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Abstract

We study the persistence exponent for the first passage time of a random walk below the
trajectory of another random walk. More precisely, let {B, } and {W,} be two centered, weakly
dependent random walks. We establish that P(V,<nBn > Wn|W) = N=77°M for a non-random
~v > 1/2. In the classical setting, W,, = 0, it is well-known that v = 1/2. We prove that for any
non-trivial W one has v > 1/2 and the exponent v depends only on Var(B)/Var(Wy).

Our result holds also in the continuous setting, when B and W are independent and possibly
perturbed Brownian motions or Ornstein-Uhlenbeck processes. In the latter case the probability
decays at exponential rate.

1 Introduction and main results
Let {X;}+>0 be a stochastic process. In many cases of interest there exists v > 0 such that
P(Voci Xy > —1) = t 7+,

The exponent - is often called the persistence exponent associated to the process X. The persistence
exponent of stochastic processes have received a substantial research attention. We refer to [I] for a
review on this subject.

In this paper we are interested in the rate of decay of

p(t) :=P(Vs<i Bs = (1)),

where B is a standard Brownian motion starting from 0 and f is a continuous function. The case when
f(t) = —1is particularly easy following by the reflection principle. More broadly, if f is negative near 0
and f(t) = o(t'/?7¢) for some € > 0 then p(t) = t~1/27°(1) The situation changes for f(t) = —1+ At1/2
with A > 0. It turns out that p(t) = t 9 +°() for a function @, which is strictly increasing in .

It seems interesting to consider the case when f is a trajectory of a stochastic process. A Brownian
motion, considered in this paper, is particularly intriguing as it is of order t'/2. Formally, we consider
the wall f to be sampled as a Brownian curve W independent of B and kept frozen. We prove there
exists a function « such that for any g € R we have

. 1OgP (vs<tBs Z 5WS|W)
lim = =

— . 1
oo log ¢ ¥(B) as. andin L'
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One important result is that v(8) > 1/2 for all 8 # 0. This means that the conditioning has an strong
impact on the asymptotic of this probability, i.e.

lim P (ngtBs > BWS‘W)
t=to0 B (P (Vs<; Bs > W |W))

The function -y is universal. An analogous result holds for the decay of the probability of a random walk
staying above the path of another independent random walk. Further, the assumption of independence
can be weakened or, even more generally, we can admit random walks in a time-changing random
environment.

Finally, we study an example of strongly ergodic diffusions namely a Ornstein-Uhlenbeck process.
We obtain that the probability for an Ornstein-Uhlenbeck process to stay above the path of another
Ornstein-Uhlenbeck process decays exponentially fast. The decay is strictly faster than the exponential
decay of the expectation of this conditional probability. Our results are presented below in separate
subsections further in Section [1.4] we present related results and motivations.

=0 a.s.

1.1 Brownian motion over Brownian motion

Theorem 1.1. Let B,W be two independent standard Brownian motions. There exists a function
v : R — R such that for any f € R, 0 < a <b< 400 and x > 0,
logP (Vs<iz + By > BW,, By — BW; € (at'/?,bt1/2)|W)

. —— ; P >
t_l}gloo og. 1 v(B) a.s. and in LP, p > 1.

Moreover, the function «y is symmetric, convex and for any B # 0,

Y(B) >~(0) =1/2. (1.1)
Consequently, v is strictly increasing and limg_, o Y(f) = +o0.

Remark 1.2. We conjecture that § — ~(f) is strictly convex and grows at quadratic rate.

Remark 1.3. Adhering to the parlance of disordered systems one can interpret (1.1)) as the relevance
of the disorder. Namely, for any 5 > 0 we have
—logP (Vs<ixz + Bs > W) 1

_ E[-logP (Veciz + By > BW,|W)] :
lim = > lim =5
t—+o0 logt t—o00 log ¢ 2

We contrast this result with the case a random wall with fast decay of correlations. For simplicity
we choose an i.i.d. sequence but the result is still valid for other processes such as Ornstein-Uhlenbeck.
In this case, the disorder is not relevant, the wall has no impact on the asymptotic behavior of the
probability.

