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CONTROL OF UNDERWATER VEHICLES IN INVISCID FLUIDS-II. FLOWS
WITH VORTICITY

RODRIGO LECAROS AND LIONEL ROSIER

ABSTRACT. In a recent paper, the authors investigated the controllability of an underwater vehicle
immersed in an infinite volume of an inviscid fluid, assuming that the flow was irrotational. The aim of
the present paper is to pursue this study by considering the more general case of a flow with vorticity.
It is shown here that the local controllability of the position and the velocity of the underwater vehicle
(a vector in R12) holds in a flow with vorticity whenever it holds in a flow without vorticity.

1. INTRODUCTION

An accurate model for the motion of a boat (without rudder) equipped with tunnel thrusters was
investigated in [5]. In that paper, using Coron’s return method (see [4]), the authors proved that it was
in general possible to control both the position and the velocity of the boat (a vector in R%) by using two
control inputs. The fluid was assumed to be inviscid, but not necessarily irrotational, and its motion was
described by Euler equations for incompressible fluids.

In [11], the authors started the study of the controllability of an underwater vehicle 8 (e.g. a submarine)
immersed in an infinite volume of an inviscid fluid (filling R3\§). Assuming that the fluid was irrotational,
they proved by using Coron’s return method the controllability of both the position and the velocity of the
vehicle (a vector in R'?) by using 6, or 4, or merely 3 control inputs for appropriate geometries. The aim
of the present paper is to pursue this study by considering the more general case of a flow with vorticity.
We will show that the local controllability of both the position and the velocity of the underwater vehicle
holds in a flow with vorticity whenever it holds in a flow without vorticity. The method of proof is inspired
by the one of [5]: the extension of the exact controllability to a system with a (small) vorticity is achieved
by a perturbative approach relying on a topological argument. Next, the small vorticity assumption is
removed by using a scaling argument. However, to prove the wellposedness of the complete system we
shall use here the contraction mapping theorem instead of the Schauder fixed-point theorem as in [5].
This choice leads to a more straightforward proof.

Our fluid-structure interaction system can be described as follows. The underwater vehicle, repre-
sented by a rigid body occupying a connected compact set §(t) C R?, is surrounded by a homogeneous
incompressible perfect fluid filling the open set Q(¢) := R?\ §(¢) (as e.g. for a submarine immersed in an
ocean). We assume that Q(t) is C*° smooth and connected. Let § = §(0) and 2(0) = R3\ 8(0) denote
the initial configuration (¢t = 0). Then, the dynamics of the fluid-structure system are governed by the
following system of PDE’s
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ou

E-ﬁ-(u-V)u—i—Vp:O, te (0,7), z € Qt), (1.1)
div u =0, te(0,7), z € Qt), (1.2)
w-n=h+{x@—h) n+wtz), te(0,T), z € 00(t), (1.3)
lim  u(t,z) =0, te (0,71, (1.4)

|z|—+o0
moh” = pn do, te(0,7), (1.5)

6sz/<t>
%(QJOQ*C) = / (x — h) x pndo, te(0,7), (1.6)
20(t)

Q' =5(0Q, t€(0,T), (1.7)
u(0,2) = uo(x), x € Q(0), (1.8)
(1(0),Q(0), A'(0),¢(0)) = (ho, Qo,h1,0) € R?xSO(3) x R® x R. (1.9)

In the above equations, u (resp. p) is the velocity field (resp. the pressure) of the fluid, h denotes the
position of the center of mass of the solid, ¢ denotes the angular velocity and Q € R3*3 the rotation
matrix giving the orientation of the solid. The positive constant my and the matrix Jy, which stand for
the mass and the inertia matrix of the rigid body, respectively, are defined as

mo = /p(m)dm, Jo = /p(m)(|x|21d—xx*)dac,
s s
where p(-) represents the density of the rigid body. The vector n is the outward unit vector to 9€Q(t),

x X y is the cross product between the vectors x and y, and S(y) is the skew-adjoint matrix such that
S(y)r =y x x, ie.

0 —ys ¥
Swy=1 v 0 -un
—Y2 N 0
The neutral buoyancy condition reads
/p(x)dx:/ldz. (1.10)
s S

When f is a function depending on ¢, f’ (or f) stands for the derivative of f with respect to t. For
A€ RMXN (M, N € N*), A* denotes the transpose of the matrix A, and Id denotes the identity matrix.
The term w(t, z), which stands for the flow through the boundary of the rigid body, is taken as control
input. Its support will be strictly included in 9€Q(t), and actually only a finite dimensional control input
will be considered here (see below (1.17) for the precise form of the control term w(t, z)).

When no control is applied (i.e. w(t,2) = 0), then the existence and uniqueness of strong solutions

o (1.1)-(1.9) was obtained first in [12] for a ball embedded in R?, and next in [13] for a rigid body 8
of arbitrary form (still in R?). The case of a ball in R® was investigated in [14], and the case of a rigid
body of arbitrary form in R? was studied in [17]. (See also [16] for the motion of a rigid body in the
inviscid limit of Navier-Stokes equations and [6] for the time regularity of the flow.) The detection of a
rigid body 8(t) from a partial measurement of the fluid velocity (or of the pressure) has been tackled in
[1] when Q(t) = Qo \ 8(¢) (20 C R? denoting a fixed cavity) and in [2] when Q(¢) = R? \ §(#).
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Note also that since the fluid is flowing through a part of the boundary of the rigid body, additional
boundary conditions are needed to ensure the uniqueness of the solution of (1.1)-(1.9) (see [7], [9]). In
dimension three, one can specify the tangent components of the vorticity w(t,x) := curl v(¢,2) on the
inflow section; that is, one can set

w(t,z) -1 = go(t,x) -7 for w(t,x) <0, i=1,2, (1.11)
where go(t, x) is a given function and 7;, ¢ = 1,2, are linearly independent vectors tangent to 9€(¢). On
the other hand, since w is divergence-free in 2, we have that fagz(t) w(t,z) -ndo =0.

In order to write the equations of the fluid in a fized frame, we perform a change of coordinates. We
set

z = Q@)y+h(t), (1.12)
ot,y) = Q" (Hult,Q(t)y + h(t)), (1.13)
at,y) = p(t,Q)y+ h(t)), (1.14)

Ity = Q M(1), (1.15)
r(t) = QT(t)C(t). (1.16)

Then z (resp. y) represents the vector of coordinates of a point in a fixed frame (respectively in a frame
linked to the rigid body). Note that, at any given time ¢, y ranges over the fixed domain

Q= Q5(2(0) — ho)

when x ranges over €(t). Finally, we assume that the control takes the form
w(t,z) = w(t, Q(t)y + h(t) =Y w;(t)x;(y), (1.17)
j=1
where m € N* stands for the number of independent inputs, and w;(t) € R is the control input associated

with the function x,; € C°(99Q). To ensure the conservation of the mass of the fluid, we impose the
relation

/xj(y)da =0 for 1 <j<m. (1.18)
o9
Then the functions (v, q,!,r) satisfy the following system

ov

EqL((v—l—rxy)~V)v+rxv+Vq:0, te(0,7), yeQ, (1.19)
div v =0, te(0,7), yeQ, (1.20)
ven=(1+rxy) n+ Y wit)x), te(0,T),yed, (1.21)
1<j<m
lim w(t,y) =0, t e (0,7), (1.22)
ly|—+o0
mol = /qndo —mor X 1, t e (0,7), (1.23)
o
Jor = /q(y xn)do —r x Jor, te(0,7), (1.24)

[219]
(1(0),7(0)) = (lo,r0) := (@oh1, @oo), (0, 9) = vo(y) := Qouo(Qoy + ho)- (1.25)



4 RODRIGO LECAROS AND LIONEL ROSIER

The initial velocity field vg € C%%(Q) has to satisfy the following compatibility conditions

curlvg = wy in €,
divyg = 0 in §,
vorn = (lo+roxy)-n+t > wi(0)x;(y) on o, (1.26)
1<j<m
lim v = 0
e )

where wg := curl vg is the initial vorticity.
Once (I,7) is known, the motion of the underwater vehicle is described by the system

