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Abstract

We consider a supercritical branching random walk on R. The con-
sistent maximal displacement is the smallest of the distances between the
trajectories of individuals at the nth generation and the boundary of the
process. It has been proved by Fang and Zeitouni [7] and by Faraud, Hu
and Shi [8] that the consistent maximal displacement grows almost surely
at rate A*n'/® for an explicit A*. We obtain here a necessary and sufficient
condition for this asymptotic behaviour to hold.

1 Introduction

A branching random walk on R is a process defined as follows. It starts with one
individual located at 0 at time 0. Its children are positioned on R according to
the law £ of a point process, and form the first generation of the process. Then
for any n € N, each individual in the n-th generation makes children around
its current position according to an independent point process with law £. We
write T for the genealogical tree of the population. For any u € T we denote
by V'(u) the position of the individual « and by |u| the generation to which u
belongs. The random marked tree (T, V) is the branching random walk with
reproduction law £. We assume the Galton-Watson tree T is supercritical:

E(> 1]>1, (1.1)

Ju|=1

and we write S = {#T = 400} the survival event. We also assume the branch-
ing random walk (T, V) is in the boundary case (in the sense of [5])

E Ze‘v(“) =1 and E ZV(U)G_V(U) = 0. (1.2)
Jul=1 Ju|=1

Under these assumptions, Biggins [4] proved that %maxm‘:n V(u) converges
to 0 almost surely on S. Any branching random walk with mild integrability
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assumption can be normalized to be in the boundary case, see e.g. Bérard and
Gouéré [3]. We also assume that

o’ :=F Z Vu)e VW | < 4. (1.3)

Ju|=1

Let n > 0. For any u € T such that |u| = n and k < n we denote by uy
the ancestor of u alive at generation k. The consistent maximal displacement
of the branching random walk is the quantity defined as

L, := min max V (uy).
lu|=n k<n
It correspond to the distance between the boundary of the branching random
walk and the individual that stayed as close as possible to it. The asymptotic
behaviour of L, has been studied by Fang and Zeitouni [7] and by Fauraud,
Hu and Shi [8]. Under stronger integrability assumptions, they proved that L,
behaves as \*n'/3 almost surely for some explicit A*. The main result of this
article is a necessary and sufficient condition for this asymptotic behaviour to
hold. Roberts [15] computed the second order of the asymptotic behaviour of
L,, for the branching Brownian motion.
We now introduce the integrability assumption

. 2 —V(u) _
AR T () T
Observe that (1.4) is strictly weaker than the classical integrability assumption
that is [1, Assumption (1.4)]. This stronger assumption is necessary and suffi-
cient to obtain the asymptotic behaviour of many quantities associated to the
branching random walk, such as the minimal displacement, or the derivative
martingale (see [1, 6]).

Theorem 1.1. We assume (1.1), (1.2) and (1.3) hold. Then (1.4) is a necessary
and sufficient condition for

2 2\ 1/3
lim i = M—U a.s. on S.
n—+oo nl/3 2

If (1.4) is changed into

lim 2°E —Viug = 0
BN 2 T (5 v} | TS0

Jul=1

we were not able to compute the precise asymptotic behaviour of nL173. Using

the methods developed in this article, it can be proved that a.s. on S, for n
large enough we have

7202 1/3 L, 202 1/3
(3 5 +3p) < <(3 5 ) + (3p)"/3.

= ’)’),1/3 =

The rest of the article is organised as follows. In Section 2 we introduce
the spinal decomposition of the branching random walk and the Mogul’skii’s
small deviations estimate. These results are used to bound the left tail of L,, in
Section 3, yielding to its a.s. asymptotic behaviour.
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2 Preliminary results

2.1 Spinal decomposition of the branching random walk

For n € N, we write W, =3_,, _, eV and F,, = o (u, V(u), |u| <n). Under
assumption (1.2), (W,,) is a non-negative (F,)-martingale. We introduce the
probability P such that for any n € N, E}-n =Wn Pi£,.

The spinal decomposition consists in an alternative description of P as a
branching random walk with a distinguished individual with a different repro-
duction law. It generalizes a similar construction for Galton-Watson processes,
that can be found in [11]. This result has been proved by Lyons in [10]. Let
T be a tree, a spine of T is a sequence w = (w,) € T such that |w,| = n
and for any k < n, (wy,)r = wg. We write L for the law of the point process
(V(u), |u| = 1) under the law P.

