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Abstract

We devise and analyze an edge-based scheme on polyhedral meshes to approximate a vector
advection-reaction problem. The well-posedness of the discrete problem is analyzed first under the
classical positivity hypothesis of Friedrichs’ systems that requires a lower bound on the lowest eigen-
value of some tensor depending on the model parameters. We also prove stability when the lowest
eigenvalue is null or even slightly negative if the mesh size is small enough. A priori error estimates
are established for solutions in Wl’q(Q) with ¢ € (%,2]. Numerical results are presented on three-
dimensional polyhedral meshes.

AMS Subject Classification. 65N12, 65N15, 65Zxx, 76Dxx, 76 Wxx

1 Introduction

Let Q be a polyhedral domain of R? with d = 3 and consider a polyhedral mesh of . We use boldface
fonts for R? or R*%-valued quantities. The purpose of this paper is to devise an approximation, using
scalar degrees of freedom (dofs) attached to the edges of a mesh, of the R?-valued function u solving the
vector advection-reaction problem:

V(Bu)+ (Vxu)xB+pu=s ae. in, (1a)
u =up a.e. on 0§} . (1b)

The R%valued advective field B is assumed to be Lipschitz continuous in Q and the R%*?-valued reaction
tensor p is assumed to be bounded in €. The subset 902~ C 92 denotes the inflow part of the boundary
where 8-n < 0 with n the unit outward normal to 2.

The model problem (1) is encountered in various situations. For example, it models the static advection
of a magnetic field (u here) by a moving plasma of velocity 3 and of anisotropic conductivity . In the
context of differential geometry, the operator V(B-u) + (Vxu)x8 is the proxy of the Lie derivative
of a differential 1-form (also called circulation) in R3 (see Abraham et al. [1] or Heumann [18]). The
Lie derivative describes more generally the advection along the vector field 3 of a differential form on
a manifold. The model problem (1) is also relevant to study, in the advection-dominant regime, the
advection-diffusion of a R%-valued field, which is one the building blocks of the Oseen problem or of the
magneto-hydrodynamic problem. Using vector calculus rules, we observe that

V(B-u) = (VB)"u + (Vu)'B, (22)
(Vxu)xf = (Va)B - (Va)'B, (2b)
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where we have denoted Vv the Jacobian matrix of v : € — R3 such that its (i,5)-th component is
0jv;. As a result, combining the two above equations yields V(B-u) + (Vxu)x8 = (Vu)B8+ (VB) u, so
that the particular choice u = —(V3)" yields the pure advection problem (with the more usual writing
(Vu)B = (B-V)u in this context):

(B-V)u=s ae. inQ, (3a)
u =up a.e. on 0. (3b)

Edge-based schemes, that is, schemes using one scalar degree of freedom (dof) per mesh edge, are
rarely addressed in the literature despite the fact that they are the natural way to discretize differential
1-forms, such as the electric field in electromagnetism or the flow velocity in fluid mechanics. For the
Maxwell and the Stokes problem respectively, we mention for example the work of Zaglmayr [25] and that
of Girault [17] using Nédélec edge elements. In the context of our problem (1), Heumann and Hiptmair
proposed in [19] an H(curl; Q)-conforming discretization of arbitrary order using Nédélec edge elements on
simplicial meshes with a stabilization term in the spirit of the discontinuous Galerkin method (see Lesaint
& Raviart [22], or Johnson & Pitkéranta [20]). In a different context and motivated by the discretization
of the Lie derivative of a 1-form, we mention the Ph.D. thesis of Palha [24] approximating on square
meshes a problem similar to (1) with the spectral element method. Based on the work of Bossavit [7],
Mullen et al. also studied in [23] an approximation of (1) by extruding the edges of a simplicial mesh
along the vector field 3. All of the above schemes are devised on either simplicial or tensor-product
meshes.

The first salient contribution of this work is to devise an edge-based scheme to approximate the model
problem (1) on polyhedral meshes. The advantage of considering polyhedral meshes is multifold; it al-
lows for more flexibility when meshing a complex geometry, it provides a natural framework to handle
non-matching mesh refinement and mesh coarsening by cell agglomeration, and it may even yield lower
computational costs and better accuracy compared to the case of the simplicial meshes (see Bonelle’s
Ph.D. thesis [3]). The analysis framework for our scheme hinges on the notions of reduction and recon-
struction maps as, e.g., in the mimetic approach of Kreeft et al. in [21], see also Gerritsma [16], or the
Compatible Discrete Operator (CDO) approach of Bonelle & Ern [5, 6]. In particular, we consider a
reconstruction map defining piece-wise constant vector-valued functions on an edge-based diamond par-
tition of each mesh cell. This map has been introduced by Codecasa et al. in [10] and has been recently
revisited in the context of CDO schemes in [5]. The novelty here is to perform the stability analysis in
L-spaces for g € [1,00) and to prove a quasi-local consistency result by composing the reconstruction
map on the right with a novel reduction map a la Clément that is stable for all integrable functions on a
macro cell collecting all diamonds attached to the cell edges. This technique is key to establish an O(h?)
convergence rate as soon as the weak solution belongs to W14(Q) with ¢ € (%, 2] without invoking a
more stringent regularity assumption.

The second salient contribution of this work is to extend the well-posedness analysis at the discrete level
to the non-coercive case. Specifically, we introduce an extended hypothesis on the problem coefficients
(the fields B and p) that allows one to go beyond the classical (and somewhat restrictive) assumption a
la Friedrichs requiring the positivity of the minimal eigenvalue of the symmetric tensor

ogu: Q=R = (VB +VE") — (VB)Id+ (u+ u").

Even if our analysis is presented here for our scheme, we emphasize that the main idea can be adapted
to other schemes, such as Nédélec edge elements. We denote )\, the minimal eigenvalue of o3, over the
domain §2, ie.
os.u(T)y,
A, = ess inf min ( ﬁ’”( )2y y)ﬁz
zeQ  yeRd Y[

9

where |-|2 denotes the Euclidean norm induced by the Euclidean inner-product (-, )y in RY. Assuming
that s € L?(Q), up € L?(|B-n|;09Q) and that dist (9Q~,0QF) > 0 (with 9QF the outflow part of the



boundary), we infer from Ern & Guermond in [14] that the problem (1) is well-posed in the graph space
V5(Q) = {v € L*(Q) | (B-V)v € L*(Q)} if the fields B and p satisfy the following hypothesis:

(H1) A, > 0. We define the reference time 7 = )\b_l.