Fact 1.4. Let {X;},.y be an i.i.d. sequence of random variables such that EX; = 0 and EX? < 400
and B an independent Brownian motion. We have
IOg]P (vne{l,...,N}I + Bn > Xn' {XZ}lEN) 1

N—+oo log N Ty ¥

The result of Theorem is stable under perturbing the starting condition and the wall.

Theorem 1.5. Let B,W be two independent Brownian motions, f : Ry — R and g : Ry — Ry
functions such that there exists € > 0 verifying

£(0)=0, Tlim /()]

t—+oo t1/2—¢

log g(t
_0, infg(t)>0 and lim 2290 _
t>0 t—+oo  logt

Forany BEeR and 0 < a < b < +oo we have

logP (Vs<g(t) + Bs > BWs + f(s), By — BW; € (at'/?,btY/2)|W)
t—+o0 logt

=—y(B8), a.s. and LP, p> 1.



1.2 Ornstein-Uhlenbeck process over Ornstein-Uhlenbeck process

We recall that an Ornstein-Uhlenbeck process {X;},-, with parameters (u, o) is a diffusion fulfilling
the stochastic differential equation B
dXt = O'th - uXtdt

The main result of this section is following. In Remark [I.7] we will explain how this result extends
the one of Theorem [L1l

Theorem 1.6. Let X, Y be two independent Ornstein- Uhlenbeck processes with the parameters (u1,1)
and (p2,1) respectively, where p1, pe > 0. There exists two functions v, ., ond 6,, ., such that for
any BER,0<a<b< +o0o, if Xog > BYy then

logP (Vo< Xs > BY;, Xy — BY € (a,0)[Y)

t—léToo ; = —Yu 1 (B) a.s. and in LP, p > 1, (1.2)
. IOgP vs Xs zﬂifsaX 76Y € a7b
tilgrnoo o n : a3LL) = —0u1,u2(B)- (1.3)

The functions Yu, s, 0u, us 0re symmetric convex and for any  # 0 we have

Viar sz (B) > 0y ua (B) > 0. (1.4)

Observe that the assumption 0; = 09 = 1 is non-restrictive. Given an Ornstein-Uhlenbeck process
X with parameters (u1, 1) the process X has parameters (u1,0). Setting

. —logP (V1 X, > Yy, Xy — BY; € (a,0)[Y
9(B; 01,09, 11, o) = lim 5P (e Bt (Y (o DY)

where X,Y are two independent Ornstein-Uhlenbeck processes with parameters (uu1,0%) and (u2,03)
respectively, we have

02
g(ﬁ;alvo—Zvlj‘lvl*LQ) = 7#1,#2 (B) .

01
Furthermore, using the scaling property of the Brownian motion we obtain
Vpr,pe = H2Vps /po,1-

The same relations hold for 4, ..

Remark 1.7. Tt is well-known that if W is a standard Wiener process then

X, = axe M 4 \/%eﬂ”fwezut_l

is an Ornstein-Uhlenbeck process with parameters (i, o) starting from Xy = x. Using this relation
one can see that Theorem [1.6] with © = p3 = po is equivalent to Theorem One also checks that

Yo (B) = 27 (B),  0pu(B) = p.

We stress however that the case of different u’s cannot be expressed in the terms of Theorem [1.1
Moreover, we suspect that max(gi, f12) > 9y s () > min(p, p2).

1.3 Random walk in random environment

Results analogous to Theorem (1.1} hold for random walks. Let {B,},, oy {Wn},en be two independent
random walks. There may exist n such that P (x + B,, > W,,) = 0. To resolve this issue we introduce

Ag = ﬂ {P (vnSNx + B, > Wnlw) > 0} (15)
N>0

We briefly study these events.



Fact 1.8. For any x < a’ we have A, C Ay and lim,— P (A;) = 1. Moreover, the following
conditions are equivalent:

o Foranyx >0,P(A;)=1.

e sup Sp > sup Sw, where Sg, Sw are respectively the supports of the measures describing By and
W1 (we allow both the sides to be infinite).

Now we present an analogue of Theorem in the random walk settings.

Theorem 1.9. Let B,W be two independent random walks such that EB; = EW; = 0 and suppose
that there exists b > 0 such that Ee’!P1l < 400 and Ee!!™1l < 4o00. Then for any x > 0 and
0<a<b< +oo we have

i —logP (Vu<nz + By, > Wy, By — Wy € (aNY/2,bN/2)|W)
1m

N—+oo log N
Var(W7)
= {7( Vzr(Bﬂ) on Az, , .S

~+o00 on AS.

