :

(pa'(1/1))?
/0<t<1 ‘P;,{Hr(l/t) a

Do next the same work on the Southern side and obtain a similar area (not equal to previous one
in general) corresponding to :

[ o,
0<t<1 @;,{‘-—(l/t)

When summing the two last integrals, one globally obtains the full hatched area, in the plane
generated by es and u and this has order :

[ e,
0<t<1 @;,Er(l/t)
- Rotating the picture with respect to u € S}H one gets a three-dimensional object, looking

like some half pseudosphere. The corresponding volume equals, up to constants the volume of the
integral we wish to illustrate.

Let us precise that when the random walk goes frankly in some direction u € S!, then for all
v E SJlr not orthogonal to u, some pinching effect occurs towards the horizontal plane in the sliced
picture in direction v, making the area (and thus the global volume) smaller.

1/

|
Epsin(a/2), peos(a/2)) H
\

Level line at height ¢ > 0
(on0<a<m, p>0)




We now discuss some consequences of the theorem.

Corollary 2.5
For the general model, a sufficient condition for transience is :

1
2 /5 (ulmy? 1< o0

n>1
It is true under the condition Y, <, ¢¥(n)~% < +o0, depending only on the vertical. The latter is
satisfied in the following cases :
-d>3,
~d=2 and wy ov;'(n) +w_ov !(
~d=1 and wy ovy'(n) +w_ov!(

In the antisymmetric case, an explicit criterion is available.

) > (logn)'*¢ and in particular if p, = qn, n € Z,

n) >
n) > n(logn)?*e.

Proposition 2.6
Antisymmetric case. Suppose that m_, = —m, and p_, = pn, n > 0. The random walk is
transient if and only if :

1
2 /5 (Garr(my? 1<

n>1

In particular, let my, = —m_,, = c # 0, n > 1, with mg = 0, and suppose that cyn® < p, < con®,
n >0, where a € R. Then :

— If d = 1, the random walk is recurrent if and only if a« > 1.
— If d = 2, the random walk is recurrent if and only if o > 3.

There would be many other cases to consider. The Campanino-Petritis model, i.e. d = 1,
Dn = qpn and p, =, , in the case when €, = 1,>0 — 1,,<¢ corresponds to the first example with
pn =1, so @ = 0, and the random walk is transient. As already indicated in [3], the parameters
are largely interior to the transience domain. Remark that in the antisymmetric case when d = 1,
taking p, = 61, p—p = 6_1, for n > 1, and p,, ~ n®, n > 1, since horizontal steps are restricted
to +1 in the North and to —1 in the South, the random walk (recurrent or transient) necessarily
makes spirals.

N

— 1

T/

N

In contrast with the flat case (p, = gn, n € Z), one can for this model in some sense “suppress”
the vertical dimension for some values of the parameters. Indeed, when » _,(1/p,) < 400, the
vertical component is positive recurrent, hence admits an invariant probability measure. In this
sense, the random walk is then “essentially” d-dimensional. When d = 1, this is a kind of random
walk in a half-pipe. This explains the critical values of d appearing in the corollary and in particular
the fact that the random walk (in Z*!) can be recurrent when d = 2.

Proposition 2.7
Suppose that ) ., (1/pp) < +oo and d = 1.

i) If 3 ez (man/pn) # 0, then the random walk is transient.

@) If Y cn(Mn/pn) =0 and p_p = qn, *—pn = Tn, fin = pi_n, for n >0, then the random walk is
recurrent.



Hence, when ) _,(1/p,) < +oo0, the finiteness condition for transience is replaced by some
non-zero condition. Fixing d = 1 and, breaking momentarily the assumptions, suppose that bru-
tally p1 = p_1 = +o0o (giving px = +00, k # 0). One then recovers that the condition mg # 0 is
necessary and sufficient for transience, which is a standard result for one-dimensional i.i.d random
walk with integrable step.

Notice in such a model the important role of a single hyperplane, as the latter can modify the
asymptotics. This is not true if 7 _,1/p,, for example if p, = ¢,, n € Z, and d = 1, where
changing one line did not modify the asymptotics (see the introduction in [2]).

We give an application to a random walk in a half-pipe, with independent level lines.

Corollary 2.8

Let d = 1 and ), ., (1/pn) < +00. Suppose that the (mn)necz are a typical realization of some
independent uniformly bounded random variables, at least one having a density. Then, almost-
surely, the associated random walk is transient.

Indeed, it is clear from the hypotheses that the random variable w +— >~ _, (my,(w)/pyn) admits
a density, so equals 0 with zero probability. We next apply the result of the previous proposition.

In this picture in R? of the Z2-half-pipe, we have drawn the points (k,l) € Z? at height p;. The
quantity p; can be considered as the “level of the sea” at (k,l). The borders of the half-pipe are
very steep due to the condition »_, _,(1/pn) < 400.

3 Preliminaries

3.1 Sleszynski-Pringsheim continued fractions

Formally, a general finite continued fraction is written as follows :

C1

[(c1,d1); (c2,d2); - 5 (Cn,dn)] = o
dy +

d2 + 7
+
dn
We shall consider finite continued fractions corresponding to the application to some zy € C in
the unit disk of functions of the form z — ¢/(d + z), with complex numbers ¢ # 0 and d so that
le] +1 < |d|, hence preserving the closed unit disk. Such finite continued fractions are usually
called finite Sleszynski-Pringsheim (SP) continued fractions.

Infinite SP-continued fractions, written [(¢1,d1); (ca,d2);- - -], also converge, by the Sleszynski-
Pringsheim theorem (see [5]). We will reproduce the arguments proving this result.



For n > 0, the finite continued fraction [(c1,d1);(c2,d2);- - ;(¢n,dyn)] can be reduced as a
fraction A,, /By, where the (4,,) and (B,,) satisfy the recursive relations :

A, =d A + CnAn—27 n>1, A = 1, Ay = 0,

Bn = dan,1 +Can,2, n 2 1, B,1 = 07 BO = 1.

In our setting it will be directly checked that B,, is never zero for n > 0. We require the following
classical determinant. For n > 1 :

Aanfl - Anlen = (_Cn)(Anlen72 — An72Bn71) — ...
(=1)"¢y -+ en(AgB_1 — A_1By) = (=1)" ey .

This gives the following representation as a series :

An n Ak Akl) n (_1)k+lcl...ck
Cvd ; C,d ,,Cn,dn = = = - = - n 1
[(c1,d1); (c2,d2) ( ) B, kZ:1 (Bk By, kzzl ByBi_1 M)

We now focus on a particular class of SP-continued fractions that will appear frequently.

Lemma 3.1
Assume that lim, o v4(n) = +00.

1. Let (Yn)n>1 and (), )n>1 be sequences of complex numbers with 0 < |v,| <1, |y,,| <1. Then :

[(ah bl/'Yl); (_a27 b2/72)§ SR (_an—h bn—l/'}/n—l); (_anv bn/Vn - ’Y;J]
is well-defined. It converges to [(a1,b1/71); (—az,ba/¥2); 5 (—@n, bn/¥n); - -], as n — o0,

an infinite SP-continued fraction. The latter is the limit of A, /By, as n — 400, where :

b
An = lATL—l - anAn—27 n Z 2a A—l = 17 AO = Oa Al = ala

n

bn
B,=—B,_1—ayBn_2, n>2, B4 =0, By=1, By =bi/7.

n

2. Set vy (—1) =0. The solutions (By,) of (2) check :

‘Bn| - |Bn71‘ 2 an(|Bn71| - |Bn72‘)7 n Z 1.

As a result, |B,| > vy(n), n > —1. If the 0 < v, < 1 are real, then B, > By,_1 > -+ >
B_1=0. When~y, =1,n>1, then B, =v4(n), n > —1, as well as A, = vy (n)—1,n > 0.

3. In (2), n+— |By|/vy(n), n >0, is non-decreasing. Also, forn >1 :

Z P §U+(”2) < 1
= | B Br—1| ~ | Bnl | Brl

Proof of the lemma :
The solutions of (2) check |By| > by|Bn-1| — an|Bn—2|, n > 1. Hence :

|Bn| - |Bn—1| Z an(‘Bn—1| - |Bn—2|); n > 1.
When iterating, |B,| — |Bn—1| > pn. Thus |B,| > vy (n).

In point 1., the finite continued fraction is well-defined because ay, # 0, |by /vk|—ar > br—ar =1
and |vy,,| < 1. We obtain from (1) :



[(a1,01/7); (—az, ba/72); -+ 5 (= @ns bu /Y0 —17,) ZBkBk - p"B ) (3)
n 1Pn

where B,, = (bn/¥n — V) Bn-1 — anBn_2. We get :
|Bn‘ > (bn - 1)|Bn71| - an‘Bn72| > an(|Bn71| - ‘Bn72|) > apPn—-1 = Pn-

In (3) the first term in the right-hand side is absolutely convergent, because, as |By| > vy (k) :

U+(k) ’U_;,_(k' — 1) o 1 _ 1 _
D BBl S e Btk D _,;(u(k—l) 5=t

U4 (

As [By—1| = +o00, we conclude that the right-hand side in (3) converges to >, pr/(BrBr-1).

When the «, are real, write B,, — B,_1 = %Bn—l + an(Byp—1 — Bp—2). The condition
“Bp, > B,—1 > 07 is then transmitted recursively. If v, = 1, then B,, — B,—1 = an(Bn—1 — Bn—2),
giving B, = vy (n), n > 0. Similarly, A,, =vs(n) — 1, n >0, as :

Ap — A = an(An—l - An—2) = =0an " ’a2(A1 - AO) = Pn and AO = 0.

For the last point, we first show that n — |B,|/vs(n), n > 0, is non-decreasing. We will
require it in the equivalent form |B,,|/(|Bn+1]| — |Bn]) < ve(n)/(v4(n+1) —vy(n)). Write :

v ()| Brr| = vg (n+ 1)|Bn| = vy (n) (bny1|Bn| = ans1|Bnal) = vi(n +1)| By
> apt1 (v4(n = 1)[Bn| — v4(n)[Bn-1)
>

2 pust (Bolvs (1) — 04 (0)|B_y]) = 0.

Finally, using the previous results, for n > 1 :

Pk - 1 ) 1
%Bwk-u Z”’“(Bk 1 1Bl 1Bl — 1Bi]

k>n

1 1
Zpk <Bk 1\ |Bk|) ak~-~an+2(\Bn+1| - |Bn|)

Prt1 Z( 1 > < vp(nt1) —vy(n) 1 < U+(n2).
[Bny1| = |Bn| /= \ [ B i B |Brtil = [Bal  [Bn| = [Bnl

This completes the proof of the lemma. O

3.2 Asymptotical behavior of the vertical component

The question of the recurrence/transience of the vertical component of the random walk is
classical. Indeed the vertical component restricted to the subsequence of vertical movements is the
random walk on Z with transition probabilities P, ,—1 = ¢}, and Py, 41 = pl,, n € Z.

