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On the trajectory of an individual chosen according to
supercritical Gibbs measure in the branching random walk

Xinxin Chen’ Thomas Madaule! Bastien Mallein®

May 27, 2016

Abstract

Consider a branching random walk on the real line. In a recent article, Chen [9] proved
that the renormalised trajectory leading to the leftmost individual at time n converges in
law to a standard Brownian excursion. Besides, in [22], Madaule showed the renormalised
trajectory of an individual selected according to the critical Gibbs measure converges in
law to a Brownian meander. In this article, we prove that trajectory of individuals selected
independently according to a supercritical Gibbs measure converge in law to Brownian
excursions. Refinements of this results also enables to express the probability for the tra-
jectory of two individuals selected according to the Gibbs measure to have split before time
t, partially answering a question of [10].

1 Introduction

A branching random walk on the real line is a point process on R defined as follow : It starts
with a unique individual sitting at the origin, forming the 0" generation of the process. At time
1, this individual dies and gives birth to children, which are positioned on R according to a point
process law L. These children form the 1" generation. Similarly, at each time n € N, every
individual z of the (n — 1) generation dies, giving birth to children positioned according to an
independent copy of L translated from the position of z.

We denote by T the genealogical tree of the process. Obviously T is a Galton-Watson tree.
For any individual z € T, we write |z| for the generation at which z belongs and V' (z) € R for the
position of z. With these notations, (V(2), |z| = 1) has the law of £. The collection of positions
(V(2),z € T), together with the genealogical information, defines the branching random walk.

If z €T, for all k < |z|, we denote by 2, the ancestor of z alive at generation k.
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Throughout this paper, we suppose that the point process law L verifies some integrability
conditions. We assume that the Galton-Watson tree is supercritical, in other words,

(1.1) E > 1.

S 1

|z|=1

Note that we do not assume that P (Z|:{:|=1 1= +oo) = 0. Under this assumption, the survival
set

(1.2) S:={vneN,JueT,|ul >n}

is of positive probability.
Assume also that we are in the so-called “boundary case” defined in [3], i.e.

(1.3) E

Z e_v(z)} =1 and E

|z|=1

> V(z)e‘v(z)} =0.

|z|=1

Under mild assumptions, a branching random walk can be reduced to this case by an affine
transformation —see Appendix A in [17] for a detailed discussion. Furthermore, we assume that

(1.4) E [X(log, X)’| + E[Xlog, X| +E | Y V(2)%e V7| < +o0
j2=1 -
where
(1.5) X:=> e"® and X = S V(2)4e7 V.
|z|=1 |z|=1

It follows from (1.3) that

Woi= Y ¢ "? and Z, =3 V(z)e"®

|z]=n |z|=n

are martingales. Chen [8] proved that (1.4) is a necessary and sufficient condition to obtain the
almost sure convergence of (Z,,) to a non-negative random variable Z.,. Moreover, S = {Z,, > 0}
a.s.

Let 3> 1, we write W, 3 = Y|, j—, e 7). Tt is proved in [14] that W, g is of order n™3/2 in
probability. In a recent article [21], Madaule proved the convergence in law of finite-dimensional
distributions of

(n35/2Wn,5, ﬁ > 1) ,

yielding the following fact: The point process (V (z) — % logn +log Z; |z| = n) converges in law
to a Poisson point process with intensity e”, decorated by another point process D.



In this article, we consider a probability measure on the n'" generation of the branching
random walk, defined on the set {IV,, 3 > 0} by

1
_ —BV(2)§
Unpg = E € 2z
7 ”n,ﬂ |z]=n

which is called the Gibbs measure in the literature. We prove that conditionally on the survival
S, the trajectory followed by an individual chosen according to v, g converges, when suitably
rescaled, to a Brownian excursion. For a given individual z € T such that |z| < n, we define

V(21tn
HO(z) = (%,ogg %)

the Brownian normalisation of the trajectory followed by individual z up to time |z|. This is an
element of D(]0, ‘—Z‘]) the set of cadlag functions —left-continuous functions with right limits at
each point— equipped with the Skorokhod topology. For all 5 > 1 and n € N, on {W,, 3 > 0}, we
define the image measure of v, 5 by H™(:) by i, 5 on D as, i.e.,

1
— § : =BV (u) 5
n.B8 — e n(y)-
Hn.p W5 bt H™ (u)

Let Cy(D) be the set of continuous bounded functions from D to R, and C{(D) C Cy(D) the
collection of uniformly continuous functions. The following theorem gives the weak limit, as n

goes to infinity, of p, z(F) for F' € C(D).

Theorem 1.1. For all § > 1 and F' € C!(D), conditionally on the survival of the branching
random walk, the following convergence in law holds:

pin,g(F) = Z peF(ex),
keN

n—-+0o0o

where (ey) is a sequence of i.i.d. normalised Brownian excursions, and (py,k € N) follows an
independent Poisson-Dirichlet distribution with parameter (%, 0).

Remark 1.2. A direct consequence of this theorem and Theorem 5.2 in [4] is that the —annealed—
measure E(p, g|S) converges weakly to the law of a normalised Brownian excursion.

The case = 1 has been investigated in [22]. It is proved that

1_1&1 fna(F) = F(M) in probablity,
where M is a Brownian meander ; in the case 3 = 400, the measure ji,, « is the uniform measure
on the trajectories leading to the leftmost position at time n, which has been treated in [9]. It is
believed that for 8 < 1, the trajectory of a particle chosen according to v, g behaves as a random
walk with positive drift.



Using the techniques leading to Theorem 1.1, we obtain information on the genealogy of two
individuals sampled according to the Gibbs measure v, 5. For z,2/ € T, we set MRCA(z, 2/)
to be the generation at which the most recent common ancestor of z and 2’ was alive, in other
words,

MRCA(z, 2') = max{k < min(|z|, |?/]) : 2. = 2.}

Derrida and Spohn conjectured in [10] that for any 5 > 1

Yn,s

MRCA(z, 2')

®2 ’ _

< " € dx n_>:+>00 pgél + (1 pg)ég,

where pg is a random variable such that limg_,;.ps = 1 and limg_,; ps = 0 in probability.
The following immediate consequence of Theorem 1.1 strengthen this conjecture, as a similar
behaviour holds for the probability that two trajectories split before time t.

Corollary 1.3. For any f > 1 and t € (0,1), conditionally on the survival of the branching
random walk, we have

(1.6) v (Vi) # V(zly) = 1— 75

n——+00
where (p, k > 1) has Poisson-Dirichlet distribution with parameter (%, 0) and 75 = Y pen Pi-

This corollary can be seen as an explicit computation of the well-known fact that in a branch-
ing random walk, two individuals within distance O(1) from the leftmost position are either close
relatives, or their ancestral lineages split early in the process. In the context of Gibbs measure,
the probability of an early splitting is 7g.

In particular, we note that E(mg) =1 — %, which is consistent with the probability of over-
lapping in a Gaussian free field, obtained by Arguin and Zindy in [2]. Moreover, we observe that
when 8 — oo, 1 — w3 goes to zero. This is consistent with the fact that p, . only puts mass
on particles which are at the leftmost position at time n, which are eventually close relatives.
Similarly, when 5 — 1, 1 — 73 goes to 1 ; therefore the corresponding paths are asymptotically
independent, which coincides with the weak convergence (3.3) in [22].

To prove Theorem 1.1 as well as Corollary 1.3, the main idea is to understand the tail decay
of the random variable

ﬁnﬂ(F) = n35/2Wn7/3 X :unﬂ(F) = n36/2 Z 6_BV(U)F(HH(U))

lu|l=n

by borrowing ideas from Chen [9] and Madaule [21]. This tail decay is used to obtain the limit
Laplace transform of fi,, g(F'), see Proposition 4.1 for details.

We introduce in Section 2 a general method linking additive moments of the branching random
walk with the law of a random walk. This method is applied in Section 3 to obtain a tight estimate
on the tail decay of fi, s(#'). Finally the proofs of Theorem 1.1 and Corollary 1.3 are given in
Section 4.



2 Many-to-one lemma and random walk estimates

We introduce in a first time the Lyon’s change of measure of the branching random walk and the
spinal decomposition. This result enables to compute additive moments of the branching random
walk using random walk estimates. In a second part, we consider a random walk, conditioned to
stay above 0 until time n and ending at time n at distance o(y/n). We prove that the endpoint
is asymptotically independent with the rescaled shape of this random walk, which converges to
a Brownian excursion.

2.1 Lyon’s change of measures and the many-to-one lemma

For any a € R, let P, be the probability measure of the branching random walk started from
a, and let E, be the corresponding expectation. We recall that (W, 1,n € N) is a non-negative
martingale with respect to the natural filtration F,, = o(x,V(z), || < n). We define a new
probability measure P, on F., such that for all n € N,

a

dP,
=€ n,1-

2.1 =
( ) dP, Fn

The so-called spinal decomposition, introduced by Russell Lyons in [20] gives an alternative
construction of the measure P,, by introduction of a special individual, the “spine”, which
reproduction is modified.

We introduce another point process law £ with Radon-Nikodym derivative >, e~ ¢ with respect
to the law of £. The branching random walk with spine starts with one individual located at
a at time 0, denoted by wy. It generates its children according to the law L. Individual w; is
chosen among the children z of wy with probability proportional to e=V(*). Then, for all n > 1,
individuals at the n'® generation die, giving birth to children independently according to the law
L, except for the individual w, which uses the law L. The individual Wpa1 is chosen at random
among the children z of w,, proportionally to e=V(*). We denote by T the genealogical tree of
this process, and by P, the law of (V(z),z € T, (wn,n > 0)) as we just defined.

Proposition 2.1. For any n € N, we have P, s = P, - Moreover, for any z € T such that
12| = n, we have P, (w, = 2| Fy,) = %, and (V(wp),n > 0) is a centred random walk under

~

P, starting from a, and with variance o>.