Q'(t) = QMS(r(t)), (1.27)
W) = Q) (1.28)
)y = Qr(). (1.29)

Using quaternions, the rotation matrix ) can be parametrized by
G € B1(0) == {7 = (q1,q2.93) €R’; |q]:=\/a} + a5+ 4§ <1}
(see e.g. [11]); namely, we can write Q = R(q) where

B+a—ai-a  2ae—qe) 209195+ 042)
R(q) := 2(@eq + q0a3) @ —ai+a a3 2(92q3 — o)
2(q3q1 — 9092) 2(q3q2 + 1) @ —ai — a3 + a3

with ¢ = (q1,42,¢3) € B1(0) and qo := /1 — |7]%. Let Qo = R(qo) with o = (91,0, 92,0, ¢3,0)-
Then the dynamics of ¢ and h are given by

) = Q-|@)+2/1= @2 ax1+(1-q)7—ax1x4,
) = s(V1-1@?r+qxr), (1.30)

h(0) = ho, 0)=qo.

h
q

When there is no vorticity (w = 0), sufficient conditions of local exact controllability for (h, {,1, ) were
derived in [11, Theorem 3.10]. That result was applied to the controllability of an ellipsoidal submarine
with a small number of controls: m € {3,4,6}. The reader is referred to [11] for precise statements. The
method of proof of [11, Theorem 3.10], inspired by the one of [5, Theorem 2.1], combined Coron’s return
method (see [4]), the flatness approach (for the construction of the reference trajectory) and a variant of
Silverman-Meadows criteria. In the following, we shall assume that the conclusion of [11, Theorem 3.10]
(controllability without vorticity) holds; namely,

(H) For any T > 0, there exist a number n > 0 and a map W € C(Bge4(0,7n), C*([0,T]; R™)) which
associates with any (ho, Go,lo, 70, hr, @r,l7,r7) € Bgea(0,1) a control w € C1([0,T],R™) with w(0) = 0
steering the state of system (1.19)-(1.25) and (1.30) without vorticity from (ho, qo,lo,70) at t = 0 to
(hT, (TTa lT,TT) att="1T.

In (H), we used the obvious notation: Bgw~ (0,7) := {x € RY; |z| < n}.

The aim of this work is to extend this property to the more general case of fluids with vorticity. Here,
we shall use the contraction mapping theorem (instead of a compactness approach as in [5]) to obtain in
a direct way the existence and uniqueness of the solution of (1.19)-(1.25). The main result in this paper
is the following



CONTROL OF UNDERWATER VEHICLES 5

Theorem 1.1. Assume that the assumption (H) is fulfilled, and pick any Ty > 0. Then there exists
n > 0 such that for any (ho,q,lo,r0) € R? and any (hr,qr,lr,r7) € RY? with

|(h0’§0)| <, |(hTa§T)| <,

and for any wy € CH*(Q) N Mf6+2 N M56+3 (see below for the definition of these spaces) with

K 1 2 |

B 1.2y e 02
[1+min(|y1|’|y2|)],€|y yol, Yy ,y7) € Q5

|lwo(y') — wo(y®)] <

20~ o) as bl +oc,
Gwo _ Gwo

vt =%, Y(y',y?) e Q?

1 2
-\ 5 W)= -
ay V) oy OIS T )
for some constants p € (3,4], § € [0,1 — %), a € (0,1 — %], k>340+ % and K > 0, if vg denotes
the solution of (1.26) with w;(0) = 0 for 1 < j < m, then there exist a time T € (0,Ty] and a control
input w € C*([0, T]; R™) with w(0) = 0 such that the system (1.19)-(1.25) and (1.30) admits a solution
(h,q,1,r,v,q) satisfying

(h,@,1,7) =7 = (hr,Gr,l7,77).

Remark 1.2. In our previous control result [11, Theorem 3.10] for a system without vorticity, it was
required that the initial/final velocities be small, but this restriction could easily be removed by using the
same scaling argument as in the proof of Theorem 1.1.

The paper is organized as follows. In Section 2 we prove the existence and uniqueness of the solution
of the control problem (1.19)-(1.25) (the vorticity being extended to R?®) by applying the contraction
mapping theorem in Kikuchi’s spaces. The proof of Theorem 1.1 is given in Section 3.

2. WELLPOSEDNESS OF THE SYSTEM WITH VORTICITY

Let us introduce some notations. For k € N and « € (0,1), let C**(Q) denote the classical Holder
space endowed with the norm

1l eramy = > (107 o< + 10 Floa )

B = (B1,B2,B3) € N?
B1+ B2+ B3 <k

where

f(x) = f(y)|

- ;xeﬁ,yeﬁ,x;«éy}.
|z —yl

|f|0,o¢ = sup {
We also need some notations borrowed from [10]. Let (y) = (1 + |y_|2)%. For s € N, p € [1,00) and A > 0,
let M g ) denote the completion of the space of functions in C'*°(§2) with compact support in € for the
norm

lullare, = Z [ () TP B398 | 1 ).

B = (B1,B2,B3) € N
B1+ B2+ B3 <s
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In particular, for s = 0, |lullap = ullr = (Jq lu|P(y)P dy) ¥ . We shall mainly use the space M7 (for
’ p ’
the vorticity) and MY, (for the velocity) endowed with the respective norms

lullar, = 1) ullzoo) + >0y ull e, (2.1)
1<4i<3
lullag, = 1) ullooy + Sl ol + D 1200 ull).  (2:2)

1<i<3 1<i,j<3

Let 7 be a continuous linear extension operator from functions defined in €2 to functions defined in R3,
which maps C*(Q) to C**(R3) for all k € N and all a € (0,1). The construction of such a “universal”
extension operator is classical, see e.g. [15, p. 194]. We may also ask that 7 preserves the divergence-free
character, see e.g. [8].

We introduce some functions ¢;, i = 1,2,3, ¢;, 1 = 1,2,3, and v;, j = 1,2, ..., m, satisfying

0¢i _  Opi T
U el (y x n);, By, = X on 09, (2.4)
lim Vé;(y) =0, lim Vg;(y) =0, lim Vi;(y) =0. (2.5)
ly|—+o0 ly|—+o0 [y|—+o00

As the open set © and the functions x;, 1 < j < m, supporting the control are assumed to be smooth,
we infer that the functions V¢; (¢ = 1,2,3), the functions Vi; (i = 1,2,3) and the functions V);
(1 <j < m) belong to H*(2). On the other hand, it follows from [10, Proof of Lemma 2.7] that for all
a = (a1, aq,a3) € N3 with a1 + as + a3z > 1, we have

10%Gi(y)| + [0%0i(y)| + 0% (y)| < Cly)~tleateates) =123 j=12,....m, ycQ (2.6)

For notational convenience, in what follows [, f (resp. [y, f) stands for [, f(y)dy (resp. [, f(y)do(y)).
Let us introduce the matrices M, J, N € R**3, defined by

M ;= /V¢i Vo, = /ni¢j = %%‘, (2.7)
Q a0 a0
i
Jij = /V(pi -Vp; = /(y X n)ip; = o ©js (2.8)
Q o0 40
Nij = /W%-'V% = /ms&j = /¢z‘(y X n)j. (2.9)
) a0 a0
Next we define the matrix J € R6*6 by

(mold 0 M N
3< ) J0>+<N* 7 ) (2.10)
It is easy to see that J is a (symmetric) positive definite matrix.
For a potential flow (i.e. without vorticity), the dynamics of (I, r) are given by

I
< ! ) _ gl (Cuw + F(l,r,w)), (2.11)
where
S(r) 0 ; m LY+ R+ WMw
Fl,r,w) = -— <3< ) - Cw> — > wy . (2.12)
) =t LI+ Rlr + W) w
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and u
C<%J > (2.13)
with
(CM),,; = / Vo - Vi = / nithy = / bixs, (2.14)
Q o0 o0
c”)ij = /V%’ -V = /(?J X n)it; = /%‘Xj, (2.15)
Q o0 o0
(Ly))ig = /(quj)ixp, (Ly)ij = /(y X V;)iXp: (2.16)
o0 o0
(R)")ij = /(Vsoj)ixp, (Ry)ij = /(?J x Vo;)iXp, (2.17)
o0 o0
W)ig = /(ij)ixp, (W)ij = /(?J x V;)iXp- (2.18)
o0 o0

We refer the reader to [11] for the derivation of (2.11).