Lemma 3.2
The Markov chain on Z so that Py ni1 = pl, and Py 1 = q),, n € Z, is recurrent if and only if
lim,, 4 oo v4(n) = 400 and lim,_, 1o v_(n) = +00.

Proof of the lemma :
Fix N > 1 and let f(k) = Pg(exit [0, N] on the left side), 0 < k < N. The Markov property
implies that k — f(k) is harmonic in the interior of this interval. Precisely, for 1 <k < N —1:

f(k) = plf(k+1) + g, f(k—1).



Let g(k) = f(k) — f(k —1). We obtain g(k) = (pr/qx)g(k + 1) and therefore g(k) = pr_19(1),
1<k <N. As aresult :

N

—1="Y g(k) = —Py(exit [0, N] at N) > pg_1.

k=1 1<k<N
Hence Py (reach 0) = 1 < lim, 5400 v4(n) = +00. Idem P_;(reach 0) = 1 & lim, 100 v_(n) =
+00. This furnishes the desired result. 0

The previous criterion can be reformulated using trees. Let us say that a random variable X
has the geometrical law G(p), 0 <p < 1, if P(X =n) =p"(1 —p), n > 0.

Lemma 3.3

Consider the Galton-Watson tree (Z;7),>1 with Z" = 1 and, independently, the law of the number
of children at level n+1 of an individual at leveln > 1 s G(pl,). Then this tree is finite almost-surely
if and only if lim,, o vy (n) = +o00.

Proof of the lemma :
As usual, since {Z;F = 0} C {Z;},; = 0}, the almost-sure finiteness is equivalent to P(Z, = 0) — 1.

Fix 0 < 5 < 1 and recall that E(s%") — s < P(Z} = 0) < ]E(sZ:r). Taking n > 2 :

+ +
1—9 Zn . AN
E(SZJ) =E <p7;—1) =E <al) _
1—spl,_4 bn—1—s
Iterating (using a,—1/(bp—1 — s) in place of s), we obtain the following SP-continued fraction :

E (SZI) = [(a1,01); (=az,b2); - -+ 5 (=@n—2,bn—2); (=an-1,bn-1 = )] -

This corresponds to 7 = 1 and 74/, = s in lemma 3.1. From lemma 3.1 and relation (3) :

E(SZI):U+(n_2)_1+ Pn-1_
”U+(TL - 2) Vy (7’L - 1)Bn—1

with B,,_1 = (bn—1—8)v3-(n—2)—a,_1v4(n—3), so that Bn_1> Pn—1 and B> (1—8)vy(n—2).
If v, (n) — +00, then E(s%+ ) — 1 uniformly in 0 < s < 1, giving P(Z; =0) = 1. Ifvy(n) =nsyoo
b € (0,+00), then p, — 0 and for fixed 0 < s < 1 we have liminf, B,,_1 > (1 — s)b > 0, so that
E(s%n) tends to (b —1)/b < 1, giving lim, P(Z;" = 0) = (b — 1)/b. O

Remark. — There is naturally a symmetric result for the Southern direction of the vertical
component. One introduces, with decreasing indices n < —1, the Galton-Watson tree (Z,, )n<—1
with Z~; = 1 such that, independently, the law of the number of children at level n — 1 of an

individual at level n is G(g},). The tree is almost-surely finite if and only if limy_, { oo v— (k) = +00.

4 Reduction to an i.i.d. random walk in Z¢

For the rest of the article we therefore suppose the vertical component recurrent. Equivalently,
from the previous section, this means lim,,_, 1o, v+ (n) = +00. Just observe that if for example v
is bounded by some vy (00) < 0o, then +00 = ¢y (n) = ¢y,+(n) = P(n) for n > vi(c0), so the
reversed functions are bounded quantities and the integral involved in the theorem is finite. The
same happens if v_ is bounded.

We can now introduce the random times 0 =09 < 79 < 01 < 11 < -+, where :
: 2 2
T =min{n > oy, | S;; #0}, okg+r1 ={n > | S; =0}.

Introduce the Z?-displacement D, = S: — S . As the environment is invariant under Z-

translations, the (D,,)n>1 are globally independent and identically distributed. The following
lemma is essentially contained in [3].



Lemma 4.1
Let To =0 and T,, = Dy + -+ + D,,, n > 1. The random walk (Sy,)n>0 is recurrent is Z*+1 if and
only if (Tn)n>o is recurrent in Z°.

Proof of the lemma :
If (Ty)n>0 is recurrent in Z4, then (S,,) is recurrent in Z4+1, as S, = (T,,0). In case of transience
of (T},), using again the invariance of the environment under 7°- translatlons we have :

3C, Yz e 24, > P(T, =x) < C.
n>1

Let T' ~ G(ro) and & ~ po, for k& > 1, so that (({x)r>1,1") are globally independent and also
from the sequence (T,). Remark that (S})ic(oy,n) and (T 4> <1<y Em)o<i<r have the same law.
Introduce the real random variable : -

H= 3 &l

1<k<T

Observe now that S,, can be 0 only for n in some [0y, 7;) and that :

P(3n € [0, ), S = 0) < P(H > ||Ti])-
This provides :

Y PEAn€orm), Sn=0)<Y PH>|T) < Y Y P(Tp=x)P(H > |z|)
E>1 E>1 zeZd k>1
< O PH = |zl) < C'E(H?).
YA

Finally, this gives :

d
HY) =Y PC=nE || > &l < (L—ro) Y rgntTEf Y ]
n>0 1<k<n n>0 1<k<n
< (L—r0) Y ron E(é]?) < oo
n>0
By the Borel-Cantelli lemma, (S,,) is transient. This completes the proof of the lemma. O

This reduces the problem of the recurrence of (S,) to that of (T,). Set :
D = Dy and xp(t) = E(e'*P), t € RY.

We shall use the following theorem, the strong form of the Chung-Fuchs recurrence criterion, giving
an analytical recurrence criterion for a i.i.d. random walk in Z?. See Spitzer [7]. Recall that Si_l
denotes the half unit sphere and let B4(0,7) be the ball of center 0 and radius 7 > 0 in R%.

Theorem 4.2
Suppose that the subgroup of (Z%,+) generated by the support of the law of D is Z%. Then the
random walk (T,,)n>0 is transient if and only if for some n >0 :

/Bd(o,n) fie (1;13(:0)) i < oo (4)
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Notice that one can restrict the integral to the half unit ball Sf‘ﬁ*l.]O, n[. Forgetting the multiplica-
tive constant coming from the change of variables in polar coordinates, we next decompose the
integral in the form :

1
Re () t4= Y dudt, with (u,t) € Sd_lx]O,n[.
/sil 10,01 1 — xp(ut) *

From our assumptions, the subgroup Gp of (Z4,+) generated by the support of the law of D
is d-dimensional. Observe that (7,) lives in Gp and recall that Gp admits a basis over Z.
Reparametrizing Gp corresponds to making a linear change of variables in (4). The properties
of dominated variations shown below in lemma 6.1 imply that we can assume that Gp = Z? from
the beginning. This is what we do in the sequel.

The only singularity of 1/(1 — xp) in R%/Z% is now 0. Fixing 0 < n < 1/2 small enough, we
take u € Sf‘ﬁ_l and 0 <t <.
4.1 Local time and contour of a Galton-Watson tree

For u € S¢' we study the behavior near 0 of t — xp(ut). Let us introduce the one-
dimensional random walk (Y;,),>0 on Z such that Yy = 0 and P, ,,—1 = ¢, and P, 41 = p),, for
n € Z. This is (S2),>0 restricted to the sequence of vertical jumps.

Let 0 = min{k > 1 | Y} = 0} be the return time to 0. Grouping in packets the successive Z%-steps
of the random walk, observe that D can be written as :

o—1 'y
-3 (L)
k=0

m=1

where, conditionally on the (Y;);>0, the ((&(ﬁ))mzl,kzo, (Tk)k>0) are independent with &(,Ii) ~ Ly,
and T'y ~ (G(ry,)), for all k > 0. To detail xp, define for n € Z :

r
on(ut) =E <exp (itu. Z §m>> , teR, (5)

m=1

with random variables I' ~ G(r,,) and &, ~ p,, for m > 1, all being independent. Conditioning on
the (Y7);>0, we obtain the equality :

o—1 o—1
xp(ut) =E (H Pv; (Ut)> = @o(ut)E (H Pv; (Ut)> :
k=0 k=1
The only remaining alea is that of the (¥});>0. Introduce the conditional expectations :
Ef()=E(|Yi=1)and E () =E(. | Y3 = —1).

Setting x5 (ut) = E* (Hz;ll Oy, (ut)), this leads to :

xp(ut) = wo(ut)(poxp(ut) + ahxp(ut)). (6)

We next restrict the analysis to XB, the case of x, being symmetric. Introducing the local
times N,, = #{1 <k <o -1, Yy =n}, n > 1, we obtain :

Xh(ut) =B | T] (en(ut)N

n>1

The alea now is on the (Ny,),>1. To describe these local times, one classically introduces (cf [4] for
instance) the Galton-Watson tree (Z;}),>1 with Z;” = 1 such that, independently, the law of the

n
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number of children at level n + 1 of an individual at level n is G(p],). This tree is almost-surely
finite, from the hypothesis lim,,_, { o v4(n) = +00.

|

ImY V
N/ W7
N7

—_— N W

o= w|s
N
<
1

As shown on the left-hand side of the picture, we make the contour process of the tree, starting from
the root of the tree and turning clockwise. We associate to each ascending/descending movement
a +1/—1 step. This gives the picture on the right-hand side, where we recover a positive excursion
of the random walk (Y;,) in the time interval [1,0 — 1].