Under this hypothesis, the well-posedness of the discrete problem classically hinges on a coercivity ar-
gument. However, this assumption is somehow restrictive; e.g. , the basic case of a constant vector field
B with no reaction term does not fulfill this hypothesis. Motivated by our recent work [8] related to
scalar advection-diffusion problem (see also the work of Deuring et al. in [11] for face-based finite volume
schemes), we propose to extend the analysis to the non-coercive case where the minimal eigenvalue A,
can take null or slightly negative values:

(H2) —C)\ < A, <0, where C)\ > 0 is a constant independent the mesh size, and there exists a potential
¢ € Whe(Q) satisfying ¢ > 1 and ess infg (—3-V¢) > 0. We define the reference time 7 =
(ess infq (—B-V¢)) ™.

In the case of a continuously differentiable vector field 8 € C*(Q), the existence of the potential ¢
is proved by Devinatz et al.in[12, Lemma 2.3] by considering the Cauchy problem dix(t) = B(x(t)),
x(0) = xy € Q when the solution remains in the domain 2 for a finite time only. As a result, the
hypothesis (H2) is satisfied if the vector field B has no closed curves and no stationary points in 2. The
analysis of our polyhedral edge-based scheme under this second hypothesis (H2) differs since the key
idea is now to bound, at first-order in the mesh size, the commutator between the reconstruction map
and the multiplication by the potential (. Using this technique, we can prove inf-sup stability (and infer
the same convergence rates as above) as soon as the mesh size is smaller than a reference length that
linearly depends on the quantity |[VB" + ;L||iio @ In particular, for the advective problem (3) (where

p = —V3"), inf-sup stability holds with no restriction on the mesh size.

This paper is organized as follows. In Section 2, we introduce the notation and the analysis tools on
polyhedral meshes. In Section 3, we introduce the edge-based reconstruction map and we present the
numerical scheme with dofs attached to edges. In Section 4, we state the main analytic results, namely,
stability under hypothesis (H1) or (H2), boundedness and a priori error estimates delivering quasi-optimal
decay rates for solutions in Wl’q(Q) with g € (%, 2]. The proofs are postponed to Section 6 to facilitate
the reading. Finally, we present in Section 5 numerical results on three-dimensionnal polyhedral meshes.
A natural perspective for this work is to use the present scheme to discretize the advective operator in
the Oseen (and Navier-Stokes) equations, while using the CDO scheme of [6] to discretize the Stokes
operator in curl-curl formulation.

2 Notation and analysis tools on polyhedral meshes

We consider a general mesh M of Q € R? with d = 3, composed of polyhedral cells ¢ € C (3-cells), planar
faces f € F (2-cells), straight edges e € E (1-cells), and vertices v € V (0-cells). We collect the interior
faces in the set F° = {f = 0cN O |c # ¢ and ¢, € C}, and we define F? = F\F° the set collecting
boundary faces. For any A, X € {V,E,F,C}, we define the subset X, with a € A as {x € X|a C 9z} if
the dimension of a is smaller than that of the elements of X and as X, = {x € X |z C da} otherwise. For
example, the set C, = {c¢ € C|e C Oc} collects all the mesh cells containing the edge e, whereas the set
E. ={e € E|e C Jc} collects all the mesh edges contained in the cell ¢, and so on. For any geometric
entity x, we denote |z| its Hausdorff measure of appropriate dimension. In this paper, we assume mesh
regularity in the sense that

e The mesh M := {V,E,F, C} defines a cellular complex (see Christiansen [9]), ie. the boundary of
any k-cell, 1 <k < d (recall d = 3), is composed of a uniformly finite number of (k — 1)-cells in M.

e Faces and cells are star-shaped with respect to their barycenters.



e Let x, denote the coordinates of v € V in R% Let x; and x. denote the coordinates of the
barycenters of f € F and ¢ € C, respectively, in R?. Then, the simplicial sub-mesh composed of the
tetrahedra [x,, ., x¢, @] (Where [x1,...,Tp41] is the convex hull of the set {@x1,...,xs41}) for all
ceC,all feF,andall e € Ef with e = [x,, /] (see Figure 1, left panel) is shape-regular in the
usual sense of Ciarlet.

Figure 1: Left panel: tetrahedron [x,,x,, s, z.]. Right panel: local diamond pe ..

For every cell ¢ € C, we introduce the edge-based diamond partition B3, which plays a central role in
our analysis. We define B. = U{p¢; e € E.} where the diamond p. . is defined by

Pec = U [w’lﬂ Ly, L f, wc] with e = [wm $v’] 5
feF:.NF,

see Figure 1, right panel. Note that 9. is composed of #E. diamonds and that each diamond p. . is
composed of two tetrahedra, since #(F. N F.) = 2, with # the cardinal operator. Owing to the star-
shaped property of faces and cells, we have ¢ = U{p; p € PB.}. The skeleton of the global partition
P = U{P. | c € C} consists of the collection of all the triangular sub-faces defining the boundary of each
diamond p. .. There are two types of sub-faces: intra-cell sub-faces attached to a cell ¢ € C and collected
in the set §c = {f = OpecNIWerc|e # € and e,€’ € E.} so that §f ¢ dc, (see Figure 2, left panel) and
inter-cell sub-faces attached to an interior face f € F° and collected in the set §5 = {f = Ope,cNOpe e |c #
d and ¢, € Cy, e € Ef} (see Figure 2, right panel). All the sub-faces are oriented by a fixed unit normal

Figure 2: In blue. Left: intra-cell sub-face f = Op.. N Oper . € §e. Right: inter-cell sub-face f =
8pe,c N ape,c’ € gf

vector ms. For all f = Ope . N Oper o € Fe with e,€’ € E. and n; pointing from pe . to per ., we define the
jump and the average, respectively, as

1
[[’UH — vlpe,c - v‘pe/,c and {{U}} = 5 <v|p€,c + Ulpelvc> ’

4



Similarly, for all f = 9pe,cNOpe,v € §f with ¢,¢’ € Cy, e € Ey, and ns pointing from p. . to pe s, we define

1
[[’U]] = ,UhJE,c - v‘pe,c’ and {{U}} = 5 </U‘p8’c + ,Uhje’cl) '

We denote |-|,2 the Euclidean and the Frobenius norm on R? and R%*4, respectively. For every set

w C Q, we denote LY(w) with ¢ € [1,00] the Banach space of R? or R¥?-valued functions v such that
[vlza@) = T1vle [ o) < oo

Lemma 2.1 (Mutliplicative trace inequality). There ezists Cy > 0 such that

-1/ _1 1
ol < Crlolafy (e 1olfagy + olina ) @
for all ¢ € C with h, the diameter of c, all p € P, all f € dp and all v € WH4(p) with q € [1,00].