The first main result in this paper is a local existence result.
Theorem 2.1. Let p € (3,4], 6 € [0,1— %), ae (0,1— %]7 and T > 0. Assume given (lg,r9) € R® x R3
and wy € CH*(Q) N MY 5.0 N MG 5,5 with

K
1y 2y < 12 1.2 e 02 91

|w0(y ) WO(y )l = [1+m1n(|y1|,|y2|)]“|y Y |a V(y Y )e ) ( 9)
Ow _

5y | = O™ aslyl = +oc, (2:20)
wo , 4 Owo , o K 1 2 1,2 2

— - — < - Q 2.21
Y (y™) Y (y)l < 1+min(|y1|,|y2|)|y yol, Yy .y7) € (2.21)

for some constants k > 3 + 0 + % and K > 0. Let also a control input w € C([0,T],R™) be given.
Assume that the initial velocity field vo € C**(Q) fulfills the following compatibility conditions

curlvg = wy in Q,
divyy = in Q,
vorn = (lo+roxy)-n+ > w;(0)x;(y) on o, (2.22)
1<j<m
lim w(y) = 0.
[y|—-+o0

Then we can find a time T € (0,T

satisfying CT' < 1, where
C = C(lwollcro + lwollarz - ltol, Irols lwll e o,r1))

is nondecreasing in all its arguments, and a solution (v,q,l,r) of (1.19)-(1.25) in the class

ve C0,T;C** Q)N MY 5. 1), VoeC([0,T'; Lys0)(), (2.23)
Vq e C([0,T']; L*(Q)), (2.24)
lim Vq(t,y) =0, Vte[0,T7], (2.25)

[y|—-+o0
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(I,7) € C*([0, T';; R® x R?). (2.26)
Moreover, for [[w|cio,r) < R (R >0 being any given constant), this solution satisfies

H(Z,T) - (Za F)HLN(O,T’) + H’U - EHLOO(O,T’;CZ“(@)) < C/( ||w0||C1v“(ﬁ) + HC’UOHM{JJ+2 )ﬂ (227)

for some constant C' > 0, where (I,7,9) is the potential solution of (1.19)-(1.25) associated with lo, 7o,
{wjti<j<m, and @y = 0.

Remark 2.2. (1) Note that, using the mean-value theorem, the assumption (2.20) implies (2.19) for
k=1, while wo € MY 5., yields |wo(y)| < O(ly|=°=2) as |y| — +oco by [10, Lemma 2.2].

(2) Note that the fluid-structure system considered here is more complicated than those considered in
[14, 17], for we have added a control input in the boundary condition (1.21). Moreover, we require
the solution to be continuous with respect to the control input in order to apply a perturbative
argument at the end of the proof of Theorem 1.1. Inspired by the method developed in [5], it is
quite natural to work in Kikuchi’s spaces. Here, we shall prove the existence, uniqueness and
continuous dependence of the solution with respect to the control input in one step, by using the
contraction mapping theorem.

Theorem 2.1 will be established by using the contraction mapping principle (i.e. the Banach fixed-point
theorem). We first define an operator whose fixed-points will give local-in-time solutions.

2.1. The operator. Let p € (3,4], 6 € [0,1 — %), a € (0,1 - %], and T > 0. We fix a control input
w € CY([0,T];R™). For N > 0 and P > 0 given, we introduce the set

F o= {(l,r,w) ER? X R® x (CY(@) N MPs,); |l —lo| +|r — o < N,
[wllgr.a@) + Hw||Mf5+2 < P, divw =0, /[mw ‘ndo = 0}. (2.28)

Then, using Arzela-Ascoli theorem for the restrictions to closed ball centered at the origin of partial
derivatives of order one, it is easy to see that J is a closed subset of the Banach space £ := R3 x R3 x
(CO* ()N M s, ,) endowed with the norm

1 rsw)lle = U+ |7+ @l gow@ + lwllze @)
It follows at once that for any 7’ > 0, the set
C:={(,r,w) € C(0,T],F); (1(0),7(0),w(0)) = (lo,T0,w0)}

is a closed subset of the Banach space C([0,7"]; E') endowed with the norm sup,¢jo 1 [|(1(t), 7(t), w(?)) | £,
which is also complete for the equivalent norm

1@, w)lll = Ul zee o,y + 17l 0,17) + lwll oo 0,700 @)y + @l L0122 (2))- (2.29)

p(6+2)

Therefore, C is complete for the distance associated with the norm ||| - [||.
Here, we pick

P = e (Colm(wo)llcrems) + Crllm(wo)llae @), (2.30)
where Cs and C; are some universal constants arising in the computations below and that we do not
intend to give explicitly, and || - [|cr.o(s) and ||+ [[ar, (re) are defined as || - [|crag) and || - [lar,

respectively.
Let us now define the operator 7 on C: to any (I,r,w) € C, we associate

T (1w = (1,7,0), (2.31)
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as follows. First, we introduce the “fluid velocity”

3 3
v=n4 Y LVGi+ Y Vit Y wi(t)Vy, (2.32)

i=1 i=1 1<j<m

where 7 is the solution to the div-curl system (see e.g. [10, Proposition 3.1])

curlp = w, (t,y) € (0,T)xQ, (2.33)
divnp = 0, (t,y)€(0,T)x9Q, (2.34)
n-n = 0, (t,y)€(0,T)x9Q, (2.35)
lim n(t,y) = 0, te(0,7), (2.36)
ly|—+o0
Next, we extend the velocity field and the initial vorticity by setting
o(t, ) = 7ol ), (2.37)
Wo = mwo]. (2.38)
The flow X associated with & := 6 — [ — r x y is defined as the solution to the Cauchy problem
D X(sity) = 5l X(sit0) = (s, K (s:1,9) — 1(3) — r(s) x K (s:1,),
ds
(2.39)
X(tty) =

The fact that X is defined globally on [0,77]2 x R? follows from the boundedness of ¥ (see below (2.50)).
We denote by G the Jacobi matrix of X, namely

0X
G(sit,y) = a—y(s;t, Y). (2.40)

Differentiating in (2.39) with respect to y; (j = 1,2, 3), we see that G(s; ¢, y) satisfies the following system:

Ge = Gl Xt Glsity) - r(s) X Gl
= (G Xlsita) = S0(9)) Gt (2.41)
G(t:t,y) = Id (the identity matrix).
We infer from
div(3) = 0 (2.42)
that
det G(s;t,y) = 1. (2.43)

We now define

G(t,y) = G705, y)wo(X (0; L, y)). (2.44)
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Finally, in order to define the pair (I, #), we introduce the function s : [0,77] x Q@ — R (defined up to a
function of ¢) which solves

“Ap = tr (vu : vu), in (0,T) x Q,
op .
= fZ wj(t)xj(y)f(((vflfrxy)~V)v+rxv)~n, on (0,T) x 09,
1<j<m
lim Vu(t,y) = 0 in (0,7).
ly|=+o0 ( )
2.45

Note that Vu € L2(Q) if Vo € L*(Q) N CY(Q), and that, by Schauder estimates, u € Co%(Q) if in
addition v € C2(Q)). Then we define [ and 7 by

A I N AZCR I S
( 7l“((?) ) . ( 71"(()) ) +8 /0 (ZVM(T,y)V%(y)dy) - ( TiJOZ ) ar. (240)

i=1,2,3

This completes the definition of T.

2.2. Fixed-point argument and local-in-time existence. Our first step consists in proving the
following result.

Theorem 2.3. Let N > 0 and P > 0 be given. Then there exists some time T' > 0 such that T is a
contraction in C for the distance associated with ||| - |||. Thus, T has a unique fized-point in C.