Observe that the total number of visits of the random walk at level n > 1is N, = ZT + Z! ;.
This furnishes :

[T (entut)™ = T (onlut))?* + 2 = gy (ut) ] lon(ut) st (ut))Zre.

n>1 n>1 n>1

Finally :

Xb(ut) = er(ut)EF | ] [ (ut)proi1 (ut)] Zre
n>1

4.2 Development of x}, in SP-continued fraction

We now express XB as a SP-continued fraction. For N > 1 set :

N
XJEN(Ut) = 1 (ut)ET (H[@n(Ut)SDn.yﬂUt)]Z’Ll) . (7)

n=1

Let (R,&n))nzl,kzl be independent random variables such that R,(;l) ~ G(pl,). Then (Z,}),>1 admits
the following classical description :

2
Zf =1, 25, =Y R, n>1.
k=1

Recall that the generating function of G(p),) is s — ¢, /(1 —pl,s) = an/(bn, — 5), 0 < s < 1. Using
conditioning on the first step, this allows to write :

N-1
xpNM(ut) = pi(ut)BF (H [Wn(ut)@nﬂ(m)]Z:“(@N(Ut)‘PN“(Ut))Z;H)
n=1
N-1 I a Z]t
= QOl(’LLt)E+ (H [(Pn(ut)@nJrl (’U’t)]zwrl (bN — @N(U;\;@N+1(Ut)> >

N-2 z}%
= pi(w)E* (H [<P7L(Ut)90n+1(Ut)]Z:+1 < an PN -1 (ut)pn (ut) )) > )

by — on(ut) Ny (ut

n=1

ANPN-1¥PN

Replacing N1 of the first line by the quantity , we iterate and obtain :
bn — PNON+1

12



+N _ Y11
XD - by — Ppi1p2a2
1 b PN_1PNON
2T N eNeN 1

Dividing by ¢1,---,pn at each successive level, using that the ¢, are close to 1, hence not 0,
uniformly in n and u € Sjl__l for small ¢, we get :

X wt) = [(an, by /o (ut)); (—a, b palut) - 5 (~an, b o (ut) — o ()]
Now in (7), XEN converges pointwise to xp by dominated convergence. Hence, by lemma (3.1) :

Xp(ut) = [(a1,b1/p1(ut)); (=az, ba/p2(ut)); - 5 (=an, b/ on(ut)) - ].
A similar expression is true for x,(ut). We have in fact shown something slightly stronger :

Lemma 4.3
Let (yn)n>1 be a sequence of complex numbers with 0 < |v,| < 1. Then :

o—1
+
ET [T v = wE" [[mrmeal? = [(an,b1/9); (=02, ba/72)5 - 5 (—an, ba/ym)i -]
k=1 n>1

4.3 Another reduction
Let E,(ut) = > 1cza €7 pn(k), t € R. From (5), on(ut) = (1 —ry)/(1 — rnEn(ut)), giving :

1 7
——— =1 —itum, —— + O(t?),
on (ut) e 1frn+ (#)

with O uniform in n and u € S¢'. We shall replace below the ¢, (ut) by the v, (ut) in the
recursive relation (2) satisfied by the (B,,), where :

Definition 4.4

1 n .
ForneZ,ue€ Si_l andt € R, setn, = rpm,/p, and W = 17itu.77n1€7rn = 1—itu.n, /by.
Lemma 4.5
Let ¢ = 63/4 > 0. For small t > 0, uniformly in n and u € Sffl :
lon(ut)] < 1 — ct?. (8)

Proof of the lemma :
Let M (u) = 3 cpa (k) pin (), mp(u) = my.u and Var, (u) = Ma y(u) — my(u)?. A computa-
tion gives :

lon(ut)] =1 — %(liﬂir;n)z(Mzn(U) —roVar,(u)) + O(t?),

with O uniform in n and v € S9!, due to the uniformly bounded third moment of y,,. Using the
hypotheses, we have 62 < §Ms ,(u) < Ma,,(u) — 7, Vary(u). Hence :

253 263
fenun) <1- 5= v 0% <1 - 50

for ¢ small enough, uniformly in n and u € Sjlfl. g

Lemma 4.6
Let RY(t) =1 —-E*T((1 - t2)”*1) and fT(ut) = E*(Hz;ll Py, (ut)).
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1. For all C > 1, for x > 0 large enough : 1/111(033) < 2021/@1(95).

2. There exists a > 1 so that for smallt >0 :

< RF(v3(1/1) < a

Q| =

3. There exist constants C1 > 0,Cy > 0 so that for small t > 0, uniformly in u € Sf‘f__l :

1 — |[xh(ut)] > C1R*(t) and |x}(ut) — f*(ut)| < CoR*(t).

Proof of the lemma :

1. Recall that 92 (n) = nwy o vy'(n), so n — 92 (n)/n is non-decreasing. Let C' > 1 and x > 0.
Set n = 17 '(z) and suppose that n > 1. By definition, ¢4 (n) < = < ¢4 (n + 1). Similarly, let
n+p =17 (Cx). Then :

-1 2.2
vy (Co) _ntp _ ntp _, P3(n+ )SQCz

o2
¢;1(x) T on T Tn+1— 1/4( 1) 22 =207

2. As a preliminary point, for n > 1, let ©4(n) > 0 be such that ©2 (n) = >, ;< (p1/pr). Fix
constants ¢ > 0,¢ > 0 so that cw+( ) < 2 icu<k(l/pu) and v+(k: +1) < vy (k), for all k > 1.
We claim that there exists C' > 0 so that for all z > 0 large enough :

(1/C)vs 0 07 (2) < 7 (@) < Cuy 0 07 (a).

The second inequality follows from the remark that O, o v;l < Y4, giving v;l o) w;l < @;1,
and the fact that vy (v;'(2)) > ¢z, for some constant ¢ > 0. For the first one, let z > 0 and
n=0;"(z). Forany 1<m <n:

2? > (v (n) — vy (m)) Z (1/pr) = c(ve(n) — v (m))wy (m).
1<k<m

Choose m < n so that v4(m) < vi(n)/2 < vi(m+1). Hence, as m = v ' (v (m)) :

@® > (¢/2)vs (m)wy(m) = (¢/2)¢3 (v4.(m)).

We obtain, using at the end the first point of the lemma :

vy ()/(2¢) < v (m) < 07 (2/v/el2) < (4f)7 (@),
This completes the proof of the claim.

Let us now turn to the evaluation of RT(t). Using lemmas 4.3 and 3.1 we have :

2\o—1 t
B () = tim G100 pP 3

where f_1 =0, Bo =1 and B3, = (by/(1 — t*))Bp—1 — anfBn—2. We omit the dependence in ¢. The
() satisfy the same recursive relation with this time av_; = 1 and ag = 0. First, as there is a
constant C' > 0 so that for allm > 1, ©4(n) < ©4(n+1) < CO4(n), we deduce that for any
constant ¢ > 0 (chosen later), there exists a constant ¢/ > 0 so that for small enough ¢ > 0 there is
an integer N (¢) so that :

7 < OLNM) < 5

~+

Next, using lemma 3.1 :
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1
Z Bu(t )571 1(t) = BNy ©)

n>N(t)

()

We shall show that there exists a constant € > 0 so that 1+¢& < By)(t) — an)(t) < 1/¢ and next
that vy (N(t)) < By (t) < v4(N(t))/e. These two properties imply that R*(t) has exact order
1/v4(N(t)) and so 1/¢;"'(1/t), by the claim and the first point.

We have b, /(1 — t2) = b, + t?c,(t), with (1/a) < ¢, (t) < a, for some constant a > 0. Next :

(Bfl) _ (bn +t12cn(t) —gn) (bl +t12cl(t) —gl> ((1)) .

Setting C), = (bln _g">, B = <(1) 8) and since 5,(0) = vy (n), we obtain :

B = v+ 3¢ 3 an(t)---en (t)(er,Cr- - Cry1 B+~ BCr,_1 - Cien)

1<k <-<k,<n
= o ) A3 N (e e ) (Ovg (b — D0 o (ks — by — 1) 050, (n— K.
r=1 1<k <--<k.<n

Idem, since a,, = a1008,_1 :

o, = v+(n)71+2t2r Z (chy e ) () (v (kB — 1) = 100y (kg — k1 — 1) -0 vy (n — k).
r=1 2<k1 < <kr-<n

This furnishes :

Prn—om = 1+thr Z (chy - er ) (0" 0y (kg — k1 — 1) -+~ 0" vy (n — k).

r=1 1<k1<---<kr<n

As aresult B, < vp(n)(1+ Y e, @ t27(0%(n))") and B, — ay, > 1+ 1?03 (n)/a. We simply

choose 0 < ¢ < a/2 to get the desired result.

3. We have x5, (ut) = ET([7_] @v: (ut)). By (8), [x5ut)| < EF((1 ct2)"_1). This gives the
first inequality, as the first point of the lemma says that R*(y/ct) < CR*(t), for some constant C
depending on ¢. Concerning the second inequality :

XD (ut) — £ (ut)|

o—1 [k—1
EF (> (H ey (ut)(py, (ut) — Yy, (ut)) H Py, (ut) >>|

E* (cﬁ LY (Ut)> -E* (aﬁ d)Yk (Ut)> ‘
k

k=1 \i=1 I=k+1
o—1 [k—1 s

< E+( (Hm(ut)|¢Yk<ut>—wyk<ut>l 11 lMut)'))
k=1 \l=1 I=k+1

Using now that for some C' > 0 and small enough ¢ > 0, uniformly in n and u € Si_l, | (ut) —
Uy (ut)] < Ct2, as well as |py, (ut)] <1 —ct? and |, (ut)| < 1, we get for small ¢ > 0 :

o—1 2\o—1
X (ut) — £ (ut)| < CLEF (Z(l - ct2>k—1> — OPE* (““‘”) )

ct?
k=1

The conclusion now comes from the first point of the lemma.
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5 Precise analysis of some convergents

As a summary, from the previous section, uniformly in u € Sflfl :

Xp(ut) = f*(ut) + O(R* (1),
with fT(ut) = lim,_, 1 oo Ap(ut)/By(ut), where now :

(24) = (i ) (e ) ()

together with A, (ut) = a10B,_1(ut).
Recall the definitions R (u) = > k<r<i Mrulpr/pr) and Ti(u) = (RL(u)2pr—1/p1, k < I. For
fixed u € Siﬁl, notice that these quantities depend only on the data in [k,1].

Definition 5.1
We fiz u € Sf‘ﬁ*l. Omitting the dependence with respect to u, set :

n __ k1 pk2 k.
Al = E RY'R2 - Ry
1<ki<-<kp<n

with A =1 and AT =0 ifr >n orr <O0.

-1+

Proceeding as in the previous section, setting 7, = u.ny, we develop :

B, (ut)

n)+ > (—it)" > My =+ M V4 (k1 — D)0 0y (ky — by — 1) -+ 0% vy (n — ky),
1<k <--<kp<n

Anut) = wp () =130 ST e (0O — 1) = D0 (ke — ey — 1) 050y (0 — ).