We stress that the function ~ is the same as in theorems in Section [T.1]

Theorem [I.9] can be extended to a more general model of a random walk in random environment
that we define now. Let g = {un tnen be an i.i.d. sequence with values in the space of probability laws
on R. Conditionally on u we sample {X,, },en a sequence of independent random variables such that
X, has law pu,. Moreover, we set

S, = ZXj’ W, = fZE(ij) and B, := S, + W,.
j=1 j=1

Note that W is a random walk and conditionally on u the process B is the sum of independent centred
random variables. We make the following standing assumptions:

(A1) We have EW; = 0, Var(W7;) € [0, +00) and Var(B;) = EB? € (0, +00).
(A2) There exist C1,Cy > 0 such that E(e“11B1l]1) < €, as.

(A3) There exists C' > 0 such that Ee“/"1l < 4o00.

We introduce a function f : N — N and we extend definition as follows

Aw = () {P (Ynen@ + Bp = Wy + f(n)|W) > 0} (1.6)
N>0

Theorem 1.10. Let S be a random walk in random environment and B, W as described above. Let
f: N = N such that |f(n)| = o(n/2=¢) for some ¢ > 0. For anyx >0 and 0 < a < b < +oo the
following limit exists

i —logP (Vu<nz + Sy > f(n), Sn € (aNV2,bN/2)|p)
1m

N—Foo log N
Var(Wh)
_ {’7< Var(Bl)) on As, , a.s (L7)

+o0 on AS.

The previous result holds with some uniformity on the starting position. It is somewhat cumber-
some to define an analogue of A, in this case. For this reason we state an example with the starting
position zx 7 400, such that the event becomes trivial by Fact



Theorem 1.11. Let S, B and W be as above. Let f : N — N such that |f(n)| = o(n'/?=¢) for some
€ >0 and {z,}, > 0 be such that z, / +oo and x, = e°logn) - Then for any 0 < a < b < +o0 the
following limit exists

li
Nﬁlr-r‘rloo log N

logP (V<nzy + Sn > f(n), Sy € (aNYV2, bNV2)|W) Var(W1)
= —v NVar(B | @S-

1.4 Related works and motivations

Our result can be understood from various perspectives. One of them is the so-called entropic repulsion.
This question was asked in [3] in the context of the Gaussian free field for d > 3. Namely, the authors
studied the repulsive effect on the interface of the wall which is a fixed realization of an i.i.d. field
{¢2},cza- They observe that the tail of ¢, plays a fundamental role. When it is subgaussian the effect
of the wall is essentially equivalent to the wall given by 0, while when the tail is heavier than Gaussian
the interface is pushed much more upwards. It would be interesting to ask an analogous question in
our case. By Fact u we know already that the disorder has a negligible effect when IElXi2Jre < o0,
for € > 0. We expect that when EX? = oo the repulsion becomes much stronger.

The paper [3] was followed by [4] which could be seen as an analogue of our work. Namely, the
topic of this paper is a Gaussian free field interface conditioned to be above the fixed realization of
another Gaussian free field. The authors obtain the precise estimates for the probability of this event
and the entropic repulsion induced by the conditioning.

Theorems [[.1] and [I.6] can be seen as a first step in the study of persistence exponents in random
environment. These results give examples of a one-parameter family of persistence exponents.

Similarly, a natural question arising in random walk theory is to study the probability for a random
walk to stay non-negative during n units of time. Typically this probability decays as n~'/2, which is
known as the ballot theorem. Our result stated in Theorem [I.10] provides a version of this result for
random walks in random environment. The decay is n~7 for v > 1/2. Moreover, v > 1/2 whenever
the quenched random walk is not centered.

This perspective was the initial motivation for analyzing the problems in this paper (more precisely
the result given in Theorem. Such a question arises from studies of extremal particles of a branch-
ing random walk in a time-inhomogeneous random environment. In the companion paper [9] we show
that the randomness of the environment has a slowing effect on the position of the maximal particle.
Namely, the logarithmic correction to the speed is bigger than in the standard (time-homogenous)
case, which is a consequence of .