Proof. Observing that p C B, is composed of two tetrahedra connected by a sub-face f € §,, this result
follows proceeding as in Ern & Guermond [15]. O

3 Discrete Scheme

3.1 Degrees of freedom

We consider an approximation of the continuous problem (1) with scalar dofs attached to edges. We
denote £ = R#E the linear space collecting these dofs and we denote v, the entry of v € £ attached to
the edge e € E. We additionally introduce the linear space &, collecting the dofs attached to the subset
E. for all ¢ € C. We denote v a generic element of £ or &,.

3.2 Reconstruction map

The global reconstruction map Lg is defined locally, so that Lg(v)|. = Lg,(v), for all ¢ € C. The local
reconstruction map Lg, : £ — Po(Pe; RY), where Po(Pe; RY) is composed of piece-wise constant Re-valued
polynomials over the diamond partition 3., is such that

Le, (v)(x) := Z Vele o(x), We&, Vxec, (5)

ecE.

where for all e € E., the basis function £, . € Po(B; RY), is defined by

Ee,c|pelyc — (Id _ fc(el)®e/> .fc( ) ‘fc( ) 56’6,’ ve/ c Ec; (6)

d‘pe’,c’ ||

and d. . is the Kronecker symbol equal to 1 if e = ¢’ and 0 otherwise Moreover, for all e € E, t. is a
fixed unit tangent vector to e, such that e = |elt., and f.(e) = [; () Tf.(¢) Where the dual face f (e) is
composed of two elementary triangles

fele) = U [Te,zf, @],

feF.NF,

see Figure 3, and where n; ., is the unit normal vector to fc( ) satisfying n ; 7.(e) te > 0. The basis
functions £ . were first considered in the context of the Discrete Geometric Approach by Codecasa et
al. [10] and were recently revisited by Bonelle & Ern in [5, 6] to build Hodge operators within the CDO
framework. They satisfy the following properties:

(€1) [Unisolvence] For all e, e’ € E., £ o(x)-€ = d. o for all & € per .



Figure 3: Local dual face f.(e).

(£2) [Primal Po-consistency| > cp_£e.c(x)®e = Id for all z € c.
(€3) [Dual Po-consistency] For all e € Ec, [ £e () = f.(e).

The property (£1) relies on the geometric relation |pc| = % f.(e)-e whereas the property (£2) results
from the geometric relation ) . e®f.(e) = > g f(e)®e = |c[Id.

3.3 Discrete scheme

The discrete scheme is formulated using the global bilinear form Ag, : £x& — R such that

Ag ,(u,v) = Ag i (u,v) + Aézﬂn)_(u,v), (7)

where Ag,, approximates (la) and A‘FE g.m)- Weakly enforces the boundary condition (1b). The bilinear
form Ag,, : ExE — R is composed of three bilinear forms also defined on £x&:

Ag.pu(u,v) :=gg u(u,v) + ng(u,v) +sg(u,v). (8)
The bilinear form gg ,, is assembled cell-wise as
ga.u(u,v) = Zgﬁ“’ (u,v) (9)
ceC

and each local bilinear form gg .. results from the standard Galerkin approximation of (la) in ¢ using
the reconstruction map Lg,:

gope(uv) = 3 / (Bl @)+ (VxLe @)xB) Lo+ [ale @ L. (0)

peP.
Using the identities (2) and since Lg, (v) is piece-wise constant, we can reformulate this expression as
oe(uv) = [ (V8" + 1)Le.(0) - Le.(v). (1)
c
Because Lg, (v) jumps across inter-cell and intra-cell sub-faces, we also consider the bilinear form ng such
that
V)= nge(u,v)+ Y ngip(u,v), (12)
ceC fere

where the local bilinear forms ng., with x = f or x = ¢ are defined as

g1 (1, V) Z/ﬂnf Le(] L)}, (13)

fE€ES



and the stabilization bilinear form sg such that
= ZSB;C(U v Z sg.¢(u,Vv) (14)
ceC feFe
where the local bilinear forms sg., with o = f or x = ¢ are defined as

s (U, V) Z/\ﬁ nj|[Le(u)]-[Le(V)]. (15)

fES

The bilinear forms ng and sg are devised similarly to the discontinuous Galerkin method; ng corresponds
to centered fluxes and ng + sg to upwind fluxes. Finally, the Dirichlet boundary condition is weakly
enforced by means of the bilinear form A? : £ x £ — R (with o = (8-n)~) such that

A2 (u,v) Z A, (16)

fer?

The local bilinear form A‘;’l; s is defined as

Hoglo9) = [ ot ()L, ). a7)

with ¢y is the unique cell containing the boundary face f.
The discrete scheme consists in finding u € £ such that

Ag ,(u,v) = X(s,up;v), WeC, (18)
with the right-hand side form (s, up;-) : € — R such that

(s,upiv) =Y / sLe. (v / n)up-Le,, (v). (19)

ceC feFd

4 Stability and error analysis
4.1 Properties of the reconstruction map
Proposition 4.1 (Stability). There exists Cy > 0 such that

e S le.(V)zae) < Gelvllge,

forallce C, allv €&, all q € [1,00) and where

Ivllge = (Z pecl, e|q> | (20)

ecE

Remark 4.1 (Alternative definition). In lieu of (20), we could also consider the simpler discrete L?-norm
9.=hi > ecr,|Ve|?. Owing to mesh regularity, this definition is equivalent to (20) up to
a uniform constant with respect to the mesh-size. We prefer to use (20) since it simplifies the proof of
Proposition 4.1.