Proof of Theorem 2.3: Set
N := N+ |lp| + |rol-

In the sequel, the various positive constants C; will depend on the geometry, on J and on the size of the
controls ||w;||c1 only (hence, possibly also on m, but not on T, ly, 9, wo, N, etc.).

Step 1. Let (I,r,w) € €, and let v be defined by (2.32). It follows from [10, Proposition 2.11] that for
any t € [0,7"], system (2.33)-(2.36) has a unique solution 7(t) € My s, ;, and that

@z, < Cllw®)llar

2,641 — 1,642

On the other hand, using (2.6) and the fact that 0 < § < 1 — %, it is easy to see that V¢;, Vi, Vi, €

M§,5+1 fori=1,2,3and j = 1,2,...,m. It follows that
lo@llarz,,, < Cllo®lnr,,, + 1O+ [r@)] + [w@)]). (2.47)
Thus v € C([0,7"]; M3 5, ,) with
[0l e 0,724,y < C(N+P+1). (2.48)

Set
N:=N+P+1=N+|lp|+|ro] + P+ 1.
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Now Schauder estimates combined with the embedding M 5., C G} (Q) (see [10, Lemma 2.2]) give that

®llene@ < € (I0@lena@ + IOlcoag + O+ F@)] + w(®)
(©) (©) (©)
< C(Il®lore@ + 0@y, +IEOI+Ir®)] + (@)
< C(Iw®lenn@ + N, + 1O+ O]+ h@)])

Thus v € C([0,T']; C%*(Q)) with

lolleoncro@y < C(I9llpxorere@y + Ieliepmia

To+2)
1oy + I e o) + 0l o,70) (2.49)
Therefore, using the continuity of 7, we obtain that
(91l oo (0,77;02.0 (r2y) < [I7[| CN < C1N, (2.50)

where ||| denotes the norm of 7 as an operator in £(C?%%(Q), C*<(R?)).

Step 2. Let us turn our attention to X and &. Taking the scalar product of each term of the first
equation in (2.39) by X results in

2252 D ) = % O (s, %) - 1(6) - X < (Jols X))+ 1)) 151

Simplifying by |X | and using the second equation in (2.39), we obtain

X (s5t,9)| = lyl| < CT'N. (2.51)

Thus X (s, t;-) & L®(R3) for all (s,t) € [0,T"]2.
It follows from [10, Lemma 2.2] that any function u € MY 5, satisfies |u(x)| = O(Jz|=°1) as |z| —
+00, and from [10, Lemma 2.3] that M} 5, is an algebra. Let M7 5, ,(R?) be defined as M{ 5, but with

functions from R? to R. We introduce the space

Vi= My,

(R3)3><3 o R3><3
with norm

1Gllv = IG1llay

1,642
if G = Gy + Gy with G € MY 542 ,(R3)3%3 and G, € R¥*3. (Note that G is uniquely determined by G,
as it is nothing but the 3 x 3 matrix of the limits at infinity of the entries of G.) Then it is easy to see
that V is a Banach space and an algebra.

Let us check that (99/0y)(s, X (s;t,4)) € L>((0,77)%, V). From (2.51) we have that

(R3) + ||G2||R3><S

[K(sitow)| < ol + 0N
and proceeding as in [10, p. 587-588], we infer that for any u € M{ ;. , (R3)
ws) < C(L+ [CT'NPCH) lul|agy

0,642

(X (s3¢,)) gz (R3)- (2.52)
On the other hand, using Gronwall’s lemma in (2.41), we obtain with (2.50) that
[G(s5t, )| L) < Cexp(CT'N). (2.53)

5al
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Since

L Z o (X t,y))%—?%s;t,y),

j
using (2.52) and (2.53) for 8u/8y (Wlth 5+ 3 substltuted to 6 +2), we arrive to

||—[ (X (st )z, o 2) <CeXp(CTN)||—HM (R

o, sra( 0, s+3(R3)

(2.54)
We infer from (2.48) and (2.50) that
00
Ha_y”L‘X’(O,T/,Mf’(HQ(]RS)) < CON.

It follows that g—g(s, X(s;t,y)) — S(r(s)) € L=((0,T")%,V) with
o)
122
Y
Solving the linear Cauchy problem (2.41) in the Banach algebra V', we see that G € C([0,7"]?; V) and
(with Gronwall’s lemma) that

5, X(s;t,y)) — S(r(s)|lv < CNexp(CT'N). (2.55)

Gl Lo (0,7 2v) < C2 exp(CoT"Ne®2T'N). (2.56)
By (2.43), each entry of G~! is a cofactor of G, so that we infer that
HG71||L°°((O,T’)2;V) < Cyexp(C5T"Ne® ™), (2.57)

If f e CHR? R3) with df/dy € CO*(R3,R?) and g € OL(R3,R?), then

l90 floa < C|9|0a|| ||L°°a (2.58)
0 dg
Iz (9o llz= < Cl5- HL H |\L°° (2.59)
Yy
7] o ag
oo N < (n o= 15 o+ 151 1500 ) (2:60)
Using (2.40), (2.41), (2.50), (2.53), (2.58) and Gronwall s lemma, we obtam that
HG||Loo((07T/)2;CO,a(]R3)) < CeXp(CT/NGCT,N>. (261)
Next, it follows from (2.41), (2.50), (2.59), (2.60) and (2.61) that
||GHLOO((O,T/)Q;Cl,ﬂ(R?')) < (Cy eXp(C4T/N€C4T/N). (2.62)
Using again (2.43), we obtain that
1 CsT'N
|G HLOO((O,T/)Q;CL“(]R?')) < Cy exp(CsT"Ne ). (2.63)

We are in a position to derive the required estimates for w. From (2.58)-(2.60) and (2.62), we infer
that
[[@0(X (052, )| pos(0,77;010 (R3y) < Cexp(CT NeCT M) ||@ol|cr.e (e
which yields with (2.44) and (2.63)
12| oo (0,771 (R3y) < Clo exp(CoTNeCoT ™) || gl e gy - (2.64)
From (2.52)-(2.54) we obtain

oo (X (03¢, '))HL“’(O,T’;M{”(HQ(]RS)) <c eXP(CT/N)||@0HM{JYJ+2(R3)
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which gives with (2.57)

H(,ZJ|\L90(O7T/;M{JWJ+2(R3)) < Crexp(CyT'NeC TN HCDO“]M{’Y&JFZ(]RS)' (2.65)

If we define Cs = max{Cs, C7}, and take T" > 0 such that
1
T < — 2.66
< oo (2.66)
then we obtain

[@llzoe o, cr @) + 10l e rriner  ,weyy < €% (Coll@ollorems) + Crllwollare ,, , ®e))
= P (2.67)

On the other hand, if we consider any scalar function ¢ € C(R?) with compact support, we obtain by
using the change of variables y = X (¢;0, x)

[ et veway / G 03,5)20(X(0:1,9) - Viply)dy

G051, X (£;0, )0 (2) - V(X (t;0,2))dx,

3

/ G(t;0,2)00(x) - Vyo(X (t; 0, z))dzx

3

/ Qo [o(X(t;0,2))|dz.

3

=

=

=

Since, by (2.51), the function ¢(X(£;0,-)) € C'(R3) has a compact support, we infer from div(wy) = 0
that

div(@) =0 in R®, (2.68)
Integrating over €2, we obtain

/ w-ndo = 0. (2.69)
Q

On the other hand, @(0)@ = wg. Therefore, the condition about @ for (I,7,&) to belong to € is satisfied.

