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DOUBLY-RESONANT SADDLE-NODES IN ((C3,O) AND THE FIXED
SINGULARITY AT INFINITY IN THE PAINLEVE EQUATIONS. PART III:
LOCAL ANALYTIC CLASSIFICATION

AMAURY BITTMANN

ApsTrACT. In this work, following [Bit15] and [Bit16al], we consider analytic singular vector fields
in C3 with an isolated and doubly-resonant singularity of saddle-node type at the origin. Such
vector fields come from irregular two-dimensional differential systems with two opposite non-zero
eigenvalues, and appear for instance when studying the irregular singularity at infinity in Painlevé
equations (P; )j:ImV’ for generic values of the parameters. Under suitable assumptions, we provide
an analytic classification under the action of fibered diffeomorphisms, based on the study of the
Stokes diffeomorphisms obtained by comparing consecutive sectorial normalizing maps a la Martinet-
Ramis / Stolovitch [MR82][Sto96]. These normalizing maps over sectorial domains are obtained in the
main theorem of [Bit16al, which is analogous to the classical one due to Hukuhara-Kimura-Matuda
[HKMG61] for saddle-nodes in C2. We also prove that these maps are in fact the Gevrey-1 sums of
the formal normalizing map, the existence of which has been proved in [Bit15].

1. INTRODUCTION

As in [Bit15] and |Bit16a], we consider (germs of) singular vector fields Y in C* which can be written
in appropriate coordinates (z,y) := (z,y1,y2) as

9] 9] 0]

1.1 Y = :v2—+(—/\ +F (z, )——i—(/\ 1Py (x, )— ,
(1.1) O Y1 1 (z,y) A Y2 > (2,y) o
where A € C* and F}, F» are germs of holomorphic function in ((C3, O) of homogeneous valuation (order)
at least two. They represent irregular two-dimensional differential systems having two opposite non-
zero eigenvalues and a vanishing third eigenvalue. These we call doubly-resonant vector fields of saddle-
node type (or simply doubly-resonant saddle-nodes). For a historical context, a presentation of the
main motivations (the study of the irregular singularity at infinity in Painlevé equations (Pj)j: V)
and a review of some results linked with this study, we refer to the introduction of [Bit16al.

In this paper we provide an analytic classification under the action of fibered diffeomorphisms for
a specific (to be defined later on) class of doubly-resonant saddle-nodes which contains the Painlevé
case.

Several authors studied the problem of convergence of formal transformations putting vector fields as
in (L) into “normal forms”. Shimomura, improving on a result of Iwano [Iwa80)], shows in [Shi83] that
analytic doubly-resonant saddle-nodes satisfying more restrictive conditions are conjugate (formally
and over sectors) to vector fields of the form

0 0 0
x2% + (—/\-l-alw)yla—yl + ()\+a2:v)y28—y2

via a diffeomorphism whose coefficients have asymptotic expansions as x — 0 in sectors of opening
greater than 7.

Stolovitch then generalized this result to any dimension in [Sto96]. More precisely, Stolovitch’s
work offers an analytic classification of vector fields in C**! with an irregular singular point, without

Key words and phrases. Painlevé equations, singular vector field, irregular singularity, resonant singularity, analytic
classification, Stokes diffeomorphisms.
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further hypothesis on eventual additional resonance relations between eigenvalues of the linear part.
However, as Iwano and Shimomura did, he needed to impose other assumptions, among which the
condition that the restriction of the vector field to the invariant hypersurface {x = 0} is a linear vector
field. In [BDMOS|, the authors obtain a Gevrey-1 summable “normal form”, though not as simple
as Stolovitch’s one and not unique a priori, but for more general kind of vector field with one zero
eigenvalue. However, the same assumption on hypersurface {x = 0} is required (the restriction is a
linear vector field). Yet from [Yos85] (and later [Bit15]) it stems the fact that this condition is not met
in the case of Painlevé equations (Pj)j:I...V‘

In comparison, we merely ask here that this restriction be orbitally linearizable (see Definition [L.6]),
i.e. the foliation induced by Y on {z =0} (and not the vector field Y|(,—o} itself) be linearizable.
The fact that this condition is fulfilled by the singularities of Painlevé equations formerly described is
well-known. As discussed in Remark [[LT6] this more general context also introduces new phenomena
and technical difficulties as compared to prior classification results.

1.1. Scope of the paper.
The action of local analytic / formal diffeomorphisms ¥ fixing the origin on local holomorphic vector
fields Y of type (1)) by change of coordinates is given by

.Y = (DU.Y)oU !,

In [Bit15] we performed the formal classification of such vector fields by exhibiting an explicit universal
family of vector fields for the action of formal changes of coordinates at 0 (called a family of normal
forms). Such a result seems currently out of reach in the analytic category: it is unlikely that an
explicit universal family for the action of local analytic changes of coordinates be described anytime
soon. If we want to describe the space of equivalent classes (of germs of a doubly-resonant saddle-node
under local analytic changes of coordinates) with same formal normal form, we therefore need to find a
complete set of invariants which is of a different nature. We call moduli space this quotient space and
give it a (non-trivial) presentation based on functional invariants & la Martinet-Ramis [MR82] MRS3].

In this paper we will therefore present only the x—fibered local analytic classification for vector fields
of the form (IIJ), with some additional assumptions detailed further down (see Definitions [[.T] and
[LH). Importantly, these hypothesis are met in the case of Painlevé equations mentioned above. The
full analytic classification (under the action of all local diffeomorphisms, not necessarily x—fibered)
will be done in a forthcoming work.

In [Bitl6a], we have proved the existence of analytic sectorial normalizing maps (over a pair of
opposite “wide” sectors of opening greater than m whose union covers a full punctured neighborhood
of {x = 0}). Then we attach to each vector field a complete set of invariants given as transition maps
(over “narrow” sectors of opening less than 7) between the sectorial normalizing maps. Although this
viewpoint has become classical since the work of Martinet and Ramis, and has latter been generalized
by Stolovitch as already mentioned, our approach has a more geometric flavor (for instance, we perform
a precise study of the Stokes diffeomorphisms in the space of leaves).

As a by-product, we deduce that the normalizing sectorial diffeomorphisms are Gevrey-1 asymptotic
to the normalizing formal power series of [Bit15], retrospectively proving their 1-summability. When
the vector field additionally supports a symplectic transverse structure (which is again the case of
Painlevé equations) we prove a theorem of analytic classification under the action of transversally
symplectic diffeomorphisms.

1.2. Definitions and previous results.
To state our main results we need to introduce some notations and nomenclature.
e For n € Ny, we denote by (C™,0) an (arbitrary small) open neighborhood of the origin in C™.
e We denote by C{x,y}, with y = (y1, y2), the C-algebra of germs of holomorphic functions at
the origin of C3, and by C {x,y}™ the group of invertible elements for the multiplication (also
called units), i.e. elements U such that U (0) # 0.
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* X ((C3, O) is the Lie algebra of germs of singular holomorphic vector fields at the origin C3. Any
vector field in x ((C3, O) can be written as

0 0 0
Y=0b —+b —+0 —
(x7y17y2) 8$ + 1 (‘Tuyluy?) 8y1 + 2 (x7y17y2) 8y2
with b, b1,by € C{z,y1,y2} vanishing at the origin.
e Diff (C3,0) is the group of germs of holomorphic diffeomorphisms fixing the origin of C3. It
acts on x (C?,0) by conjugacy: for all
(®,Y) € Diff (C*,0) x x (C*,0)
we define the push-forward of Y by ® by
(1.2) o, (V):=D® - V)od ' |

where D® is the Jacobian matrix of ®.
e Diffgy, ((CB,O) is the subgroup of Diff ((C?’,O) of fibered diffeomorphisms preserving the z-
coordinate, i.e. of the form (z,y) — (z, ¢ (z,y)).
e We denote by Diffgy, ((C3, 0, Id) the subgroup of Diffgy, ((C3, O) formed by diffeomorphisms tan-
gent to the identity.
All these concepts have formal analogues, where we only suppose that the objects are defined with
formal power series, not necessarily convergent near the origin.

Definition 1.1. A diagonal doubly-resonant saddle-node is a vector field Y € x ((C3, O) of the
form

d ) d
_ 2 7 _ _ _—
(1.3) Y o= afo- ( Ayr + Fy (:v,y))ay1 + (Ayz + Fy (:c,y))ay2 ;

with A € C* and Fy, F, € C{z,y} of order at least two. We denote by SN giag the set of such vector
fields.

Based on this expression, and considering the expansion
Fi(zy) = Y Fjaafyys
k=(ko,k1,k2)
for j = 1,2, we state:
Definition 1.2. The residue of Y € SN giag as in (I3) is the complex number
res (Y) := F1 (1,100 + F2,(1,0,1) -
We say that Y is non-degenerate (resp. strictly non-degenerate) if res(Y) ¢ Q<o (resp.
R (res(Y)) > 0).

Remark 1.3. It is obvious that there is an action of Diffgp, ((C3, O,Id) on SN giag. The residue is an
invariant of each orbit of SN diag under the action of Diffgy ((CS,O,Id) by conjugacy (it is actually
invariant by formal conjugacies, see[Bit15]).

The main result of [Bit15] can now be stated as follows:

Theorem 1.4. [Bitl5] Let Y € SN giag be non-degenerate. Then there exists a unique formal fibered
diffeomorphism ® tangent to the identity such that:

. 0 0
o, (Y) = CCQ% + (At azr+a (y1y2))yla—yl
0
(1.4) + A+ ar + e (y1y2)) yam—

Y2

where A € C*, ¢1, co € vC [v] are formal power series in v = y1y2 without constant term and a1, ag € C
are such that a1 + az = res (Y) € C\Q<o.
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Definition 1.5. The vector field obtained in ([4) is called the formal normal form of Y. The
formal fibered diffeomorphism ® is called the formal normalizing map of Y.

The above result is valid for formal objects, without considering problems of convergence. The main
result in [Bit16a| states that this formal normalizing map is analytic in sectorial domains, under some
additional assumptions that we are now going to precise.

Definition 1.6.
e We say that a germ of a vector field X in ((C2, 0) is orbitally linear if

0 0
X=Ul(y) (/\1y1— + A2y26—y2> ,

oy
for some U (y) € C{y}”* and (A1, \2) € C2,
e We say that a germ of vector field X in ((C2,0) is analytically (resp. formally) orbitally
linearizable if X is analytically (resp. formally) conjugate to an orbitally linear vector field.
e We say that a diagonal doubly-resonant saddle-node Y € SN giag is asymptotically orbitally
linearizable if Y|;,—o) € x (C2,0) is (analytically) orbitally linearizable.

Remark 1.7. Alternatively we could say that the foliation associated to Y|(,—o; is linearizable. Since
Y| {z=0} is analytic at the origin of C? and has two opposite eigenvalues, it follows from a classical result
of Brjuno (see [Mar81]), that Y|;,—o} is analytically orbitally linearizable if and only if it is formally
orbitally linearizable.

Definition 1.8. We denote by SN giag,0 the set of strictly non-degenerate diagonal doubly-resonant
saddle-nodes which are asymptotically orbitally linearizable.

The main result of [Bitl6a] can now be stated (we refer to section 2. for precise definitions).