We introduce the reduction map Rg : L'(Q) — & such that
1
Re(v)le := ol </ v-e> , VeckE, (21)
€ Pe

where p. = U{pe; ¢ € Cc} is the diamond volume surrounding the edge e and ¢ is the local diamond
patch ¢ = U{pe; e € E.} surrounding the cell ¢; notice that ¢ C ¢. We also define the local reduction map
Re, : L'(¢) — &, from definition (21) for all e € E...




Remark 4.2 (De Rham’s map). Requiring more regularity, the usual de Rham’s reduction map defined
by Re(v)le = le|™ [ v-e for every e € E can be used as well, provided that v € H'T(Q) [15] or

ve{we H2(Q), Vxw € L2(Q)} [2] with e > 0.

For each cell ¢ € C, we denote Z¢, the local interpolation operator obtained by composing the local
reconstruction map with the local reduction map, ie. Zg, = Lg, o Rg,, so that Zg, : L'(¢) — Po(Pe; RY).

Proposition 4.2 (Consistency). For all ¢ € C and all U € Py(&;R?) (so that U is a constant function
in ¢), we have Zg, (U) = U|.

Lemma 4.3 (Interpolation error). There exists Cy. > 0 such that for all ¢ € C and all v € W19(¢&) with
q€[l,00),
||’U - Igc (v)”Lq(c) < Ch he |'U|W1vq(é) ) (22)

and for all p € B,
1—1
|v = Ze.(v)|Le(ap) < Cinr he ”U’WLQ(e) : (23)

4.2 Well-posedness under (H1)

We consider the following stability norm on the edge dof space &:

[NIES

vl = (7B + 2+ Ivi2) (24)

where the reference time 7 > 0 is defined by assumption (H1) or (H2), ||-|3 =2 CeC|H~|||%C is the discrete
L?-norm with |||z, defined by (20), Hg = A?ﬁ-n| (,-) is the semi-norm induced by the bilinear form A gy
defined by (17), and |-|2 := sa(-,-) is the semi-norm induced by the bilinear form sg defined by (14).

Proposition 4.4 (Coercivity). Assume that (H1) holds. Then,
1
SIMIP < Agu(v.v), wee.

Consequently, the discrete problem (18) is well-posed.

4.3 Well-posedness under (H2)

In this section, we address the stability of the bilinear form Ag , under the hypothesis (H2). We consider
the reference length hy' = 4C§Lg7||u + VB"| L~ (q), where Cy results from Proposition 4.1 and L; =
IC ‘WLOO(Q) is the Lipschitz constant of . If u = —V 3", we conventionally set hy = +0o. Recalling that
Ay denotes the smallest eigenvalue of the tensor o3, over the domain €2, we assume that

14297\, >0 and h < hg(1+4297),), (25)

where ¥ > 0 is a non-dimensional constant that linearly depends on || 1.0 () +CrCy L¢ max(|€ 1, |8l L))
By convention, the second condition in (25) is void if up = —V3".

Proposition 4.5 (Inf-sup stability). Assume that (H2) and (25) hold. Then, there exists o > 0 such
that
elvll < sup  Agp(v,w), WecE.
wee, wll=1

Consequently, the discrete problem (18) is well-posed.

In the proof of Proposition 4.5, the idea is to introduce a discrete test function Cv € £ defined as
(Cv)e = C(xe)ve for all v € € and for all e € E. The key argument to obtain the well-posedness of the
discrete problem (18) under hypothesis (H2) is then to bound the commutator § defined as

0(v)je = Le,(Qv) = CLg,(v), We&, VeeC. (26)



Lemma 4.6 (Bounds on §). For all ¢ € C, we have

61520y < 2CiLchellvlae, W € &. (272)

and for all f € F,
Vv € .. (27b)

1
1801525y < 2CrCyLch?

Table 1 recapitulates the different situations where the discrete problem (18) is well-posed.

X >0 —5= <A <0
(H1) (H2)
p=-vg" n#-vVg'
heRsog| heRsy | he(0,hy(l+297N))

Table 1: Stability of the discrete problem (18) with respect to A, and the mesh-size h.

4.4 Bound on consistency error and a priori error estimate

In this section, we derive an a priori error estimate by bounding the consistency error

E(u) = sup [Agu(Re(u),v) —E(s,up;v)|.
veg,|vll=1
In what follows, the notation A < B stands for A < C'B where C' is a positive constant uniform with
respect to the mesh size and the model parameters.

Lemma 4.7 (Bound on consistency error). Assume that the exact solution satisfies u € WH4(Q) with
q € [1,2]. Then, the following holds:
1
a, 4(g-2 !
w S (vam;ﬂ (VBT e 7 fu - T (u >u‘;qw)

ceC

Q|

2)
B e T T Te (W)l

ceC pePe
We can now state the main result of this paper which follows from Lemmata 4.3 and 4.7.

Theorem 4.8 (A priori estimate). Assume that the assumptions stated in Table 1 hold. Assume that the
ezact solution of (1) satisfies u € WH9(Q) with q € (dzfl,Z} Then, we have

)52 ) !
Ju —Re(w)] < (anw (VA rin “‘(!14/1*‘1(&)>

ceC

Qe

3 =75 | g
Z Z ”/6||L0<>(C)hc u wha(e)

ceC pemc

For d = 3, it follows that |Ju — Rg(u)|| = O (hQ_%) forall q € (3,2].