Step 3. Let us turn our attention to (I,7). Since MY 5. 5(R?) C L®(R?) and Vo(t) € MY 5, ,(R?) for
all t € [0,T'], we infer from (2.48) that for all ¢ € [0,7”]

VI Oy < IVl [ 95760y < Ol e <+
Furthermore,
Vo[ oo 0,17, L4@3)) < ClIVO|| Lo, 17, , (m2)) < CoN. (2.70)
Using (2.45) and (2.50), we infer that
[V ell Lo 0,77, 12(52)) < C1oN>. (2.71)

From (2.46), we deduce that (I,7) € C([0,T']; R%) with

[, 7) — (lo, H < O TN,
(l 7) (0 T0) Lo Ty = 11
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On the other hand, (I(0),7(0)) = (lo, o). Therefore, the condition about (I,7) for T(l,r,w) to belong to

C is satisfied provided that

N
T < : 2.72
- CnN? ( )
Hence for T” satisfying (2.66) and (2.72), one has T(€) C C.
Note also that, since Vo(t) € M 5, ,(R?) for all ¢ € [0,T], we have
(y)Vo(t) € MY, (R?) C Co(R?)  for all t € [0,T"].
Step 4. Now, we prove that the operator T is a contraction in € for the distance induced by ||| - ||| for

T’ small enough.
From now on, the constant C' may depend on N, but not on 7" or on (I*, 7%, w").

Assume given (I*,7% w¥) € €, k = 1,2. Note that (I',r',w!) and (I2,72,w?) correspond to the same

initial data (I, ro,wo) and the same control input w.
Let us introduce for k = 1,2
T@*, rk, Wk) = (1%, 7F oF).
Then, for k = 1,2, &F fulfills
GF(t,y) = AF(0; 1, y)wo(XF(05t,)),

where &g = 7(wp), X* denotes the solution to

O Rb(sit) = 5 KA(sit,9) — 1) — 1(5) x X:(sit,),
S
Xk(tsty) =
ok
GH(sit.y)i= % -(sity), Gltity) = 1d

and A¥ := (G*)~!. The velocity % = m(vF) : R — R3? is the extension of the velocity v*
decomposed as

3 3
=P Y UEVe+ Y Ve Y wi(t) VY,

i=1 i=1 1<j<m
where 7* is the solution of
curln® = Wk (t,y) € (0,T7) x Q,
divy® = 0, (t,y) €(0,T)xQ,
non = 0, (t,y)€(0,T)x N,
lim 7"(t,y) = 0, t€ (0,T)
ly|—+o0

We introduce the functions

1 2

Vi=U —0U ! 2

) 77::77177727 ri=r =nr,

Thus v may be written as

3 3
v="n-+ Zldiﬁi + Zrngoi, v(0,y) =0,

i=1 i=1

li=1'—1?, w:=w!'—w? and A := A" — A%

(2.73)

(2.74)

(2.75)

Q0 > R3S
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where 7 is the solution to the system

curlp = w, (t,y) € (0,T)xQ, (2.82)
divpg = 0, (ty)e(0,T)xQ, (2.83)
n-n = 0, (ty) € (0,T)x09Q, (2.84)
lim n(t,y) = 0, € (0,7). (2.85)
ly|—+oo
Step 5. Let X := X! — X2. Then
X (sty) = 06K s5t0) — (5, X2st,9) + 005, K2 (si0,0)
s .
—l(s) =1 (s) x X(s3t,y) — r(s) x X2(s;1,y), (2.86)
X(t:ty) = 0,
where 9 := 01 — 92 = 7(v).
Taking the scalar product of each term in (2.86) by X results in
COIX) 01 L o OX o son oo o
X =—(=|X]")=X"- X)) — X X)) —1l— X°) - X.
B AR SR S-S SRS SRS SRS
It follows that .
0 oot A . N
2 < 0 (15 e 1+ lolmqa + 1+ 11127
Since
[o(s)] Lo @3y < Cllo(s)ll oy < C (HH(S)Hcma(ﬁ) +i(s)] + |7”(S)|) <O W)l
and K
X7 < |yl + CT'N < Cy),
we obtain with Gronwall’s lemma that for (s,¢,y) € [0,T']? x R3,
T/
X (s, t,y) < T o CUF DI @)l de < CT(y) |l (4, w) I (2.87)

Step 6. Let us set A := A! — A%, (Recall that A* = (G¥)~! for k = 1,2.) Then we notice that

k k
%(s;t,y) — A" (s;t y)(%y (5, X (s:t,9)) —S(Tk(S))), A¥(t;t,y) = Id.
Thus
Gt = At (G (5 X (st) - S0 )
(st ) (G X i) = G (s X2 (si1,0))
A (sit) (G (5, X)) = S((). (2.85)
A(t;t,y) = 0. (2.89)

It follows that

0A o' . 0
55 (st 9)ll < (|A|(||—|L°°(R3) +[rt]) + 4% - 155w @) X1+ ||A2H(Ha_yHL°°(1R3) +ITI))
(2.90)
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From (2.50), we have that
o0 N
||a—y(S>HW1<>c(]R3) S ||’U (S)HCZ,@(RS) S CN S C

Clearly,
|42 + || < ON < C.
On the other hand, it follows from Morrey’s inequality that

Il o3 g < Cllnlay,, < Cllwlagg,

Let
(z) — f(y)]

/
|flo,a,r3 = sup{| P— sz y € R3, x #y}.

Then, since 0 < a <1 — %, we have
ol o
||a—y(5)||Lw(R3) + |a—y(5>|0,a,R3 < C||U(5)||cl,a(§)
C (In(3)llor.aay + 1)+ Ir(s)1)
C (In()llgo@) + (oo + 1)+ (s)])

C (Iw()lhag ., + 1w()lna + )] + Ir(s)])
Cll ) -

INIA

IN

IN

We infer with (2.87) and (2.90) that
0A
155 (s:t-)ll < ClIAI+C(T"(y) + 1) Il (¢ w) -
Since A(t;t,y) = 0, we obtain by using Gronwall’s lemma that for (s,t,y) € [0,7"]* x R3
[A(s;t, )l < CT"(y) [l ¢ ryw) I -

Step 7. Let @ := @' — &% We first give an estimate of ||@]| = (q). We write
@] = ‘Al(O;t,y)@o(Xl(O;t,y)) - AQ(O;t,y)@o(XQ(O;t,y))‘
403 £, )0 (7(0:1,9) | + [ 4203, 9) (20(£1(038,9)) — o(£2(051,)) ).

Since wo € M7 5,5, we have by [10, Lemma 2.2] that

IN

[@o(y)l = O(ly|~°7%) as [yl — +oo,
so that we infer from (2.51) and (2.92) that

A(0; 8, 9)0(X 1 (058,9)| < OT" ) Il (L7, w) [ 1o (X (05, 9)] < CT" || (7 w) ]

On the other hand, by (2.19), (2.63) and (2.87), we have that

2/0. (XL (0: — Gn(X2(0: c
[420st,0) (30X 0:8.9) = @205t | < T

X <er (|| @ rw)ll,

(2.91)

(2.92)

(2.93)

(2.94)
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where we used (2.51) to get 1+ min(|X*|,|X2|) > C(y) for y € Q and ¢ € [0,7”]. Thus, we have proved
that for T” > 0 satisfying (2.66) and (2.72), we have

&Nl oo 0, 77500 () < CT" || (1, ryw) |I] - (2.95)

Step 8. Let us now estimate the Holder norm |&g . Note first that it is not clear whether X &
C%2(0Q)), since it could happen that X ~ (y) as |y| — +oo (and hence, X ¢ L>(Q)). Rather, we shall
prove that (y)~'X e C%*(Q).

We infer from (2.86) that

9y X (sty) = ) (@1(3, X'(sit,y) — 0 (s, X2(sit,y)) + 0(s, X*(s:1,1))

Js
~1(s) = () x X(sit.y) — r(s) x X(sitp))

ot 5 Lo
= /0 ay(sX + 0 X)(y) ' Xdo

+() "M o(s, X2) =1 —r' x X —r x X?)