Theorem 1.9. Let Y € SNgiago and let P (given by Theorem [I.7]) be the unique formal fibered
diffeomorphism tangent to the identity such that

- 0] 0 0
2 _ 7

¢ (Y) = 2+ (-Atazta () n o+ (A4 asz + c2 (y192)) y2 9
=: Yiorm s

where A # 0 and ¢1 (v), ¢z (v) € vC [v] are formal power series without constant term. Then:

(1) the normal form Ynorm is analytic (i.e. c1,c2 € C{v}), and it also is orbitally linear, i.e.
c1 +c = O,’

(2) the formal normalizing map d is weakly 1-summable in every direction 0 € R such that 0 #
arg (A) ( mod m);

(3) there exist analytic sectorial fibered diffeomorphisms ®1 and ®_, (asymptotically) tangent to
the identity, defined in sectorial domains of the form S X ((C2,O) and S_ X ((C2,O) respec-
tively, where

Sy = {xE(C|O<|:C|<Tand’arg(%)’<g+e}
S_ = {IEC|O<|x|<rand arg(;—f)‘<g+e}

(for any € € ]0, g [ and some r > 0 small enough), which admit d as weak Gevrey-1 asymptotic

expanston in these respective domains, and which conjugate Y to Yiorm. Moreover ®4 and ®_
are the unique such germs of analytic functions in sectorial domains (see Definition[2.2).

Definition 1.10. We call ¢, and ®_ the sectorial normalizing maps of Y € SN giag,0-
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They are the weak 1-sums of ® along the respective directions arg (i\) and arg (—i)). Notice that
® and ®_ are germs of analytic sectorial fibered diffeomorphisms, i.e. they are of the form

®,: 5, x (C%,0) — Sy x(C%0)
(z,y) — (2,241 (z,y), Pr2(2,y))
and
d_:S_x(C%0) — S_x(C%0)
(@,y) — (2,2-1(z,y),P-2(z,y))

(see section 2. for a precise definition of germ of analytic sectorial fibered diffeomorphism). The fact
that they are also (asymptotically) tangent to the identity means that we have:

0 (2.y) =1+ 0 (| y)I) -

Another result proved in [Bitl6al, is that the uniqueness of the sectorial normalizing maps holds in
fact under weaker assumptions.

Proposition 1.11. Let o4 and p_ be two germs of sectorial fibered diffeomorphisms in S4 X ((Cz, O)

and S_ X ((CQ,O) respectively, where Sy and S_ are as in Theorem [[9, which are (asymptotically)
tangent to the identity and such that

(¢+), (Y) = Yoorm -
Then, they necessarily coincide with the weak 1-sums ®1 and ®_ defined above.

1.3. Main results.
The first main result of this paper is the following.

Theorem 1.12. Let Y € SNgiag,0 and let P (given by Theorem [I4) be the unique formal fibered
diffeomorphism tangent to the identity such that

- 0 0 0
o, (Y) = ;62%4-(—)\—1—@1:6—0(3/13/2)) yla—yl +()\+a2x+c(y1y2))y28—y2
= Ynorm 5

where X # 0 and ¢ (v) € vC{v}. Then & is 1-summable (with respect to x) in every direction 6 €
R such that 8 # arg(\)( mod 7), and ®,,P_ in Theorem are the 1-sums of ® in directions
arg (i), arg (—i\) respectively.

Since two analytically conjugate vector fields are also formally conjugate, we fix now a normal form

Yoo - x2% b A+ az— e (v)) ylaiyl + O+ ase + ¢ (0))

with A € C*, R (a1 + a2) > 0 and ¢ € vC {v} vanishing at the origin.

275 >
Y Y2

Definition 1.13. We denote by [Yyorm] the set of germs of holomorphic doubly-resonant saddle-nodes
in ((CB, O) which are formally conjugate to Yiorm by formal fibered diffeomorphisms tangent to the

identity, and denote by [Yoorm] / Diffgy, ((C3, 0, Id) the set of orbits of the elements in this set under
the action of Diffgy, ((C3, 0, Id).
According to Theorem [[L9, to any Y € [Yiorm| We can associate two sectorial normalizing maps

@, ®_, which can in fact extend analytically in domains S; x (C2,0) and S_ x (C2,0), where Sy is
an asymptotic sector in the direction arg (+£i\) with opening 27 (see Definition 2.3)):

(S+7 S—) € ASarg(iA)Qw X ASarg(fi)\),%r .
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Then, we consider two germs of sectorial fibered diffeomorphisms ®,, ®_, analytic in Sy, S_y, with

(1.5) Sy o= Spnson{Rn (;) >0} € ASarg(.x
S_y = S.N8_N {afe (;) < o} € ASurg(-n)m
defined by:

Dy = (‘I)Jr o ®:1)|5>\><(C2,0) € Diffgy, (Sarg(k),ea Id) , Ve € [0,7‘([
Py = (¢_od") Diffgp, (Sarg(—n),e,1d) , Ve € [0, 7] .

|S_ 2% (C2,0)

Notice that @y, ®_, are isotropies of Yiorm, i.€. they satisfy:

(q)ik)* (Ynorm) = Ynorm .

Definition 1.14. With the above notations, we define Ay (Yiorm) (resp. A—x (Yaorm)) as the group
of germs of sectorial fibered isotropies of Yjorm, tangent to the identity, and admitting the identity
as Gevrey-1 asymptotic expansion (see Definition [Z4]) in sectorial domains of the form S x ((C2, O)
(Tesp. S_a X ((CQ,O)), with Si) € ASarg(+2),7-

The two sectorial isotropies @) and ®_ defined above are called the Stokes diffeomorphisms
associate to Y € [Viorm]-

Our second main result gives the moduli space for the analytic classification that we are looking for.

Theorem 1.15. The map

[Ynorm] /Diﬁ'ﬁb ((CB, 07 Id) — A)\ (Ynorm) X A,)\ (Ynorm)
Y — (‘I))\, (I),)\)

1s well-defined and bijective.

In particular, the result states that Stokes diffeomorphisms only depend on the class of Y € [Viorm)
in the quotient [Yaorm] / Diffg, ((C3, 0, Id) . We will give a description of this set of invariants in terms

of power series in the space of leaves in section @]

Remark 1.16. In [Bitl6a] we have proved a theorem of sectorial normalizing map analogous to the
classical one due to Hukuhara-Kimura-Matuda for saddle-nodes in ((C2, O) [HKMG61], generalized later
by Stolovitch in any dimension in [Sto96]. Unlike the method based on a fixed point theorem used
by these authors, we have used a more geometric approach (following the works of Teyssier [Tey03]
Tey04]) based on the resolution of an homological equation, by integrating a well chosen 1-form along
asymptotic paths. This latter approach turned out to be more efficient to deal with the fact that
Y|{z—0} is not necessarily linearizable. Indeed, if we try to adapt the proof of [Sto96], one of the first
new main difficulties is that in the irregular systems that needs to be solved by a fixed point method
(for instance equation (2.7) in the cited paper), the non-linear terms would not be divisible by the
independent variable (i.e. the time) in our situation. This would complicate the different estimates
that are done later in the cited work. This was the first main new phenomena we have met.

In contrast to a result of [Bitl6a] which states that the only sectorial isotropy (tangent to the
identity) of the normal form over wide sectors (of opening > 7) is the identity, we will see here that
the situation is rather different over sector with narrow opening. In order to prove both Theorems
and [LT5] we will show that the Stokes diffeomorphisms ®, and ®_) obtained from the germs of
sectorial normalizing maps ®; and ®_,admit the identity as Gevrey-1 asymptotic expansion. In the
cited reference we were only able to establish that fact with a weaker notion of Gevrey-1 expansion. The
main difficulty is to prove that such a sectorial isotropy of Y,orm over the “narrow” sectors described
above is necessarily exponentially close to the identity (see Proposition B.5). This will be done by
studying more generally germs of sectorial isotropies of the normal form Yo, in sectorial domains
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with “narrow” opening, and by considering theses isotropies in the space of leaves. In fact, this is the
second main new difficulties we have met, which is due to the presence of the “resonant” term

cm (y1y2)"" log ()
x

in the exponential expression of the first integrals of the vector field (see (ZI))). In [Sto96], similar com-
putations are done in subsection 3.4.1. In this part of the paper, infinitely many irregular differential
equations appear when identifying terms of same homogeneous degree. The fact that Y|(,_o) is linear
implies that these differential equations are all linear and independent of each others. In our situation,
this is not the case and then more complicated. Using a “non-abelian” version of the Ramis-Sibuya
theorem due to Martinet and Ramis [MR82], we prove both sectorial normalizing maps ®; and ®_
admit the formal normalizing map P as Gevrey-1 asymptotic expansion in the corresponding sectorial
domains. This establishes the Gevrey-1 summability of d.

1.4. The transversally Hamiltonian case.
In order to motivate the following definition, we refer to [Bitl6a] where the study of the Painlevé
case is performed.

Definition 1.17. Consider the rational 1-form
dyy A dyo
—

w =

We say that vector field YV is transversally Hamiltonian (with respect to w and dx) if
Ly (dz) € (dz) and Ly (w) € (dz)
For any open sector S C C*, we say that a germ of sectorial fibered diffeomorphism ® in S x ((C2, O)
is transversally symplectic (with respect to w and dx) if
" (w) € w+ (dx)

(here ®* (w) denotes the pull-back of w by ®).
We denote by Diff,, ((C3,O,Id) the group of transversally symplectic diffeomorphisms which are
tangent to the identity.

Remark 1.18. A fibered sectorial diffeomorphism ® is transversally symplectic if and only if det (D®) =
1.

Definition 1.19. A transversally Hamiltonian doubly-resonant saddle-node is a transversally
Hamiltonian vector field which is conjugate, via a (fibered) transversally symplectic diffeomorphism,
to one of the form

) ) )
_ 2 7 _ _ _
Yy = Iax+( Ay1+F1(:v,y))ay1+(Ay2+Fz(:v,y))ay2 ,

with A € C* and F}, F» analytic in ((C3, O) and of order at least 2.

Notice that a transversally Hamiltonian doubly-resonant saddle-node is necessarily strictly non-
degenerate (since its residue is always equal to 1), and also asymptotically orbitally linearizable (see
section 3).

We recall the second main result from [Bit15].

Theorem 1.20. [Bit15]
Let Y be a diagonal doubly-resonant saddle-node which is transversally Hamiltonian. Then, there
ezists a unique formal fibered transversally symplectic diffeomorphism ® tangent to identity such that:

N 0 0 o0
o, (Y) = :62%4-(—/\—1—@1:6—0(3/13/2)) yla—yl +(/\+a2x+c(y1y2))y28—y2
(16) = Ynorm P

where A € C*, ¢ (v) € vC[v] a formal power series in v = y1y2 without constant term and a1, a9 € C
are such that a1 + as = 1.
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The second main result in is the following.

Theorem 1.21. Let Y be a transversally Hamiltonian doubly-resonant saddle-node. Let d be the
unique formal normalizing map given by Theorem[1.20. Then the associate sectorial normalizing maps
®, and ®_ given by Theorem[1.9 are also transversally symplectic.

Let us fix a normal form Y, orm as in Theorem [[.21] and consider two sectorial domains Sy X ((CZ, O)
and S_ x (C?,0) as in (LF). Then, the Stokes diffeomorphisms (®x,®_,) defined in the previous

subsection as )
{(I)/\ = (4 0®Z )\SAX(CZ,O)

Cxi= (200 ) g g o

are also transversally symplectic.