2<ky < <kp<n

We therefore obtain :

By (ut) — Ap(ut) =1+ Z(—it)r Z 7721 T Ufsﬁklw(/@ —k—1)--- riv+(n — k).
- 1<ky <--<kp<n

In the last sum, fix ko, - - - , k, and write :
PO U CEERVE D DI D D D DD DI Sl ) DES (:F
1<ky<kg 1<ki<ks  ki<I<k, pkl 1<i<ky 1<k <l ki 1<k
Successively iterate this manipulation for ks, - - , k- in the formula for B, (ut) — A, (ut). Then :
n n
B (ut) — Ap(ut) =14 (—it)" > RPRE Ry = (<it)" AL
r=1 1<k < <kr<n r=0

Similarly, using as first step that >, ;. ., 7, v+ (k1 — Dok v, (kg —ky—1) = D 0<s<i<hy psRL 4

n

B, (ut) = vy (n +Z —it)" Z pklRllle . RZ:fl :Z(—it)r Z prOF ATk,

0<k1<~~~<kr+1§n r=0 0<k<n

Proposition 5.2
Set 2050 =2 if k #1 and 1 if k = 1. We have the following ezxact computations :
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’ I Ho (i), (1
Ko (n) = T T Tl 200,
1<l <ka<la <<k, <l <kri1<n+1

where Hy((k;), (1;)) =#{1<i<7r |l +1<kit1}.
2. |Bn(ut)]? = 327_o t* Ly(n), with Ly(n) = Y cpeicn prep12FVOVK, (0 —1).
3. Re((Bn — An)By)(ut) = 321_ "My (n), with My(n) = Y <<y pr0° Kr(n — k).
4. Im(A, (ut) B, (ut)) = S0 271N, (n), with N,(n) = S ickcicn RE2ED 010 K, (n —1).
When r >n orr <0, set K.(n) = L.(n) = M,(n) =0. Idem N,.(n) =0, r>n orr <0.

Remark. — Recall that R}, and T} and therefore K,.(n), L,(n), M,(n), N,.(n) depend on u € S¢*
but that the dependence is omitted in the notations.

Proof of the proposition :
1. Since By (ut) — A, (ut) = 3o, (—it)" A}, this gives :

n

|Ba(ut) — An(ut)]® = (Bu(ut) — An(ut)) (B (ut) — An(ut)) = Y 137 Y AL AR (—0)™+Pi7 7P,

r=0 p=—r

using the conventions for A” concerning the value of r with respect to n. Hence | B,, (ut)—A,, (ut)|? =
S t*" K, (n), with Ko(n) =1 and :

T

K.(n) = Z (—1)PA} AT r> 1

p=-r

We will show that :

Ki(n)= Y TFp2™Y, (10)
1<k<i<n

together with the following recursive relation, for r > 2 :

K.(n)= > Tfpb'K,_i(n— 1250, (11)
1<k<I<n

This then gives the announced formula. For the initial relation :

2

(A?)Q —2Ay = Z le -2 Z RllcRch

1<k<n 1<k<i<n

S (BHP+2 > RE(RL-RLy,).

1<k<n 1<k<I<n

Kl(n)

Observing that R (R} — R} ) = (R})?(pi/pr) = Tfpi, this proves (10). Let us now turn to the
proof of (11). Taking first general p > 1 and ¢ > 1, we write :

!
nAn - ki RRe Ko R
ApAq - (Rl Rkp_lJrl)(Rl Rk;71+1)‘
1<k < <kp<n
1<k]<---<ky<n

Distinguishing the cases k1 = k1, k1 < k7 and k] < k1, we decompose :
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APAR = > (RE)2OFATFOEADS
1<k<n
k1 [ pk k, k ks,
+ Z Rll(kaH"'Rk:,lH)(R e +Rk +1)(Rk’+1 Rk7 1+1)
1<k <--<kp<n Pl
k1 <kj<--<kj<n

ki Pk k k
+ > (RIS R (B2 - Ry IH)(R R,; !
1<K <---<ky<n Pky
ki <ki<--<kp<n

Regrouping terms, this is rewritten as :

nAmN k k An— k n— lpl k An—Fk n— lpl
AZAT = > (RY)?(0FARTE D 6ar Ot AL > oan
1<k<n k<I<n k<i<n
k [gpk An—kpgk An—k kAn—kpgk An—k
+ ) RE[OFATTFORALTR 4 0FATTRORAL LT
1<k<n

Taking r > 2, insert the latter in K,(n) = > oo, (=1)PAT AT ) +2(—1)"Af, and get :

n n n n p
K ) = 3BT Y (U \0ATgL oA - +m SR W NG

1<k<n —rl<p<r—1 k<i<n k<Il<n Pk

+ 2-1)'AL +2 > Rf S (—urerarch ok Ary

1<k<n —r+1<p<r-—1

The last line is 27, RE[Y 11 <pey (F1)POFAZTY [ 6FAT"F]. The bracketed sum is 0, for

instance when doing the change of variable p — —p + 1. Separating now the term with £ =1 in
the first sum above and recognizing %K, _1(n — k), we obtain :

Kn) = S (RO 0K, an—k)+2 Y (-LpeArcE NG
1<k<n —rl<p<r—1 k<I<n Pk

Setting m =n —k and Z.(m) = > o o (=1)PATL >7 ., o'AT ppl, we therefore have :

K.(n)= > (RY)?[0* K, 1(n—k)+20"Z,_1(n—k)].
1<k<n

‘We shall show that :

= > 0FK.(m—k)pr, r> 1. (12)

1<k<m
To complete the proof of (11), we simply apply this to Z,._1(n — k) in the previous equality. First
ofall, with 0 <p<r—1:

m— — k1 Krtp lo lr—pt1
r+p Z GAT p/’l - E: Ry "‘er+p71+1Rzl+1 "R 1Pl
1<i<m 1<k1 < <kryp<m
1<hi<la<-<lyp_pt1<m
— ki pka . pkrip lo L plr—pt1
= E: RUR Sy By B By P

1<k1<---<kpyp<m
k1 Sll<"'<l7‘—p+l <m

Iy Pk1 ko krtp lo Lr—pt1
+ E: (Ry oL, +Rl1+1)Rk1+1 ) er+p,1+1Rll+1 Ry 1Pl
1<l < <lpmpp1<m
lh<k1<-<krgip<m
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Written in a more concise way :

ALy Z 0'AT” ppl Z R} ekAZ-pkl Z 0'ATE p +OFAT Z 9AT+p 1Pl

1<i<m 1<k<m k<I<m k<l<m
k Am—kpk Am—
+ E 0 Ar+p 0 A p ,Dk
1<k<m

This allows to write :

Zem) = (07 (AR Y it 3 0ApTal+ ST Y (AT AT

1<i<m 1<i<m 1<k<m —r+1<p<r-—1
k k k ! l k l
S Y ;A D 8 § L 177 I N G TR o N ANy
1<k<m —r+1<p<r-—1 k<i<m k<i<m

Recognizing some 0% K,.(m — k), we get :

Z(m) = (=17 |A5 Y = D> 0ART |+ D FK(m— k)
1<i<m 1<i<m 1<k<m
FOY RS |rant Y dans
1<k<m —r4+1<p<r—1 L k<I<m ]
COYRY ot [rant, Y ear
1<k<m —r4+2<p<r L k<l<m ]
Consequently :
Zp(m) = Y 0K (m—k)p+ (1" [AL > p— > 0ALT )
1<k<m 1<i<m 1<I<m
DS RE(eaph S Y #apie
1<k<m k<I<m k<l<m

D DIV I DNV N DI NV R NG S

1<k<m —r4+1<p<r k<I<m k<l<m

The last line is Y5y oy RV yy<per(— )T’HkAZ_pk OF AT ¥pr]. For the same reason as before,
the inside brackets are 0. Therefore it finally remains to show that the sum of the second and third
terms is also 0, in other words that :

AT = D 0ART = > RE[0FALTE YT pt+ Y 0'ART | =0

1<i<m 1<i<m 1<k<m k<i<m k<I<m
Equivalently :
kpk Am—k I Am—1 k
E Ry0™ Az, E PL— E 0" Ag o — § Ry E 0' ALy =
1<k<m 1<k<l 1<i<m 1<k<m  k<I<m
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In the last term, replace R¥ by (R} Rk+1)pk/pz It remains to show that :

Z 0' AL it Z RO ALY Z pL— Z R16' AL~ prt Z R 10' AL py = 0.

1<i<m 1<k<m 1<Ii<k 1<k<I<m 1<k<i<m

As this is true, this Completes the proof of this first point.

2. Let us define A =D 0<k<n prO A" F 5o that B, (ut) = Eogrgn(—it)rﬁf. As for | B, (ut) —
Ay (ut)|? in the ﬁrst point, we have :
| B, (ut)] Z t"L,(n), where L,(n) = Z (— )pAfﬂ,Aq’Lp
0<r<n —r<p<r

In order to compute L, (n), notice first that :

k —k l —1 k —k l
A?erA:lfp = Z e |0° A Z OA o+ 07 AT, Z 0 Arﬂ?pl
0<k<n k<I<n k<l<n

Replacing in L, (n), this allows to write, using the expressions of K, (n) and Z,(n) given in (12) :

Le(n) = > pe Y (=1 |0FA7) p' AT=L 4 R ATk LN
0<k<n —r<p<r k<i<n k<l<n
= D () K (n—k)+2 > ()20 Ze(n — k) (13)
0<k<n 0<k<n
= Z ok | prOF K (n — k) +2 Z o0 K, (n—1) Z oK, (n — k) Z Q(I’k)pl.
0<k<n k<i<n 0<k<n 0<I<k

This completes the proof of this point.
3. Directly, we obtain :
(Bn — A)(ut)Bp(ut) = > (—it)" A7 > (it)" AL (14)
0<r<n 0<r'<n

When developing and taking the real part, only terms with r 4+ 7’ even intervene. This gives :

Re((B, — A,)B,)(ut) = Z 2 Z (—i)"tPir= PAT, A ?_p _ Z 127 M, (n)

0<r<n —r<p<r 0<r<n
with this time :
M.(n)= > (=1)PAL AL,
—r<p<r

Since A" = A” + D o1<h<n prfF A"k using K,.(n) and the value of Z,.(n) in (12), we have :

M.(n) = K.(n)+Zn)= > p0°K.(n—k).

0<k<n
This ends the proof of this point.