We now define the law P of a branching random walk with spine (T, V, w).
It starts with a unique individual wp located at 0 at time 0. Its children are
positioned according to a point process of law £. The individual w; is then cho-
sen at random among these children u with probability proportional to e~V (%),
Similarly at each generation n, every individual u makes children independently,
according to law L if u # w, and L otherwise; and w, 41 is chosen at random
among the children v of w,, with probability proportional to e="(¥).

Proposition 2.1 (Spinal decomposition, Lyons [10]). Assuming (1.2) and (1.3),
for any n € N, we have Pz, =Pz, , and for any |u| = n,

I@(wn =u|F,) =e VW /W,

and (V(wy,),n > 0) is a centred random walk with variance o?.

2.2 Small deviations estimate for enriched random walk
Let (X, & )nen be a sequence of i.i.d. vectors in R? such that
E(X,) =0 and E(X2)=0?¢ (0,+00). (2.1)

We set py = limsup 2?P(&; > x) and p_ = liminf 22P(& > ).
x—+00 T—+00
We write T, = Top + X1 + - -- + X, and we call ((T,,,&,),n > 0) an enriched
random walk. For any z € R, P, is the probability such that P,(Ty = z) = 1.
We simply write P for Py. We study in this section the probability that an
enriched random walk stays during n unites of time in an interval of width
o(n'/?), generalizing the Mogul’skii small deviations estimate [14].

Theorem 2.2. Let (a,) be a sequence of real non-negative numbers such that
limy, oo @ = +00 and limy,, oo = = 0. Assuming (2.1), for any continuous
functions f < g and h > 0, for any x,2’ such that f(0) < z <0 < 2/ < ¢(0),

we have

2
, a; , . , : . .
limsup —log sup P, (—Zi e[f(G/n),g(G/n)], —fi <h(j/n),j< n)

n—+oo M z€lw,2]
! w202 P
~- |, T e 22




2
liminf = log_inf | P, (£ € 17G/m).g0i/m), & < h(j/n).j < n)

n——+oo N z€[z,
[ o’ Pt
- /02(9(8)—f(s))2+h(s)2d' 23)

We prove this result using the same techniques as in [13, Lemma 2.6]. We
prove in a first time the following result.

Lemma 2.3. Under the assumptions of Theorem 2.2, if py = p— =: p € [0, +0]
then for any a <0 <b, A >0 and a < c < d<b, we have

lim "1ogP("€[cd] ]E[ab] §]</\]<n):777_.

n—+oco N

Proof. Note that
P(|T;| < han,& < Aapn,j <n) < P& < Aap)" < exp(—nP(& > Aay)).

Consequently, if p = 400, the proof is immediate. We assume in the rest of the
proof that p < 4o0.

Let B be a Brownian motion and P an independent Poisson process with
intensity 1. For any n € N and k < n, we denote by P,E") = 2?21 1{¢,>ran}-
By [16, Theorem 5.1], for any T' > 0 we have

im (Ler p)
im ( “h Pt < T) (Boot, Pyijaz,t < T) (2.4)
in the Skorohod sense.
Let a <0<ba<c<d<band T >0. Weset r, = [Ta|. Applying the
Markov property, for any € > 0 small enough, we have

[n/rn]
inf Py, (|7; ~h<eleab), <A< rn)
h<b—a—4e

|z|<e

<P(LeledZelob) 2 <)j<n)

[n/rn]
T & .
< | sup Puq, (a—J € la,b], 22 <\ j< rn) )
z€Ja,b] " "

Consequently, letting n — 400 and using (2.4), we obtain:

lim inf "1ogIP’( = ¢ e,d], - L L€ a,b], 2 & <)\j<n)

nﬂJroo n

> T log . 1{15_461% (|B(72T —h| <€, Pypjy2 =0, By, € [a,b],5 < T)
|z|<e

Z*EJr log‘ mf . P, (|By2r — h| < €, By2s € [a,b],s <T),

|z|<e



2
hmsup—logP( [a,b]af—j S)\JS”)

n—+oo N

< —log sup ]P’( /a2 = 0, Byag [a,b],ng)
T z€[a,b]

Sf—2+ log sup P (By2s € [a,b],s <T).
A z€la,b]

Letting T — 400, using e.g. [9, Chapter 1.7, Problem 8], we conclude that

202 p

[avb]vg_i SAL]S”) = T35/ o

lim % logP L.
oo 1 0B 20— a)? A2

n—+oo N (
O

Corollary 2.4. Under the assumptions of Theorem 2.2, for any a < 0 < b,
A>0anda<c<d<b, we have

2 2
n ﬁ< P < :,L,p__
1711§Jsr1£ p log]P’( € [a, b], L <AJ _n) 2b—af AT
T, & <y o p+
nglj}gglogp( S [C d] [a,b], an S A,] S TL) = *m )\2 .