Therefore, using (2.58), we obtain

DX < 15 e o + 15| u@Xn 1% ]
0,a,R3 < Lo (R3 0,a,R3 0,0,R3 Lo (R3 Loo(R — |l Lo (r3
5S<> ()<> (R3) (R3) <y> (R3)
(s, X?) A2 X
+|7|O,Q,RS + C(l + |_|0,oz,]R3) |H (l,T,CU) ||| +C|_|070¢' (296)
(y) (v) (y)
It is clear that
X oX?
H—HLOO(Rd) + | |0 RS + H HL%(RS) + H HLOC(RS) <C. (2.97)
To bound | |0 «.R3, We notice that <y§ solves the system
X2 ) X2 2 X2
ﬁ(_) _ M_Z__ﬁx_,
9s " (y) (y) (y) (y)
2
Y
ity - L
(y) (y)
Since [6%(s, X?)|g.ars < C|0%[0,a] % HLoc(Rs) < C, [[02(s,X?)[| oo () < C, and both (y)~" and (y) "'y
belong to WH(R3) c C%(R3), we obtam with Gronwall’s lemma that
Xz
2 oems < C. 2.98
|<y> |07 R ( )

On the other hand, we infer from (2.58) and (2.91) that
(s, X?)

| (y)

o < C (11005, X2) ey + 005, X2)lo s ) < C Il ()
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It follows from (2.86), (2.96)-(2.98) and Gronwall’s lemma that

X

@b,a < CT || (4ryw) (Il - (2.99)

Next, we prove that a similar estimate holds for | |0 o Writing for 1 <4,5 <3

ot . ol . Lo ool N S
s, X)) — =—(5, X)) = | =—(=1)(s,X*+0X)-Xdo,
and using (2.88), we infer that
o A A . X!
— (= a < oo C oo « oo
2Bl = €l (15l + 1) + € 1o Sl S o
: L 0x ox!
+ C[|A%|| L () |Ul|2,a(|\ ||L (Q)+H HLoo(Q)) ”@”Lw(Q)
NENGETONE.S
a a L~ () <y> 0,

. X
+C |A2|0,a||vl||w2voo(9)||WHL°°(Q)
0X?

e (13w 1)
+C 7 10.«« oo =+ |r +C oo o oo
|<y> o, { 15 Lo () + I H< >HL (Q)| |0 =5, HL @

Then using (2.87), (2.91), (2.92), we infer that

o A A )
|as(< ) )o,0 < I@Io,a+0(1+T)IH (@,rw) I

Therefore, using the fact that A(t;t,y) = 0, we obtain with Gronwall’s lemma that

A
oo <CT || (1,7, w) ] - (2.100)
(v)
We are in a position to estimate || . We have
Bloa < A0 @E Ot p)|  +[A20:ty) (@0(X10:t9) —@o(X20st )|

A . A 5

— Qo(X | ne ) + o=l Lo o | ()0 (X M0

‘<y> 0a||<y> o(X ) Lo (o) ||<y>||L @ ()0 (X7)lo,

+A%[0,0ll@0(X1) = @0(X?) | 1 (@) + ||A2HL°°(Q |@0(X1) = @0(X )]0,

< O+ Ky)w (Xl)lcm)T’ Il (2,7, 0) [l +Cléso (X1) — a;o( o.a
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where we used (2.19), (2.87), (2.92), and (2.100). It remains to estimate |0o(X') — &o(X?)|o.o and
|(y)@o(X1)|o,a. For the first one, we write

1 A~
Ao~ L
FN (X2 + oX)Xdo

|0 (X1) — @0 (X?)]oa Dy

0,
00 oy o X
< C| sup H<y>—8 (X* +0X)[[L=(a)
a€(0,1) Yy

@ 0,

0, oo N X
+ sup |[(y) (X" +0X)| [7=llze
o€(0,1) dy 0,a (y) )

)T’ [yl

where we used (2.20), (2.21), (2.87), (2.99), and the fact that (using (2.51) for X?2)

< C(l—i— sup (y>%—?()€2+0)2)

o€(0,1)

0,

X2+ 0X| > |yl +O(T")(y) >

N | —

(y) for T” small enough, |y| > 1 and o € (0, 1).

We aim to prove that

s |G oK) <. (2.101)
o€ (0,1) Y 0,a
t€[0,7"]

where we write X (y) for X(0;t,y), etc. We have with (2.20) that
()52 (X2) +0X () — 1) Z2(X2(y) + 0 X ()
sup -

oe(0,1) ly — v/

ly—y'|>1

te€[0,T']
On the other hand, for o € (0,1), |y —¢'| <1, and ¢t € [0,1"],

() %2(X2() + 0 X (1) - (1) 22(R2) + o X ()]
ly =yl

< +o00.

%0 (X2(y) +0X (y)) — % (L) + o X (1))
|y7y/|a

(y) = (') 0o , oo o /
<[22 2 + x| + )

0X?2
dy

where we used (2.21) and the mean value theorem for the last term. This completes the proof of (2.101).
We infer that

o, 0X .
< Ol e + Ol e + 150 @)y = o/1"

|@0(X") = @0(X?)|o.0 < CT" | (1,7, w) ] -
We can prove in a very similar way that |(y)o(X )]0, < +00. We conclude that
(B0 <CT"|| (1,r,w)ll, ¢ €[0,T. (2.102)
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Step 9. Let us estimate ||wHLp(H2)(Q) We write

6l o = © ([ 1AGCEP Oy + [ 142G~ o )Py ) = C(11 + B,

where we have written A® for A(0;¢,y), X1 for X1 (05 t,y), ete.

Then, using the fact that wg € Mp s+3 and (2.92), we obtain that

Lo< (O | @) / 60X (051, ) [P ()P dy

IN

CT Qo)) [ o) (X! (150,200

< (OTI @)l ol | es)-
Therefore, increasing the value of C' if needed, we obtain
I < (CT || @m0
For I, we infer from (2.19) with k > 3 +J + % that

A

L < ¢ / B0(XY) — G0 (X2)P ()P D dy
Q

|X| ’ p(6+2)
< C/gz<[1+m1n(|f(1|7|f(2|>],{> <y> dy

O @l [ ey
< €Il @l

IN

We conclude that
lo@lce,,, @ < CT I Grw)ll, t€[0,T7. (2.103)

Step 10. Let us proceed to the estimates of v. Since o < 1 — %, we have Mf,6+1 c 0%*(Q), and
hence

IVollcon@ < Clwloona + IWllcoaa + I+ 1))
< Clllwllgoe + I0la,., + 11+ 1)
< Cllwllgoa + Iwlag, ., + 11+ )
< oT' || (Lrw) I

It follows that
IVollza@y < IV0lka o IVolitg,

< Cloliy, V0 H;;;(m
< Cllolom + ol vl 1)
< o1 rw |-
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: [ () Vaway) o
< 71’];((?) > . < i?) >+H /0 (Z"Vu’“(ﬂy)-v%(y) dy) 3 < Tkoxk‘;;rl: ) "

i=1,2,3
(2.104)
and the function p* : [0,77] x © — R is defined as the solution to the system
Ak — b (Vvk : W), in (0,7) x 9,
k
aain = - Z w;(t)x;(y) — (((vk —1F =k xy)- V)vk +1rF x vk) -n, on (0,T) x 09,
1<jsm
lim Vpk(t,y) = 0 in (0,7).
lyl—o0

Then g := p' — p? satisfies the system

—Ap — tr (V(vl +v2)-Vv), in (0,7) x 9,
% = —(((v—l—rxy)-V)vl—i—rxvl)-n

—(((’1}2—[2—7“2Xy)-V)U+T2XU) -non (0,T) x 09,

lim Vu(t,y) = 0 in (0,7).

ly|—o0

It follows that

IN

C (IVolllLa) + VO3l La(@)) Vol L) + CUlvll gow@) + 1Vl gow e + 11+ [7])
CT"|II (I, r,w) Il - (2.105)

IVillz20)