5 Numerical results

We investigate numerically the edge-based scheme (18) on four sequences of three-dimensional polyhedral
meshes. Each mesh is obtained as a uniform refinement of an initial mesh. Meshes from the first sequence,
denoted H, are composed of hexahedra, those from the second one, denoted PrT, are composed of prisms
with a triangular basis, those from the third one, denoted PrG, are composed of prisms with a hexagonal
basis, and those of the last one, denoted CB, are composed of hexahedra with non-matching interfaces;
see Figure 4. The domain is the unit cube Q := [0, 1]3. The exact solution corresponds to a Taylor—-Green

= =
—=—_\=.—_=Jl

{

f
|
|

=
=]
7oA
v
7
=

=
<
==

|
!
=

ol
=l

—

NS

\w———
N——

S ——
S

=
=7

T
Z—=

Z—Z
N\

=
L7

S\,
=

LA~

———

=
_——

<
S
N

7
7
o
I\
o
=

—
“‘=
————

SN

ANEIAN

N—

AN

—

=

—

iy’

'/

)
7
I

L2277

SO
—

S—

<]

7=
[

7

—

—

=]

Z7
=

V
g

/)
==

>
=<
—

~

Z=

7=

7=
S

7 =

[~

2

]
’ ,ﬂ
/ﬂ/l

A\

/”
N\
il

A

7=

AN

W

all

Figure 4: Examples of meshes from the four sequences. From left to right: hexahedral mesh (H), prismatic
mesh with triangular basis (PrT), prismatic mesh with hexagonal basis (PrG), and Checkerboard mesh

with non-matching interfaces (CB).
velocity field, the advective vector field 3 is affine (see Figure 5, left panel) and the reaction tensor g is
diagonal and constant:

sin(mz) cos(my/2) cos(mz/2) 1 (x —2y)/2 1
u = | cos(mzx/2)sin(my) cos(wz/2) | , B = 5 (y—2z)/2 |, p= §Id.
cos(mxz/2) cos(my/2) sin(7z) -z
Note that V-8 = 0 and that the eigenvalues of the tensor og, are {O,%, %}, so that the discrete

scheme (18) is well-posed owing to Proposition 4.5 if the mesh size is small enough.
We perform a convergence study by computing the relative discrete L2-error attached to edge dofs,

denoted Erg(u), and defined by
_ Jlu=Re(u)]l2

Bre(w) = Re(w)l

with the norm ||-||2 on every cell of the mesh by (20). The convergence rates, shown in the left panel

9
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Figure 5: Left panel: inflow boundary 92~ in blue and some streamlines of the vector field 3. Right

panel: Discrete errors on H (—=—), PrT (——), PrG (-=—), and CB (—e—) mesh sequences.

of Figure 5, lie between % and 1 for the PrT and PrG mesh sequences and are closer to 1 for the H and
CB mesh sequences. Note that the considered meshes being quasi-uniform, we have h ~ (#E)*l/ 3. the

10



reference slopes indicated in Figure 5 are based on this scaling, i.e., are with respect to h. Table 6 provides
additional information on the computational costs by reporting the size of the linear system (#E), the
mean stencil St, the values of the discrete error Erg(u), and the ratios #E/#V and #E/#C, indicating
that the present scheme may involve less dofs than traditional Finite Volume schemes placing R%-valued
unknowns at mesh vertices or at mesh cells. Note that owing to the Euler—Poincaré characteristic formula
(in dimension d = 3; see e.g. [26, Chapter §]), % R B2 a1

#E  #E — #E

#E St Ere(u) Iy IF #E St Ere(u) Iy IF
3.0e+02 21 3.9e-01 2.40 4.69 4.7e+03 38 2.4e-01 3.55 2.37
1.9e+03 25 1.8e-01 2.67 3.80 3.5e+04 46 1.5e-01 3.76 2.18
1.4e+04 28 9.4e-02 2.82 3.39 1.1e+05 48 1.1e-01 3.84 2.12
1.0e4+05 30 4.9e-02 291 3.19 2.7e+05 49 9.1e-02 3.88 2.09

#E St  Erg(u) % % #E St  Erg(u) % %
7.2e+03 83 2.2¢-01 2.34 5.95 1.5e4+03 112 3.6e-01 2.46 5.33
4.9e+04 110 1.4e-01 2.41 5.51 1.2e+04 144 1.8e-01 2.61 5.00
1.5e+05 120 1.1e-01 2.44 5.35 8.9e+04 162 9.8e-02 2.70 4.83
3.5e+05 125 8.5e-02 2.45 5.26 7.0e+05 180 5.1e-02 2.75 4.75

Figure 6: Mean stencil St and discrete error Erg(w) for the H (upper left panel), PrT (upper right panel),
PrG (lower left panel), and the CB (lower right panel) mesh sequences.

Remark 5.1 (Stabilization parameter). As observed in Bonelle et al. [4], one can reformulate the basis
functions £ . as a consistent term plus a stabilization term:

_ R 1 (f;<e>5 e’-fc<e>fc<e/>>’ T

e,c‘pe/yc -

/
|c] [Pe.cl o ‘pe’,c‘ |
~——
Consistent term Stabilization term

Numerical experiments show that it is possible to replace the parameter d~! by a positive value that is
reasonably close to d~!; however, in the stability analysis, this modification impacts the property (£1)
which is used to obtain the lower bound in Proposition 4.1.

6 Proofs

6.1 Properties of the reconstruction map

Proof of Proposition 4.1. Let ¢ € C, let v € & and let ¢ € [1, 00).
i) Lower bound. Owing to the definition (5) of Lg,, we have for all e € E, Lg (V)}p, . = Ve@e + be with

a, = @ and b, — (ew r |2) S vk

e'eB\fe}
Recalling that |-|ge() = ||-|¢2]Le, we infer that
q
”LEC(V)”%q(C) = Z ‘|Veae + be|gz Lo .
ek, (Pe,e)

Using the Property (£1), we observe that ac-b. = 0 on pec, so that |veae + be|2 > |Ve@e|,2, whence

ILe. T = > \Veae!ez = > IVelYlaclfag, .-

EEEC EEC

11



pe,cl

lela

Hence, the expected lower bound follows from HaeH%q (Pee) =
ii) Upper bound. The discrete Holder inequality yields

Le. )20y < (#ET S vel7]ee,

CEEC

Since ”ee,c”q ) < |C|”£€C”L°"(c we have ||£e7CH%q(C) < C’;’(#Ec)l_QM with the constant

lel?
e\
C
E qmax el| e, (
= (480" <(|p,) el >)

that is uniformly bounded owing to mesh regularity, yielding the expected upper bound. Specifically, a

straightforward calculation shows that
- 1
2
_E@I (1 |
e |c| cos?(ter, M (1))

< [fele) ( ] ) and
“ele |C‘ d’pe,c’
~ :
lel|fe(e)] ] 1
o < | ————= 1
L%() = ( || e dpecl) e el e + cosQ(te/,nfC(e,))

Proof of Proposition 4.2. Let ¢ € C and let ¢’ € E.. The consistency property relies on the property (£2).
Indeed, given U € Py(¢;R?), we infer that, for all € pr .,

LeRe, (U)(x) = Y Re (U)elee(x) = > (U-e)e, (Zﬂec e>U=U.

ecE. ecE. ecBE.

eclp e,C‘Pe/,C

leading to

le[|£e,

O]

O]

Proof of Lemma 4.3. Let ¢ € C and let v € W14(¢) with ¢ € [1,00). Owing to the triangle inequality
and the Py-consistency of the reconstruction map from Proposition 4.2, we infer that

[v—Ze (v)|page) < |v —velpae) + [Te.(v — ve)| Lage

with vz = [¢]~! [, v. In addition, we observe that, for all w € L%(¢é),

1 \pec\
q __
IRe. )l = 3 el | o [ e < > htola, Zwln .