Proof. The two equations being proved the same way, we only prove the first
one. As P(|T}| < han,&§ <n,j <n) < P& < n)" < exp(—nP(& > n)), we
only consider the case p_ < +o0.

There exists a subsequence (ng) such that a? P(&1 > Aap,) converges to

p— /N2, therefore by Lemma 2.3,

lim sup "1ogIP’( [a,b]af—j S)\JS”)
n—4oo N "
a2 252 0
> i k1P( b, S <A< ):7___— iy
F o ng °8 € la. b, = = 2(b—a)? A2

Moreover, we may couple the random variable {; with a random variable EJ such
that &; < & and lim,, 00 2°P(§1 > x) = p_. By Lemma 2.3 again,

hmsup—logIP’( [a,b],f—j S)\,jgn)
n—+oco M "
a2 ~ 2 2
an &5 . _ e P—
<17112i1£ " 10gP( G[a,b],ig)\,jgn) ——W—F,
concluding the proof. O

Proof of Theorem 2.2. We first prove that for any a < b and A > 0,

a;, 7 : n2o? P
limsup 2 log sup P (—76 a,b75—1</\7'<n):77,__
n~>+0<13) n gze[al?b] Fan \an [ ] an =0 = 2(b — a)2 A2

(2.5)



Let 6 > 0, we write M = W’TT“W. We observe that

sup Pra, (2 €fo,b), 5 <25 <n)

z€[a,b]
T € .
< max sup P n(—JE[a,b],—]SA,]SH)
0§m<Mze[a+m6,a+(m+1)5] o an n

< max ]P’(Z—] € [—(m—i—l)é,b—a—mé],f—j <\j Sn).
0<m<M n n

We apply Corollary 2.4 and let § — 0 to obtain (2.5). Then we approach

functions f, g and h by staircase functions, using (2.5) we obtain (2.2).

For any a < 0 < b, A > 0, y € [a,b] and € > 0 small enough, we prove in a
second time that

a2
liminf = log inf P, (

n—+oo N |z|<e

Loyl elotl & <aj<n)

o P+

“so—ap 3 29

Let € > 0 small enough such that [—2¢,2¢] C [a,b], let 0 < 0 < €, we set
M = (2—% We have again

€

inf Py, (
|| <e

> min inf Pra, (
0<m<M z€[—e+md,—e+(m-+1)4)

T _
An

y| < elalg <nj<n)

Tn _
Qn

y[<elclob g <nj<n)

SEES

> min P(
0<m<M

Applying again Corollary 2.4, (2.6) holds. We finally approach functions f, g
and h by staircase functions and use the Markov property, to obtain the lower
bound (2.3).

€la+e—mdb+e—(m+1)5],& <n,j<n
€y —md,y+2¢— (m+1)J] '

O

3 Tail of the consistent maximal displacement

For any u € T, we write u for the parent of u, Q(u) for the set of children of w,
£(u) = log Z VW=V and £(u) = E(mu).

vEQ(u)

Note that by (1.2), we have P(§(u) > ) < e~ * for any « > 0. We introduce

p4 = lim sup 2°P (g(wo) > x) and p_ = lim inf 2°P (g(wo) > z) (3.1)

T——400 T—+00

X = (B +3p+)1/,3 = (B ?,p,)l/3 and \* = (ﬁ)”? (3.2)

We use here the results of the previous section to obtain upper and lower
bounds for the left tail of L,. We first provide an upper bound.



Lemma 3.1. We assume (1.1), (1.2) and (1.3). For any A € (0, \*), we have

lim sup — = 1/3 log]P’(L </\n1/3) <A— Y, (3.3)

n—+oo N

and for any A € (0,\}), we have

lim inf —— log P (L < An1/3) <A- A (3.4)

n—+oo n /

Proof. Let A > 0, f be a continuous increasing function such that f(0) < 0 and
F) =X and b = A — f. We set I.") = [f(k/n)n'/3, xn'/3] for k < n and we
denote by

G = {we T ful <n. V() € 1", &(uy) < h(i/mn2,j < Jul}.
We introduce the quantities

(n) _
Xy’ = Z 1{V(u)<f(k/n)n1/3}1{m€Gn} and
|u|=k

(n) _
Yk B Z l{g(u)>h(k/n)n1/3}l{ueGn}'
|u|=k—1

We observe that
P (Ln < )\nl/?’) =P (3|u| =n: V() <Inl/3 < n)
<P(ZX My > 1) <NE (X n) +Y(")) . (35)
j=1 Jj=1
For any k < n, using the spinal decomposition we have

E (X(n)) R Z e~V o - )
%% {V(u)y<fk/nynt/3} Hmuean}

lul=k K

A V(w
= (e ( k)l{V(wk><f<k/n>n1/s}1{wk,1ecn})
Sef(k/n)nl/sip (wk—l c Gn) .