1.5 Organization of the paper

The next section is a collection of preliminary results on the FKG inequality, Ornstein-Uhlenbeck
processes and some technical results. In Section [3|we use Kingman’s theorem to show the convergence
(L.2). We prove in Section[d] by inferring that the disorder of the wall has an effect on the behaviour
of the probability. Section [f]is devoted to obtaining Theorem [I.I] from Theorem [I.6] and generalize
it to obtain Theorem [[.5] This last theorem is used in Section [6] to study the analogue problem for
random walks in random environment. The concluding Section [7] contains further discussion and open
questions.

2 Preliminaries and Technical Results

In this section we list a collection of results that are useful in the rest of the article. We first intro-
duce the so-called FKG inequality for a Brownian motion and an Ornstein-Uhlenbeck process, that
states that increasing events are positively correlated. We then list some integrability facts concerning
Ornstein-Uhlenbeck and derive technical consequences.



2.1 The FKG inequality for Brownian motion and Ornstein-Uhlenbeck pro-
cesses

In the proofs we often use the so-called FKG inequality, that we now introduce. For T' > 0, we denote
by C :=C([0,T],R), the space of continuous functions, endowed with the uniform norm topology. We
introduce a partial ordering < on this space: For two f,g € C, we set

[ < g ifand only if Vycpo, 7 f(t) < g(t). (2.1)
The FKG inequality is the following estimate, that follows from [2, Theorem 4 and Remark 2.1].

Fact 2.1. (The FKG inequality) Let X be a Brownian motion or an Ornstein-Uhlenbeck process and
F,G :C — R be bounded measurable functions, which are non-decreasing with respect to < then

E[F(X)G(X)] > E[F(X)|E[G(X)]. (2.2)

The result of [2] is stated for the Brownian motion only. However, this result is easily transferred to
the Ornstein-Uhlenbeck process, as preserves the order < defined in . The same reasoning of
transferring estimates on the Brownian motion to the Ornstein-Uhlenbeck process holds for the other
proofs of the section. Thus to shorten and simplify proofs, we only work with Brownian motion in the
rest of the section.

We often use the following corollary of Fact stating that increasing events (for the order <)
are positively correlated.

Corollary 2.2. Let X be a Brownian motion or an Ornstein-Uhlenbeck process and A,B be increasing
events (i.e. such that the functions 14 and 1p are non-decreasing for <), then

PANB)>P(A)P(B). (2.3)
We also use the following property, sometimes called the strong FKG inequality.

Lemma 2.3. Let X be a Brownian motion or an Ornstein-Uhlenbeck process, f,g: Ry — RU{—o0}
be measurable functions such that f(t) > g(t) for allt € Ry.. We assume that P (Vycpo,m Xy > f(t)) >0
and P (Vte[o,T]Xt > g(t)) > 0. The probability distribution P ('\Vte[07T]Xt > f(t)) stochastically domi-
nates P ('|Vte[0,T]Xt > g(t)) with respect to <. In other words for any measurable function h : Ry — R,
we have

P (Veepo, 11Xt = h(t)|Vicpo,Xe = f(t) =P (Viep,r1Xe = h(t)|Vicjo,n X = g(t)) .

Proof. Let X be a Brownian motion, constructed on the canonical Wiener space (C,P). We assume
without loss of generality that P (Xy = f(0)) = P(Xo =g¢(0)) = 0. Using the Girsanov theorem
we observe that P (Veejo 11Xt = f(t)) = P (Veeo, 11Xt > f(t)). Therefore we can freely exchange the
symbols > and > whenever convenient.

As X is continuous, note that {Vicjo.r1X: > f(t)} = {Vicjor Xt > f(t)}, where f : [0,T] — R is
given by f(z) := infuer w(z), where F := {weCC:Vepmw(t) > f(t)}. As the infimum of continuous
function, we observe that f is upper semicontinuous. Thus without loss of generality we assume in the
rest of the proof that both f and g are upper semicontinuous.

By Baire’s theorem there exists a sequence {f,}, such that f, € C and f,(t) \, f(t) pointwise.
This implies that A, := {Viejo,r1X: > fn(t)} is an increasing sequence of events and the limiting event
is U, An = {Vieo, 11Xt > f(t)}. We have an analogous sequence {g,,} converging pointwise tor g. Up
to replacing g, by min(f,, g,) we may assume that g, < f,, for any n € N.