In particular, this proposition implies the many-to-one lemma, which has been introduced
for the first time by Peyriére in [23], and links additive moments of the branching random walks
with random walk estimates.

Lemma 2.2. There exists a centred random walk (S,,n > 0), starting from a under P,, with
variance o such that for allm > 1 and g : R® — R, measurable, we have

(2.2) E. | Y g(V(z1), - V(za) | = Ea [e™g(S), - S,)]

|z|=n



Proof. We use Proposition 2.1 to compute

Eo | 30 g0V V)| =By [ X gV Vi)
|z|=n .l |z|l=n
=e€ aEa Z li—w,y€ (Z)g(v(zl)> V(zn))
|z|=n

_E, [eV(“’”‘“g(V(wl), . ,V(wn))] ,

Therefore we define the random walk S under P, to have the same law as (V(w,), n > 0) under
P,, which ends the proof. O

2.2 Approximation of a random walk excursion

In this subsection, (S,,n > 0) is a centred random walk on R with finite variance o%. We write,
for 0 < m < n, §[m7n] = min,,<x<, Sk and S, = §[07n} the minimal position of the random walk
until time n. We introduce in a first time a piece of notation, before computing the probability
for a random walk to make an excursion of length n above 0.

2.2.1 Some random walk notation and preliminary results

The ballot theorem We present the following estimates, which bounds the probability for a
random walk to make an excursion of length n above a given level. Let A € (0,1). There exists
a constant ¢; > 0 such that for any b > a >0, z,y > 0 and n > 1, we have

(2.3) Px(Sn €ly+a,y+b,S,>0,Spun > y) <ca(l+2)(1+b—a)(l+bn 32

Ladder epochs and height processes We denote by (77, k > 0) and (H,", k > 0) the strictly
ascending ladder epochs and the height process, writing 75" = 0, H” = 0 and, for k& > 1,

(2.4) v =inf{n>7",:S5,>H' ,} and H = S+

Note that (7;7,k > 0) and (H,", k > 0) are renewal processes, i.e., random walks with i.i.d. non-
negative increments. Similarly, we write 77 and H~ the strictly ascending ladder epoch and the
height process associated to —S. It is given in Theorem A of [19] that there exist two constants
C4+ > 0 such that

Cs + o(n~Y?).

(2.5) P(rf >n) = P(min(£5y) > 0) = =



Renewal function We write V~(-) (respectively V*(-)) the renewal function associated to
(H,, ,k >0) (vesp. (H; ',k >0)), defined by

(2.6) Vx>0, Vo(x)=Y P(H; <z).

k>0

Observe that V'~ is a non-decreasing, right-continuous function with V=(0) = 1. We can rewrite
V'~ in the following way

(2.7) V7 (z) = Z P(—z < Sp<Si_1)

k>0

As a consequence of the Renewal Theorem in [13] (p. 360), there exist two constants ¢y > 0
such that

(2.8) VE() ~pos oo CLT.

Local measure of the random walk staying non-negative We introduce, for n > 1, the
measure

(2.9) (@, dy) = P, (gn > 0,5, € dy),
Let K > 0, it has been proved by Doney [12] that uniformly in x = o(y/n) and y = o(y/n),

(2.10) wH(x, [y, y + K]) = VH(2)dz (1 + 0,(1)).

1
S
o/ 2mn3/? (@) y.y+K]
and that uniformly in z = o(y/n) and y € [0, ),

C'_y 92 _ _
(211) w0 [+ K)) = e 5 KV (@) + on ™)

Obviously, similar estimates holds for 7~ the measure associated to —S.

Random walk conditioned to stay non-negative We observe the renewal function V'~ is
invariant for the semigroup of the random walk killed when first enters the negative half-line
(—00,0), i.e.

(2.12) Ve>0, VNeN, V7 (z)=E [V_(SC + SN)1{§N>_I}}

This estimate can be found in [19].
Using (2.12), for all z > 0, we define the probability measure Pl by

(2.13) PI(B) =

T

mEx (1BV_(SN);§N > 0) .



for N > 1 and B € o(Sp,...Sy). We call P! the law of the random walk conditioned to
stay positive. For any positive sequence (x,) such that \/"Tn — x > 0, we have the following
invariance principle, Theorem 1.1 of [6]

(214)  VFeC(D), El (F(j% te 1) o B(FRO.2 € 0,1)),

where R = (R(t);t > 0) is a three-dimensional Bessel process.
We also state another functional central limit theorem related to (2.14), which has been
proved by Iglehart [15], Bolthausen [5] and Doney [11].

(2.15) VF € Cy(D), E(F(j%;t € 10,18, 20) 2 B(FW),

where M = (M(t);t € [0, 1]) is a Brownian meander process. The following equality from Imhof
[16] reveals the relation between these two limit processes. For any t € (0, 1],

(2.16) Vo € Cy(D[0,4]), E[O(M(u),u < t)] \fE [—cp w)u < t)] .

Decomposition of the excursions We write pl, , = (p, ,(s),s € [0,]) for a 3-dimensional
Bessel bridge of length ¢ € [0, 1] between x and y, where z,y € R,. Intuitively,

(2.17) VF € Cy(D), E(F(p;y)) _E, (F(R(s), selo, t])‘R(t) _ y)
For all A € (0,1), G; € C(D([0,]])), G2 € C(D([0,1 — A])) and = € D we set

G1*Go(f) = Gi(xs, s < N)Ga(wsin, s < 1= N).

Lemma 2.3. Let (et € [0,1]) be a normalised Brownian excursion. We write (My,t € [0, \])
and (pifo’\(t), r € RT )t €[0,1 — )\ two independent processes, with M a Brownian meander of
length A and p;,_o)‘ a Bessel bridge between x and 0 of length 1 — X\. We have

2 1 PSTeS 1-A
(218) E [Gl * G2(€)] = ;WE M()\)e 2(17A)G1 (M) G2 (pM()\),O) .
Proof. We show that both sides in (2.18) are equal to
2 [ @’ s by 1-A
(2.19) \/;/0 gt B (61 (pd,)| B [G2 (k")) de

Recall that e has the same law as Pé,o a 3-dimensional Bessel bridge of length 1. Conditioning
on the value of pjo(X), we have

E[G) * Ga(e)] = [Gl (pbo(s).5 <) Ga (pbo(s) A < s <1)]
/0“’0 poo(A) € dz) E [Gl (Pho(s):5 < A) Ga (ppo(s) A< s<1)




22
where the density of pgo()) is P (pé,o()\) € dx) = \/gmx%_wlﬂ) 1,>odz. Tt hence
follows that

E G % Ga(e)]

2 [t x? 2 1 1
:\/;‘/0 dl’me E2YEEDVN I |:G1 (p070(8), S S >\) G2 (p070(8), A S S S 1)

Applying the Markov property at time A yields to

P(l),o()‘) =x|.

E[G1 (phols).s < A) Ga (o). A < 5 < 1) [N =
—E [G1 (pho(s).s < A) o) = ] B [G2 (17)]

=E (G (40..)| B (G2 (n27")]

As a consequence

B[G1+ Gale \/7/ N2 (1 3/26 “EATE {Gl (Péx)] E {Gz (PifoA)} dr.

On the other hand, writing

M2

2 1 )
F(Gfla G, )‘) = \/;WE [M()\)(E 20-0 (74 (M) G (pM(A))] ’

by (2.16) we have

2 1 BPIEYd 12
(G, Go, A) = %WE G (M) MN)e™ TGy (pihy o)

1 _ R _
= mE lGl (R(s);s € [0,A]) e 200Gy (ﬂ}%(i),o)] :

where (R(s);0 < s < \) is a Bessel process independent with (p.3"). We now condition on the

value of R(\) —recall that the law of R()\) is P(R()) € dx) =

1—
:C
25 22" /N1 odz— to obtain

NN
:ﬁ/mp@(x) € dr)E lGl (R(s):s € [0.X]) e TR Gy (1) ) | Ry _x]
2 s e o ) 2l )

We conclude that E [G] x Ga(e)] = T'(G1, Ga, A). O



2.2.2 Asymptotic independence of the endpoint and the shape of the trajectory in
a random walk excursion

For n € N, let S™ be the normalized path, defined, for ¢ € [0, 1] by

S
2.20 s = 2t
(2.20) ©T Vot

also written S when the value of n is unambiguous. Clearly, (SE"),t € [0,1]) € D. We prove in
this section that conditionally on {S,, > 0} and {S,, = o(y/n)}, the endpoint S, is asymptotically
independent of S the shape of the excursion.

We begin with the following estimate, for a random walk which is at time 0 within distance

O(vn).

Lemma 2.4. Let (yn)n>1 be a non-negative sequence such that lim,,_, o 45z = 0. There exists
C, = % such that for all K € RT and F € C}(D), we have

(2.21)  lim sup

n—+00 pcRy

nExa\/ﬁ [F(S(n))§§n > Yn, Sn € [yna Yn + KH

~Cg@)B (F(hy) [ V*(2)dz] =0

0

where g : x — xe_é 1i>0p and Pi,o is a three-dimensional Bessel bridge of length 1 from x to 0.
Proof. The proof of this lemma largely depends on the arguments in [7].
Let n € N and F' uniformly continuous, we have, in terms of the local measure
(2.22) E.ovn (F'(S); Sn 2 Yn, Sn € [Yns yn + K1)
= {Baovi, (F(8)]8, 2 0,5, € 0, K]) + 0a(1)} 15 (202 = i, 0, K],

Recall that (2.10) and (2.11) give estimates of 7" (z, [y,y + K]) when z = o(y/n). We first
show that there exists C, > 0 such that uniformly in = > 0,

% /OK V*(2)dzg ((f%) + 0(%)

Let n € N, we write S;, = S,,_r — 5, for 0 < k < n, the “time-reversal random walk”, which has
the same law as —S. We observe that

(2.23) ™ (2,10, K]) =

7w (2,[0, K]) =P, (S, > 0,5, € [0, K]) = P ( min Sy > S — x> —K)

0<k<n

:ZP<T:j, min S];ZS;—SL’Z—K),
= 0<k<n

10



where T' := min{j < n : S; = ming<x<, Sy, }. Applying the Markov property at time 7" = j
yields to

(2.24) Tt (2,0,K]) = 3 E (1 (ke mingeney 15} Ty (O[5 — K = 7 x])) .

i=0

75

Applying (2.11) to 7—, uniformly in y > 0, we have

(2.25) 7 (0,154 K]) = S (2K +ou(1).
Therefore,
Z T = ( (52 \/_ + 0,(1 ) Z E{ {—KSS{<min0§k§j,15’E}(K+Sj_)
0<j<v/n 0<j</n
(2.26) = % (9(:2=) + 0a(1)) (/OK v+<z)dz+on(1)>.