Definition 1.22. We denote by AY (Ynorm) (resp. Ay (Ynorm)) the group of germs of sectorial fibered
isotropies of Yiorm, admitting the identity as Gevrey-1 asymptotic expansion in sectorial domains of
the form S x ((CZ, O) (resp. S_) X ((C2, O)), and which are transversally symplectic.

Let us denote by [Yiorm],, the set of germs of vector fields which are formally conjugate to Ysorm
via (formal) transversally symplectic diffeomorphisms tangent to the identity. As a consequence of
Theorems ([LI5) and (L2I]), we can now state our third main result:

Theorem 1.23. The map

[Ynorm]w /Diffw ((CB, 0, Id) — A;‘\) (Ynorm) X Ai)\ (Ynorm)
Y — ((I))\, (I)—A)
is a well-defined bijection.

In a forthcoming paper we will compare our approach to the works of Joshi, Kapaev and Kitaev

cited earlier in order to compute the Stokes diffeomorphisms for Painlevé equations (P; )j: IV

1.5. Outline of the paper.

In section 2, we recall the different tools, notations and nomenclature we will need regarding as-
ymptotic expansion, Gevrey-1 series, 1-summability and sectorial germs.

In section 3, we prove the main theorems presented above, assuming the Proposition holds.

In section 4, we prove the key Proposition 3.0l by studying the automorphisms of the space of leaves.

In section 5, we give a description of the moduli space in Theorem in terms of power series in
the space of leaves, and present some applications.

In section 6, we present a generalization of Theorem where we study the action of Diff ((C3, O)
instead of Diffgp, ((C3, O).
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2. BACKGROUND

We refer the reader to [MRS82], [Mal95] and |[RS93| for a general and detailed introduction to
the theory of asymptotic expansion, Gevrey series and summability (see also [Sto96] for a useful
discussion of these concepts). We refer more precisely to [Bit16a] when it comes to the notion of weak
1-summability.

We call z € C the independent variable and y := (y1,...,yn) € C", n € N, the dependent variables.
As usual we define y* := y* .. yF for k = (ky,...,k,) € N", and |k| = k; + - -- + k,. The notions
of asymptotic expansion, Gevrey series and 1-summability presented here are always considered with
respect to the independent variable z living in (open) sectors

S(rya,f)={zeC|0<|z| <rand a <arg(z) <},
the dependent variable y belonging to poly-discs
DO,r):={y=W1,---»yn) EC" | |1] <r1,...|yn|l <rn} ,

of poly-radius r = (r1,...,7,) € (Rs0)". Given an open subset & C C"*! | we denote by O (i) the
algebra of holomorphic function in U.

2.1. Sectorial germs.
Let 6 e R, n € R>p and n € N.

Definition 2.1. (1) An z-sectorial neighborhood (or simply sectorial neighborhood) of the origin
(in C"*1) in the direction 6 with opening 7 is an open set S C C™*! such that

§58(n0- i —e,9+g+e) x D (0,r)
for some r > 0, r € (R5()" and € > 0. We denote by (Sp,,, <) the directed set formed by all
such neighborhoods, equipped with the order relation
S1 <S5y <= 5 D85;5.

(2) The algebra of germs of holomorphic functions in a sectorial neighborhood of the origin in the
direction 6 with opening n is the direct limit

O (So.n) :=1mO(S)
with respect to the directed system defined by {O (S) : S € Sy, }-

We now give the definition of a (germ of a) sectorial diffeomorphism.



ANALYTIC CLASSIFICATION OF DOUBLY-RESONANT SADDLE-NODES 10

Definition 2.2. (1) Given an element S € Sy ,,, we denote by Diffsy, (S, Id) the set of holomorphic
diffeomorphisms of the form
:S — (5
(xvy) = (xv(bl ((E,y),(bg ((E,y)) )

such that @ (z,y) — Id (z,y) = O (||x,y||2) . as (z,y) — (0,0) in S.[1
(2) The set of germs of (fibered) sectorial diffeomorphisms in the direction 6 with opening 7, tangent
to the identity, is the direct limit
Diffﬁb (89)77, Id) = @Diffﬁb (S, Id)

with respect to the directed system defined by {Diffgy, (S,1d) : S € Sp,,}. We equip Diffgy, (Sp,r, Id)
of a group structure as follows: given two germs ®, ¥ € Diffgy, (Sp,,, Id) we chose correspond-
ing representatives ®y € Diffgy, (S,Id) and ¥y € Diffgy, (7,1d) with S, 7 € Sp,,, such that

T C @0 (S) and let ¥ o ® be the germ defined by ¥g o ®y.

We will also need the notion of asymptotic sectors.

Definition 2.3. An (open) asymptotic sector of the origin in the direction 6 and with opening n is an
open set S C C such that

Se () So -

0<n’<n
We denote by ASs,,, the set of all such (open) asymptotic sectors.

2.2. Gevrey-1 power series and 1-summability.
In this subsection we fix a formal power series

fay) =Y "= > fia”y eClzyl.
k>0 (jo,j)ENnt1
Definition 2.4.

e An analytic (and bounded) function f in a sectorial domain S (r,a, 8) x D (0,r) admits f as
Gevrey-1 asymptotic expansion in this domain, if for all closed sub-sector S’ C S (r, a, 3), there
exists A, C > 0 such that:

N-—1
f@y) = fuly)a®| < ACN (NY) oY
k=0

for all N € Nand (z,y) € S" x D (0,r).

e A formal power series f € C[x,y] is 1-summable in the direction 6 if and only if there exists a

germ of a sectorial holomorphic function fy € O (Sp ) which admits f as Gevrey-1 asymptotic
expansion in some S € Sp .

Remark 2.5. In the definition above, fy is unique (as a germ in O (S@),r)), and is called the 1-sum of
f in the direction 6.

Lemma 2.6. The set 3y C C[z,y] of 1-summable power series in the direction 6 is an algebra closed
under differentiation. Moreover the map

E@ — O (S@),r)
fo— fo
s an injective morphism of differential algebras.

I This condition implies in particular that ® (S) € So,n-
20ne can prove that this definition is independent of the choice of the representatives
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Proposition 2.7. Let & (z,y) € C[xz,y] be 1-summable in directions 0 and 0 — =, and let D (z,y)

and ®_ (x,y) be its 1-sums directions 6 and 0 — w respectively. Let also fi (,2),..., fn(x,2) be 1-
summable in directions 0, 0 —m, and fi +,..., fn4+, and f1 —,..., fn,— be their I-sums in directions 6
and 0 — m respectively. Assume that

(2.1) fi(0,0)=0, forall j=1,...,n .

Then

U (0,2) = (2.f1 (2,2),... fu (2,2))
1s 1-summable in directions 0,0 — 7, and its 1-sum in the corresponding direction is
\Iji ((E,Z) = (I)i ((E, fl,i ((E,Z) PRI fn,i (LL',Z)) )

which is a germ of a sectorial holomorphic function in directions 8 and 6 — .
Proof. See |Bit16a)]. O

Consider Y a formal singular vector field at the origin and a formal fibered diffeomorphism ¢ :
(z,y) — (x, b (z, y)) Assume that both Y and ¢ are 1-summable in directions 6 and 6 — m, for some

0 € R, and denote by Y, ,Y_ (resp. ¢, p_) their 1-sums in directions 6 and 6 — 7 respectively. As a
consequence of Proposition 2.7 and Lemma 2.6] we can state the following:

Corollary 2.8. Under the assumptions above, Q. (Y) is 1-summable in both directions 0 and 0 — T,

and its 1-sums in these directions are oy (Yy) and o_ (Y_) respectively.

2.3. An important result by Martinet and Ramis.

We are going to make an essential use of an isomorphism theorem proved in [MR82]. This result
is of paramount importance in the present paper since it will be a key tool in the proofs of both
Theorems [[L9 and [[LTH] (see section [3]).

Let us consider two open asymptotic sectors S and &’ at the origin in directions 6§ and § — 7
respectively, both of opening 7

S € AS(-)JT
Sl S AS(-)fﬂ-Jr
(see Definition 233)). In this particular setting, the cited theorem can be stated as follows.

Theorem 2.9. [MR82, Théoréme 5.2.1] Consider a pair of germs of sectorial diffeomorphisms
(cp, QD/) (S Diffﬁb (8970, Id) X Diffﬁb (89_77)0, Id)

such that ¢ and ¢’ extend analytically and admit the identity as Gevrey-1 asymptotic expansion in
S X ((CQ,O) and S’ x ((C2,O) respectively. Then, there exists a pair (¢4, d—) of germs of sectorial
fibered diffeomorphisms

(¢+, ¢_) € Diffgy, (89.,_%77,, Id) x Diff gy, (89_%77,, Id)

with n € |, 2w, which extend analytically in S; X ((CQ,O) and S_ x ((CQ,O) respectively, for some
Sy € A89+%12,, and S_ € Aé‘g,gygﬁ , such that:

{¢+ ° (¢—)|_slx(<c2,o) =@
Py 0 (¢f)|7sl/x(<c2,o) =¢'

There also exists a formal diffeomorphism ¢E which s tangent to the identity, such that ¢+ and ¢_ both
admit ¢ as Gevrey-1 asymptotic expansion in Sy X ((CQ,O) and S_ X ((CQ,O) respectively.

In particular, in the theorem above (;3 is 1—summable in every direction except 6 and 6 — 7, and

its 1-sums in directions 6 + § and 6 — 7 respectively are ¢, and ¢_. For future use, we are going to

prove a “transversally symplectic” version of the above theorem.
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Corollary 2.10. With the assumptions and notations of Theorem[2.9, if ¢ and ¢’ both are transver-
sally symplectic (see Definition [ 17), then there exists a germ of an analytic fibered diffeomorphism
1 € Diffgp ((C3, 0, Id) (tangent to the identity), such that

oy :=¢rov and o_ 1= ¢_o
both are transversally symplectic. Moreover we also have:
-1
040 (0-)|5x(c2,0) = ¥
-1
010 (0 ) 5x(c2,0 = ¥

Proof. We recall that for any germ ¢ of a sectorial fibered diffeomorphism which is tangent to the
identity, ¢ is transversally symplectic if and only if det (D¢) = 1.
First of all, let us show that

det (D¢ ) = det (D) in (S4 NS-) x (C*,0)

Since ¢4 and ¢_ both are sectorial fibered diffeomorphism which are tangent to the identity and
transversally symplectic, then

-1
det (¢+ ° (¢—)\(S+ms,)x(c2,o)) =1.
The chain rule implies immediately that
det (D¢ ) = det (D) in (S4 NS-) x (C?,0)

Thus, this equality allows us to define (thanks to the Riemann’s Theorem of removable singularities)
a germ of analytic function f € O ((Cg, O). Notice that f(0,0,0) = 1 because ¢4 and ¢_ are tangent
to the identity. Now, let us look for an element ¢ € Diffg, ((C3, 0, Id) of the form
(22) ¢ : (9573/171/2) = (I,¢1 ($7Y)7y2)
such that

oy :=¢rovand o_ :=¢p_oY
both be transversally symplectic. An easy computation gives:

det (o+) = (det (D) o 1p) det (D) =1
i.€.
(f o) det (DY) = 1 .