4. In the same way as for 3., when taking the imaginary part in (14), only terms with r 4+ ' odd
come into play. Consequently :
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n 1 s T ST — n
m(A”B”)(Ut):_{ Z £2r+1 Z (— )+p+1 pA]+p+1ATp = Z t2r+1NT(n),

0<r<n-—1 —r—1<p<r 0<r<n—1
with this time :
N7(n) = Z ( ) A:}+p+1A?—p
—r—1<p<r
Using again that A” = > o<nen POFAT TR we get :

Z Z (—1)* A?+p+19 AT pl)k

0<k<n —r—1<p<r

Notice that the term corresponding to & = 0 equals 0, for symmetry reasons as before. It remains :

N = 0t Y AR RS Corrant X sarin
1<k<n 1<i<n —r<p<r I<k<n
PN Crarte Y mean
1<k<n —r<p<r k<I<n
= D Rip0"K.(n—k)+ > Rip0'Z,(n—1)+O.(n), (15)
1<k<n 1<i<n

where we introduce :

OT(TL _ 7+1 Z 9kA2T+1pk+ Z Z pgkAn ;cp Z RlelA?Jrll)

1<k<n 1<k<n —r<p<r k<l<n

To compute O,(n), in the last sum decompose R} = R (pi/pr) + R}, As a result :

Op(n) = > Ry > (—DPOFATTE ST 0AT
1<k<n —r<p<r k<l<n
+ 1)r+1 Z GkAgrflpk+ Z Z pekAn kgkA?+II)c+1pk
1<k<n 1<k<n —r<p<r
C Y REZG-bar Y Y (At al e
1<k<n 1<k<n —r<p<r-—1

One more time, the last term is 0. Together with (15) and (12) we obtain :
> aBREOF K (n— k) +20°Z.(n— k)= > RE§'K,(n—1)p 2D
1<k<n 1<k<I<n

This gives the announced formula and concludes the proof of the proposition.

6 Proof of the theorem

6.1 Dominated variation

For u € Si_l, the inverse functions of n — ¢, +(n) and n — ¢, (n) check a dominated variation
property at infinity (Feller, 1969). Notice that the latter property holds for wjrl and Y1, as a
consequence of the first point of lemma 4.6.
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Lemma 6.1
1. Foranyxz>1and K > 1 :

T (Ka) < 2K ().
2. There exists a constant C(§) > 0, so that for any u € Sifl, anyx >1and K > 1 :

2K2 —1 1 K2 1
- < " .

Proof of the lemma :
1. Recall that ¢?(n) = n(wi(n)ovy'(n) +w_(n)ov-"(n)). For z > 1, let n = ¢p~'(x), ie
¥(n) <z <t(n+1). This implies that :

Y(K*(n+1) > K¢(n+1) > Kz.

Hence v 1 (Kz) < K2(n+ 1) < 2K?n = 2K%)p~1(x).

. !
2. Let hy4(n) = Zlgkglgn Ti(u) = Zo§k<lgn PkPl(Cich(U))Qv setting (j(u) = 3oy ns-u/ps,
with ¢! (u) = 0if k > 1. We first claim that :

K+ (1) _ Ku4(n—1) i Pn Z PrCis1(u)

() e D) (D) |2
In particular, n — Ky 4 (n)/v4(n) is non-decreasing. Indeed :

fur(n) = > oG @)+ Y () =2 ) oG (WG (w).

0<k<Ii<n 0<k<i<n 0<k<i<n

This is rewritten as :

Ku+(n) = Z e (G (u Z pL+ Z pi(Gl (u Z Pk — Z PGy ()

0<k<n k<l<n 1<i<n 0<k<l 0<k<n

+ (Pr)* (G2 ().

In other words :

Fut(n) =ve(n) Y oG @) = [ D ol (w)

0<k<n 0<k<n

Next, directly from the definition of k, 4+(n), and then using the previous equality :

2
Ra, (n) + Z <k<n P C” (u)
ot () = wue (M =1) =P D, pe(Gia(w)* = pn . ( vo_(kn) s ) :
0<k<n +

Observe that this is equivalent to the desired claim.
We next use that for all n >0, § < ppr1/pn < 1/6, hence vy (n+1) < (2/8)vy(n). As a result
vy ovi'(n) <n < (2/0)vyovi'(n). Hence for x> 1 and K > 1:

-1
vyeov, (Kx 0K
w > —— Kyt O'U;l(l').

-1 -1
K ov, (Kz) >k ov, (x
u,+ + ( )— u,+ + ( ) v+ovll(1¢) =9
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A similar property is verified for some symmetrically defined function x,, _ o v_!. Notice that :

gpi,Jr(n) =*(n) + Ky 0 v;l(n) + Fu,— 001 (n).

Notice that ¢, 4+ (n) — +00, as n — +00. As we showed in point one that ¥?(Kz) > K¢?(x), we
obtain that for x > 1 and K > 1 :

@u,-{-(Kx) > (5K/2) (Pu,-i-(x)'

We conclude as in point one. Let x > 1 and n = <p;’1+(aj) and K > 1. Then ¢, +(n) < z <
Pu+(n+1), so

Pu+((2K%/8)(n+1)) > Ky 4 (n+1) > Ka.

Consequently ¢! (Kz) < ((2K?)/8)p, Y ().

It remains to show the same result for ¢,. This way, let k,(—m,n) = _ -, Tr(u), for
m > 1, n > 1. Then, the computation on &, 4 shows that :

n—s ’iu(_m7 'fl) and m —> Hu(_m7 'fl)

(v—(m)/ao) +v4(n) (v—(m)/ao) +v4(n)

are non-decreasing. This furnishes that for some constant C'(§) > 0 :

C(6)K

Hu(—v:I(Kx),vll(Kx)) > 5

Ko (=0 (@), v ().

As ©2(n) = ¢¥2(n)+ku(—vZ"(n),v1" (n)), we conclude as before. This ends the proof of the lemma.
O

6.2 Order of the real part of 1 — xp(ut)

With u € Si_l and small ¢ > 0, recall the decomposition x p (ut) = o (ut)(phx 5 (ut)+ahx o (ut))
and also that :

Xp(ut) = f(ut) + O(R* () and xp(ut) = [~ (ut) + O(R™ (1)),

where the O( ) are uniform in u € S{! and where R*(¢) and R~ (t) have respective orders
1/¢7 (1/t) and 1/="(1/t), by lemma 4.6.

Lemma 6.2

Let R(t) = R*(t) + R™(1).
1. We have xp(ut) = po(ut)(pyf+(ut) + g4 f~ (ut)) + O(R(t)).

2. We have t> = O(R ( )) and t> = O(R™(t)).
3. We have tIm(1 — f*(ut)) = O(RT(t)) and tIm(1 — f~(ut)) = O(R™(t)).
4. We have xp(ut) = (1 + itmo.uro/(1 — ro)(ph * (ut) + g~ (ut)) + O(R(t)) and
Re(1 — xp)(ut) = poRe(1 — f*(ut)) + goRe(1 — [~ (ut)) + O(R(t)). (16)

5. There is a constant ¢ > 0 so that for small t > 0, uniformly in u € Si_l :

Re(1 — xp(ut)) > cR(¢).

23



Proof of the lemma :

1. This follows from xp(ut) = @o(ut)(Phxp(ut) + ghxp(ut)) and x5 (ut) = f*(ut) + O(R*(t)).

2. As ¢2 (n) = nwy ovy ' (n), for some constant ¢ > 0, ¥ (n?) > cn, so ¥ (1/t) < ¢ /t2, ¢ > 0, for
some constant ¢’ > 0. By lemma 4.6, t* = O(¢;'(1/t)) = O(R4(t)), which gives the first property.
The other one is proved in the same way.

3. We make use of proposition 5.2 and lemma 3.1. Taking any integer n > 1 and since f*(ut) =
Ap(ut)/Bp(ut) + O(1/v4(n)) (where O( ) is independent on u and t), we have :

m ut)) B, (u <r<n1 BTN (0
(s i)y = DB L o1y, ) = Zet L 001 o)

Now, see (13)3 Lr(n) = Zoglgkgn pkekKr(n - k)Z(l’k)Pl > Elgkgn pkv+(k)9kK,»(n - k), where
the dependence in u € Si‘l is implicit, and :

)
Non)y= S RIEK(n—0p2"0 = 3 | ST 00 kK, (n k).
1<k<I<n 1<k<n |1<s<i<k %

As the n,.u are uniformly bounded by some C/2 (as n and u € Sifl vary), we get :
[N (n)| < Cwy(n) > vy(k)prb* K (n— k) < Cwy (n)Ly(n).

1<k<n
We finally obtain |Im(f*(ut))| < twy(n) + O(1/v4(n)). Let n’ = 7' (1/t) and n = v (n/). By
definition of 14, we have n’wy(n) < 1/t2. We obtain [Im(f* (ut))| < 1/(tn’) + O(1/n’), which is
the desired result. The situation for ¢|Im(f~ (ut))| is similar.
4. Write po(ut) = 1+ itmo.urg/(1 — 7o) + O(?), with O( ) uniform in u € ST~'. Using the first
point of the lemma, we get :

itmg.ury

wo(u) = (14 5P ) 7 ) + o) + O(R(D)),
To

with again an error term uniform in u € Sjl__l. Therefore :

L xo(ut) = (L~ £ () + dy(1 — £ () — TN g £ ut) + gl (ut)) + O(R(D))
Taking the real part :
tmg.urg

Re(1—xp(ut)) = phRe(1—f* (ut))+qoRe(1—f~ (ut))+

OO (£ (ut) + ghln(f~ (ut))) +O(R(1))

The third point of the lemma then gives (16).
5. By lemma 4.6, for a constant ¢; > 0 independent on u € Si_l, we have for small ¢ > 0,
1 — |xp(ut)] > c1R* (ut). Idem, for some cy > 0, we get 1 — |xp(ut)| > caR™(ut). As xp(ut) =
wo(ut) (X (ut) + goxp(ut)) and [po(ut)] <1

Re(1 — xp(ut)) > 1 — [xp(ut)] 1 — |poxp (ut) + agxp (ut)]
po(1 = Ixp(ut)]) + a5(1 — [xp (ut)])
cipoRT () + caqoR™(t) > cR(t),

AVARAVARIV]

for some constant ¢ > 0. This completes the proof of the lemma.
O

Remark. — Notice that in [2] one always had ¢ = O(R™(t)). This is not true anymore here. For
example if Y7, -, (1/px) < oo, one may check that R*(t) can have order ¢, as t — 0.
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Proposition 6.3
There is a constant C > 1 so that for t > 0 small enough, uniformly in u € Si_l :

1

G < $us (/D) Re(l = xp(ut)) < C.