GEEC
where we have used that |pe .| < |pe| to infer the last inequality. Owing to the Hélder inequality, it then
follows that ||w||%1(pe) < ”w”qu(Pe)Hln(iq’(pe) with % + % = 1. Since ”1”%‘1'(;)6) = |pe|?t, we infer that

IR, (w)]

Using this estimate and the upper bound from Proposition 4.1, we obtain

3,c <|w ”%q(@)

|Ze. (v —ve)|La) < Cyl|Re, (v — ve)

ge < Cgllv —ve| Lo,

12



so that ”v—IgC(U)HLq(C) < (1+Cﬂ)”U—U@HLq(C). Hence, ”’U—Igc(’v)”Lq(c) < <1+Cﬁ)¢@7q he |U‘W1,q(é) with

|w — we| L
bog= sup o —CEL
wewhi(e) e ‘w’WLq(é)

Finally, we observe that the diamond ¢ can be decomposed as

é=Ure=U U pee

ecE. ecE. ceCe

where p, . consists of two tetrahedra, so that ¢ is composed of 2 cck, 7#Ce tetrahedra connected through
elements of §. and § with f € F.. Then, proceeding as Ern & Guermond in [15, Lemma 5.7], we infer
that the quantity ¢;, is uniformly bounded for all ¢ € C and all ¢ € [1, 00). O

6.2 Well-posedness under (H1)

Proof of Proposition 4.4. Let ¢ € C and consider v,w € &.. The definition of the bilinear form gg ,,.c
together with the definition of the tensor og, yield

B0 (0:9) + 8 e ) = [ L) oplatn + 3 [VBLaW L) (2
¢ pEBe
Choosing w = v in this relation leads to
Z/ {(BlLe,(V)|p2) — Z/,an Le(V)]-{Le(v) Z//Bnc ILe. (V) 72,
Pe‘ﬁc fESe fEF
with n. the unit outward normal vector to ¢, so that recalling the definition (13) of ng.., we infer that
Z(gﬁu, (V,v) 4+ ngie(v, v)) Z/Le )0 ulLe (v ZZ/[‘}”C Le. (V)]
ceC ceC ceC feF,

The above rightmost term is reformulated as

ZZ/BnclLs W =1 Z/ nlLe, (v wZZ/ ) [Le(]-fLe )}

ceC feF, feFf’ feF° fegy
PO (CRIEROTED PERFAY
feF8 feFe°

so that, using the definition (12) of ng, we arrive at
v +1a(09) = 53 [Le W oate ) +3 3 [ Bmlta, Wk
& fEFa

Recalling the definition (7) of Ag, and combining the above relation with the bilinear forms sg and
A?ﬁ-n)—v defined by (14) and (16) respectively, we obtain

1
Ag u(v,v) Z/LSC oguLle. (V) + A‘ﬂ nl (V5 V) + 2sﬁg(v,v). (29)
ceC”c
The expected result is inferred from (H1) . O
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6.3 Well-posedness under (H2)

Proof of Lemma 4.6. Let v € £ and let ¢ € C.
i) Proof of (27a). Let (. be the mean-valuel of ¢ over ¢ given by (. = [¢|™! [, ¢. Since Lg, (Cev) = Cele, (V)
because (. is constant, we have §(v)|. = (¢ —(c)Le, (V) — Le. ((C—(c)v), so that the triangle inequality, the
Holder inequality and the upper bound in Proposition 4.1 yield
160 z2() < 1€ = Cellpoe ) ILe. (V) 2oy + e ((C = V) L2
< Gl¢ = Cell = IVll2.c + Cll (€ = Ce)v
< 2C4)¢ = Cell oo (o) IVl 2.e-

Observing that [¢ — Ccllpeo() < Lche, the expected result follows.
i1). Proof of (27b). Let p € P, and let f C Ip. Owing to the multiplicative trace inequality (4), we have

2,c

1 _1 1 1
1852 < CldW gy (e 1001 + 50 )

Observe that |8(v)| g1,y = |IV(V) 2] 2 where [VE(v)|72 = 327 [0;6(v)i|* in the Cartesian basis of RY
and where 0; is the weak derivative in the direction 7. Since Lg,(v) is piece-wise constant on ., it then
follows that [VE(v)[7 = 37 [Le, (v)i0;¢I° = [Le. (V)72 [VC[%2. As a result, [6(v)] g1 < Lelle. (V] g2y
Moreover, proceeding as in %), we infer that [6(v)| g2, < 2Lche[|Le, (V) f2(y)- Collecting these bounds,
we infer that

1
16025y < 2CrLehé [Le, (V)] 2 p)-
Then, summing over §; and using the upper bound of Proposition 4.1 yield the expected result. ]

In what follows, we consider the non-dimensional number we = L¢ maX(|Q|§, 18l Lo ()7)-

Lemma 6.1 (Multiplicative stability). There exists C; > 0 independent of the mesh size and the model
parameters such that
levll < Ce (1€ oo @) +we) IVl Vv € €.

Proof. Let v € £ and let us rewrite ||Cv]? as

Iovll> => "7 Ievl3 e+ sp.e(@v, ) + D Algmgsp (Qv, &) + ) s p(Lv, Cv)

ceC ceC feFo feFe
=T+ Ty + T3+ Ty.