IN

We infer from (2.104) that (I, 7) satisfies

i\ _ g [ (f Vi) Vo) dy)i:m, mo(r x I' 412 x 1)
( 7(t) ) o /0 (ZVM(T’ y) - Veily) dy) C- ( r >(<) Jo>7f1 + 72 ><>f]0r ) dr,

i=1,2,3

and hence, with (2.105),
O]+ 7)< CT" | (4, ryw)ll, ¢ € [0,T"). (2.106)
Gathering together (2.95), (2.102), (2.103) and (2.106), we obtain
Il @7 o)l < oT" | ¢y rw)ll, ¢ € [0,T'). (2.107)
Thus, for 77 < 1/C, we have that
7 @t ol =7 @ W) < KLt wh) = (2,07, w?)

for some constant k € (0,1), i.e. T is a contraction in €. The proof of Theorem 2.3 is complete. 0
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2.3. Existence of a solution of system (1.19)-(1.25). Let us now check that the fixed-point (I, r,w)
given in Theorem 2.3 yields a solution of (1.19)-(1.25). Let v and p be given by (2.32)-(2.36) and (2.45),
respectively. Then, since (I,r,w) € € C C([0,T'],F), then (2.23) holds, Vu € C([0,T"], L*(£2)) and hence,
with (2.46), (2.26) holds as well. Let us set

qi=p— Zl &; *Zh@i- (2.108)
1=1
Then (2.24) holds and we have for a.e. ¢ € (0,77), gq(t,.) € Cp,%(Q) and limy, |, 1~ Va(t,y) = 0.

Proposition 2.4. Let T’ be as in Theorem 2.3 and let (I,r,w) denote the corresponding fized-point of
T in C. Then (v,q,l,r) is a solution of (1.19)-(1.25) in (0,T").

Proof of Proposition 2.4: Let
f=(v=1l-rxy) - V)o+rxo. (2.109)

Then we have that f(t,.) € C>*(Q) for all t € [0,7”]. On the other hand, since v € C([0,T"], M3 501),

loc

we have that |v| < C(y)~17% and |Vv| < C(y)~279, so that
(L y)] < Ol
The divergence of f is given by
div f = div(((v—1=rxy)-V)v+rxo)
= 0:(vi0501) = 0 (L050:) — 05 ((r x );050:) +div (7 x v)
= (9v)) (8jv;) — (r x Dyy);0;v; + div (r X v)
= (Vo Vo) = 0 ((r x vidiy); ) +div (v x v)
= tr (Vo Vo) — div (r x v) +div (r x 0)
= (Vo)
= A

where we used Einstein’s convention of repeated indices and the fact that div (v) = 0. Therefore, using
(2.3) and (2.108), we obtain

div(f 4+ Vq) =0. (2.110)
Now we turn our attention to the curl of f. Define ¥ :=v —1 —r x y. Then
curl v = w — 2r. (2.111)
We shall use the following identities (see e.g. [10])

curl((v-V)v) = (v-V)curl(v) — (curl(v) - V)v 4 div(v)curl(v), (2.112)
curl(r xv) = div(v)r — (r- V)o. (2.113)
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Applying the operator curl to f and using (2.112)-(2.113), we obtain

curl f = curl((¢-V)d) + curl((o - V)(l +r xy)) + curl(r x v)
= curl ((0-V)0) + curl(r x 9) + curl(r x v)
= curl ((0-V)0) +div(0)r — (r- V)0 + div(v)r — (r- V)v
= curl (0-V)0)—(r-V)o—(r-V)uv

(
(0
= (0-V)eurl(d) — (curl(v) - V)o — (r- V)0 — (r- V)v
0-V)(w—=2r)— ((w—=2r)-V)o—(r-V)o— (r-V)v
= (0-Vw—w-Vo.
Using (2.44), we see that w satisfies

0
5: F(@-Vw—(w-V)5=0, te(0,T). (2.114)
It follows that
Ow
curl f+ i 0. (2.115)
On other hand, using (2.45) we obtain that
o .
fono= <SR S n) (2116)
1<j<m
o0 i . .
—o — (47 xy)n- > i ()x5()- (2.117)

Introduce now the function

F(t,y) =wv(t,y) —vo(y) +/O (f(s,y) + Va(s,y))ds. (2.118)

Then F(t,.) € CL%(Q) for all t € [0,7]. On the other hand, it follows from (2.110), (2.115) and (2.117)
that

div F = 0 in Q,
curl F = 0 in €,
F-n = 0 ondf,
lim F(t,y) = 0

ly|—+o0

Then we infer from [10 Lemma 2.7] that ' = 0. Taking into account the definition of F', this implies
that v € C([0,T"); CS(Q)) with (1.19) satisfied together with v(0,.) = vy. Using (2.32)-(2.36), we
see that the equations (1.20)-(1.22) are satisfied. Finally, the equations (1.23)-(1.25) hold by (2.46) and
(2.108). 0

4. Proof of the estimate (2.27). The potential solution (I,7,%) of (1.19)-(1.25) associated with
lo, 70, {w; }1<j<m, and Wy = 0 is obtained in the following way. Since wy = 0, 7(Wp) = 0 in R3, and hence
with (2.44) the vorticity @ is null. Then we infer from (2.33)-(2.36) that 7 = 0 and from (2.32) that

3
7= ZZZ i -+ va% + Z w; (1) V;. (2.119)
i=1 —

1<j<m

It follows from [11, Proposition 2.3] that (I,7) satisfies the ODE (2.11), whose solution is unique.
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Consider a solution (I,7,w) associated with the same lg, 70, {w;j}1<j<m as for (I,7,@), but with an
initial vorticity wp not necessarily null. It follows from (2.28)-(2.30) that for all ¢ € [0,T”]

lo®llor.ag@ + lo®llag ,,, < P= e (Collr(wo)llcrogs) + Crllm(wn)la,, @)
Now, from (2.32) and (2.33)-(2.36), we infer that for all ¢ € [0,77]
[0(t) = B(0) | ooy + [ V0() = F5(0) [ oy < C (P o+ 1(00) = 1(t).r(t) = 7(0))]) -
Combined with (2.45), this yields
IVa(t) = VA | 2@ < C (P +10t) ~ 1), 7(t) ~ 7(1))])
Using (2.46), we obtain
(1) = 1), 7(t) = 7(1))] < € (P+1(1(t) = 1(1), v(t) = 7(1))]) -

Then (2.27) follows by using Gronwall’s lemma. The proof of Theorem 2.1 is complete. O

2.5. Uniqueness and continuity with respect to the control. The following result is concerned
with the uniqueness of the solution (1,7, v,q) of (1.19)-(1.25), when the vorticity w = curl v satisfies

w(t,y) = G705t y)m(wo) (X (0;t,y)) (2.120)

where G(s; t,y) = (0X /8y)(s; t,y) and the flow X is defined on [0,77]2 x R? by

%X(s;t,y) = 7(v)(s, X(s;t, 1)) — I(s) —r(s) x X(s:t,y),
(2.121)
X(tity) = .

Proposition 2.5. Let ly,ro,wo,vo and T be as in Theorem 2.1. Then the solution (v,q,l,r,w) of
(1.19)-(1.25) and (2.120)-(2.121) is unique in the class (2.23)-(2.26) (q being unique up to the addition
of an arbitrary function of time). On the other hand, for any given initial data (ly,ro,wo) as above and
any R > 0, the map w € B := {w € CY[0,T"],R™); |w|crqory < R} — (I,r) € C°([0,T'],R®) is
continuous.

Proof. Let (v,q,l,7) be a solution of (1.19)-(1.25) in the class (2.23)-(2.26). Then we can expand v in
the form (2.32) with 5 as in (2.33)-(2.36). Then it is well-known that the vorticity w = curl v satisfies the
equation (2.114) with o = v — 1 —r x y, and that it is given by (2.120) “away” from the rigid body. We
assume that it is given by (2.120) everywhere, even on 2. Roughly speaking, this amounts to specifying
the tangent components of the vorticity on the inflow section. Let us show that the pair (I,r) satisfies
(2.46). Let p be as in (2.108) and let f be as in (2.109). Then by (1.19) and the computations above, we
have that

—Ap=—-Ag= div f =tr (Vv - Vo),
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and
o dq 3 3
on T on Tl R,
v : .
= —(—at—f—f)-n—l—l-n—i-r-(yxn)

9 .
= 5 | [+rxylont D0 wix) | = fontinti(yxn)
1<j<m

= - Z w;(t)x;(y) — (v —l—=rxy) - Vo+rxv)- n.