Proof of the proposition :

We still fix u € S¢' and ¢ > 0. Recall that f*(ut) = lim,_ e An(ut)/By(ut), where (A, (ut))
and (By,(ut)) check proposition 5.2. Fixing some n > 1, we use proposition 5.2 and lemma 3.1 :

Re(l = f(ut)) = Re(l—An(ut)/Bn(ut)) (Z Bl By 1ut)>
Re((By (ut) — Ay (ut)) By (ut)) 1

< +
| Bn (ut)]? vy (n)
vy (n) + - nt2TMT n 1
4 Dy M) | 1 1o )
v (n)? + 3 27 Le(n) v (n) 1$ren (n)

where L,(n) and M,(n) depend on u. By the formula for M,(n) and K,(n) in proposition 5.2,
M;(n) < (Zl§k§l<nT (u))"2"v4(n), for 7 > 1. Hence :

M, (vi (n)) < n2"¢3 ().

As a result, for some constant C' > 0 independent on u and any n > 1 :

Re(1— fH(ut) < — |1+ Y (2% @i (n)

—1
1<r<v;"(n)

slQ

Choose n = n,(t) = ¢, ' (1/(2t)). In particular @2 1 (n) <1/(4t%). We arrive at :

!
14+ 27" <7 2C¢ < ¢

_ ft u
Re(1 — f*(ut)) 2 e L (1/(2t) T e (1/t)

3\@

for some constant C’ independent on u, using lemma 6.1. Idem Re(1 — f~(ut)) < C'/o, L (1/1).
Via now (16), using that R*(t) = O(1/¢3'(1/t)) = (1/@ 4 (1/t)), this shows the rlght hand
side inequality of the proposition.

Consider next the other direction. Starting in the same way, for any n > 1, via proposition 5.2
and lemma 3.1 (third point) :

Re(l — fT(ut)) = Re(l — A,(ut)/B,(ut)) <Z By (ut) Bk 1( ut))

Re((Bn(ut) — An(ut)) B (ut))  vi(n)

= B (ut) 2 I Ba(ut)?
CES (n) + Zlgrgn tQTMT(n) o V4 (71) _ Zlgrgn t2TM7'(n)
B (ut)? Ba(uh) 03 (02 + Sy Ly (n)

By prop. 5.2, M,.(n) = > ycpcp, PO K, (n — k) and L, (n) = > 0<i<k<n 2(F) oy prO* K (n — k), so
we have L,(n) < 2vy (n)M,(n). Hence :

Il Y Mem)fvi(n) 1 2Mi(n)/v4(n)
o (1) T+ 252y My (0) oy (n) = vi(n) 1+ 2201 (n) Jus (n)’

Re(1 — f"(ut)) > (17)

25



using in the last step that z — x/(1 + 2z) is increasing (x > 0). As a result, for some constant
¢ > 0 independent on v and alln > 1 :

) c ct?> My (vi'(n))/n
Re(l = f1 W) = S o L ot ()

<m T!(u) and assume first that lim,, 4o £, + (M) = +00. Note (using
) = > 1<m<n Pmbiu,+(m). Therefore :

My (U+1(n)) > Z Pmbou,+(m).

1<m<vi'(n)

Let K, 4+(m) =31 <y
proposition 5.2) that M;(n

Let co > 2 be such that for all n, vy (n+1) < covy(n). Set my(t) = (ky,+ ovy')7H(1/¢?) and next
2 ~1

1 t
choose ny (t) = cmy(t). Let s = v (my(t)) and s’ = v ' (ny(t)). This gives :

vy (8) < my(t) <vip(s+1) < covy(s) and vy (s) < camy(t) < vy (s’ +1) < cpvi(s)).

As a result, c2my(t) > vi(s') —vi(s) > (co — 1)my(t) and my(t) > vy(s) > my(t)/co. This
furnishes the inequalities :

Ml(v—zl(nu(t))) > Zs<m§s/ pmm_(m)

v (s") — vi(s) _
n(f) () @ 2@ vithes (@-v/d

na(t)  © &2

> Ku4(s+1)

Consequently, with o/ = (c2a)/(c3(1 + 2ca)) :

co o

Re(l _ f+(’u,t)) > nu(t) 1 4 2ca = (ffu,+ ov;l)—l(l/tQ).

If now m +— Ky, +(m) is bounded, the previous inequality is valid as long as (i, +ov; ") ~H(1/¢2)
is defined. For smaller ¢, we have (k, 4 ov;")~1(1/t2) = +00, so that the previous lower-bound is
obvious in this case. Similarly, with &, —(m) = _, o« ; Ti(u), we have :

Re(1 — [~ (ut)) > o' /(ry,— 0vZ")H(1/1%).

To prove a lower bound, we use (16), giving for some constant ¢z > 0 independent on wu :

Re(1 — xp(ut)) > poRe(1 — f* (ut)) + gpRe(l — [~ (ut)) — cs/v~ ' (1/t). (18)

Recall that c,oi’+ =2+ Koy, + © v;l + Ky,— 0 v=%. Then, for some constant 8 > 0 independent on w
and ¢, we have :
1/t
S Sou +( / ) - S 1
min{=1(1/8), (Ku,1 0 v ) TH(L/12), (Ku,— 0 v 7H(1/12)}

Fixing ¢ > 0, suppose for example that (ky 4 o vy ') 71 (1/t?) < (ky,— cvZ')"1(1/t?). This leads to
the following discussion :

~IE (161 (1/4)) < phRe(1 — F* (ut))/(2c5) and §(1/8) > (kus 0 v5")"L(1/42), then
ph'/2 L Brhe' /2
(Ruct 003 )1 (U/2) = 9, L (1/)

Re(1 — xp(ut)) > (p/2)Re(l — T (ut)) >

T (1/97(1/1) < phRe(l — £+ (ut))/(2c3) and §(1/8) < (ky+ 0 v3)"1(1/£2), then, by lemma
6.2 and proposition 4.6, for absolute constants ¢ > 0 and ¢/ > 0 :

Re(1 — xp(ut)) > cR(ut) > ¢ /4~ (1/t) = B’ /o L (1/1).
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~ I (1071 (1/1) > phRe(l — f*(ut))/(2¢3), then v~ ' (1/t) < (2¢3/(ppe))(ku,v 0 vi') "M (1/82).
We obtain the inequality :
B . 1
P (1/t) = ¥71(1/t) min{pya’/(2¢3), 1}

We conclude as in the previous case, via Re(1 — xp(ut)) > cR(ut) > ¢/ /=(1/t). This completes
the proof of the proposition.

O

6.3 Preliminaries for estimating the modulus of 1 — yp(ut)

We still fix u € Sffl and ¢ > 0. We use proposition 5.2 concerning f* and its symmetric
analogue for f~. To precise the dependency with respect to f™ or f~, we put a superscript (+
or —) on A, By, etc. For example f1(ut) = lim, 1 A} (ut)/B, (ut). Keeping the same sets
of summation, the expressions corresponding to K, (n), etc, are deduced from proposition 5.2 by
replacing (qx, pi) by (P—k,q—k). Any pj becomes p_x_1qo/po. It is worth noticing that T} (u) is
simply transformed into T (u).

Let us begin with a formal computation on reversed continued fractions.

Lemma 6.4
Let n > 1 and consider the formal reduced continued fraction :

Un . . .
V.= [(—c1,di); (=2, d2); -+ 5 (—cns dn)]-

Then the reduced reversed continued fraction :

% =[(=1/cn,dn/cn); (—=1/cn-1,dn-1/cn-1); -+ ;(=1/c1,d1/c1)]

verifies Vi, = c1 -+ cp V.

Proof of the lemma :
We have :

_ dn —Cnp dl —C
V"_<61’<1 o)"'<1 0)61>
Transposing and next conjugating the matrices with diag(1,—1) :
- dy 1 dyp 1 B dy -1 d, -1
Va = {er, (—cl O) (—cn 0> a) = fen, (01 0 > (cn 0 > e1)
d —1 dn n -1 n
= Cl~-~0n<€1’<1{01 O/Cl>( {C 0/C>el>.

Hence V,, = ¢1 - - - ¢, V,,. This proves the lemma.
O

Let us start from relation (6), xp(ut) = @o(ut)(Phx 5 (ut) + ghxp(ut)) = (polut)/bo)(xF (ut) +
aoXp(ut)). This gives, using lemmas 4.6 and 6.2 and taking ¢ > 0 small, independently on w :
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wo(ut)

xp(ut) =1 = ™ (x5 (ut) + aoxp(ut) — bo/wo(ut))
~ pol(ut) (A} (ut) Az (ut)
- b (Bﬁ wt) " “OBur) wo(“t))
Folet) P _ app
+ bo <l§1 BI-: <Ut)B}:;1(Ut) * kg;m Bk_ (ut)Bk_l(ut)> + O(R(t))v

with O( ) uniform in v and arbitrary n > 1, m > 1. As a result :

() = 1 = G P (A 0) B 0t) + a0 A (ut) B ) = (o) B ) ()
b W p )+ ORD), (19)
0

with |R_pm n(ut)] < (ve(n)/|B;F (ut)|?)+ao(v—(m)/|B,,(ut)|?), by proposition 3.1, and O( ) uniform
inwue Si‘l.

Lemma 6.5
Let n > 1, m > 1 and the following reduced continued fraction :

M = [(—Cl_m, b—nb/w—m (ut)), (_a—7ﬂ+17 b—m-&—l/w—'rn—i-l(Ut)); ety (_ana bn/wn (U't))]
m+n+1(Ut)

T

Then By inia(ut) = —a_q -+ a_m (Al (ut) By, (ut)+ao A, (ut) B (ut)—(bo /100 (ut)) B; (ut) By, (ut)).

Proof of the lemma :

Fix m > 1. Observe that the two functions n — —Bpyni1(ut)/(a—y---a_p) and n —
Af(ut) B, (ut) + agA,, (ut) B, (ut) — (b /1o (ut)) B, (ut)B,, (ut) check the same recursive relation
X, = (bn/tn(ut))Xpn—1 — anXp—_o, for n > 1. We just need to check that they coincide for the
values n =0 and n = 1.

First, By, (ut)/(a_y---a_m) = B (ut) and :

A (ut) = (1a_1)0~" Byy_y (ut) = By (ut) (s - a_),

by lemma 6.4. For n = 0 we have —B,,1(ut)/(a_1---a_y,) and agA,, (ut) — (bo/vo(ut))B,, (ut).
Since one has :

Bm+1(ut) = (bo/d)o(ut))ém (ut) - aoBm_l(ut),
this gives the result for n = 0. For n = 1, we have :
~ b1 - b1 bo

~ - b1 ~
Bm+2(ut) = wl (ut) Bm+1(ut) — ale(ut) = (wl(ut)’(/}O(’u,t) — (11) Bm(ut) — WaoBm_l(ut).