Using (2.25), we observe there exists co > 0 such that for alln € Nand y > 0, 7, (0, [y, y + K]) <
02(1+K)
n+1

, which implies

Vn<j<n Vn<j<n
1+ K
< Z ca( ‘.f‘+ 1)P(§j >0,5; < K) by time-reversal
. n—
Vn<j<n
c3(1+ K)? i
< fz (T ESE using (2.3),
n<j<n

S0 . icj<n T = 0(n7"). As a consequence, writing C, = C;—* uniformly in x > 0, (2.24) becomes

C, K
(2.27) w10, K) = Zo(z255) [ VIR +o(n ™).
Plugging this result into (2.22), we obtain, uniformly in z > 0

Eovn (F(S);Sn 2= Yns Sn € [Yns Yn + K])

= GO (B oy [(F(S) 1S, 2 0.5, € 0.K]] + ofn ™).

n 0

As lim, .« g(x) = 0, it remains to prove that for any Ky > 0 fixed,

(2.28) lim  sup |Eguyiny, [F(S)[S, > 0,5, € [0, K]] — E(F(p™"))| = 0.

n=400 1c(0,Ko)

11



Let Ko > 0 and € > 0, we prove that (2.28) holds for any F' € C,(D([0,1 — €])).
Let M :=[(1 —¢)n|. For any x > 0, applying the Markov property at time M gives

E, (F(S)]S, 2 0.8, € [0,K]) = EE([Sﬁ) ;ﬁz"ozso; i"[(f %}KH

E, {F(S)l (520 P (Sucar > 0,8, € [0, K))
mr(x, [0, K1)
E, |[F(S)L{g, sopmiar(Sar: 0. K))
mr(x, [0, K1)

We set x,, := xo+/n — y,. By change of measures introduced in (2.13), we observe that

E! [F(S)Lenlrt (S, [0, K
E,, [F(S)]S, > 0,5, € [0, K]] = o [P 7S 0. K1)

=E!, [F(S)f2,.(5x)],

where we write (recalling that M = |n(1 —¢)])

V@) (oA [0, K))
(2.29) o) = OR) Voo

On the other hand, for a Bessel bridge pi,o, by the Markov property at time 1 — ¢,

(2.30) E (Flpho) = Eo |[F(R()is € 0.1 ]) fu (RO = 9)) |
where
o—2/(29)
(2.31) feu(z) = Y p Y
As a result,

E., [F(8)[S, > 0,8, € [0,K]) — E (F(p},))|
Bl [F(S)f2,, (26)] - EL (F(S)fea(25))]
chn (F(S)fe,x(f—Mn)) - Em F<R(S), ERS [07 - 8])fe,w (R(l - 6))]

<

_|_

)

which leads to

E,, [F(S)]S, > 0,5, € [0,K]) = E(F(},))|
< s |1 (2) = feal2)| 1Pl
2>0,2€[0,K]

+ |EL, (F(8)feu(25)) = Bo[F (R(s);s € [0,1 —¢]) for (R(1 = 2))]| -

12



By use of (2.23) and (2.10), we have

(2.32) lim  sup

n00 .>0,2€[0,K]

arf:cn(z) - fa,x(z)’ = 0.

It follows from (2.14) that

233) lim s B, <F(S)fe,x(S—M)> B, [F(R)s € (0,1 -] ) fou( RO - >)H —0.

ov/n

We end up with checking the tightness of S under P, (-]9, > 0,5, € [0, K]) to conclude
Lemma 2.4. By Theorem 15.3 of [4], for any n > 0, it suffices to say that

(2.34) lim lim sup P, ( sup S,_p > noy/nlS, >0,9, € [O,K]) =0,
0—=0m=00 1 o0, K] 0<k<én
which holds immediately by time reversal properties. O

Using Lemma 2.4, we obtain the main result of this section, the joint convergence of this
normalized path and the terminal position in a random walk excursion.

Lemma 2.5. Let f : Ry — R be a Riemann-integrable function such that there erists a non-
increasing function f verifying |f(z)| < f(z) and [z, v f(x)dx < +o00. Let (r,) be a non-negative

sequence such that limsup,,_, o < +oo. There exists a constant Cy > 0 such that for all
such functions f, A € (0,1) and F € C{'(D),
(2.35)
lim_ sup 0¥ [F(8) f(Su 1) S, 2 0.8y > v] ~ GEIF()] [ f@)V*(@)da| = 0.
n—-+4o00o yE[Oﬂ“n} ’ Ry

Proof. This lemma is a slight refinement of Lemma 2.4 in [9], which proved the convergence when
the function F(S) = ®(S;,t € [0,«]) for some o < 1. Without loss of generality, we assume
0 < F < 1. For convenience, we set

(2.36) X(E, [) =B [F(8)f(Sy = 1) S0 = 0, Spuny > v -
For any K > 0, writing fx(z) = f(2)1{zej0,x)}, We observe that

X f) =X (F, fx) + X (F, f = fx)-
As 0 < F <1, wehave x (F, f — fx) < x(1,f — fx), and

+o00

j=K

+oo

<Y P (S0 >0, S >y, S € ly+5y+7+1]).
j=K

<e1(2+j)n=3/2
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by use of (2.3). As ;7 zf(z)dx < +oo, we have limg_, Sk (2 +1)fG) =o0.
Therefore, we only need to estimate x(F, fx), and, as f is Riemann-integrable, it is enough
to consider functions of the form 1y k73, for K € R. We now compute an equivalent of

We choose F' = G * Gy where Gy € C(D([0, A\])) and G € C(D([0,1— )A])) are two uniformly
continuous functions. We prove that uniformly in y € [0,r,], we have

(2.37) lim

n—-+0o0o

n32x(G1 * Go(S), K) — CLE [Gy x Go(ey)] /OK VH(z)dx| =0

This result implies (2.35), by monotone classes. Applying the Markov property at time m =
= |An], we have

(2.38) X(G1%Go, K) =B |Gy (St € [0,\]) Ui, (225, > 0],
where for x > 0,
WK,GQ(LU) = E:(:J\/ﬁ [G (W%t S [O 1 - )‘]) 7Sn—m S Y + Kuﬁn—m Z y} .

Recall that p;y is a 3-dimensional Bessel bridge of length t between x and y. Using Lemma 2.4,
uniformly in z > 0 and y € [0, r,], we have

V(o) = 5 [ V) +o(n ™)

where ¥(z) =g (\/19%\) E [Gg (pi}f‘)} and C, = C;—* As a consequence, (2.38) becomes

X(Gl*GQ,K)
ﬁ/ﬁ VF(2)d2E [Gr (St € [0,\) ¢ (£2) 8, 2 0] + o(n )P (S,, > 0)

- _C;\F)C’\;Xng/2 /OK VF(2)dzE [Gl (U{’}ﬂ,t e [0, A]) 0 (_\7_)‘ S > 0} +o(n~¥?),

where the last equality is a consequence of (2.5).
Using (2.15), conditionally on {S,, = S|,,, > 0}, the normalised random walk S converges

in law to a Brownian meander of length A, written M = (M(t),0 < r < X). Therefore, uniformly
iny e [0,7,],

X(G1x G 1) =~ [TV R (G (M) 6 (M) + o)

o(1 — ANvan3/2 Jo

C.C_ rK
- 023/2/0 V*H(2)dzI(Gy, Gy, \) 4 o(n™%/?),

14



where we write

1 M2

D(G1, G2 ) = S — e lGl (M) M(Ne 0V E |G (pm),o)ﬂ :

with (M(¢);0 < r < A) and (phg(t);t € [0,1],2 € Ry) two independent processes. Applying
Lemma 2.3, we have, uniformly in y € [0, 7,],

O, K
(2.39) X(G1 % Go; K) = ns—/lzf V*H(2)dz x E(Gy * Ga(e1)) 4+ o(n™%/?),
0
where C] := %\/g , which leads to (2.37), hence (2.35). Finally, we can express any uniformly
continuous functional F' as a mixture of G; x G, which concludes the proof. O

This lemma can be extended, using standard computations, to the following estimate, which
enables to choose the starting point uniformly in [0, r,].

Lemma 2.6. Under the hypotheses of Lemma 2.5, we have

(2.40)  lim  sup

77/—)+OO a,yE [077“n}

2B [F (8) (S0 — )i Sn > —a, S > 1]

— C\V ™ (a)E[F(ey)] f(x)V T (z)dx

R4

= 0.