According to (Z2)), we must have:

(2.3) (for)

Let us define

o

— =1.
Oy

Y1
F($7y17y2) = f((E,Z,yQ)dZ,
0
so that (23]) can be integrated as
Foy =y +h(z,y2) ,
for some h € C{xz,y2}. Notice that

oF
— (0,0,0) =1
o ( )
since f(0,0,0) = 1. Let us chose h = 0. Then, we have to solve
Fo dj =Y,

with unknown t € Diffg, (C3,0,1d) as in (Z3). If we define
P ($,y) = (%F(%Y)am) )

the latter problem is equivalent to find v as above such that:
Poyp=1d .
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Since D®; = Id, the inverse function theorem gives us the existence of the germ ¥ = ®~ ! ¢
Diffg, (C3,0,1d) . O

2.4. 1-summability implies weakly 1-summability.
Any function f (x,y) analytic in a domain & x D (0,r), where & C C is open, and bounded in any

domain U x D (0,r') with 7} < 71,...,7), < rp, can be written
(24) f@y) =) F@)y
JeENT

where for all j € N”, Fj is analytic and bounded on U/, and defined via the Cauchy formula:

1 f(z,2)
F(a:):—n/ / . ——dz,...dx
! 2m)" Jissi=ry Sjzal=ry (20 ()

Notice that the convergence of the series above is uniform on every compact with respect to = and y.
In the same way, any formal power series f (z,y) € C[z,y] can be written as

flay)=> @y .

jENn

We present here a weaker notion of 1-summability that we will also need.

Definition 2.11.

e A function
fley) =) Fi2)y!
jeNn
analytic and bounded in a domain S (r, a, 8) x D (0, 1), admits f as weak Gevrey-1 asymp-
totic expansion in x € S (r,«, ), if for all j € N, Fj admits Fj as Gevrey-1 asymptotic
expansion in S (r, a, ).
e The formal power series f is said to be weakly 1-summable in the direction 6 € R, if the
following conditions hold:
— forall j € N”, Fj (z) € C[z] is I-summable in the direction ¢, whose 1-sum in the direction
0 is denoted by Fj;
— the series fp (z,y) := Z F; (z) yJ defines a germ of a sectorial holomorphic function in
jenn
a domain of the form

S(T,@—g—e,ﬁ—f—g—i—e) xD(0,r) .

In this case, fp (z,y) is called the weak 1-sum of f in the direction 6.

The following proposition is an analogue of Proposition 2.7 for weak 1-summable formal power
series, with the a stronger condition instead of ([2.1I).

Proposition 2.12. Let
O (z,y) = Y &j(x)y’ €Cla,y]

jenr
and
f¥ @y) =Y K @)y eClay] |
jenn
for k=1,...,n, be n+1 formal power series which are weakly 1-summable in directions 8 and 0 — ,
and let us denote by P4, J(rl), cen J(rn) (resp. D, f&l), .. .,fﬁ")) their respective weak 1-sums in the

direction 0 (resp. 0 — ). Assume that Fék) =0 foralk=1,...,n. Then,

U (2,y) = (:v,f(” (2,y),.... f™ (:v,y))
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is weakly 1-summable directions 6 and 0 — 7, and its 1-sum in the corresponding direction is

Vi (2,y) = s (2.1 @y) o S (29)
which is a germ of a sectorial holomorphic function in the direction 6 (resp. 6 — w) with opening 7.
Proof. See |Bit16a). O

As proved in [Bit16a], the next corollary gives the link between 1-summability in some direction and
weak 1-summability in the same direction (we refer to [Bitl6a), Definition 2.8, or to [MR&2], section
IV, for a definition of the norm ||-[|, 4 ; , associate to the space of 1-summable formal power series in
the direction 6).

Corollary 2.13. Let
fay) = Y F@)y eClzy]

jENn

be a formal power series. Then, f is 1-summable in the direction 0 € R, of I-sum f € O (Sp ), if and
only if the following two conditions hold:

° f is weakly 1-summable in the direction 0, i.e. there exists A, 0, p such thatVj € N™, FJ H)\ 0s <
,0,8,p
e the power series Z ’ ﬁ:, yd is convergent in some polydisc D (0,r).
jenn A,0,6,p
Proof. See |Bit16a]. O

3. PROOFS OF THE MAIN THEOREMS
The aim of this section is to prove the main results of this paper, assuming Proposition holds.

3.1. Analytic invariants: Stokes diffeomorphisms.
From now on, we fix a normal form

d 9 d
Ynorm =% - - = A e
ot (At ez = c(ny2)) n 9y, T A arteuin))ig -

with A € C*R (a1 + a2) > 0 and ¢ € vC {v} vanishing at the origin. We denote by [Yiorm] the set of
germs of holomorphic doubly-resonant saddle-nodes in ((C3, O), formally conjugate to Ynorm by formal
fibered diffeomorphisms tangent to the identity. We refer the reader to Definition [21] for notions
relating to sectors.

Definition 3.1.

e We define Isotarg(r),n (Ynorm) (resp. IS0t arg(—A),n (Ynorm)), for all n € [0,27], as the group of

germs of sectorial fibered isotropies of ¥yorm in sectorial domains in Sarg(a),y (resp. Sarg(— A),n)
(see Definition 2.3]).

o We define A, (Yaorm) (resp. Ay (Ynorm)) as the group of germs of sectorial fibered isotropies
of Yiorm, admitting the identity as weak Gevrey-1 asymptotic expansion in sectorial domains
of the form S x ((C2,O) (resp. S_)\ X ((CQ,O)), where:

S\ € ASarg(A),w
S_\ € ASarg(f)\),Tr
(see Definition [Z3)).
We recall the notations given in the introduction: we have defined Ay (Yiorm) (resp. A—x (Ynorm))
as the group of germs of sectorial fibered isotropies of Yorm, admitting the identity as Gevrey-1
asymptotic expansion in sectorial domains of the form S x ((C2, O) (resp. S_) X ((C2, O)) It is clear

that we have: R
Ai)\ (Ynorm) - Ai)\ (Ynorm) C ISOtarg(:ﬁ:)\),n (Ynorm) 3 Vn S ]07 7T[ .
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According to Theorem [[L9] to any Y € [Yiorm], we can associate a pair of germs of sectorial fibered
isotropies in Sy x (C?,0) and S_y x (C?,0) respectively, denoted by (®x, ®_y):

P, = ((I)+ o (I):l)\SAX(CZ,O) € ISOtarg(k),n (Yaorm) , Vi €10, 7[
P_, = ((I)_ o (I)jrl)|S,A><((C2,O) S ISOtarg(,)\)m (Ynorm) . Vn € ]va[ )

where (@4, ®_) is the pair of the sectorial normalizing maps given by Theorem
Proposition 3.2. For any given n € 10, 7| the map

[Ynorm] — ISOtarg()\),n (Ynorm) X ISOtarg(—)\),n (Ynorm)
Y — (‘Ib\, <I>_,\) s

actually ranges in Ay (Ynorm) X Ay (Yiorm)-

Proof. The fact that the sectorial normalizing maps ®,,®_ given by Theorem [[.9] both conjugate
Y € [Yaorm] t0 Yaorm in the corresponding sectorial domains proves that the arrow above is well-
defined, with values in Isotarg(r),; (Ynorm) X Is0targ(—),n (Ynorm), for all n € J0,7[. The fact that &4y
admits the identity as weak Gevrey-1 asymptotic expansion in S4) X ((CQ, O) comes from the fact that
® and ¢_ admits the same weak Gevrey-1 asymptotic expansion in Sy X ((CQ, O) and S_) X ((C2, 0),
and from Proposition O

The subgroup Diffgy, ((C3, 0, Id) C Diffgp ((C3, 0) formed by fibered diffeomorphisms tangent to the
identity acts naturally on [Yhorm] by conjugacy. Now we show that uniqueness of germs of secto-
rial normalizing maps (P4, ®_) implies that the Stokes diffecomorphisms (@), P_) of a vector field
Y € [Yiorm] is invariant under the action of Diffgy, ((C3, 0, Id). Furthermore, this map is one-to-one.

Proposition 3.3. The map

[Ynorm] — A)\ (Ynorm) X A—)\ (Ynorm)
Y — (‘I)k, ‘I)_A)

factorizes through a one-to-one map

[Ynorm] /Diffﬁb ((CB, 0, Id) — AA (Ynorm) x A_y (Ynorm)
Y — (‘I))\, (I),)\) .

Remark 3.4. This very result means that the Stokes diffeomorphisms encode completely the class of

Y in the quotient [Yaorm / Diffg;, ((CB7 0, Id) as they separate conjugacy classes.

Proof. First of all, let us prove that the~ latter map is well-defined. ~Let Y,f/ € [Yaorm] and © €
Diffg, (C3,0,1d) be such that ©, (Y) =Y. We denote by ® (resp. ®.) the sectorial normalizing

maps of Y (resp. Y), and (®y, ®_)) (resp. (i),\,(i)_A)) the Stokes diffeomorphisms of Y (resp. V).

By assumption, P, 0O is also a germ of a sectorial fibered normalization of Y in S1 X ((C2, 0), which
is tangent to the identity. Thus, according to the uniqueness statement in Theorem

(I)i = (i)i 00 .
Consequently, in Sy X ((CQ, O) we have
_ -1
Py = (<I>+ o )|Sk><((C2,0)
= $,00007t0d_
= (i)k )
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and similarly

(I)f)\ = ((I), O(I)-T,-l)‘S,,\X(CQ,O)

= ®_ 0000710 (<i>+)71

= d_,.

Let us prove that the map is one-to-one. Let Y, Y € [Yiorm| share the same Stokes diffeomorphisms
(®r, P_»). We denote by &4 (resp. 1) the germ of a sectorial fibered normalizing map of Y (resp.
Y) Si x (C2,0). We have:

. N |
B,o(@ ) =dy=d,o0 (@,) in Sy x (C2,0)
- N
D o) =b =& ofb) S, x(C20).
Thus:
| |
(3:) o@i=(d-) oo inSix(C%0)
. (-1 _ (-1
(3:) o@r=(d-) 0@ inS.\x(C20).
We can then define a map ¢ analytic in a domain of the form (D (0,7)\ {0}) x D (0,r) by setting:

RN
V|5, = (<I>+) od, in Sy
Yls_ = (i),)_l od_ inS_.

This map is analytic and bounded in (D (0,7)\ {0}) x D (0,r), and the Riemann singularity theorem
tells us that this map can be analytically extended to the entire poly-disc D (0,7) x D (0,r). As a
conclusion, ¢ € Diffgy, (C?,0,1d), 4 = P op and ¢, (V) =Y. O

3.2. Proof of Theorem [1.12k 1-summability of the formal normalization.
We fix a normal form

0 0 0
Yiorm = 952% + (=A+ a1z — c(y1y2)) Vg, + (A + a2z + ¢ (y192)) Yog

with A € C*R (a1 + a2) > 0 and ¢ € vC {v} vanishing at the origin. In section H] we will prove the
following result.
Proposition 3.5. Any ¢ € Ay, (Yaorm) admits the identity as Gevrey-1 asymptotic expansion in
Sia X ((CQ,O). In other words:

Ai)\ (Ynorm) = Ai)\ (Ynorm) .