This has to be compared with a1 B;, (ut) + ao(b1 /11 (ut)) A, (ut) — (bo/vo(ut))(b1/¢n (ut))B;, (ut).
This provides the conclusion of the lemma. O

As a consequence of this lemma we obtain :
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o(ut) — 1 — £t (aop_m_lm _ R_m,n(ut)> + O(R(1)). (20)

Now it follows from proposition 5.2 that | B} (ut)|? = >_'_ t*" L} (n), with H,((k;), (1;)) := #{0 <
i<r|li+1<kit1}and:

! Ly ” i), (L
Lf(n)= Z p1o T () - - TY () iy -y 271 (000D,
0<lp<k1<l1 <<k, <lp<krp1<n+1

As a result, setting W_,, ,(ut) = aop,m,13m+n+1(ut)7 we have :

—m,n\U = r{u),
W (ut)|? U,
0<r<n+m+1

with HT((kl), (lz)) = #{O <i:1<r | Li+1< k)i+1} and :

—m— l ls —m—
U,.(u):agpQ_m_l meflglo<k1§l1<--~<ksgl5<ks+1§n+19 mel plo+m+1Tki(u)'”Tks(u)0 m

X Piey 1 — 141217 (R0,

After a cocycle simplification :

Un(u) = af > P TP () - T ()i, o1 280D (21
—m—1<lg<k1<l1 <--<ks<l;<ks11<n+1

6.4 Order of the modulus of 1 — xp(ut)

Proposition 6.6
There is a constant C > 1 so that for t > 0 small enough, uniformly in u € Sjlfl :

1
G < e, (1/t)|1 = xp(ut)| < C.

Proof of the proposition :
Let us start from (20). Set :

W_p.n(ut)
Fut)= ———— - R_, t).
(ut) Bif (ut) By (ut) ()
We then have xp(ut) —1 = —(po(ut)/bo)F (ut) + O(R(t)), where the last term is uniform in

u € S{7'. By definition, F(ut) does not depend on m > 1, n > 1 (see (20)). The latter are
arbitrary for the moment. Using the upper-bound on R_,, ,(ut), we get :

Womnlat)l  vp() v_(m)
FOOl 2 ) [ Batud)] ~ TBE@E B (un)?
i Bl (B ()
> pra ] (V)] v ) - ZEE ).

Recall that W2, (ut) = > 0<r<mimtl 27U, (u), with U,(u) given by (21). In particular :

2

o =a | S | =@ (m)+aevs (n)

—m—1<Ii<n
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Introduce Z2,, ,,(t) such that :

(Wemn (ut)? = (ag| By (ut)* + | B, (ut)|*) — 2avy (n)v-(m) = Z2,, , (ut).

—m,n

Then 22, ,(ut) = Y1 < ocpimar 127 Va(u), where :

VS(U) = a% § ploTlii (u) T Tliz (u)pks+1*12H5((ki)7(li))‘ (22>
—m—1<lg<k1 <1 < <ks<l;<ksy1<n+1
lo<0<ksy1

Observe now that :

Bl BEGON _ aBp@OR | aBR@OR
(s g -G ) = O g A s
< B + B + 2a00- (n)o_(m)
< W = 22, ) < W) (29)
This allows to write :
1 BN BN 150751
P > i (W) = s ) 20— oo () 220

5 By, (ut)] \B:(ut>|>2
W () = (04 (n) 2 + aoo(m) (B0

- 2W o (ut) | Bst (ut)|| B (ut)|
Z2,, o (ut)

> :
T 2AWon (ut) 1B (ut)|| B (ut)|

(24)

We now give upper-bounds on |W_,, ,,(ut)| and | B (ut)||B;,(ut)|. Observe first that L (n) <
Vi (uw)vg(n)/(agv—(m)), for r > 1, so that :

| By (ut)]? = vi.(n)* <

(
Similarly, |B;, (ut)|* —v_(m)* < Z2,, ,(ut)v_(m)/(agvs(n)). We obtain :

W@ = (o (m) + agvs (0)* + GB(BE ()2 — vy (1)) + (1B WO = v_(m)?) + 22, (ut)
< (0 (m) + ages (1) + (ags (1) o (m) + v (m) ags (1) + 1) 22, (ut)
< o) b P |1+ 22 ). (25)

agv—(m)vy(n)

In the same way :

| B (ut)|?| By, (ut)

v (n)2v_(m)? (1+ Z 2 Lj(”)) <1+ Z tQTULT_(fr:l))Z)

2
1<r<n U+ (TL) 1<r<m

2 2 2s LF(n)L,_,.(m)
vt (n)70—(m) (1+ 2. ) v+(n)2v_(m)2).

1<s<m+n 0<r<s
Notice that Y7, L (n)L;_,.(m) < Vi(u)vy(n)v_(m)/ag. Therefore :
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2 >— 2 2 2 M
By (ut) [ By (ut)]* < vy (n) v (m) (1 " aov+(n)v(m)>

Inserting these two upper-bounds in (24) and using in the last step that the function x — /(1+x)
is increasing, we obtain :

| 72, (ut) /(a0 (n)o_(m)
@Ol 2 ) Jan + on () 14 22, ut)(agvs (myo—(m))
§ | Vi (u) (agv (n)o_ (m)

2(v_(m)/ag + v+ (m)) 1+ Vi (w)(agvs (n)o_(m))

Let us now focus on Vi (u) that we write Vi(u) = Vi,1(—m,n). Set ku(r,s) =3, cp<i<; T} (u), for

r < s. We assume first that Y>>, ;. Th(u) = +00. We obtain :

2 Z ! Hy((ke),(Li
Vu71(—m,n) = Q PloTki(U)sz—ﬂ (ki) (2:))
—m—1<lp<k1<l1 <k2<n+1
lo<0<kso

> af Z Plo—1Pks Ku(lo, k2).

—m<lo<0<kz2<n

We next have the existence of a constant ¢ > 0 independent on u € Si_l so that for all n > 1 :

¢ (ct?/n*)Vui(—vZ" (n), 03" (n))
| (ut)] > ni+ (ctz/n2)Vu’1(—v:1(n),v;l(n))'

Let ¢o > 2 be such that for all n > 0, vy (n+1) < covy(n) and v_(n+1) < ¢gv_(n). Taking ¢ > 0,
set my(t) = ku(—v2"(.),v57" (1)) 71 (1/t?). Choose next n,(t) = 3my(t). Let r = vi'(my(t)),
s =v""(my(t)) and 1’ = v (ny(t)), s’ = v="(n,(t)). This gives :

vy (1) < my(t) < v (r+1) < couy(r) and vy (r') < c2my(t) < vy (' +1) < covy (7).

As aresult, c3m., (t) > v (r') — v (r) > (co — 1)my(t) and my,(t) > vi(r) > my(t)/co. In the same
way, we have :

v_(8) < my(t) <v_(s+1) < cov_(s) and v_(s") < camy(t) < vy (s +1) < covy(s).

Also, 3my,(t) > v_(s") —v_(s) > (co — 1)my(t) and m,(t) > v_(s) > m,(t)/co. We obtain :

Vi (=0 (na(t)), v (nu(t))) o Dri<r s<k<s P—k—1P1Eu(—k, 1)

nu(t)2 2 Qg nu<t)2
ao(co —1)°mu ()  «a
> T magr

where a = ag(co — 1)?/c3. The conclusion for the moment is that there is a constant ¢’ > 0
independent on u € Sjir_l so that for small ¢ > 0 :

C/

Fu(—0=1 (), 03 ()T (1/2)

|F(ut)| >
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When > ;<10 T} is bounded, the inequality is verified, as £, (v2"(.), v () THL/B) = 400,
for small enough ¢ > 0. The previous lower-bound is then obvious in that case.

In order to draw the conclusion, recall that ¢2(n) = ¥?(n) + k. (—v="'(n),v;'(n)) and 1 —
xp(ut) = (o(ut)/bo)F(ut) + O(R(t)), with O( ) uniform in u € Si_l. Also, by lemma 6.2 :
11— xp(ut)] > Re(l = xp(ut)) > c1 R(ut),

for some absolute constant ¢; > 0. Similarly, for constants ¢ > 0 and c3 > 0, we have the
inequalities co < R(t)1y~!(1/t) < c3. Then, for constants 3 > 0 and ¢4 > 0 independent on
u € Sjl__l, for small ¢ > 0 :

) ea"(1/1)
= wmin{y 1 (1/0), mu(—0=1 (0,05 () (1/2)}

and :

1 c €4C3
1= xp(ut)] 2 oo |F(ut)] — caR(t) > Dora(—v- ()05 () L(L/E2) e (/D)

Fixing ¢ > 0, we then have the following discussion :
~IE¢/(2boku (—0Z (), 03 ())THL/E)) = 2e3¢a /7 (1/1) and ki (—0Z" (), 03 () THL/E) S9N/ -

C/ C/ﬁ
x| = e T 0w () )~ Shops (1)

SIE (2o (—v™ (), 0T ()T (1/12)) > 2esea/t (1) and my(—o (), 07 () TH(L/E2) > LA/ -

1= xp(ut)] > crea /™ (1/) > creaB/ oy ' (1/1).

—If ¢ /(2bor (—vZ1 (1), 051 () TH(L/12)) < 2¢3¢4 /91 (1/t), then for some absolute constant c5 > 0

(independent on w), 1/9=1(1/t) > ¢5/¢, 1(1/t). Then, as above :

1 —xp(ut)] > crea /v~ (1/t) > crcacsipy, ' (1/t).

This completes the proof of the lower bound. We next turn to the proof of the upper-bound.
Let us start from the following inequality, for any m > 1, n > 1, using lemma 3.1 :

1-xo()] < oolF()] +O(R) < el veln)  aov=(m) gy,

 bol B (ut)|[Bm (ut)| Bl (ut)|* | B (ut)]?

with O( ) uniform in u € S, Observe that from the second line in (24) :

v() L ae(m) 1 B (ut)

+ agv_(m)

| B (ut)] [ Wi, (ut)]
T2 = 2 =1/t - vt (n) T = S o = .
1B (ut)[> * [Bm (ut)|? — [ By (ut)||Bm (ut))| | Br (ut)] |Bm (ut)| )~ |Bn (ut)||Bn (ut)]
Since R(t) = O(1/v~1(1/t)) = O(1/py;*(1/t)), uniformly on u € Si_l, there exists some absolute
constant C' > 0 such that for smallt >0 and allm >1andn >1:
[W_ s (ut)] C
Bt (ut)|| B (ut)] — pu'(1/1)

|1 —xp(ut)] <C

From (25) and lemma 3.1, we have :

Wom(ut)] _ (0=0m) + a0vs ()14 22, (ut)/(aov—(m)v- ()
B (ut)[| By (ut)] — oy (myo_(m) |
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Let us recall that Z2,,  (ut) = 31 o cpmynir t2°Va(u), where Vi(u) is given by relation (22), so
checks Vi(u) < agu—(m)vy(n)ky(—m,n)*, still setting ry,(—m,n) = > e, Th(u). As a
result, for another constant C' > 0 independent on u € Sf‘ifl, small £ > 0 and any n > 1 :

C B _ ! C
I 2 29 (0= (m), 03 ()* + —p
! 1<s <o  (n)+u 7 (n)+1 pu(1/t)
SSSU_ n 1)+ n
C ‘ C
s — |1t 2525 (n) + — -
" 2 - pu(1/t)

1<s<w=(n)+vy ' (n)+1

Choose n = ¢, 1(1/2t). In particular, p,(n) < 1/(2t). This gives :

C 20 c
11— xp(ut)] < W) /1+Sz>:1 1/2) 7;1(1/@.