Proof. We set
(2.41) Xa(F, f) =B [F(S)f(Sy — 4): S, = —a, Spym 2 4] -

Decomposing with respect to the first time at which the random walk hits its minimum, we prove
that uniformly in a € [0,7,], xa(F, f) = V= (a)x(F, f). Let 7:=inf{0 <k <m: S, =9,}, we
show that 7 < y/n with high probability. By Markov property at time k, we have

Xa(Fa f) =E (F(S)f(sn - y);T = k‘,ﬁn > _aaﬁ[m,n} > y)
<E (.f(Sn - y)vT = kvﬁn > _a'>§[)\n,n} > y)

<E <C(5k>” - k)1{§k1>5k2‘“}> ’

where ((2,n — k) == E(f(Sn—r =y +2); Sk > 0, Spaniopi) =¥ — ).
On the one hand, observe that

C(ZIZ’, n— k) SE (.f(Sn—k —y+ I)l{sn,ka—w}; ﬁn—k > O)

+00
<Y E(F(Suk = Y+ 2) s, yely-atig—atit1)i S = 0)
=0

+oo
j=0

15



which, by (2.3), is bounded by

> j+y—x+2) 1 >
z:: — k)32 = 1- )\)3/2”3/2 2(1+y - Z:: (1+4)F

As f:cf(:z)da: < 00, uniformly in a,y € [0,7,], © € [—a,0] and k < An, we have
(2.42) C(z,n—k) < co(14+y+a)n™2

On the other hand, by (2.3), P(S,_; > Sk > —a) < c1(1+a)?k~3/2. As a consequence, writing
k, = |v/n], we have

An
> E(F(S)f(Su—v)im =k S0 > —a,Spum > y) Scsn 214y +a)(1+a)? Z f3?

k=kn+1 k=kn+1
Smi(l +13§n)3n_3/2.
Thus
ZE( y)T—kSn_—aSMn]>y)
—ZE( y)T—kSn_—aSMn]>y)+0( —3/2),

We now prove that max;<, S; < n'/%. Let M > 0, by Markov property and (2.42),

k’!L
> E (F(S)f(Sn —yhT=F, max S; > M, S, > —a,Spnn = y)

kn
S Z E (C(Ska n — k)1{§k71>5k2—a;max]‘<k SjZM})
k=0 -

kn
<em™2(1+y+a)S P <§k_1 > 5 > —a;max 5, > M> .
k=0 ]

We recall that (7, , H, )k>o are the strict descending epochs and heights of (S,,). For all k > 1,
the sequence ({S - T H ST — Tk__l} k> O> is i.i.d. Let

n—'rk7

My, = max{S, + H_,,7,_; <n <7},

16



we deduce that (H, — H,_,, My) is i.i.d. Consequently,

kn

ZP <§k_1 > S > —a;max S; > M>
=0 i<k
< P(M; 2M)+ZP(H,; <a,My <M,...,My <M+ H,_|, M1 > M+ H, )
k>1
<P(M; > M)+ > P(H, <a, My >M+ Hy)
k>1
<P(M; > M)+ ZP(Hk_ < a)P(M; > M)
k>1

< R()P(M, > M).

According to Corollary 3 in [11], P(M; > n) = £ + o(n~'). Taking M = n'/* yields to
kn
Z E (F(S)f(sn - y)7 T = ka Il’l<a]§( Sj > n1/47§n > _auﬁ[)m,n] > y) = O(n_3/2)'
— S

Finally, by uniform continuity of F', we have

(243) Xa(F.f) Z E( — )T = komax Sy < 0/ S, > —a S 2 y) + o0 )

= Z E(C(Sk‘, n— kf, F)1{§k1>5k2—a}> + 0(71_3/2),
k=0

where

S\ (n—k)t)

((x,n—Fk,F):=E (F(m,

€ [07 1])f(5n—k -yt $>7§n—k > Ovﬁ[An—k,n—k} > Y= LU) :

Observe that for k < y/n, the asymptotic behaviour of {(x,n—k, F') follows from that of x(F, f).
It follows from (2.35) that uniformly in k£ < k,, € [—a,0] and a,y € [0, 1,],

((z,n—k, F)= (;/12E(F(e))/000 F()VT(2)dz + o(n™3/?).

Going back to (2.43), we have

kn
=> E(C(St,n =k, F)lims, >5,5—a)) + 0(n™¥2)

&

T n3/2

E (F(¢)) /0 h f(z)v+(z)dz§ P (S, > Sk > —a) +o(n~%2).

17



Observe also that Y72 P (S,_; > S, > —a) = V~(a) and that uniformly in a € [0, r,),

i P (81 > Sk =2 —a) = 0,(1).

k=kn+1

We conclude that uniformly in y, a € [0, 7,],

n—-4o0o

(2.44) lim n%2x(F, f) = C,V~(a)E (F(ey)) /0 - f()VT(2)dz,

which ends the proof. O

3 Laplace transform of the Gibbs measure

We recall that for a branching random walk (V(u),u € T) and 5 > 1,

fing(F) =n% 3 e VO F(H,(u).

|u|=n

This section is devoted to the computation of the Laplace transform of fi, 5(F'), which is closely
related to already known estimates on the minimal displacement of the branching random walk.
Therefore, we define M,, as the smallest occupied position in the n-th generation, i.e.,

(3.1) M, = |i{1_f V(u),
with the convention inf ) := +o0o. We denote by m( an individual uniformly chosen in {u :

lu| = n, V(u) = M,} the set of leftmost individuals at time n.
The rest of this section is devoted to the proof of the following result.

Proposition 3.1. Let § > 1, under (1.3) and (1.4), there exists Cz > 0 such that for all
non-negative F' € C(D) and € > 0, there exists (A, N) € RT x N such that

T

%E {1 — exp (—e_ﬁxﬁnﬁ(F))} — Cs3E (F(el)%)

(3.2) sup sup
n>N xE[A,% log n—A]

<e

Y

where ey s a standard Brownian excursion.

Observe that if F' = # € R* is a constant, Proposition 3.1 is: For all ¢ > 0, there exists
(A, N) € RT x N such that

xT

%E (1= exp (—0e5 i, 5(1)) ) — Cs07

(3.3) sup sup
n>N xE[A,% logn—A]

<e,

which has been proved in [21]. Therefore, it is enough to prove, using Lemma 2.5 that
E {exp (—e‘ﬁxﬁn,g(F))} ~E {exp (—e‘ﬁmﬁn,g(l)F(el))}
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where e; is a Brownian excursion independent of the branching random walk.
For all n € N, following [1], we write a, = 3logn and a,(z) = a, — z. For all z € R,
F € C/(D,R") and E a measurable event, we write

Y(n,z,F):=E [exp (—e‘ﬁxﬁnﬁ(F))} and Yg(n,z,F):=E [exp (—e‘ﬁxﬁnﬁ(F)lE)} :
For A € (0,1), L, Lo > 0 and z > K, > 0, we define the set of individuals

(3.4) Jf L (n) = {u cT: lu| =n,V(u) < ap(z — L), ming<, V(ug) > —z + Ko, }
: ,2,180,L0 : )

min)\ngkgn V(uk) Z an(z + Lo)

For simplicity, we often write .Jx - x,,z,(n) instead of JY _ ;. ; (n). We now consider the following
event

(35) En = {m(") c J)\,x—A,KO,LO(n)}-

At the end of the section, we will choose A < Ly < Ky < x, and L € {0, Lo}. We prove in a
first time that ¥ and X g, are close to each other.

Lemma 3.2. There ezists oy > 0 small enough such that for all ¢ > 0, there exists A.; > 1
such that such that for all A > A, y, Ly > 2A/ay, x> 2eK0+8 Jo and n > 1, we have

(3.6) 0<¥g, (nz,F)—X(n,z, F) < exe ™.
Proof. Observe that

Yg,(n,z, F)=E [exp (—e_ﬁxﬁnﬁ(F)) ;En) +P(E;),
S(n,x,F) =E [exp (—e ™[, 5(F)) 1 E,| + B [exp (—e " [i, 5(F)) B .

As a consequence,
(3.7) 0<Yg (nz,F)—X(n,x,F) =E (1 — exp{—e i, 5(F)}; Efl) .
We observe that 1 —e™" = [ e "1 ysyydu, thus
ZEn (nv Z, F) - Z(”? Z, F) =E [/(; 6_u1{e*51ﬁn,ﬁ(F)Zu}du; Ercz}
— [T P (e, 4(F) > u: EC) du.
| e P (i o (F) = ui %) du

Using the fact that F' is non-negative bounded, we have

“+00
ZEn(n,:E,F)—Z(n,x,F)S/ ¢ "P (fup(1) > e ES).
0
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Let A e (l,z—1),as ES C {M, > a,(x —A)} U(EEN{M, < a,(z—A)}), we have
(3.8) Xg,(n,z,F)—X(n,x, F)
< oo—“PNH 1) > 4P M, > a,(x — A)) d
< [P (fins(1) = e My > an(o = A)) du

Py

- /OO ¢ P (M, < an(z— A); E}) du.
0
Py

On the one hand,
Py =P (m™ ¢ Jyaakoro(n); My < an(x = A))
<P (Fz: |z =n,V(2) <an(x —A), 2 ¢ Jrz-nkor,(n))
(3.9) < (eKO + e_CGLOx) emotA

applying Lemma 3.3 in Aidékon [1].
On the other hand, by change of variables,

—ebBy ~ z
(3.10) Py = /Rﬁe VP (finp(1) > e My 2 an(x — A)) dy.