As a first consequence of Proposition .5 we obtain Theorem [[L12] which states that the formal
normalizing map from [Bit15] is in fact 1-summable.

Proof. (of Theorem[1.12) Let us consider the unique germs of a sectorial normalizing map ® and ®_
in S; x ((C2, 0) and S_ X ((CQ, O) respectively, and their associated Stokes diffeomorphisms:

—1 A
{(I)A = (‘1’+ o®” )\SAX((CQ,O) € Ay (Yaorm)

—1 A
(I),)\ = ((I)f o (I)+ )|S,A><((C2,0) S A—)\ (Ynorm)

According to Proposition [3.5]

Ay (Yiorm) = Aix (Yaorm)
so that ®, and ®_» both admit the identity as Gevrey-1 asymptotic expansion, in Sy X ((CQ, O) and
S_) X ((C2, 0) respectively. Then, Theorem 2.9 gives the existence of

(¢+7 (b—) € Diﬁﬁb (Sarg(i)\),na Id) X Diﬁﬁb (Sarg(fi)\),na Id)
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for all n € ], 27[, such that:

¢+ o (¢7)\751>\><(<C2,0) = o,

90 (4)5 i (cr0) = 22
and the existence of a formal diffeomorphism QAS which is tangent to the identity, such that ¢4 and ¢_
both admit ¢ as Gevrey-1 asymptotic expansion in Sy x (C?,0) and S— x (C2,0) respectively. In
particular, we have:

(((D*)il ° m)\(skus%)x(«:ao) B (((D*)il ’ (b*)\(SAUSa)X(CQvO) '

This proves that the function ® defined by (<I>+)_1 o ¢y in Sy x ((CQ,O) and by (fb,)_l o¢_ in
S_ x (C2,0) is well-defined and analytic in D (0,7)\ {0} x D (0,r). Since it is also bounded, it can be
extended to an analytic map ® in D (0,7) x D (0,r) by Riemann’s theorem. Hence:

¢+:(I)+Oq)
o =P_od

In particular, by composition, ®; and ®_ both admit qgo &1 as Gevrey-1 asymptotic expansion in
Sxx (C2,0) and S_»x (C?,0) respectively. Since ®4 and ®_ conjugates Y t0 Ynorm and since the notion
of asymptotic expansion commutes with the partial derivative operators, the formal diffeomorphism
gZ;o ®~! formally conjugates Y to Ynorm. Finally, notice that $ o &1 is necessarily tangent to the
identity. Hence, by uniqueness of the formal normalizing map given by Theorem [[L4 we deduce that
é od~! = <i>, the unique formal normalizing map tangent to the identity. O

3.3. Proofs of Theorems [I.15] and [1.23l
Let us now present the proofs of Theorems [[LTH and [[.23] assuming Proposition

3.3.1. Proof of Theorem [1.15l
Propositions [3.3] together with Proposition [3.5] tell us that the considered map is well-defined and
one-to-one. It remains to prove that this map is onto. Let

@y € Ay (Yaorm)
{‘I)_k € A_x (Yaorm)
According to Theorem 2.9 there exists
(¢4, 0—) € Diffgip, (Sarg(ir),n> Id) X Diffgib (Sarg(—ir), > Id)
with 7 € ], 2r[, which extend analytically to 54 x (C?,0) and S_ x (C?,0) respectively, such that:

—1
O+ 0 (05) 55, x(c2,0) = Pa

and there also exists a formal diffeomorphism (;3 which is tangent to the identity, such that ¢4 both
admit ¢ as asymptotic expansion in S X ((CQ, O). Let us consider the two germs of sectorial vector
fields obtained as

Yy = ((25;1)* (Ynorm)
In particular, since (;3 is the Gevrey-1 asymptotic expansion of ¢, the vector fields Y1 both admit
(q@) (Yiorm) as Gevrey-1 asymptotic expansion. The fact that ¢ o (¢_)_1 is an isotropy of Yiorm
impﬁes immediately that Y, =Y_ on

(S NS_) x ((CQ,O) = (S\US_y) x ((CQ,O) .
Then, the vector field Y, which coincides with Yy in Sy X ((CQ, O), defines a germ of analytic vector

field in ((C3,O) by Riemann’s theorem. By construction, Y € Diffgy, ((C?’,O,Id)* (Yaorm) and admits
(D, P_») as Stokes diffeomorphisms.
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3.3.2. Proof of Theorem[L.23

In a similar way, we prove now Theorem [[.23 Let Yorm € SN diag,0 be a normal form which is also
transversally symplectic. We refer to subsection [[.4] for the notations. It is clear from Theorems
and [[.2]] that the mapping is well-defined and one-to-one. It remains to prove that it is also onto. Let

(I))\ S A‘S\) (Ynorm)
(I),)\ S Aﬁ)\ (Ynorm)

Since AY (Ynorm) C Ax (Yaorm) and AY, (Ynorm) C A—x (Ynorm), according to Theorem there exists
(¢+7 (b—) € Diﬁﬁb (Sarg(i)\),na Id) X Diﬁﬁb (Sarg(fi)\),na Id)
with 7 € ], 27|, which extend analytically in S; x (C2,0) and S_ x (C?,0) respectively, such that:
00 (62)5,, x(c2,0) = Pr

and there also exists a formal diffeomorphism (;3 which is tangent to the identity, such that ¢4 both
admit ¢ as Gevrey-1 asymptotic expansion in S X ((CQ, 0). According to Corollary .10, there exists
a germ of an analytic fibered diffeomorphism ¢ € Diffg, ((C?’, 0, Id) (tangent to the identity), such that

ot i=¢r o9
both are transversally symplectic. Then, we have:
-1
0+ 0 (‘I’ﬂ\sﬂx(cao) =0pn .

The end of the proof goes exactly as at the end of the proof of the previous theorem.

4. SECTORIAL ISOTROPIES AND SPACE OF LEAVES: PROOF OF PROPOSITION

A normal form

0 0
Ynorm: 2 -A - a A -
et (At arw C(y1y2))y18y1 +( +a2x+0(y1yz))yzay2

is fixed for some A € C*, R (a1 + az) > 0 and ¢ € vC {v} (vanishing at the origin). The aim of this
section is to prove Proposition stated in Section

4.1. Sectorial first integrals and the space of leaves.
In a sectorial neighborhood of the origin of the form Sy x ((C2, O) (resp. S_y x ((C2, O)), we can give
two particular analytic first integrals of Y orm. First of all one checks easily the following:

Fact 4.1. The quantity

Y1Yy2
w = ==
x(l
is a first integral of Yiorm, i-€.
LY orm (W) =0

(here Yoorm acts on w = 222 as a Lie derivative).

Let us write

c(v) = chvk ,
k=1
a:=ai; +as and m = % If m ¢ N, we set ¢, := 0. We also define:
cv) = mz kikmvk .
k#m

Notice that ¢ (v) € C{v} and ¢ (0) = 0. As above, an elementary computation immediately proves the
existence of two other first integrals of Yiorm-
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Proposition 4.2. Let hy and ho be defined as

cm (y1y2)™ log(z) + c(y1y2)

hi(z,y) = yrexp (=2 +
A
x

(4.1) ) v

hy (z,y) = y2 exp em(y1y2)" log(e) _ a<y1y2>) g—a2

x

They both are first integrals of Yioorm. Moreover, hy and he satisfy:

hihs = w (: w) .

Ia
Remark 4.3. In other words, we can parametrize a leaf of the foliation associated to Yjorm in sectorial
domains as follows:

y1 () = hyexp % — ¢m (h1h2)™ log (z) — W ™
yo (r) = ha exp —% + ¢m (hiha)™ log (z) + W) 92
(hl, hg) S C2

for these mappings are functionally independent.

(4.2)

Corollary 4.4. The map
'H:S:H\X ((C2,0) — Si)\X(C2
(CE,y) = (‘Tuhl(xuy)ah?(‘ruy)) )

where hi, ho are defined in (4.1), is a sectorial germ of an analytic and one-to-one map in St x ((C2, O).
Moreover, there exists an open neighborhood of the origin I'apg(+x) C C? such that:

H (S:H\ X ((CQ,O)) =51, X Farg(i)\) .
In particular, H induces a fibered biholomorphism
Sia x (C2,0) 75 Six X Targ(en)
which conjugates Yyorm to 172%, i.e.

0
2_
e

Definition 4.5. We call T';;4(+\) the space of leaves of Y,orm in Sty X ((CQ, 0).

H* (Ynorm) =

Remark 4.6. T'y4(+x) depends on the size and shape of the neighborhood ((CQ, O).

4.2. Sectorial isotropies in the space of leaves. Now, we consider a germ of a sectorial isotropy
Y1 € Apy (Ynorm) and we denote by F;rg(i/\) the (germ of an) open subset of C? such that:

Hotr (Sea x (C?,0)) = Sin X Thgay) -
Proposition 4.7. With the notations and assumptions above, the map
U, :=Howyio HL. St X Farg(ik) —  S4a X F;rg(ik)

is a sectorial germ of a fibered biholomorphism from Six X Targ(+2) to S£a X I‘;rg(i)\), which is of the
form:

Vs (2, h1,he) = (@, W14 (h1, he), Wot (ha, ha))
In particular, ¥ + and V3 1 are analytic and depend only on (hi, he) € Uarg(+), while V1 induces a
biholomorphism (still written U4 ):
Uy 1—‘arg(:l:)\) — F;rg(i)\)
(h1,h2) = (W1,x (h1,h2), V2 (b1, h2)) .
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Proof. We only have to prove that ¥; 1+ and W3 + depend only on (A1, ha) € Tayrg(42). By assumption,
U is an isotropy of :CQB%:

0 0
I 2 7 — 2 7
(¥), (I 8:6) i
We immediately obtain:
(9\111 + 8\112_’:‘: 0
ox  ox

O

In the space of leaves I'yg(+2) equipped with coordinates (h1, h2), we denote by w the product of
hl and th
w (hl, hg) = hlhg .

We define the two following quantities:

f1 (@, w) = exp (2 — e log (z) —

xr
(4.3)
fo (5,0) 1= exp (=2 + epu log (¢) + L2220 ) gz

such that the leaves of the foliations are parametrized by:

y1 (z) = hafi (x, hihg) 9
{yz () = hafo (2, hiha) (ha,hz) € C.

Notice that:
f1(z,w) fo(z,w) = 2.

Moreover, one checks immediately the following statement.

Fact 4.8. For allw € C:

rESN rES_A
lim | fy (z,w)| = lm [f5 (z,w)| =0
x—0 z—0
TES_ ) TESN
Using notations of Proposition 7] we also assume from now on that ((C2,0) = D(0,r), with

r = (r1,72) € (Rso)” small enough so that
Py (Sex x D(0,1)) C S1y x D(0,1)
for some r' = (1, 7%) € (Rso)? . Then
Farg(:t)\) = U Farg(:ﬁ:)\),x )
TES LA

where for all x € Si) we define

2 M| < i
Larg(£2),2 := { (R1, ho) € C* such that ‘fl(””*ml 2)l
lhe| < G

We define similarly the sets F;rg(i/\) , for z € S1 and using the polyradius r’ instead of r:
I‘Iarg(:i:)\) - U Flarg(:t)\),m ’
TES LA

Remark 4.9.
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(1) It is important to notice that the particular form of ¥ implies that the image of any fiber

{:E = :EO} X Farg(:l:)\),zo

by W is included in a fiber of the form

{‘T = LL’Q} X F;rg(:l:)\),zo :
(2) If (hl, hg) S Farg(:l:)\),xa then
7y ho ne
||
(3) As (h1,hz) € Darg(+) varies the values of w = hyhg cover the whole C.
4.3. Action of sectorial isotropies on the resonant monomial in the space of leaves.
Let us study the the action of ¥ on the resonant monomial w = hihs in the space of leaves.