Moreover, as £(u) is independent of F,|, we also note that

E (Yk(’”) =K ( > l{ueGn}>P (E(u) > h(k/n>n1/3)

|u|=k—1

< e—h(k/n)nl/af@ (ev(wk—l)l{u”cilecn}) < ef(k/n)nl/Sﬁ (w1 € Go).

Consequently, (3.5) becomes

3

P (L < Anl/?’) <23 fEmn B (1 € G)
k=1



We set A > 0, for any a < A, we write m, = |na/A|. As f is increasing, for
any k € (mg, mat1], we have

~

FEMm P (uy_y € Gp) < SV By e ).

Moreover, by the spinal decomposition, (V(w;),&(w;)) is an enriched random
walk under law P. We apply Theorem 2.2 to obtain for any a < A,

a/A * \3
li ~10g P (w, € Gy) = / LG
im su 0, Wyn,, S
Woé’ ni/s %8 o (= f()?
1 oA 3(A)°
imint s logP(um, € G == [ =Sk,

We conclude that, letting n — +o00 then A — 400 we have

L o33
1ogIP’(L < An /3)<t§épuf() /Omds, (3.6)

lim sup —~
n—+oco N 1/3

lim inf —— 1 P(L <A 1/3) < Flt) - /t SRS (3.7)
iminf ——lo n sup — = das. .
o 7 log e 0 = ()2

Optimizing these equations in f concludes the proof.

Indeed, to prove (3.3), we consider the following two cases. If p_ = 400
then \* = +o0. Choosing a sequence of functions fj; such that fas(0) < —M,
and letting M — 400, (3.6) yields

limsup —= 1/3 logP (L < /\nl/g) = —00.
n

n——+o0o

If p_ < +oo, then setting f(t) = A — \* (1 —)'/? we have

1 1 IP’(L < 1/3) ! (AL)
1msupn 75 log n < sup f(t)— (7ds
0

n——+oo t€[0,1] A— f(S))2
t IN*
< sup ft—/ifds:)\—)\*_.
t€[0,1] () o (1—5)3
A similar reasoning leads to (3.4). |

Corollary 3.2. Under assumptions (1.1), (1.2) and (1.3), we have

L, L,
liminf —= > AT and limsup —= > A} a.s.
n—+oo n /3 n—s+o00 n1/3

L,
In particular, if p+ > 0 then limsup —= > \* a.s.
n—+o00 n1/3

Proof. By Lemma 3.1, for any € > 0, 3.7 P(-% —5 > (AL +¢€)) < +oo, and there
exists an increasing sequence (ny) such that "7 P (L1/3 > (M. +¢€) < +oo.

We conclude the proof by Borel-Cantelli lemma. O



In a second time, to bound from above the consistent maximal displacement,
we prove that with high probability there exists an individual staying below
An'/3 for n units of time, as soon as A is large enough. To do so, we compute
the first two moments of the number of individuals staying in two well-chosen
lines, while making “not too many children”.

Lemma 3.3. Assuming (1.1), (1.2), (1.3) and (1.4) (i.e. px = p— =0), for

any 0 < A < \*, we have liminf —— log P (L < )\nl/g) > A= A"

n—+oo n /

§>0,and f:t€0,1] = A= N(1+0-1)% We

Proof. Let A € (0, ),
(j/n)nt/3, An1/3] for j < n. We set

denote by I(n [
Lp = ;ﬂ {V )EI(TL) &(uj)<on1/3, J<n}

We compute the first two moments of Z,, to bound from below P(Z,, > 0).
By spinal decomposition, we have

— o V(wn)
E(Zn) = E (6 1{V(wj)eI;"),£(wj)S5nl/3J§"})
> NP (V(wj) € Ij(-"),f(wj) < (5n1/3,j < n) .
As lir}rl n?/3P(¢(wy) > 6n'/3) = 0 by (1.4), Theorem 2.2 yields
n——+00
2 2

202 ! ds N 1/3
légl_il_lg /logE( n) > f(1) — 5 /O()\_f(s))22/\/\(1+5) .