Py (z,y)

To bound Py(z,y), we use Proposition 2.1 of [21]. For all 0 < K < A, one sees immediately
that, for |y| < K,

1
Pi(z,y) =P <ﬁn,ﬁ(1) > ] Pt M, > ay (v — A))
_ 1 . ‘
<Y P <,Un,5(1) > M, —an(0) € [f— (x+y); (G +1) — (z+ y)])
j>A4y HFHoo
(3.11) < cgre Tt -l

In the same way, for |y| > K, we have

1
Pilas) < P (nall) > e

< ooz + ) " o1y + Liyracy

(3.12) < cogre ™ s iy + o L penyn1 0y + Lapy<a-
Combining (3.11) with (3.12) yields to

+o0
P: < cgre TellToK—0n 4 69:)56_“”/ Be=e"" Py gy
K

1-z
+ 09:)36_“”/ Be=e 0=y gy +/ Be= 0y
{1—z<y<-K} —o0

< cgre TellTOIK=aA | ¢ e (e(l—ﬁ)K + e(l—ﬁ)r) .
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Taking K = 24 we obtain

gl
_(B-DaA
Using (3.9) and (3.13), inequality (3.8) becomes

g — el K —coL —z+A
(3.14) S, (0,2, F) = N(n, 2, F) < eppe "™ ais 4 (ef0 4 emeobog) emo 8,
We set oy 1= min{(ﬁ(;rlgo‘, c6} and Lo > 2A/aq, we have

6K0—|—A
Sg, (n,x, F) —S(n,z, F) < cloze e ™2 4 re T,
T

Since a; > 0, for all € > 0, there exists A.; > 1 such that Crae” 1R < g/2. Forall A > A_,
and x > 2eK0+2 /e we obtain finally

(3.15) Yg,(n,x, F)—3(n,z, F) < exe ™,
which ends the proof. O

In what follows, we prove that on the set F,, individuals who make the most important
contribution to fi, 5(F) are the ones who are geographically close to m(™. For any L > 1, let

(3.16) fik o(F) = n?? 3 e VWE(H,(u)) and W,fﬁ = fik 5(1).

UESS A kg e (™)
In the same way as above, for all measurable event E, we denote by
(3.17) Sh(n, @, F) =B [exp (—e ik 4(F)1g)]
We now prove the following lemma.

Lemma 3.3. There exists ay > 0 such that for all € > 0 there exists A5 > 1 such that for all
A> Ay, L=Ly>2A ay, > 2e50%2 /e and n > 1, we have

(3.18) 0<3E (n,a,F) =Yg, (n,2, F) < exe™™.
Proof. As [ing(F) > i}, 5(F), we have
S5, (.2, F) =Yg, (n,2, F) = E |exp (—e ik 4(F)) = exp (= " fin 5(F)) 5 Ea| > 0,
We observe that, for all 0 < W; < W,
(€_Wl - €_W2) Liwo—wi>0p <IWh — Wa|Ljo<wa—wi<sy + Liwo—w, >4}

<0+ Lywy—w, >4}
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Applying this inequality with 6 = e™#2, Wy = fi}; 5(F) and Wy = [in s(F) gives
St (n,2,F) =Yg, (n,2,F) <e 2P (E,) + P (/:znﬁ(F) — fik g(F) > P2 En) :
As E, C {M,, < a,(z — A)}, we have
(3.19) Sk, (02, F) = S, (1,0, F) < 2P (M, < an(o = A)) + P,

where

P, =P <n35/2 Z 1

|u|=n

; e VW) > Bla=). pp < an(zx—A)|.
{U¢J)\,1—A,KO,LO(”)}

From (3.19), on the one hand we recall that
P (M, < an(z — A)) < co(z — A)e™ @),
On the other hand, by Proposition 4.6 of [21], there exists ay € (0,5 — 1) such that for L = Ly,
(3.20) P, < f0t2e™ 4 ¢ ape e 02lotA,
As a consequence,
Sk (n,2, F) — g, (n,2, F) < cyyve™ (e‘mA + 6_0‘2L°+A) 4 efotheme,

For any € > 0, there exists A,y > 0 such that ¢j;e 222 < g/4. We set A > ALy, Ly > 2A/ay
and x > 2e0+2 /e and obtain that

(3.21) 0< S8 (n, 2, F) — Sp,(n,x, F) < cve™
which ends the proof. O

Recall that m(™ is uniformly chosen from the set of leftmost individuals at time n. For any
1 <k <n, we use m;"’ to represent the ancestor of m™ at generation k. We prove now that
the individuals who make significant contributions to /i are the close relatives of m(™. We write,
for k<n

(3:22) ﬁrLL,k,ﬁ(F) =" Z

L
UEIY oA Ko Lo

' {u>m(n) } e_BV(U)F(Hn (u))>
(n) o

and for E a measurable event
(3.23) Shn, ko, F) =B [exp (e @k, o(F)1p)]

Lemma 3.4. For all € > 0 and Ly > 1, there exist K = K., > 0, B = B, > 1 and
N = N, 1, > 1 such that for all Ko > K + Ly, n > N and b > B,

(3.24) 0< 38 (n,n—b,x, F) =S8 (n,z, F) < cxe™.
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Before giving the proof of Lemma 3.4, we state a result about the branching random walk
under P. Recall that (wg; k > 0) is the spine of T. For any integer b > 0, we define

(3.25) En(z, L,b) = {Vk<n—0b, min V(u)>a,(z)+ L}.

uSwslul=n

Fact 3.5. For anyn > 0 and L > 0, there ezists K(n) > 0, B(L,n) > 1 and N(n) > 1 such that
foranyb> B(L,n) >1,n> N(n) and z > K > K(n) + L,

(3.26) P (&.(2, L,b)° wy € Jr.kp(n) < n(l+ L)1+ 2z — K)n™5/2.

Fact 3.5 is a slight refinement of Lemma 3.8 in [1], so we feel free to omit its proof. Using
this result, we prove Lemma 3.4 as follows.

Proof. As /]ﬁokﬁ(F) < ﬁﬁfﬁ(F), we have ié‘i (n,n—b,x,F) — X (n,z, F) > 0. We also observe
that

i%;(na n— b,l’, F) - Zé(jl (n,a?, F) = E [eXp ( ,Bxluﬁon bB(F)) — €Xp ( /Bx:uﬁoﬁ(F)) ) En} .
By change of measures, we have

iéi(n,n bz, F) — X% (n,z, F)

[ —Bx _ _ _—BxLo
. | €Xp € :unn bB(F) €xXp € lu’n,B(F) n
=E ( 12/ ( );m( ) ¢ Inz—A Ko Lo (1)
:ev(wn)l{v
~ (wn):Mn,wnEJ/\’z,A’K L (n)} L L
=E e €xp ﬂmlu’non bﬁ(F) — €xp Bwlu’noﬁ(F) )
I Dlul=n LV (w)=,} [ ( ) ( )}
where
fingp(F) =0 3% Lpsuye R (Ha(w)).
uEJLO

\z—A,Kg,Lg (n)

Observe that 0 < exp{—e (1., _, 5(F)} — exp{—e™#[iL%(F)} < 1. Moreover, on the event
En(x — A, Ly, b), we have ﬁﬁfn_b’B(F) ﬁﬁoﬁ(F). Therefore,

V(wn
€ 1{V(wn =My WnEJA,fo,K(),L()(n)

iéﬂ(n,n—b,x,F)—Eé‘i(n,x,F) <E };gg(x—A,Lo,b)

2jul=n (v (w)=ps.}

B L ey} 6@~ B Lo,
(3.27) <n32eTFAP (E8(z — A, Lo, b), wn € Jra—nkoLo(1)) -
Applying Fact 3.5 to n = ee=2 /(1 + L)? shows that
(3.28) ié‘; (nyn—b,2,F) — Xp (n,2, F) < exe™™,

holds for n > N(n), b > B(Ly,n) and x > Ky > K(n) + Lo, which ends the proof. O
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We now study ié‘; (n,n — b,z, F'), to prove Proposition 3.1. We begin with the following
estimate, which brings out the Brownian excursion.

Lemma 3.6. For any e > 0, set A = A, := A1 VA5 and Ly = o /\a Let K = K. 1, > 0,
B=DB.r,>1and N = N.1, > 1 as in Lemma 5.4. For all Ky > K+L0, n>Nandb> B,
there exists n. > N such that for all n > n. and x > 2eK0+2 /¢,

(3.29) ‘iéﬂ (n,n—0b,x,F)—E [exp (—6_/8x/]n”3(1)F(61)):H <exe .
Proof. By change of measures, we have
iéi(n,n—b,x,F) =E {eXp( /Bx:uleon bB(F)]-En)]

V(Wn)
_ E [e 1{V(wn =My UJnEJA,zfA,KO,Lo(n)}

exp ( ﬁmﬂﬁon bB(F))

+P(E;).

2lul=n Ly w=n1,}
First, we are going to compare it with E {exp ( muﬁon bﬁ(l)F(el)lEn)}, which equals to

V(wn
1{V(W7L =Mp W'rLeJA z—A,Kq,Lg (n)}

~

E —Bz ¢, Lo

exp ( flr bBF(el))

+P(EY).

The strategy is to show that

Y (n,n—b,a, F) :=S% (n,n — b,x, F) — P(EL)
and Y3 (n,n — b,x, F(e1)) :=E |exp (—e ™%, 5(1)F(e1)1g, ) | — P(E)

n

are both close to the same quantity as n — oo. Then we compare

E [exp (—e i, 5(1)F(en) g, )| with B exp (—e i, 5(1)F(er))] -

We set
(3.30)
V(wn) V(Wn
Z — e 1{V(Wn):Mn,w'nEJA,;va,KO,LO(n)} and Zb . € 1{V(Wn =M, w”leJA,:va,KO,LO(n)}
2 fuf=n L{v (u)=M.} Dluj=n LV () =My uzwn_s} ’

so that Té‘i(n,n — b’x7 F) E [Ze—e zh n’rl bﬁ(F):|
Under the measure P, on the set En(x — A, Lo, b), we have Z = Z,, thus

(3.31) T (n,n—b,a,F)

~ _BasL ~
—B|Ze "’ “nf)nbﬁ(F)} +E {(Z — Zp) exp ( ’Bxuﬁon bs(F )) 1€ (x— A, Ly, b)} .
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Recall that under 15, we have

firt 5 (F) = 2 > Lusw, e VI F(H™(u)).