Lemma 4.10. With the notations and assumptions above, let us define Wy, 4 := Wy + Wy 1. Then, for
all n € N, there exists entire functions U, 4 n, and Wy, — , (analytic in C) such that

Uy i (ha,ho) =Y Wy g (hahao) Y
n>0

\I/w,f (hla h2) - Z \I/w,f,n (hth) hg 5

n>0

and these series converge (for the sup-norm) in every subset of U'yg(4n) of the form

hel < ——T1
U {(hl,lw) € C? such that {|hl| ; |f1(x;:’;1hz)| }
TESarg(£1),0 [ha| < [f2 (2, h1h2)]
for 0 <71 <1y and 0 < 7y < 1r9. More precisely, for all 71,72, > 0 such that
0<7:j+5<7‘j ,jE{l,Q}

for all x € S1)\ and w € C we have

k7 (w)| < riry | fulaw) |7
w,+,n S el |TRge

% (w)| < iy | falz,w) |7
w,—,n = Too Foto

|’LUIa| S 7:17:2

,Vn>0.

Proof. Let us give the proof for Wy, +, ¥y  and Wy 1 in I',(n) (the same proof applies also for ¥,
in [',g(—x) by exchanging the role played by h; and hz). We fix some 0 < 7; < rj, j € {1,2}, and
6 > 0 such that

O<ri+d<r; ,je{l,2}
For a fixed value w € C, we consider the restriction of ¥,, ; to the hypersurface M, := {h1hy = w} N
[arg(n), which is analytic on M,,. The map

Ow - hl — \ijHr <h1, E)
hy

is analytic in

Mw,l = U Qz,w )

€S
Jwz®|<rirs

where for all x € Sy with |wz®| < rira, the set £ 4, is the following annulus:

wfo (x,w)

Qx,w = {h1€C| <|h1|<

‘ }
.} 1 (‘T7 w) '
In parlicular, gﬁw a,dmits a Laurent eXpanSiOn

w n
Y (h1) =Ty 4 <h1, h_l) = E Vo 4.n (w) by
nez
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in any annulus €2, with € Sy such that |wz®| < rire. In particular, for all x € Sy such that
|wz®| < rire, Cauchy’s formula gives

Uy (b 32)

Uytm(w) = i 515(0“0) Tdhl , for all n € Z,
where 7 (2, w) is any circle centered at the origin with a radius p (z,w) satisfying
‘7wf2 (x,w)‘ <p(z,w) < S - ‘
To f1(z,w)
If |lwx®| < (71 + 9) (T2 + ), we can take for instance
| Tt
plow) = | o

Therefore, for all z € Sy and all w € C such that |wz®| < 717, for all £ € C with |§] < §, we also have:

1 W+ (hl, wht')
Upin(w+§) = 3 yg(m . Tdhl , for all n € Z,
71+ 0

where « (z,w) is the same circle (of radius p (xz,w) =

—— ) for all < §. Moreover, since for

all x € Sy, we have

/

/ ) 2 ’ ] .
arg(£A),a C {(hlahQ) € C# such that ‘hj| < m , J € {1,2}}

C {(ny.hy) € C* | [Ryhyat] <riry}

r

then for all € Sy and w € C such that |wz®| < 717, the following inequality holds for all h; with
|h1| < T

Tz

w rirh

v hy, — < 2

‘ w’+( ' h1>‘ ||
The well-known theorem regarding integrals depending holomorphically on a parameter asserts that
for all n € Z the mapping ¥, 4, is analytic near any point w € C. Hence, it is an entire function.
Moreover, the inequality above and the Cauchy’s formula together imply that for all n € Z and for all
(z,w) € S\ x C such that |wz?| < 7179, we have:

W) < T | A@w)
o [zl p(z,w)"  Jao| | F1 40

According to Fact 8 for a fixed value w € C, if n < 0, the right hand-side tends to 0 as x tends to 0
in S). This implies in particular that for all n < 0, ¥, + , = 0. Consequently:

w n
\I/er (hl, h_1> = Z \Ifw7+7n (U)) hl .

n>0

Moreover, for all w € C the series converges normally in every domain of the form

Qm)w:z{h1€C||h1|§ ’},forallxes,\,0<fl<r1,

fl (Ia w)
since the Laurent expansion’s rangeis n > 0. This actually means that the series converges normally
in an entire neighborhood of the origin in C. In particular, for all fixed w € C, the function

w
h ., hi,— | = Yan hY
1= ,+( 1 h1> 1;) -+, (w) 1
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is analytic in a neighborhood of the origin. Finally, the series
Uy g (hah) = Y Wy qn (haho) hY
n>0

converges normally, and hence its sum is analytic in every domain of the form

hi,h € C? such that |h; <#
U {( 1:ha) sl < T G )]

,je{l,z}} ,0< 7 <1, 0< Ty < 1.
€S

4.4. Action of sectorial isotropies on the resonant monomial.
Since Y1+ € Ary (Yaorm), the mapping ¢4 is of the form

(L (Iay) = (wil,ﬂ: (xv}’) P2+ (x7Y)) )

with 11 1,2 + analytic and bounded in Siy x D (0,r). Moreover, by assumption 11 admits the
identity as weak Gevrey-1 asymptotic expansion, i.e.

iz (@,y) = vit > irx(@)y",
keN?
where for i = 1,2 and for all k = (ky, k2) € N?, 9; 4 i is holomorphic in S+, and admits 0 as Gevrey-1

asymptotic expansion.

Lemma 4.11. With the notations and assumptions above, let us define 1, + := Y1 12 +. Then 1, 4
and 1, can be expanded as the series

Y1Y2 Y1
v ) = ¢ \ij "( )
Yoo (0:9) =1y 2 3 Ve (T (fl (x,y;%?))

n>1

a Y1y2 Y2
Yy, — (Iay) =Yyt Z Yo, —n ( x® ) <f2 (LL', y;#))

n>1

which are normally convergent in every subset of Siy x D (0,r) of the form Sty x D (0,%), where
D (0,%) is a closed poly-disc with ¥ = (71, 72) such that
0<r<r; ,je{l,2}
Here Uy 4+, and Wy, for n € N are the ones appearing in Lemma[{.10. Moreover, for all closed
sub-sector S' C S+ and for all closed poly-disc D C D (0,r), there exists A, B > 0 such that:
B —
v+ (@,91,92) —y1y2| < Aexp (—m) , V(z,y) €S xD.
In particular, ¥, + admits y1y2 as Gevrey-1 asymptotic expansion in Sty x D (0,r).
Proof. By definition, we have
\Ifi oH=Ho 1/}:t .
In particular, for all (x,y) € Sty x D (0,r):

N - Y1 Y2 _ by + (I,yl,y2)
w,+ 7f1 ({E w)7f2 (I M) —,CC“ .

) e ’ xa

Thus, according to Lemma [4.10] we have:

Yo (2,y) = 2° Z Yo tn (yglczz) <f1 (:vylw)>

(4.4) n=20

Voo (@) =2 ) Vo (9;32) <f2 (xy2w)>n

n>0
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Besides we know that ), + admits y1y2 as weak Gevrey-1 asymptotic expansion in Sty x D (0,r):
(4.5) Yot (T,91,92) = yiy2 + Z Yo 2 () Y™
keN?

where for all k = (k1,k2) € N? the mapping ¥y, + k is holomorphic in Sty and admits 0 as Gevrey-
1 asymptotic expansion. Let us compare both expressions of 1, +. Looking at monomials y* with
k1 = ko in (@3], and at terms corresponding to n = 0 on the right-hand side of [@4]), we must have
for all x € Sy and v € C with |v| < ry7ra:

v
v+ Zwv7+1(k1k) (J;) ’Uk = J/'a\I/w)_hO (E) .

k>0

Since ¥, 40 is analytic in C, there exists (o, k)keN C C such that

Voso(55) = Lewn ()

This can only happen if a4 ; = 0 whenever k # 1, for v, 4+ x is holomorphic in S4 and admits 0 as
Gevrey-1 asymptotic expansion. A further immediate identification yields

Uy 10w =w.
Thus

"/Jv,—i- (:c,}’) =Y1Y2 + x® Z \IJw,-l-,n (y1y2> (fl ( y1y1y2)>

n>1

Yo, (2,y) = p1y2 + 2 Z | r— (y1y2) (f2 ( y2y1y2)>

n>1

Let us prove that v, + admits y;y2 as Gevrey-1 asymptotic expansion in Sty x ((CQ, 0). We have
to show that |1, + (z,y1,y2) — Y1y2| is exponentially small with respect to x € Sy, uniformly in
y € D(0,r). As for the previous lemma, we perform the proof for ¢, ; only (the same proof applies
for 1), — by exchanging y; and y2).

From the computations above we derive

[Vo,+ (2, y1,92) — 12| < Z

n>1

a Y1y2 Y1
x \IJW,+,n< 20 ) (f1 (x M))

’ xa

Let us fix 71,72, > 0 in such a way that
O<ri+d<r;, je{l,2} .
Let us take |x|, |y1]| and |y2| small enough so that
2x € S
and

ly1y2] < <rirg .

|2"|
According to Lemma I0 for all # € S and all w € C:

ol - rirh
|wi®| < F17e = Wy 40 ()] <

fl (‘%7 ’U}) "
|ja| 71+0
In particular for # = 22 and w = 242 we derive |wi®| < 7172, from which we conclude
ot yiy2) |
‘\11 (w)‘ _ i | S (2 )
W\ " a - |20z 1 +0
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Consequently, for all (z,y1,y2) € Sy x D (0,F) with

2x € Sy
ly1y2| < B? <7rirg

ry (ACe 2\
2aga F1+0 fi (z, 22)
( ) fi (22, 12)\"
149 f1 (w,%) '

(y1y2)™ log (2) — ¢ (y1y22%) n é(y1y2))‘ '

we have

[Vo,+ (2, y1,92) — 12| < Z x®

n>1

< 7°17°2 Z

Let us bound

fi (2, 122)
fi (e, 52
Since ¢ is analytic in a neighborhood of the origin and null at the origin, we can take r1,r2 > 0 small
enough in order that for all closed sub-sector S’ C Sy , for all 0 < 7; < 71 and 0 < 75 < 79, there exist

B > 0 satisfying:
B
S |2a1|€Xp (-m) <1

A
241 —— —Cm
exp( 2x ¢ 2x T

fi (2, )

Y1, Y2) € S'xD(0,f) —
(@, Y1, 92) x D (0,T) fi (z, 22)

Finally:
rirh 2%y B\ |"
_ < __
o1 (@, 91,92) — 1| < |2a|z o
2 B
_ i e (-5)]
- a
- e (-]
< Aew ().
for a convenient A > 0. O

The latter lemma implies ¥, 1 o (w) = w, having for consequence the next result.