We want to use the Lipschitz regularity of ¢ to bound separately these terms by [lv||?. We recall the
notation (. = [¢|™! [ ¢ from the proof of Lemma 4.6.
i) Bound on Tj. First, the triangle inequality implies that

1 _ _
h= S rHICE e+ D T =GB = Tin + Th.
ceC ceC

Since |Ce| < [¢]zoo(c), we infer that 711 < 7 ¢ 7'_1||C”200(C) H|v|||§c < ||§||%OO(Q) Iv[?>. The bound Tj 5 easily
576 < Lgh% [Iv||?>. Combining these

follows from the Lipschitz regularity of ¢ since T12 <> ¢ T_nghz (%
two bounds with h. < |Q|% and the definition of we yields

T3 <2 (w2 + ¢y IMIP:

ii) Bound on Ts. Since the bilinear form sg.. is symmetric and positive, we infer that

%TQ S Z SB;c (CcVa CCV) + Z SB;c ((C - CC)V7 (C - CC)V) = T2,1 + T2,2a

ceC ceC
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and we have directly that To; < Ececucu%w(C)S,@,C(V,V) < ”C”%M(Q) IVl To bound Ty2, we use the
multiplicative trace inequality (4) and that Lg, is piece-wise constant to infer that

5g:c((C=Ce)v, (C=Ce)v) = /lﬁ | [Le. (0= V)7 < 2031Blp~) Y D he'ILe((C=Cov)l7e

fESe feSe pE‘ﬁcﬂ‘ﬁ‘f

where P; = {p € P|f C Ip}. Observing that the boundary of each diamond p. . is composed of 4
sub-faces in §., exchanging the sums yields

53:c((C—CoV, (C—Co)v) < 8CTIBlL=() D he ILe.((C=C)IFz,) = BCRIB L= (¢ he ' ILe. (C—CV) 2

pEP.

Owing to upper bound from Proposition 4.1, the Lipschitz regularity of ¢, and the definition of w¢, we
infer that

56:c((C = Co)v, (€= Co)V) < 8CECEIBl Lo (e g (6 = C)IF e < BCFCFWZT VIS .-
Finally, collecting these two bounds leads to
Ty < 2 (¢ (e + 8CFCF2) VI
i11) Bound on T3. We proceed as in the previous step i) to infer that
Ty < 2 (I¢3 o) + 0 CECF02) I

where np 5 = (maxcec #(F. NF?)) is the naximal number of boundary faces that a mesh cell can have.
iv) Bound on Ty. To bound this last term, we use a different decomposition, namely

T, = Z SCQﬂ;f(V,V) + Z Af(v) = T4,1 —|—T4,2,
fere fere

with A¢(v) = sg,f(Qv, Cv) — sc2g.7(v,v). Observing that sc2g.(v,v) < ||C||%Oo(f)55;f(v,v) for all f € F°,
it follows that Ty 1 < |¢[? @ Iv[?>. To bound the second term T} 2, we recall the quantity §(v) defined
by (26) and we obtain

0= [ 1 (180 + el - ClLew?).

Then, applying Young’s inequality and the trace inequality (27b) yields

As(v |<2/|ﬂnf| /wnfrc Le()]?
<AL Bl S helMlB + ¢y 581 (v v):
CGCf

As a result, since #Cy = 2 for all f € F° and introducing w¢, we infer that

Tip < 32C3CR2T VI + I o) D s (viv) < (32C2CE02 + IC ) IVIP,

feFre
whence
Ty < 2 (16C3CR2Leh + 1 () ) IVI2
v) Conclusion. The expected inequality then follows from the above four bounds. O
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Proof of Proposition 4.5. Let v € £ and define

A
S= sup 7B’”(V’W>.
weevior  lwll

Let us take w = (v + 0v with 6 > 0 to be chosen below. We infer from Lemma 6.1 that

Ap (v, w) < SIwll <8 (0 + Cc (<) +wc)) VI,

so that it remains to prove that Ag ,(v,w) 2> |lv||>. First, we split Ag,, as follows:

Apu(v,w) =Ag garyivaa(VW) T H v 1w aalv,w) =T+ Tz,
where the bilinear form H,, is defined on £x& by
(v,w) Z/CVLSC Le,(w),
ceC e
for all & € L>°(Q2). Let us bound from below the two terms 77 and Tb.
i) Bound on T;. We bound from below this term by considering the following decomposition
Ty =8 _varsiwamaVW) = A _vicay+vpmalv:V)

+hAp g (v V) = Ag_v(cpy (Vi)

+tHyw v, )~ Higwpralv:v)

+0A5 _varyivgra(VV) =T+ T2+ Tig + T

Regarding T 1, we use the relation (29) to infer that

1
=3 (Z / Le.(v)0 5, —v(cpy+Lo(v-pymaLec (V) + Algpn (v, V) +sca (v, V)>
cec Ve

(Z/LE V)G ea vicpy +iev-gate. (V) + Algp (v, V) +sp(v, V)>v

ceC

since ( > 1. Then, observing that T8,-v(cB) +1c(V-B)1d = —3-V(1d and using hypothesis (H2) together
’ 2

with the lower bound from Proposition (4.1), we infer that 717 > $|lv[®>. The next step consists in
bounding the perturbation term 77 5. To do so, we recall the identity (11) for gg ,.., and we observe that

g3,_vgrc =0 and 808,V (¢B) e = 0, so that T 2 solely consists of surfacic terms:

Ty = (nﬁ(v, v) — ncﬁ(v,v)> + (s,@(v, {v) — sm(v,v)> + < {gon)— (v, V) — Aa(w.n),(v,v)> :

Now, introducing the function §(v) locally defined by (26) and recalling that 8 € W1>(Q), ¢ > 1, and

¢ e W (Q), , so that ({Le,(v)} = {{Le,(v)}, we observe that

180V, O) — (v, v) = Z/ﬂnf ILeW)-{8() Y,

IS
s (V> Q) = s¢gie(V, V) /If6 ng|[Le(V)]-[6(v)],
forall z € F° or z € C, and

K gy (1 00) = K (v,v) = /f (B1)"Le(v)-3(v),
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for all f € F2. Then, applying the Cauchy—Schwarz inequality to these three terms yields

2

1
Ti5<6 <|v\§ + Mg) 12X 18lrx D 1601720

ceC P€‘13c

In addition, observing that OB, VA +L(VA)Id = 0 and using the identity (29), we have

L/ o2 2
ApvpiivauaVv) =5 (Ma * |V|S> ’

so that combining this expression with the above estimate yields

N

D IBlre) Y 18172y

ceC pemc

Finally, we use the inequalities (27a)-(27b) together with the definition of w¢, to infer that

1 1
Tz = Couwe (Aﬁ,—VBT-F%(Vﬂ)Id(V’V)) (V)

where Cs > 0 depends exclusively on the numerical constants Cr and Cy. Now, we collect the bounds on
T1,1 and T2 and we apply Young’s inequality to obtain

1 2
Ag vt pra(vow) = JIvIE+ (0 - C&”C)AB,—VﬁT+%(V-ﬁ)Id(V7V) + T1,3.