Lo
uEJA,zfA,KO,LO (n)

For n > b large and |u| = n, we define the path H™(u) = W Vs € [0,1]. Observe that,

for all u > w,,_y, H" (u) is identical to H"(wn) For all g5 > 0, let
(3.32) Xpey = F (HI(wn); s € [0,1]) V 20,

We prove that Té?l (n,n—b,z, F) is close to E {Zb exp ( e=Pr ko S p.5(1) X XF750):|‘ It follows
from (3.31) that

(8.33) [T (n,n—b,2,F) = E[Zexp (—e 70, 5(1) x Xps, )|
< }E {Zb (eXp( ’Bxllﬁon bB(F)) - exp( Bx#ﬁon b,a(1) X XFao))”
+E UZ — 2| exp( i, bB(F>) Gilz—A Loab)} :

PYAN

V(wn
AS |Z - Zb‘ S € ( )1 V(Wn) My, Wnej/\:v ALKy, LO (1+L )

this quantity is bounded from above by
(3.34) ’E [Zb (exp ( Bx,uflon bB(F)) — exp (—e_ﬁxﬂﬁfn_bﬁ(l) X XF@O))” +exe ",

It remains to bound the first term of (3.34). We compare /i%° op5(F) with ﬁﬁfn_bﬂ(l) X X ey
by comparing F(H,(u); s € [0,1]) with F(H"(u);s € [0,1]).
Since F' is uniformly continuous, for 9 > 0, there exists d; > 0 such that on the set

{max, p<r<n V(ug) < V(u) + doy/n},
|F(Hy(u); s € [0,1]) = F(H!u); s € [0,1])] < &

s

And on the complement set, |F(H,(u);s € [0,1]) — F(H"(u);s € [0,1])] < 1as 0 < F < 1. One
then observes that

B[ 2 (exp (e il0, L, 5(F)) —exp (—e o, 5(1) x Xpey))]|
< E [Zbﬁ’_ﬁ ’Mn,n_b,ﬁ(F) - :&ion—b,/j(l) X XFe, }

n —Bx, 38/2 —BV (u
SOB | Ze T L €™ (504 e ey} )

Lo
uEJA,zfA,KO,LO (n)

(m}s by (3.27) and Fact 3.5 applied to n =

which by the Markov property at time n — b is equal to
(335) 2n3/26_w+(ﬁ_1)(L0_A)E |:GLO7b750 (V(wn_b) — CLn(Z + Lo)) ;

— >
0<I]£1<1£LI bV(wk) z + Ko, I%l%_bv(wk) > an(z+ Lo)|,
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where G, p,(t) is defined as

V(wr)
536 B e b1{v(wb):Mb;min0§k§bV(wk)ZO,V(wb)SLo}X
2 pul=b v (w)=1,}

—BV(u)
> e L mingcren V() 20,V (w<2Lo } (50 + 1{maxO<k<bV(uk)>V(u>+6oﬁ}> ) :

|u|=b

To bound G, p.,(t), we return to the probability P and observe that

GLo,b,€o(t>
— (1-p)t —BV (u) .
- N ;be 1{min0§k§b V (up)>—t,V (1)<2Lo—t } <EO + 1{maX0§k§b V(uk)>V(U)+60\/ﬁ}> ’
: 0y - _ (OAPS _
o?égbv(mk ) > —t,V(m'") < Ly—t
thus
GLo,b,€o(t>
< Nl o)

=BV (u)
|Z_b€ 1{min0§k§b V(up)>—t,V (u)<2Lo—t } <50 + 1{maX0§k§b V(uk)>V(u)+6ox/ﬁ})] :

By Many-to-one lemma,
GLOybya()(t) S Et <6(1_B)Sb (80 + 1{max0§k§b Sk—széo\/ﬁ})§ Sb S 2L07§b 2 O>
< 2P(Sy < 2Lg) <2P(2Lg — Sp > ).

We observe that the function t — P(2Ly — S, > t) is non-increasing, and
+o0 1
/ tP(2Lo — Sy 2 1)dt < JE((2Lo — S)?) < +ox.
0
Using the dominated convergence theorem, we have

1
(3.37) lim G Lo e (D)tdt < 5E((2L0 — S)%)eo.

n—+oo0 JR,

Moreover, the function G, is Riemann-integrable. Therefore, using Lemma 2.5 proves
that for all n sufficiently large,

B | Z,e~0on38/2 3 Lusw,_ye?V® (

Lo
uEJA,zfA,KO,LO(n)

EO + 1{maxnfb§k§n V(uk)>V(u)+60\/ﬁ})
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plugging this result in (3.35), for all n large enough, we have

’E [Zb (exp ( B:”,uﬁon bB(F)) — exp ( B:”,uﬁon pp(1) X XF,eo))” < 2c1450e P B0 A g,
In view of (3.33) and (3.34), we can choose gy > 0 sufficiently small so that
(3.38) ’Téﬂb(n,n — bz, F)—E {Zb exp ( muﬁ(’n ps(1) X XFveo)H < 2exe .

In the similar way, we get that
(3.39) ‘Téﬂ(n,n —b,x,F(ey)) — E {Zb exp ( Bx,uﬁon bs(1) X (F(el) Vv 50>>” < 2exe .

We now consider the quantity %E [Zb exp (—e_ﬁx[lﬁ?n_bﬁ(l) X Xp,go)} and show that it is

close to %E {Zb exp (—e_ﬁx[lﬁ?n_bﬁ(l) X (F(eq) \/50))}. However, we can not compare these
quantities directly, thus we prove that

“B (2 (1~ e (e il (1) % X))

el‘

~n—+o00 QE {Zb (1 — €Xp ( 'Bxﬂﬁon b,a(1) x (F(e1) V 50)))} :
Applying the equation
1-— 6_)\W = >\€_)\t1{w>t}dt
R, -

with A = Xp,, leads to
(3.40)

e’ o —Bz ° e’ o o

;E [Zb (1 — exp (—e P2 X peofin®,_y 5(1 ))} / ;E [ZbXF,aO “Xrcs ko, 5(1) > tef } dt

_/56— Zpe’ YXpeoe —eP X . Nﬁon bﬁ(l) >e ”y]dy,

by change of variables ¢t = e¥. Applying the Markov property at time n — b implies that

(341) ;E [ZbeﬁyXFso - yXFEOMunn bﬁ(l) Z €B(x+y)}

e”
=n3?_E

» €ﬁyXF,€O€_eByXF’EO fLo,b (V(Wn_b) - CLn(Z + L0)7 Yy + A) ;

0<I]§1<1£1 bV(wk) —z + K, Mg@un > an(z+ Lo) |,
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where z =z — A and

VIO Ty )=y

2uf=b Lv(w)=n1,}

(342) .fL(),b(Z>y) = Ez

{minogkgb V(wk)ZQV(wb)SLo}

x 1 } .
{Eu_b e*BV(u)l{mmOSka V(Uk)>oyv(u)<2L0}Zeﬁ(yLo)}
According to Lemma 2.23 in [21], fr, 5 is Riemann integrable and bounded by P (S, < Ly—z).
For all y € R, and n > 10b, we have

xT
(3-43) —B {ZbeByXFﬁoe_eﬁyXF’so' firts s(1) = eﬁ(ﬂy)} < 0176’8y6’_5065y,
l’ ’ ’

Y

which is integrable with respect to the Lebesgue measure. Using (3.41) then applying Lemma
2.5 show that for any y € R, as n — oo,
lim e_E ZbeﬁyXF,soe_eﬁyXF'go',&ﬁ?n_b,g(l) > eﬁ(w—l-y)}

n—oo !
AV~ (2 — Ko)
x

/ fLo,b(Za Y+ A)V+(Z)dZE [Q’By (F(el) \/ 50) e_eﬁy(F(€1)V€0) ‘
Ry
By the exact same argument, we have

AV~ (z — Ko)
x

Cy

/ .fLo,b(Z> Y+ A)V+(Z)dZE [E’By (F(el) \ 50) e—eﬁy(F(m)Veo)}
R4

~

— lim e_E [Zbeﬁy (F(e1) V &) e_eﬁy(F(m)\/so);/‘lion_bﬁ(1> > eﬁ(m—i-y)] _

n—oo 1 -

Therefore, applying the dominated convergence theorem, (3.40) becomes
er ~
—E|Z, (1 - —e P X ik (1
z { b( exp( € F, oﬂn,n—b,ﬁ( )))}
e’ ~ —eBy
— B |Ze Xy e X e Lo 1) > 2@ty | ¢
/Rﬁ T [ be Feo€ mun,n—b,ﬁ( ) Z € } Y
= ﬁe—f} [Zbeﬁy (F(ey) Veg) e Fleven). gLo 5(1) > eﬁ(””ﬂ’)} dy + o,(1)
R x K b
e’ ~
3.44 =—E|Z,(1- —e P (F(ey) Vo) fike , 5(1 (1)
(3.44) —E (2, (1= exp (=™ (Flea) Vo) ity ,5(1)) )] + 0a(1)
Thus, we obtain that for all n sufficiently large,

0]




In view of (3.38) and (3.39), we check that for all n sufficiently large,
(3.45) ’?éol(n, n—bx F)— Téi(n, n—b,x, F(el))’ < bexe™".
It hence follows that for all n sufficiently large,
(3.46) S5 (non — b2, F) — B [exp (—e a0, (1) F(en)1p, )]| < Beze™.
It remains to compare E [exp (—e‘ﬂxﬁﬁfn_bﬁ(l)F(el)1En)] with E {exp (—e‘ﬁxﬁnﬂF(el))}.
Applying Lemmas 3.2, 3.3 and 3.4 to E (exp{—e‘ﬁxﬁnﬁ(l)F(el)}) implies that
(347) 0 <E[exp (—e s, 5(1)F(e1)1p, )| = E [exp (—e ™ fins(1)F(e1))] < Bewe™,
As a consequence, for all n sufficiently large,
(3.48) S5 (n,n = ba, F) — E [exp (—e "fin s F(e1))]| < 8ewe™,
which completes the proof. O

We now prove Proposition 3.1.