1<j<m

Thus z solves (2.45). Integrating in (1.23)-(1.24) and using (2.108), we arrive to (2.46) with (I, 7) = (I, 7).
Thus (I,r,w) is a fixed-point of T . As there is (for 77 small enough) only one fixed-point of T by the
contraction mapping theorem, we infer that (I, r,w) is unique. Then 7 is unique by (2.33)-(2.36), and v
is unique by (2.32). Finally, Vg is unique by (1.19) and ¢ is unique (up to the addition of an arbitrary
function of time).

Let us proceed with the continuity with respect to the control. Assume given some initial data
(lp, 70, wo) as above and pick any number R > 0. Let

B = {’LU S Cl([O,T],Rm); ||’LUH01([07T]) < R}

Assume that the constants Cg and Cy; are suitably chosen to be convenient for all w € B, and pick a
time 7" > 0 convenient for all w € B. Then
(i) for T small enough, we have for w € B and (I*,7*,w?) € C, i = 1,2,
I (@t wh) =7 @) < kLA o) = @, W)
for some constant k € (0,1);
(ii) for given (I,7,w) € €, the map w € B~ (I,7,w) € C is continuous.

Indeed, the map w € B — v € C([0,T"],C*>*(Q) N Mj 5.,) is clearly continuous (using (2.32) and
(2.33)-(2.36)), and hence the map w € B — (I,r) € C1([0,7"],R®) is continuous (by (2.45)-(2.46)).
Finally, using the assumption wy € M 5. 5, (2.28), (2.114), Aubin-Lioris’ lemma and the continuity of v,
one can see (as e.g. in [5]) that the map w € B +— w € C([0,7"],C%*(Q) N LP

(9)) is continuous.

p(6+2)
It follows again from the contraction mapping theorem (for a map depending on a parameter) that
the map which associates with w € B the fixed-point (I,7,w) € € is continuous. O

3. PROOF OF MAIN RESULT

We are now in a position to prove the main result in this paper. Let Ty, P, N, K and R be some given
positive numbers. Then by Theorem 2.1, there exists a time T' = T(Tp, P, N, K, R) € (0,Tp] such that
system (1.19)-(1.25) has a solution (v,q,l,r) for ¢t € [0,T], with (I,r,w) € C([0,T],F), provided that
|(lo,70)| < 1, |lwllcr(jo,1)) < R and wp satisfies (2.19)-(2.21) and

lwollgna + lwollar, <P, divawy =0, /mwomdoo.

1,642

Let I be a (continuous and linear) extension operator from C*([0,77]) to C1([0,Ty]) and pick § := R/||I1]|.
Then [[TI(w)|c1 0,7y < R if [[w|lcrqo,ry) < 6. In particular, using assumption (H) for the time 7', we
have that [|[TL(w)||c1(jo,1)) < R if w = W (ho, 40, lo, 70, hr, g7, I, 1) for [(ho, 4o, lo, 70, hr, g7, lr, 77)| <N
with 7 > 0 small enough. Then system (1.19)-(1.25) has a solution defined for ¢ € [0,T] corresponding
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to (lp, 70, w0, w) as above, and also a potential solution corresponding to the same data (lo, 79, w) and to
CIJO =0.

Let wp be as in the statement of Theorem 1.1, and write ag = (ho,qo), bo = (lo,r0), ar = (hr,qr),
and by = (Ip,rr). Let a(t) := (h(t),q(t)) and b(t) = (I(t),r(t)). The proof is done in two steps. In the
first step, we prove the result for [[wolc1.0(g), ||w0||MfJ+2, o], |70, |l7| and |rr| small enough, and in
the second step, we remove this assumption by performing a scaling in time.

STEP 1. Let the map W be as in the assumption (H) for the time 7. We may pick a number n; € (0, 1)
such that w = W (ag, by, ar, br) is defined for |(ag,bo)| < n1 and |(ar,br)| < 11, with

l[wl|cr (o, 77y < 6
Pick any initial state (ag,by) = (ho,qo,lo,70) with |(ao,bo)| < mi. For any given (ar,br,vg) with
|(ap,br)| < mi, we denote by (h,q,l,r,v,q) the solution of (1.19)-(1.25) and (1.30) corresponding to
I,

1.1
the velocity vg and to the control w = W (ag, by, ar, br), and by (E, q,1,7,7, q) the solution corresponding
to (ag, bo) together with the velocity Ty which solves

curlipy = 0, in Q,
divvg = 0, in Q,
vo-n = (lo+roxy)-n, ond,
lim vo(y) = O,
ly|—o00

and to the (same) control w. From (2.27) we infer that there exists some constant C; > 0 such that

10 =T = Pllzeom < C (Iwollgna, + lwollug ., ), (3.1)
whenever

(o, 7o)l <1, lwollgra@y + llwollaer,, <P, and |wllero,ry) < 6. (3.2)

Combined to the equations
W) = (=g +2y/1-[gPgx1+(1-§)7—gx1xq,
q't) = 3(V1—1a?r+qxr),

H(t) = Q—[@)+2\/1-727x1+ 1 T Tx1x

1l

q,
7@ = L 1-[q2r+Tx7),
h(0) = h(0)=ho, ¢(0)=q(0)= g,
this gives for some constant Cy > 0
100 =P 7= Dl o) < Co (lollcra + ol ) (3.3)
provided that (3.2) holds. Let f: B = {x € R'?; |z| < 1} — R'? be defined by
Far) = —(a(T).(T) = —(A(T),T(T), (7). (7))

where (ar,br) =:mar.
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We notice that f is continuous, by virtue of Proposition 2.5 and (1.30). Pick any € € (0,1). From
(3.1) and (3.3), we deduce that for

llwollcr.a @) + llwollar, , <v (3.4)

1,642

with v > 0 small enough, we have that
|[f(zr) — x| <e, for |xp| < 1.
We need the following topological result [5, Lemma 4.1].
Lemma 3.1. Let B = {x € R"; |z| < 1} and S = B. Let f : B — R" be a continuous map such that
for some constant ¢ € (0,1)
|[f(z)—x| <e Vo e S. (3.5)

Then

(1—¢)BC f(B). (3.6)

Thus, we infer from Lemma 3.1 that if (ag, bo, ar, br) € R?* is such that
(a0, bo)l <m1, |(az,br)| <n2:=m(l—e),
and (3.4) is satisfied, then there exists a control w = W (aq, by, ar, br) for which the solution of (1.19)-
(1.25) and (1.30) satisfies (h(T),q(T),U(T),r(T)) = (a(T),b(T)) = (ar, br).

STEP 2. To drop the assumptions |by| < 1, [br| < 2, and (3.4) (corresponding to a given time
T € (0,Tp]), we use a scaling in time introduced in [3] for the control of Euler equations. Let (ao, bo),
(ar,br), and vy be given data with

lap| < m2 and |ar| < n2.
We set b)) := Abg, by := Abr, and v} := Avg. Then for A\ > 0 small enough, we have that

(a0, b3)| < m2, |(ar,b7)| < 12,
and wy = curl v} satisfies
A A
llwgllere @y + [lwd ||Mf’(s+2 <v.
By Step 1, there exists some trajectory (a*,b*) for the underwater vehicle connecting (ag, by)) at t = 0 to
(ar,by) at t = T, with corresponding fluid velocity v*, pressure g*, and control w*. Let us set

a(t) = a*(A7't),
b(t) AT AT,
v(t,y) AT (AT ),
alt.y) = A2d*(A'ty),
w(t) = Mlwr(AT),
fory € Qand 0 <t <Ty:= AT € (0,Tp]. Then (a,b) is a trajectory for the underwater vehicle connecting
(ao,bo) at t =0 to (ar,br) at t = T and corresponding to the initial fluid velocity vy. O
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