By lemma 6.1, there is a constant C’ independent on u € Si& so that for small ¢ > 0 :
C/
pu (1/1)

This concludes the proof of the proposition. O

1= xp(ut)] <

6.5 Conclusion

- Theorem 2.4, corollary 2.5 and proposition 2.6. By propositions 6.3, 6.6 and theorem 4.2, using
that Re(1/a) = Re(a)/|al?, the random walk is recurrent if and only if, for some n > 0 :

—1 1 2
/ w 41 dudt = +00. (26)
(u,)eST 1 x(0,m) Pusy (1/1)

For fixed u € S¢!, we cut the interval (0,7) in the contiguous intervals [1/(n + 1),1/n], n > no.
The latter have length of order 1/n?, so using finally lemma 6.1, the condition is equivalent to the
one given in the statement of theorem 2.4.

Concerning proposition 2.6, we first show in the antisymmetric case that ¢, ! and <p;1+ 4 have
the same size, uniformly in u € Si_l. By lemma 6.1, it is enough to show that ¢, < Cyy 4.
Observe that pg = g9 and :

Yo+ (n) + Z Ty (w)

—vZ 1 (n)<k<O0<I<v I (n)

max(k,l
= SDZ,Jr(n) + Z Tmin(i,l)Ll(U) < 4<pi’+(n) < 8¢Z’++(n).
0<k,1<v] " (n)

@2 (n)

This completes the proof of this claim.
Concerning Corollary 2.5, we always have ¢, 1 < gp;ﬁr. Then :
—1 1/t 2
/ M t4= Y dudt < / o 1/t dudt. (27)
8971 x(0,m) 90u+(1/t) 8971 x(0,m)
In the antisymmetric case, both integrals have the same order. To complete the proofs of proposi-

tion 2.6 and corollary 2.5, we just need to show that the second term has the right order. For fixed
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u € Sf‘ﬁ*l, up to decreasing n > 0, also taking ng independent on u € Sifl (as 0 < @ < (1) < B,
for constants « and [, independent on u € Siﬁl) :

1/¢u(n)

1/‘Pu(n) n
2 / o (1/0T dt S/ oo 1/t dt < Z/ ot (10t dt.
0 1

n>ng Y 1/¢u(n+1) n>171/¢Pu(ntl)

On each domain (1/py(n + 1),1/¢pu(n)), we have ¢ 1(1/t) = n. Hence [ ¢ *(1/t)t%* dt has

exact order :

1/¢u(n) 1 1 1
n A — n ( - )d)
Z /l/apu(n+1) d Z (pu(n))?  (pu(n+1

n>1

1. Y 1 1
- gNLH}rloongl ((‘pu(n))d - (‘PU(N"' 1))d) '

Remark that the right-hand side is bounded from above by (1/d) >, >, 1/(¢u (n))<. Hence :
-if [ ega > o1 (1/pu(n))? < 400, then the left-hand side in (27) is finite.
i >

- if fuesi,l > ns1(1/¢u(n))? = +oo, using at the end Fatou’s lemma :

N
-1 d—1 . 1 1
w, /)t " dudt > C lim ( — du
/silxw,m (/1 v 2N\ G~ G T
1
> C/ ———— du = +o0.
s 2= Tl

This completes the proofs of corollary 2.5 and of the first part of proposition 2.6. To complete
the proof of the latter, we take mg = 0 and m,, = —m_,, = ¢ # 0, n > 1. Then @37++(n) has
immediately the same order as :

2

nwyovit(n)+ (cu)® D> e | Y 1/ps

1<k<i<vi ! (n) k<s<l

We still denote by @37 1 (n) this quantity. Suppose now that c;n® < p, < con®, n > 0. We reason
up to multiplicative constants, using the notation <.

—If & < —1, the random walk is transient, as (v4(n)) is bounded.

~If a = -1, then wy(n) < n® and vy (n) < Inn. As aresult, ¢ ,  (n) > ne, for some ¢ > 0,
giving transience.

11—«

— Suppose that —1 < o < 1. We show transience. We have w, (n) < n'=® and v, (n) < nite.

y 2
/ %y (/ = dt> dzxdy
1<z<y<n T

= n2a+2/ xy® </ e dt) dxdy
1/n<z<y<1 nx
Y 2
n4/ %y (/ ¢ dt> dxdy =< n*.
1/n<z<y<1 T
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As a result ¢2 | (n) =< ptTI=/040) 4 (cu)n?/ 0+ g0 @, 1 (n) < nt/0+) 4 (cu)n?/ 1+,
We obtain that when d = 1, ¢y 4+ (n) < n? %) and when d > 2, ¢ | | (n) > en®/ (1) As the
exponents are > 1 in each case, the random walk is transient, from corollary 2.5.

— Suppose next that a > 1. Then wy(n) < 1, vy(n) < n'T*. If d = 1, then ¢} , (n) <
C(n+ (¢,u)*n?), s0 @y 14+ (n) = O(n) and the random walk is recurrent. When d = 2 :

y 2
Fosl)=n+ea? [ anye ( [ czt) dady.
' 1<z<y<n T

The second term can be written as :

n n —+oo 2 n —+oo
/ z® das/ % (/ t— dt) dr — / xo‘/ tdt dm)
1 1 x 1 x
n n n 2
= (/ < dx) (/ acQ_o‘)—(/ xdx) .
1 1 1

Let 1 < a < 3. Then this term is equivalent to ((aw — 1)?/(a + 1)(3 — a))n*. As a result :

2

gpi,ﬂ_(n) =n+ (c.u)2n4/(1+“).

In order to show transience we need to control the following quantity :

1 /2 1 .
— = - dé.
>/ = lab) | s

n>1 n>1
Setting # = n'/2=2/(0+®) g it remains :

2/(14a)—1/2
L 1/2-2/(14a) (/2 1 - 1
Zﬁn o mdﬂ?/\Zm<+OOa

n>1 n>1

as 1/2+2/(1+a) > 1. If @ = 3, then ¢} |, (n) < n+ (cu)®*nInn < Cnlnn. When o > 3,
@a 1y (n) =< n+ (cu)®n < Cn. Inany case Y -, (1/¢2 |, (n)) = 400, giving recurrence.

~If @ = 1, then wy(n) < Inn, vy(n) < n? Whend=1, ¢2 , (n) < C(nlnn+n*(Inn)?), so
Yu++(n) = O(nlnn) and the random walk is recurrent. When d = 2, notice that :

<p37++(n) > K(nlnn + (cu)?n?).

In order to show transience, we just need to prove the finiteness of :

/2 1
Z/ 55 40 =
i Jo nlnn + 6%n

This completes the proof of the proposition.

v (nn)/n ! < +o0.

nlnn

/(71'/2)\/”/11’1% dr

1+ 22
n>1 0 +

- Proposition 2.7. Let ¢ and ¢ be the functions corresponding to the case when m,, =1, n € Z.
Set D =3 cz(mn/pn). Observe that one always has in the present situation :

2

@2(77') = Z Pk—1P1 Z (m./pr) <C Z Pr—1p1 < Cn?.

—11:1(n,)§k§l§1);1(n) k<r<l —1):1(n,)§k§l§v;1(n)

Let A > 0 so that ve(n+ 1) < (A/2)v+(n). In the case when D # 0, one also has :
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v

Z Pk—1P1 Z (mr/pr)

—v_ M (n)<k<—vZt(n/A)w] ! (n/A)<I<vt(n) k<r<l

> (n/A)(n/A)(D/2)%,

©*(n)

if n is large enough. As a result ¢(n) and ¢ ~!(n) have order n. The same is true for ¢. It remains
to show the finiteness of :

1 1 ~—1 2
ZTSCZTSC M<+OO,
n>1 SO-&- (n) n>1 + (n) + (n)
because the random walk is obviously transient when m,, =1, n € Z.
When D = 0 and in the antisymmetric case, by corollary 2.5 the criterion reduces to :

1 1 1
> (n)zZ—chE:Jroo.

o1 Pt n>1 p(n) n>1

The random walk is recurrent. This completes the proof of the proposition.

6.6 Remarks

It seems necessary to interpret the recurrence criterion in order to use it in practice. When
ln = 0., with ¢ # 0, the integral in the criterion is finite, because the random walk is trivially
transient. How does one may see it directly ? The question is not clear, even for d =1 and ¢ = 1.

It would be interesting to consider the case when the (p,, ¢,, m,) are a typical realization of an
i.i.d. process with m,, independent of (p,, ¢»), E(log(pn/¢s)) = 0, Var(log(pn/q»)) > 0, E(m,) =0
and var(m,) > 0. One needs first of all to study in detail (v4(n)). The random walk is without
any doubt transient.

It would also be of interest to consider the analogous model in Z x Z? in a Z2-invariant envi-
ronment. If following the main strategy, the main difficulty in proving a characterization of the
asymptotical behaviour is to detail the distribution of the local time during an excursion of simple
random walk in the plane. There is no tree-structure behind, but a complicated graph with loops.
A first step in this direction seems to be the following model in the plane :

P(m,n),(m;nil) = 1/47 P(m,n),(m+1,n) = p(m7n)/2> P(m,n),(mfl,n) = q(m,n)/Z,

with p(m,n) 4+ q(m,n) = 1, for example making some hypothesis of stochastic homogeneity on the
(g(m,n), p(m,n))(mn)ezz- The vertical component being recurrent, one may study the subsequence
of return times on the horizontal axis. This random walk is a one-dimensional random walk in
random medium with unbounded jumps. Very few results are known on such a random walk, cf
Andjel [1], and they suppose the jump integrable, which is not the case here. The very first step
in the proof (lemma 4.1) is already not clear.
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