Proof of Proposition 3.1. For any non-negative F' € C(D) and € > 0, we choose A = A, =
A1 VAsand L =Ly = af/\Aaz. Set Ko = K., + Lo, n > n. and A > 2eK0+A /e we observe
that

S(n, 2, F) = E [exp (= i 5(1) F(er))] |
< [S(n,z, F) = Sg,(n, 2, F)| + S (n, 2, F) = S, (n, 2, F)|
+ |5 (n,n = b2, F) = S0 (n, 2, F)|
+ |28 (nn — b2, F) — B (exp (—e i, 5(1)F(e1))]].
Using Lemmas 3.2, 3.3, 3.4 and 3.6, we have
(3.49) S(n, 2, F) = E [exp (= Pfin p(1)F(e1))]| < dewe™,

where i, 5(1) and F(e;) are independent. Recall that ¥ (n,z, F) = E [exp (—e‘ﬁxﬁnﬁ(F))}. It
hence follows that

%E {1 — exp (—Qe_ﬁxﬂn,B(F))} — %E {1 — exp (—Qe_ﬁxﬁnﬂ(l)F(el))H

e
T

(3.50)

<

Y(n,z, F)— E [exp (—e‘ﬁxﬁnﬂ(l)F(el))H < 4e.

We replace 6 by 0F(e1), and then deduce from (3.3) that for all n sufficiently large,

el‘

—B [1—exp (=0 fins(1)F(er))| 1] — Cs0F Fle1)7| < e.
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In particular, for all n sufficiently large,

e’ 1 1
—E|1- —0e i, 5(1) F — C307E |F(e))7 || < e.
—E[1 - exp (~0e i s(1)F(e1))] — Cab "E [Flen)7 ]| <
Going back to (3.50), we have
e’ - 1 1
—E (1= exp{—0e "1, 5(F)}) — Cs0PE[F(e1)?]| < 5,
which completes the proof and gives Proposition 3.1. O

4 Proof of Theorem 1.1 and Corollary 1.3

4.1 Proof of Theorem 1.1

We apply the Laplace transform estimates obtained in the previous section to prove the main
results of this article. We first study the convergence of the Laplace transform of fi,, g(F). We
recall that Z, = 3, =, V(u)e "™ is a martingale, and that Z,, = lim,_, o Z, a.s.

Proposition 4.1. Under (1.1), (1.3) and (1.4), for any a > 0 and any non-negative F' € C*(D),

. . —aZ—qy, nl _ 1 P —aZ—qy, F
(4.1) ll}gloolilrgigopE[l{Zpo}e 1,6 ( )} _ll}inoolygi&fE[l{Zpo}e 1= Hnt,6( )}

=E [exp (—C’BZOOE (F(el)%)) e_aZO"l{Zo&O}} )

In particular, conditionally on the survival event S, we have

(4.2) lim B [e7o )| S| = E [exp (—CaZE (F(er)?))| 5]

n——+o0o

Remark 4.2. Theorem 1.1 is a consequence of (4.2). However (4.1) enlightens the appearance
of Z.

Proof. Note that (4.2) is a direct consequence of (4.1) as S = {Z,, > 0}. We observe that

38
- n+l\°? —BV (), % —B(V (1)=V (u)) n+
@3 fesB) = () e Y o U™ (0)).
|u|=l |v|=n-+l
v>u

_ V(g ne))—V(u)

o2n

For |u| =1, v > u with |v| =n +1 and t € [0, 1], we write H™"(v), : and

ASY(F) =02 30 e V@V p (ga(y)),
[v|=n+1
v>U
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By uniform continuity of F', we have

(4.4) finsp(F) = > e VORI (F) (1 + o(1)),

|ul=t

where o(1) = 0 as £ — 0. Therefore (4.1) is a consequence of

— w) 7 (u)
(4.5) lim limsup E e_azll{zl>0}e_2\u\=le v )“n,B(F)]

=400 n—otoo

_ e~ u)"'(“)
= lim liminfE[e_o‘le{Zpo}e 2 jui=t €V (F)

l—+00 n—+00
=E [exp (—C’BE (F(el)%) Zoo) e_aZO"l{Zo&O}} )

Applying the Markov property at time [, we have

—BV (u)T(w)
D@ mE) | g

E |:e_aZl1{Zl>0}€_ e_aZl]‘{Zl>0} H \II(V(U))

where U : z — E {e‘efﬁxﬁ”ﬁ(p)] Forany 1 <[ <n,wesetZ,; = {\u\ =1: % <V(u) < logn},
and we prove that [, — V(V (v)) = [luez,, ¥(V (u)) with high probability. Note that

(4.6) l_1>IJIrl 3" V(we V™ = Zja.s.for I large enough,
uEEnyl

as liminf; li‘)J_gll = 1> 1 (see [14]).
We first observe that

<E|e g0 [[ ¥(V(u)

uEEnyl

_ — BV (u)T(w)
E[e_o‘le{Z»o}e 2= P (F)

By Proposition 3.1, for any € > 0, there exist L, N such that for any n > N, > L and u € 5,,,

(4.7) U (V (1) = 1+ 9V (uw)e™" ™| < eV(u)e™" @n,

where 15 = C3E [F(el)ﬂ. This yields

IN

o _ e—BV(uw) () “V(u
E {6 Zl]‘{Zl>0}€ Z\u\:l 'U’")B(F)] E [ l]-{Zl>0} H (1 - wﬁ - 8) V( ) Ve )):|

uE_,nl

_ eV (g
E |:€_aZl1{Zl>0}e ZuEEn’l V(u) (W? a)]

where the last inequality follows from the fact that for any x > 0, 1 —x < e~ *. By (4.6) and the
convergence of the derivative martingale, we have

IN

Y

()
BV @ ()
. ) n,B
limsup E jul=t © L

n—-+0o0o

<E [e—(a+¢5—5)zzl{zl>0} )

—aZ
€ ll{Zl>0}6
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Letting [ — +o00 then € — 0, it leads to
7,BV(u)~(u) (F) (a . 1
(48) llIIlSU_pE _Z\u\:le Fn,B e ( +C,BE(F( 1)5)Zoo)

n——+00

e_ale{Zl>0}€ <E

1{Zoo>0}] .

The lower bound follows from similar arguments. Applying once again the Markov property
at time [,

v
SR L L

E > E e_azl]-{Zl>0,3Mlzlogl} H W (V(u))

|ul=t

—aZ
(& ll{zl>0}6

Therefore,

E e 2% 1{Zl>0}6_ D it @

/J‘V(u):Sf)B(F):|

> E 6_aZl1{Zl>0,3Mlzlogl} H W(V(u)) x H U(V(u))

ueEn,l Iu‘:lvu€5n,l

=E e_aZl]-{Zl>0,3Mlzlogl} IT ¥(V(u)) x II W(V(u))

UEE, |u|=LV (u)>logn

For n > 1 large enough, by [21, Proposition 2.1], there exists ¢ > 0 such that
(4.9) Vo >logn,1 —¥(z) < cxe™ .
Consequently, (4.7) yields

)
—BV (" (F)
E e“lZ’1{Z>0}6_Z\u\:ze "o ]
l

>E e " Lzsosmziony 1] (1= [Lvwsionn Vs + clivauziopn) + el V(U)e_v(“))]

|ul=t

Y

>E e 1iz505u >logl}€_(l+a) Yt (Lv tog my ¥+l (v z1og n}+€)V(U)€V(u)}
- 1 ’ 2=

for [ > 1 large enough, as for any = > 0 small enough, 1 — z > e~ (9% Letting n — +oo, we
have

~(u)
—BV(u) (F)
lim inf £ I ~(at(+)Ws+0) |

n—-+0o0o

—aZ
e "z 50 > E (17503M>1081}€

Finally, using the fact that S = {Z, > 0} and that liminf, , ., M;/logl > 1/3, we obtain,
letting [ — 400 then ¢ — 0

1
_ e )~ (uw) -~ —|la+C e B oo
ligigfliy{gg}fE e Dopu=re ™ )”"’B(F)e azll{zl>o} >E|e { " BE(F( v )}Z 1{Zoo>0}]
which ends the proof of (4.5). O
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We now prove that for any F' € C¢*(D), we have
k

where (er) is a sequence of i.i.d. normalised Brownian excursions, and (px, k& € N) follows an
independent Poisson-Dirichlet distribution with parameter (%, 0).

Proof of Theorem 1.1. We recall that pu, g is defined on S by p, 5(F) = %, for F' € Cy(D).