Corollary 4.12. For all closed sub-sector S’ C Siy and for all 0 < 71 < 1y and 0 < 7o < 7y, there
exists A, B > 0 such that for all z € S':

Aexp( m) |

||

h| < —H—
{|h1|< \f11h1h2)\ — |\I/w7:|:(:17,h1,h2)—h1h1|§
[ha] [f2(z, hlhz)\

In particular, there exists C' > 0 such that:

b < b ‘exp (cm (haha)™ logs () + M)‘
= 1fi(=z, h1h2)\ — T
|ha| < m ‘exp (cm (U (2, h1, b)) ™ log () + c(ma(\llw(wz,hhh&))m))’

<C.

4.5. Power series expansion of sectorial isotropies in the space of leaves.
Now, we give a power series expansion of ¥; + and Wy 4 in the space of leaves. Let us introduce
the following notations:
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Lemma 4.13. With the notations and assumptions above, there exists entire functions (analytic in

C) denoted by V; ., j € {1,2}, v € {+,—}, n > N (j,v), such that for j € {1,2}:
Ujtn (h1, ha) = 300> N4y Yitan (haho) BT
Uj—m (h1,h2) = 305 n(—) Vi (Rah2) by

These series converge normally in every subset of T'yg(4) of the form

U {(hl,hz) €C? ||l < T G )]

jequay) .

TESLA

where 0 < 71 < ry and 0 < 7o < 1r9. More precisely, for all 71,72,0 > 0 such that
O<Fi+d<r;, je{l,2}

there exists C > 0 such that for all x € Sy and for all w € C:

n—1
\I/ " C / |f1 (I5w)| > 1
| 1,+, (w)| <Cr (FI +6)n y =2
C ’ n+1
|‘I’2)+7n (w)| < Z2 % ,n>—1
|’LU£Ca| <Try —> |.I | (Tl + )n 1
Cr! +
|‘I’1 (w)| < ™ |f2 (LL',’U})| n>—1
= lza| (7 —1—5)"_1 (e
\I] n <C/|f2(x7w)| , >1
o (0] < Oy B

Moreover:

\1117,7,1 (0) = \1127+171 (0) =0.

Proof. We use the same notations as in the proof of Lemma [£10l For fixed w € C, the maps

w
w1 :hy =y 4 (hl, h_>
1
and

w
w2t hy — Uq 4 (hl, h_>
1

are analytic in

Mw,l = U Qz,w

€S
Jwz®|<rirs

(see the proof of Lemma [LT0). In particular, ¢1 and ¢o admit Laurent expansions

w n
o1 (hy) =Wy 4 <h17 h_1> = 7;2‘1’1,+,n (w) hy

w n
@2 (hy) = Wa y (hh h_l) = ;Z\I]ZM (w) hy

in any annulus ., with £ € Sy such that |wz®| < rire. Using the same method as in the proof
of Lemma A.I0, we prove without additionnal difficulties that for all n € Z, ¥y 4 ,, and ¥y 4, are
analytic in any point w € C, and thus are entire functions. Moreover, we also show in the same way
as earlier that for all 7,7,0 > 0 with

0<fj+6<7“j,j€{1,2},
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for all n € Z and for all (z,w) € Sy x C such that |wz®| < 7172, we have:

(W14 (w)] <

(W2, 4n (w)] <

r fi (a:,w)‘n

i (w,\lfw_‘_ (;v,hhhﬂl)) 140
ry fi (:C,w)‘n

71+4

(e (o 7))

27

According to Corollary L.12] there exists C' > 0 such that for all (z,w) € Sy x C with |wz?®| < 7172,

we have:

n—1
Wy 4 (w)] < CTiM

(’Fl +6)n+1
Cry |fi (z,w)]"
Uoyn ~ 0
| 2,+, (w)| < |.’IJU’| (T1—|—5)

According to the statement in Fact .8 for a fixed value w € C, if we look at the limit as z tends to 0
in Sy of the right hand-sides above we deduce that:

Consequently:

These function series converges normally (and are analytic) in every domain of the form

U {(hl,hg) S (CQ| {

FASICRN

Il < 7
lha| <

71
(@,h1h2)]

)
[f2(z,h1h2))]

} ,0< 7 <1, 0 <7y < 7o,

Moreover, for any fixed value of ho, on the one hand the function series

hi = Wy (b, ho) = > Woy y (haho) b}

is analytic in a punctured disc, since

n>—1

|f2 (, h1, h2)]  — O,

z—0
TESN

and on the other hand, we already know that the function h; — Us 1 (hy, ha) is analytic in a neigh-
borhood of the origin. Thus, we must have U5 ; 1 (0) = 0.
A similar proof holds for ¥; _ and Wy _.

4.6. Sectorial isotropies: proof of Proposition

The following lemma is a more precise version of Proposition We recall the notations:

N(L,+)=N(2,-)=
N(L,-)=N(2,+)=-1

Lemma 4.14. With the notations and assumptions above, we consider Y4 € ]&iA (Yiorm), with

¢i ((E, Y)

1

= (wil,i (xvy)vdj?,i (1’,y)) :

O
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Then, for i € {1,2}, ¢¥;+ and v, _ can be written as series:

_ Yy 4 (T,y) Y12 Y1 !
Vit (2,y) =yi + fi ($7T> Z ‘I’z‘,+,n( a ) <f1 (:1: M))

n>N(i,4)+1 bz N
_ Yy 4 (2,y) Y1Y2 Y2
s tey) =y (= B0 ST v (B2) |
n>N(i,—)+1 r

which are normally convergent in every subset of Six x D (0,r) of the form Sty x D (0,%), where
D (0,%) is a closed poly-disc with ¥ = (71, 72) such that

O<ri<r; ,je{l,2}.

Here W;  , , Wi _, (fori = 1,2 and n € N) are gwen in Lemma [{.13 Moreover, for all closed
sub-sector S’ C Sty and for all closed poly-disc D C D (0,r), there exists A, B > 0 such that for
j=1,2:

[Vj+ (z,y1,2) —y;] < Aexp< ||> V(z,y)e S xD.

As a consequence, P, + admits y; as Gevrey-1 asymptotic expansion in Sy x D (0,r).
Remark 4.15. In particular, ¥1 41 (w) = ¥o _1(w) =1and U1 _ 1 (w) = ¥y y 1 (w) =w.

Proof. By definition, we have
\Ifi oH=Ho 1/}:t .
In particular, for j = 1,2 and all (x,y) € Sty x D (0,r):

Uy ] Y2 _ s (90 Y1,Y2)
” 7 S (I; U;#) ’ fa (x, y;#) filz ( , ;Ul;UZ)) '

xa

Thus, according to Lemma .13 we have for i = 1, 2:

Vig (2,y) = fi (:L‘, W) Z Witn (y1y2) (fl ( y1y1y2)>n

e = (n2520) 3 e () ()

n>N(i

and these series are normally convergent in any domain of the form S’ x D (0, %), where S’ is a closed
sub-sector of Sty and D (0,T) is a closed poly-disc with T = (71,72) such that

O0<7i<r; ,je{1,2}.

Let us compare the different expressions of ¢; +, j = 1,2. We also know that ¢; 1+ (x,y1,y2) admits y,
as weak Gevrey-1 asymptotic expansion in Sy x D (0,r). Thus, we can write:

Vit (T,y1,92) = y;+ Z by x (1) ¥*

keN?

where for all k = (ky, k2) € N2, ¥; + k is holomorphic in S1) and admits 0 as Gevrey-1 asymptotic
expansion. As usual, let us deal with the case of vy 4 and s (the other one being similar by
exchanging y1 and ys).

According to the expressions given by Lemmas and €13 we can be more precise on the index
sets in the sums above:

ki, k
V14 (T,y1,92) = 31 + Zk:(;ﬁ,kz)el\@ 1,4k () Y1 s

(4.7) ki>ka+1
. k1, ko

o 4+ (557 Y1,Y2) = y2 + Zk:(kl,k2)€N2 z/’2Hr,k( )yl Ya
k1>ka
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Let us deal with 1 + (a similar proof holds for 13 ). Looking at terms for n = 1 in (£0) and at
monomials terms y¥ such that k; < ke 4+ 1 in (@), we must have for all x € Sy, y1,y2 € C with
lyr| <711, lyo| <712

fl (ZZ? ¢V,+(sz))
5 P Y1Yo2
1+Z1/)1,+,(k+1,k) () yrys = W‘I’l,+,1( a ) :
>0 1 (@, 42

According to Lemma LTT] and CorollarydI2 we have:

fl ( "L’v +(m y))
f ( ylyz) = 1+ Z Fj, s (z )yily?
LA e G122 +121
= 1+ 0 (lval)

(w,y)—0
(z,y)€SrxD(0,r)

for some analytic and bounded functions Fj, j, (¢), j1 > jo. As in the proof of Lemma ETI] using
the fact that ¢ admit the identity as weak Gevrey-1 asymptotic expansion, we prove deduce that
Uy 4.1 (w) =1, and then:

Yo+ (2,Y) '
V14 (z,y) = n+h (337 %) Z Vi tn (y;ZZ) <f1 (xylw)>

n>2 ’ox®

= v+ Y, Yk @uys?

k=(k1,k2)EN?
k1>ko+2

It remains to show that ; 4 admits y; as Gevrey-1 asymptotic expansion in Sy x D (0,r). From the
computations above:

n—1 Yo, + (2,¥)
< T y1y2 Y1 h (I’ z* )
1,4 (@,91,92) =y < Z Lt.n ) T Yt

n>2 ) ga f1 (I’ m—a)

Using Lemma .13 Corollary 412 and the same method as at the end of the proof of Lemma .11} we
can show the following: we can take ri,7o > 0 small enough such that for all closed sub-sector S’ of
Sy for all 0 < 7 < rp and 0 < 79 < 79, there exists A, B > 0 satisfying:

(@) €8x DO.F) = [ () = | < dexp (<2 )
A similar proof holds for 12 _, 124 and 91 _. d

Remark 4.16. It should be noticed that in the expressions

Y14+ (2,y) =y + f1 < 7¢v+ ) Z‘I’1+n (y1y2) <f1 (xylym))

n>2 ’oae
1/11; +( Y1Yy2 Y2 !
~ - S Wi
7/)1, (3373’) Y1+ f1 ( ) >n>0 ( ) <f2 (x, yglcg2)>

given by Lemma [L14] the expansion of ¢ 1 with respect to y = (y1,y2) starts with a term of order
1, namely y;, followed by terms of order at least 2, while in the expansion of ¢; _, the term of lowest
order is a constant, namely ¥y _ ¢ (0). Similarly, the expansion of 12 _ (with respect to y = (y1,¥2))
starts with yo, while the expansion of 1 _ starts with the constant Wy 4 ¢ (0).
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5. DESCRIPTION OF THE MODULI SPACE AND SOME APPLICATIONS

5.1. A power series presentation of the moduli space.

From Lemmas and [LT4] we can give a description of the moduli space Ay (Ynorm) X A—x (Yaorm)
of a fixed analytic normal form Yio,. We use the notations introduced in section @l We denote by
O (C) the set of entire functions, i.e. of functions holomorphic in C. We consider the functions f;

and f, defined in ([@3) and introduce four subsets of (O (C))", denoted by E1.x Yaorm); €20 (Yaorm)s
E1,—x (Yaorm) and &2 _x (Yaorm), defined as follows:

Definition 5.1. For j € {1,2}, a sequence (¢, (w)),,>, € (O (€))"=2 belongs to & 11 (Yaorm) if there
exists an open polydisc D (0,r) and an open asymptotic sector
Sixn € ASarg(4))2n
such that for all 71,73, > 0 with
O<r+d<r, ,i€e{l,2}
there exists C' > 0 such that for all = € Sy (resp. © € S_,) and for all w € C:

o (w)] < CLLESL > 2 if (i, ()5 € €13 (Vaorm)
oot < iy s 1o (@< Y 2 0 (0 ()59 € E2s (Yoorm)

[t (w)] < (G2l 0 >0, i (n (W)),55 € E1-x (Yaorm)

o ()] < LB > 2 if (4, ()55 € E2- (Yaorm)

As explained in section [ we can associate to any pair

(w)\u 1/1—,\) S A)\ (Ynorm) X A—)\ (Ynorm)

two germs of sectorial biholomorphisms of the space of leaves corresponding to each “narrow” sector,
which we denote by ¥y and ¥_, defined by:

(5.1) Uir:=HopsroH ',

where H is given by Corollary[4l According to Lemmas@I3land L.I4] if we write U1\ = (2, U1 44, Us 1),
then for j = 1,2 we have:

(5.2) Uit (hahe) = hj+ > Wi, (hihy) b}
n>N(j,+)+1
where (¥ + ), € & +x and
N(1,+):=N(2,-):=1
N({1,-):=N(2,+):=-1
Conversely, given (¥; 1) € &+ for j = 1,2, the estimates made in section @l show that
Py = HL oWiyoH,
where ¥ (z,h) = (x, Py 44 (h), ¥y 4 (h)), belongs to Ayy (Yaorm). Consequently, we can state:
Proposition 5.2. We have the following bijections:
A)\ (Ynorm) = 81,)\ (Ynorm) X 82,)\ (Ynorm)
Pa = (Pr14,P24)
and
A,)\ (Ynorm) = 81,7)\ (Ynorm) X 82,7)\ (Ynorm)
Yox = (U, ¥ )

(we identify here U (z,h) = (z, U1 4 (h), Ua s (h)) with (Uy 4 (h), Uy (h))).
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5.2. Analytic invariant varieties and two-dimensional saddle-nodes.

We can give a necessary and sufficient condition for the existence of analytic invariant varieties in
terms of the moduli space described above.

We recall that for any vector field Y € [Viorm| as in (L) (¢f. Definition [[LI3)), there always exist
three formal invariant varieties: C = {(y1,y2) = (91 (z), 92 ()}, H1 = {y1 = f1(x,y2)} and He =
{y2 = f2 (x,y1)}, where g1, go, f1, fo are formal power series with null constant term. The first one is
classically called the center variety, and we have C = Hi N Hs. If Y = Yiorm, then:

C={y1=y2=0}
Hi={y1 =0}
Hy = {y2 = 0}

Proposition 5.3. Let Y € [Yiorm] and (Px, P_») € Ay (Yaorm) X A—x (Yaorm) be its Stokes diffeomor-
phisms. We consider ¥4 = H o ®1y o H ™! as above. Then:

(1) the center variety C is convergent (analytic near the origin) if and only if U 4 o (0) = ¥y _ o (0) =
0;

(2) the invariant hypersurface Hy is convergent (analytic near the origin) if and only if for all
n >0, we have ¥y _ ,, (0) =0;

(3) the invariant hypersurface Ha is convergent (analytic mear the origin) if and only if for all
n >0, we have ¥y 1 , (0) =0.

Proof. Tt is a direct consequence of the power series representation (5.2)) of the Stokes diffeomorphisms
(®y, P_»). Let us explain point 2. (the same arguments hold for 1. and 3. with minor adaptation).
The fact that Uy _ ,, (0) = 0 for all n > 0 means that ¥ _ is divisible by hy. Equivalently, both @4 4
and @ _ are divisible by y1, so that the analytic hypersurface {y; = 0} has the same pre-image by &
and ®_. These pre-images glue together in order to define an analytic invariant hypersurface H,. O

Notice that if we consider the restriction of a formal normal form Yiorm to one of the formal
invariant hypersurfaces, we obtain precisely the normal form for two-dimensional saddle-nodes as given
in [MR82]. When one of these hypersurfaces is convergent, we recover the Martinet-Ramis invariants
by restriction to this hypersurface, as we present below.

Proposition 5.4. Suppose that the formal invariant hypersurface Hy is convergent. Then, the Martinet-
Ramis invariants for the saddle-node Y|y, are given by:

s+ (0,h2) = ha + W3 1 0(0) € Aff(C)
\112)_ (O, hg) = ho + Zn22 \112)_)” (0) hg € Diff ((C, 0) .

Similar result holds for the hypersurface Hs.

5.3. The transversally symplectic case and quasi-linear Stokes phenomena in the first
Painlevé equation.

Let us now focus on the transversally symplectic case studied in Theorem[I.23] Let Yiorm € SN diag,0
be transversally symplectic (i.e. its residue is res (Ynorm) = 1). Using the notations introduced in
paragraph 5.1l we define the following sets:

{ \Il-l- = (\Ill,-i-a \112,4—) S gl,)\ (Ynorm) X 52,)\ (Ynorm) }

(€11 (Ynorm) < €2, (Ynorm))w such that: det (DV4) =1

. U_ = (\Ill,—a \112,—) S 51,—)\ (Ynorm) X 52,—>\ (Ynorm)
(1,22 Ynorm) % &2,-x (Yaorm)),, = { such that: det(DU_) =1 )

We recall that Proposition [5.2] tells us that the map

Ai)\ (Ynorm) — gl,i)\ (Ynorm) X g2,i)\ (Ynorm)
Yy = Wiy:=HotpryoH !
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given in (1) is a bijection (We identify here Wy (z,h) = (z, U1+ (h), Vs y (b)) with (¥ 4 (h), Uy g (h))) .
An easy computation based on ([T gives:

« (dy; A d
(1Y) <u) — iy Adhy ( mod (dz) ) .
x
dy; A d
This means in particular that ¥4 is transversally symplectic with respect to w = u, i.e.
x

(Yx)" (w) = w( mod (dz) ),
if and only if U4 = (Uy 1, Vs 1) preserves the standard symplectic form dh; A dhe in the space of
leaves, i.e. det (DW4) = 1. In other words:

Proposition 5.5. We have the following bijections:

A(S\) (Ynorm) = (81,)\ (Ynorm) X 52,)\ (Ynorm))w
Un = (V14 Way)

and

Aoi)\ (Ynorm) - (51,—)\ (Ynorm) X 52,—)\ (Ynorm))w
Yox = (U, Wy )

(we identify here Wy (z,h) = (2,91 1 (h), s s (h)) with (U1 4 (h), ¥y s (h))).

In a forthcoming paper, we will link the study of quasi-linear Stokes phenomena (see [Kap04] for
the first Painlevé equation) and non-linear Stokes phenomena (see [Nov93| for the second Painlevé
equations) to our Stokes diffeomorphisms. For instance, in the case of the first Painlevé equation,
we will prove that the quasi-linear Stokes phenomena formula found by Kapaev in [Kap04] allows to
compute the terms ¥ 5 ¢ (0) and ¥; _y ¢ (0) in (&2). For instance, we find:

2%
T

Moreover, our description of the Stokes diffeomorphisms implies a more precise estimate of the order
of the rest terms in Kapaev’s formula.

ool

W20 (0) =Wy _x0(0) = - ¥3-

6. ANALYTIC CLASSIFICATION UNDER GENERAL (NON—FIBERED) LOCAL ANALYTIC
TRANSFORMATIONS

Based on the analytic classification given in Theorem [[.T5lfor the action of Diffgy, ((C3, 0, Id), it is not
difficult to establish the classification for the more general action of Diff ((Cg, 0). We refer the reader
to [Bit16b] (thesis in progress) for the details. We only discuss here the case of the action of germs
of diffeomorphisms tangent to the identity (Whose set is denoted by Diff ((C3, 0, Id) C Diff ((C3, O)) for
the sake of clarity.

The first result deals with formal classification under the action of Diff (C3,O,Id), the group of

formal diffeomorphisms tangent to the identity. For a := (a1,az2) € C?\ {(0,0)}, if m := eN,

a1 + as

we define the following vector field
0 0 0
6.1 Var=0v" z— — — .
(6.1) v (IB:C + a1y1 o + agy2 82)

For all g € C, we also define the following diffeomorphism:
(6.2) Fop:=exp(fVa) .
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Notice that (Faﬂf1 = F, _g. Such a diffeomorphism acts on the monomial v := 32, and then on
any formal power series ¢ (v) € C[[v], by pull-back:

(69 (Fas)'(€) = coFap()
- Na—amr

Let Yiiag, Yd’iag € SN diag,0 whose formal invariants (under the action of ﬁi?fﬁb ((C3, 0, Id)) are (A, a1, as, c)
and (N, a},ab, ) respectively (see Theorems [ and [[9): their formal normal forms are respectively

0 0
Yoorm = 22— + (=X + a1 — ¢ (1112)) y1=— + (A + azx + ¢ (y132))

B oy Y20y,

0 0 0
Yiorm = IQ% + (=N +dyz — ¢ (y1y2)) Yig, + (N +abz + ¢ (y1y2)) Yo

1 1
Let us write m ;= ——— , m/ == —— c(v) = e, ¢ (v) = f, ko == ord(c) and
L o0 = ek ¢ = 34 (©

k{ := ord (¢'). Notice that if m = m/ and ¢/ = (Fa )" (c), then ko = k{, and for all j < ko +m — 1, we
have ¢; = c}.

Theorem 6.1. Two vector fields Yqiag, Yd’iag € SN diag,0 as above are Diff ((C3, 0, Id) — conjugate if and
only if the following two conditions hold:
(1) (A a1,a2) = (A, a),ahy) (in particular m =m')
m

o
(2) [e=(] or [m € Nsg, c# 0 and ¢ = (Fap)” (c), with B = — kotm — Ckotm }
’ ko Cho

The second result that we state here (and which will be proved in [Bit16b]) deals with analytic
classification under the action of Diff ((C3, 0, Id).

Theorem 6.2. Consider Ydiag7yd/iag S SNdiag,O as above, satisfying both conditions 1. and 2. in the
above theorem. Consider their Stokes diffeomorphisms denoted by (P, P_») and ( o @LA) respectively
(see Definition[I.17) and Theorem [I15). Then, Ygiag and Yy, are Diff ((Cg, 0, Id) — congugate if and
only if one of the following conditions holds:

e m = L ¢N>Q and (‘Ib\,(l)_)\)z ( I)\,(I)/_k);

aitaz

e m € Nyg and there exists 8 € C such that
' = (Fap)" ()
(I>>\ = Fa)ﬁ o (I)I)\ o Fa7_ﬂ
o)\ = Fa,B o (I)I,)\ © Fa,—B

iag

Chotmn, — Ch
Remark 6.3. In the above theorem, if m € Ny and ¢ # 0, then 8 = kﬂ <M)
0 cko
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