Similarly, to compute the second moment we observe that

~V(u)
ev(

2\ _ m € w)
]E(Zn) - ]E(Zn Z Wn l{V(uj)EI;n)yf(’U‘j)<5nl/Svj<n})

|u|=n

_m V(wn)
f]E <Zn€ l{V(wj)EI;n),E(w]‘)<5”1/31j<”}>

Ant/3 55
S € E (Z"]'{V(wj)GI;"),é(w]‘)<5nl/31j<n}) .

Under the law ﬁ, Z,, can be decomposed as follows

- 1{V(w])61(n),§(wj)<6n1/3 ]<n} + kzo ; )
ued(w
u?éwkjl

where Z,(u) We denote by

= Z|v\:n,v>u 1{V(u]')EIJ(.n),f(Uj)§6n1/37j§n}'
G = 0 (wn, QUwy), V(w),u € Qwy,),n >0).

Observe that conditionally on G, for any u € Q(wy) such that u # wg41, the
subtree of the descendants of u has the law of a branching random walk starting



from V(u). Therefore, writing P, for the law of (T,V + z), for any k < n and
u € Q(wy) such that u # w41, we have

E(Zn(u)|g) < EV(u) ( Z 1{‘/( e I(")+1,§(vj)<5n1/3,j<nk1})

[v|=n—k—1 -
< EV(’U,) ( 1 (n) . ) .
- Z V(v)el,”. ,j<n—k—1
|v|=n—k—1 { SR }

Applying spinal decomposition, for any x € R and p < n,

— V(wn—p+z
E, ( Z 1{v(w)61}§1>j,j§n—p}> = E(e 1{V(wj)+zeléi)j,j§n—p}>

lv|=n—p
ﬂﬁ@(V( )+x€I( ™) ]Sn—p).

p+3°

Let A > 0, for any a < A we set m, = |na/A| and

\I’(n,)ax* SHP)P(V( )+y€I(n)+],]<nfma).
yely,

Using the previous equation, for any m, < k < mgy1, we have

S E(Za(w)g) <, eV
uiﬁ(wk) u€Q(wy)
UFAWE 41

S 6)\711/3+V(wk)+f(wk+1)\1]((l73’_)1 A

As E(wp41) < én'/3, we obtain

1/3

E(Z2) < P (V(wj) el j< n)

A1
+ e@AFomt? > n\Ilfl’fLAe_f(“/A)"l/BI@ (V(wj) el j< n) :
a=0

Therefore, applying Theorem 2.2, we have

w202 1 ds
limsup ——=log E Z2) <2246 — /
n—s4oo NI eE(Z,) 2 o (A—=f(s))?

) o 2 2 1 L
A /<a+1>/A 05

Letting A — 400, we obtain

logE(Z2) < A4 — A*(1 4 )'/3.

limsup —~

n—-+oo n1/3

By Cauchy-Schwarz inequality, P (L, < An!/3) > P (Z, > 0) > ]E((ZQ)) , thus

1/3 * 1/3 _
gnggn/glogp(L < n )>)\ (1483 5.

Letting § — 0, we conclude the proof. O

10



Note that Lemmas 3.1 and 3.3 imply that, assuming (1.4)

lim log P(L,, < Ant/3) =X — \*. (3.8)

n—-+4+oco n /

We use Lemma 3.3 to obtain an a.s. behaviour of L,,.

Ly
Lemma 3.4. Assuming (1.1), (1.2), (1.3) and (1.4), we have lim —= ="
n—+oo n /3

almost surely on S.

Proof. We have lim 1nfn_>+oo e > by Corollary 3.2. We now turn to the
upper bound of L,. By Lemm 3 for any 6 > 0,

lim inf = log P(Ly,, < A*n 13y > —4.

n—4+oo n
We work in the rest of the proof conditionally on the survival event S. We
write T for the subtree of T consisting of individuals having an infinite line of
descent. By [2, Chapter 1, Theorem 12.1], T is a supercritical Galton-Watson
process that never dies out. Applying [12, Lemma 2.4] to the branching random
walk ('i‘, V'), there exists a > 0 and p > 1 such that the event

Ap) = {#{lul =p:Vj < p,V(u;) > —pa} > p’}

is verified a.s. for p > 1 large enough. Let n > 0, we set p = |nyn!/3|. Applying
the Markov property at time p, we have

IP’(Ln+p (N + An)nl/3| A(p )) (1_1@(];” < )\*nl/3))pp

Therefore by Borel-Cantelli lemma, limsup,, , | . L173 < A+ Anas. on S. We

n

let n — 0 to conclude the proof. |

Theorem 1.1 is a consequence of Lemma 3.4 and Corollary 3.2: if (1.4) does
not hold, then p; > 0 and 1 —1= does not converge toward \*.
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