To prove the convergence in law of 1, 35, we start by identifying the limit law of fin, -

Let (Ag, k € N) be a Poisson point process on R with intensity e*dz and (e, k € N) be an
independent sequence of i.i.d. normalised Brownian excursions, independent from the branching
random walk. We introduce a random measure fi,, 3 on D by

+oo
fiso g = Zgo Z e—B(Ak—C*(B))ge

k?

k=1

where ¢, () := log i (67695“_1)%1“‘ We first prove that for any non-negative F' € C*(D),
R

(4.11) fins(F) = fines(F)

We compute the Laplace transform of fi g(F'). As S = {Z. > 0}, for any 6 > 0, we have

i oo
E [exp (=00 5(F)) 1{5}] =E |exp <—9Zfo > e‘ﬁ[A’“_c*(B)]F(ek)> 1{Zm>0}]

k=1
_E e <_ S (ge—amk_logzm_c*wn)) Lo
i k=1 |
where ¢ : z +— log E [exp (—uF'(e1))]. By Campbell’s formula,
B [exp (<6 o(F) L)) = B exp ([ 00 ) 14
As ¢ (Ge_ﬁ[x_logz“’_c*(ﬁ)]) =logE {exp (—96_5[”5_1%Zw_c*(ﬁ)]F(el))‘ Zoo}, it yields
E [exp (—0ioe,3(F)) (s
_E [exp (/RE {exp (_ge—ﬁ[ac—logZoo—c*(ﬁ)]F(el)) ’Zoo:| _ 1) 6de1{zoo>0}]
=E {exp (E [/R (exp (—Qe_ﬁ[x_bgZ“_C*(B)]F(el)) — 1) exda:‘ZOOD 1{Zoo>0}:| )
By change of variables u = xz — log Z,, — ¢,(8) — % [log @ + log F'(e1)], we obtain that
E [/R (eXp (—96_6[5"_1"3Z”_C*(B)}F(el)) - 1) exdx'Zoo]
/R (e—e*BU _ 1) eu-l—logZoo-l-c*(ﬁ)—l-%[log@—l—logF(el)]du‘ZOO]

=D ZE [(0F (e1))?] /R

=E

(e‘fﬁu — 1) e'du = —CsZE ((F(el)é’)%) ,
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since ¢,(f) = log —fR(e*e9gu—l)eudu. We thus end up with

- 1
E {exp (=0l 5(F)) 1{5}} =E [exp{ — CZE ((F(el)é’)ﬂ) }1{Zoo>0}} .
Consequently, by Proposition 4.1, for any 6 > 0 we have

lim E Lz sge %00 = B [11z e )],

n——+00

which concludes (4.11) by Lévy’s theorem.
Furthermore, for any F' € C¢*(D) and 6,05, 03 € (0,4+00), we have

_Gﬁn75(€1F++92F,+63)} ) { —Gﬁm75(€1F++€2F,+63)}

lim E [1{Zoo>0}€

1 e
n——+o0o {Zoo>0}

yielding
(Fn,g(F4), i (F2), fim,8(1)) == (fioo,8(F4), Floo,8 (F-), fise,5(1)) -

n—-+0o
Using the fact that fi (1) > 0 a.s. on S, we have
_ inp(Fy) = finp(F2) e o

fn,p(F) = - e =7 5 Flex) on S
,U/n,ﬁ(1> n—>+oo]§] ;_:06 BA;

Remark 4.3. We obtain in a similar way the joint convergence of (fing(F1),- - ping(Fr)), for
any (Fy,..., Fy) € CH(D)k.

Using[24, Proposition 10], for a Poisson point process (Ag, k > 0) of intensity e*, we have

( T n, K 20| = bk 20)
Jj=

where (py) is a process of Poisson-Dirichlet distribution with parameters (%, 0), ending the proof.
U
Using Theorem 1.1, we can compute a variety of quantities related to the trajectory of indi-
viduals chosen according to the Gibbs measure. In this theorem, we proved the convergence of
fn,g(F') for F' a uniformly continuous bounded function on D. Unfortunately, this is not enough
to conclude to the convergence of the random measure i, 3. However, the convergence can be
proved for several restrictions of this measure.
We first prove the finite dimensional distributions of x, 3 converge, as n — 400 to the finite
dimensional distributions of jio 5. For 0 <t <ty < --- <1, <1, we write

C(D) — RY
fo— (flt), - f ).

Corollary 4.4. Let 0 < t; < --- <t < 1 and n € NU {400}, we define on S the random
measure pih 5 as the image measure of i, g by 1" . We have 3 = 1Eh;.

Htlv“' 2k :
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Remark 4.5. Note that a direct application of Corollary 4.4 proves Corollary 1.5.

Proof. As R? is a locally compact, second-countable and Hausdorff, by [18, Theorem 14.16] it is
enough to prove that for any continuous function f with compact support on R¢, we have

FD FD
:U“n,ﬁ (f)ni}wﬂoo,ﬁ(f)
As f oIl is uniformly continuous, Theorem 1.1 leads to

,Uznﬁ(f o Ht1,...,tk> :> oo B(f o 1‘[1‘/1,...,%)7

n—-+
which concludes the proof. O

We also observe that the (non-random) measure on D* defined by integrating u%}}; with
respect to the branching random walk law converge weakly too.

Corollary 4.6. Let k > 1 and n € NU {+o0}, we set M) ; = ﬁE [1{5};@7’;]. We have

My s = ML 4,

n——+o0o

with M, g(fr,- . i) = B [T, (Sas1 pufi(en))]-

Proof. By Prokhorov theorem, to prove this convergence, we prove the convergence of finite-
dimensional distributions and the tension of the sequence of measures (M} 5,n > 1). Let h € N,

we introduce 0 < t; <ty < ... <t, <1and F: (R")¥ — R, a uniformly continuous bounded
function, we observe that

Dk — R,
(Y 5 = F((M0)s - ) (R (), F5 ()
is uniformly continuous. By Theorem 1.1, we have

lim MP” 5 (F o (IT"- vth)®’f) ME 5 (F o (Tt )®k)

n——+0o

Fo (Htl,...,th>®k .

proving the convergence in finite-dimensional distributions convergence.
Let 6 > 0 and f!,... f¥ be continuous functions on [0, 1], we set

ws(f's ooy ) = max |t§u£6\fj(t) — f(s)| A 1.

We observe that for any § > 0, ws is a 2-Lipschitz function, thus uniformly continuous. By

Theorem 1.1, we have
lim MY j(ws) = ML 4(ws).

n——+00 0,

Moreover by continuity of the Brownian excursions, we have lims_,o M* s(ws) =0, yielding

hmhmsupM s(ws) = 0.

=0 n—+oo

As ]\fJ,’fB ({f(} =0,...,fr= 0}) = 1, we conclude that (M} ;n € N) is tensed, ending tl;
proof.

35



References

1]

2]

[11]

[12]

[13]

[14]

[15]

E. Aidékon. Convergence in law of the minimum of a branching random walk. Ann. Probab.,
41(3A):1362-1426, 2013.

Louis-Pierre Arguin and Olivier Zindy. Poisson-Dirichlet statistics for the extremes of a
log-correlated Gaussian field. AAP, 24(4):1446-1481, 2012.

J. D. Biggins and A. E. Kyprianou. Fixed points of the smoothing transform: the boundary
case. FElectron. J. Probab., 10:no. 17, 609-631, 2005.

P. Billingsley. Convergence of probability measures. Wiley Series in Probability and Statis-
tics: Probability and Statistics. John Wiley & Sons Inc., New York, second edition, 1999.
A Wiley-Interscience Publication.

E. Bolthausen. On a functional central limit theorem for random walks conditioned to stay
positive. Ann. Probability, 4(3):480-485, 1976.

F. Caravenna and L. Chaumont. Invariance principles for random walks conditioned to stay
positive. Ann. Inst. Henri Poincaré Probab. Stat., 44(1):170-190, 2008.

F. Caravenna and L. Chaumont. An invariance principle for random walk bridges condi-
tioned to stay positive. FElectron. J. Probab., 18(60):1-32, 2013.

X. Chen. A necessary and sufficient condition for the non-trivial limit of the derivative
martingale in a branching random walk. Available at: arXiv:1402.5864, 2014.

X. Chen. Scaling limit of the path leading to the leftmost particle in a branching random
walk. Theory of Probability and its Applications., To appear, 2014.

B. Derrida and H. Spohn. Polymers on disordered trees, spin glasses, and traveling waves.
J. Statist. Phys., 51(5-6):817-840, 1988. New directions in statistical mechanics (Santa
Barbara, CA, 1987).

R. A. Doney. Conditional limit theorems for asymptotically stable random walks. Z.
Wahrsch. Verw. Gebiete, 70(3):351-360, 1985.

R. A. Doney. Local behavior of first passage probabilities. Probab. Theory Related Fields,
152:559-588, 2012.

W. Feller. An introduction to probability theory and its applications. Vol. II. Second edition.
John Wiley & Sons Inc., New York, 1971.

Y. Hu and Z. Shi. Minimal position and critical martingale convergence in branching random
walks, and directed polymers on disordered trees. Ann. Probab., 37(2):742-789, 2009.

D. L. Iglehart. Functional central limit theorems for random walks conditioned to stay
positive. Ann. Probability, 2:608-619, 1974.

36



[16]

[17]

[18]

[19]

[20]

J.-P. Imhof. Density factorizations for Brownian motion, meander and the three-dimensional
Bessel process, and applications. J. Appl. Probab., 21(3):500-510, 1984.

Bruno Jaffuel. The critical barrier for the survival of branching random walk with absorption.
Ann. Inst. Henri Poincaré Probab. Stat., 48(4):989-1009, 2012.

Olav Kallenberg. Foundations of modern probability. Probability and its applications.
Springer, New York, Berlin,, Paris, 2002.

M. V. Kozlov. The asymptotic behavior of the probability of non-extinction of critical
branching processes in a random environment. Teor. Verojatnost. i Primenen., 21(4):813—
825, 1976.

R. Lyons. A simple path to Biggins’ martingale convergence for branching random walk. In
Classical and modern branching processes (Minneapolis, MN, 1994), volume 84 of IMA Vol.
Math. Appl., pages 217-221. Springer, New York, 1997.

T. Madaule. Convergence in law for the branching random walk seen from its tip. ArXiv
e-prints, July 2013.

T. Madaule. First order transition for the branching random walk at critical parameter.
Available at: arXiv:1206.3835, 2013.

Jacques Peyriere. Turbulence et dimension de Hausdorff. C. R. Acad. Sci. Paris Sér. A,
278:567-569, 1974.

Jim Pitman and Marc Yor. The two-parameter Poisson-Dirichlet distribution derived from
a stable subordinator. Ann. Probab., 25(2):855-900, 1997.

37



	Introduction
	Many-to-one lemma and random walk estimates
	Lyon's change of measures and the many-to-one lemma
	Approximation of a random walk excursion
	Some random walk notation and preliminary results
	Asymptotic independence of the endpoint and the shape of the trajectory in a random walk excursion


	Laplace transform of the Gibbs measure
	Proof of Theorem 1.1 and Corollary 1.3
	Proof of Theorem 1.1