As a result, choosing 0 = ngg yields

1
A,@,—VﬂT—l-%(V-ﬁ)Id(VvW) > ZHMHQ + T 3. (30)
i1) Bound on T,. First, we rewrite this term as:
Ty = 9H“+vﬁl-_%(v.ﬁ)ld(v, V)

+ H (u+VﬁTfl(V,8)Id) (V, V)
+Huivp- Lvp) Id( Qv) — (;H—VﬁT—%(V-,B)Id) (v,v) =To1+Too+To3.

Concerning T3 1, we have

2

Z/Uﬁul-5 DLe) > 2 S e W),

CGC ceC

where we have used hypothesis (H2) (recall that A, < 0) and the upper bound from Proposition 4.1. The
second term 75 o is treated similalrly:

2

C2),
Top =2 Z Copule.(v)Le.(v) = =57 Cl e @ IVI3.

CGC ¢

Collecting these bounds yields
A
T > fﬂmuﬂ\% + T 3, (31)
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iti) Bound on Ty + T5. Collecting the estimates (30) and (31), we obtain

A b _
Agpu(v,w) = *||| I? + 5207 VI + Th s + Toa.
We observe that
N+ Tos=Hiwpma ) —Higwga:v) + Huivg1(vama(v ) = Heurop- 1 (v.p1a) (v, V)

= H”+vﬁ (V CV) HC(H"FV/@ > V, V Z/ IL+V,6T) Lgc( )(5( )

ceC

Applying successively the Holder inequality, the inequality (27a) and the upper bound from Proposi-
tion 4.1, we infer that

T+ Tosl <Y 1+ VB | L=(o) ILe W 2 18 2y < It + VB | () CFLehIVI3.
ceC

As a result, we obtain
Apulvow) > TP+ (220 - ) 73
w) > ~|v - —
B, v, =4 4h T 29
-1
with the reference length hy = (4Cﬁ2||lt+ V,BTHLOO(Q)TLC) . Hence, there exists ¢’ > 0 such that
Ag u(v,w) > d'[Iv]%, as soon as A, and h satisfy (25). O

6.4 Bound on consistency error and a priori estimate

Proof of Lemma 4.7. Let yj. = (u — Ig(u))‘c for all c € C. Note that yjg, € LY(0p) for all p € P.. Let v €
£. Owing to the definitions of Ag ,, and X, it follows that ¥(s,up;v) —Ag ,(Re(u),v) = Ty +To+ T3+ 1},
with

T1::Z/ VB+u — (VA Le,(V)y, Tr= > > Z/ )-{y},

ceC Xe{F°,C} z€X €8z
Ty = Z Z Z/B n|[Le(v)]-[y] and Ty := Z Z/ Lgef Y.
Xe{F°,C} z€X f€Fa fer?jesy

Indeed, the first term 77 is obtained using the definition (11) of gg ,.. together with the following inte-
gration by part formula (28) and

Z/ (BV)y) Le, (v Z/ (BV)Le() v~ [(VO)Le( y+Z/v (ByLe.(v),

pEP. peP. pePe

holding for all ¢ € C and all v € &.. The terms T, and T3 result from the rightmost term of the relation (28)
and the fact that (8-n)[u]; = 0 for all f € F,. Finally, the term T} is inferred observing that up = ujpq.
It remains to bound these four terms. First, let us consider Th. Let ¢ € [1,2] and denote ¢’ > 2 its
conjugate number, ie., 1 = 1/g + 1/¢'. From the Holder inequality, we infer that

C

[ B+t = (VN L, <v>-y1 < Noclyl oo ILe. )] o

with Neo = |[VB + pu" — V-BId| g (). Then, using a local inverse inequality (see [13, Lemma 1.138]), we
infer that

/(Vﬂ +p' = (V-B)1d) LsC(V)'y‘ < Noohglyll Lo ILe. (220

[
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with 0 = d (% — 5), so that the Holder inequality yields

> [(V8+u— (VO Le (v

ceC

1
ql
(ZNgohﬁqnmqu)) (ZnLg HLQ(C> .

ceC ceC

Moreover, recalling that ¢ > 2 so that ||, < |-|,2, and using the upper bound in Proposition 4.1 leads to

1
(Z N Y Ga e ) [Ivll2-

ceC

Ty | =

Z/ VB + " — (V-B)Id) Lg, (v)

ceC

To bound the two terms T5 and T3, we consider a sub-face f € §, for all z € X with X € {F°,C}. As
above, the Holder inequality yields

] /f m.nf)ﬂLg(v)u‘{{y}‘ < 1815 1M o 1B LW -

so that using a local inverse inequality, we obtain
1
‘/ nj)[Le(v {{y}‘ hy HBIILoo Jy B Lapll(B-n5)[2 [Le (] L2 5y,

with ¢/ = (d — 1) (é - 7) Hence, denoting > ; = > xcipo ¢} Dzex 2jeg, it follows from the triangle
inequality, the Holder inequality and ¢’ > 2 that

> /f(ﬁ-nf)[[Le(V)]]-{{y}} < [ SSRCUBL ML | | SSIBnilE e,
f

f f

Next, owing to the definitions (12) and (14) of ng and sg respectively, the mesh regularity and recalling
the inequality |a & b7 < 2971(]a|? + |b|%), we infer that
q

1
O P S W I N 17 LI PRV ED
ceC peP.

Finally, proceeding similarly, we also infer that

1
q

/ 9
Tl S {0 By |8l%arsy | Al (vs9)2,
feF?

l\)\»—a

and the expected result follows from the above bounds. O
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