For any continuous function f, and € > 0, there exists a finite set 0 < t; < t5... < tp < T such
that P ({Vz‘e{l,.i.,n}Xti > f(tz)} \ {Vte[o,T]Xt > f(t)}) < ¢, by continuity of X.



We now assume that the statement of the fact is false. In this case there exists a measurable,
bounded non-decreasing function ' : C — R and € > 0 such that

E (F(X)Viepo,rXe > f(t) + € <E (F(X)|Vsep,rXe > g(t)) - (2.4)
Using the previous arguments, there exists find n and 0 <t; < ... <t < T such that
E (F|Vi€{1,,..,k}Xti > fn(ti)) <E (F‘Vie{l ,,,,, K Xe > gn(ti)) . (2.5)

Using the same techniques as [6, B.6] one shows that P ((Xy,,...,X¢,) € |Vieq1, i3 Xe, = fu(ti))
stochastically dominates P ((X¢,, ..., Xy,) € [Vieq1,. 13 Xt, = gn(ti)). We notice that conditionally on
Xy, =z and Xy, =y the process {X; — [(tis1 — t)z + (¢ — )y /(ti+1 — ti) }yepp, r,,,) IS @ Brownian
bridge. Moreover if we condition on the whole vector (Xy,, Xt,, ..., Xt ), by the Markov property the
brides on the different intervals are independent.

As a consequence, we can construct two processes X/ and X9 such that X/ has the law of X
conditionally on Viery, . 13 X¢, > fn(t;) and X9 the law of X conditionally on Vieq1, . 13 Xt, > gn(t:)
such that X9 < Xf. Indeed, we construct (Xt]: ) and (thj ) on the same probability space such that
X7 dominates X9. We then link thi with thi+1 and X7 with X using the same bridge 3* of length
tit1 — t;, setting

istit1]; - i ;
X9 = X9(t;) == +Xg(ti)t1ilt—ti + 8Ly,
With this construction, we have V¢ < T, X¢ < X/, which contradicts (2.5), thus (2.4). O

2.2 Integrability estimates for Ornstein-Uhlenbeck processes
We first list a collection of classical estimates for an Ornstein-Uhlenbeck process,
Fact 2.4. Let X be an Ornstein-Uhlenbeck process with parameters o, > 0 starting from Xy = z.
1. The process X is a strong Markov process with an invariant measure N (0702/(2;1)), For any
t > 0 the random variable X, is distributed as N (xe*“t, %(1 - 672'@)) .
2. For any y € R the right tail of T, :=inf {t > 0 : X; =y} decays exponentially fast.

3. The process {Xt}po given by X, := X, — e M X, is an Ornstein-Uhlenbeck process with param-
eters o, > 0 starting from X, =0.

4. The random variable M := sup X; has Gaussian concentration i.e. there exist C,c > 0 such that
t<1

P(M >y) < Cexp(—cy?), Vy> 0.

The first and third claims follow directly from (1.7). The fourth claim is a consequence of this fact
as well, as max;<; Xy <z + ﬁ maXs<e2n—1 W, where W a Brownian motion. The random variable

max;<.2x_1 Wy has Gaussian concentration by the reflection principle, proving this claim. Finally, the
second claim was proved in [11].
We recall a classical bound on the tail estimate of Gaussian random variables.

Fact 2.5. Let Z be a standard Gaussian random variable and x > 0. We have

1 $ e*$2/2§IF’(ZZx)§—fe*””

Vor 1+ 22 Vor @




We now present a convex analysis result, stating that the probability for a Brownian motion to
stay above a curve f is log-convex as a function of f.

Lemma 2.6. Let X be a Brownian motion or Ornstein-Uhlenbeck process and hy, ha : R = RU{—o00}
be cadlag functions such that

]P)(VSZOXS > hl(s)) > 0, ]P)(VSZOXS > hg(s)) > 0.
Then the function

[0,1] — Ry
A= —logP(Vs>0Xs > Ai(s) + (1 — A)ha(s))

18 conver.
Proof. By standard limit arguments it is enough to show that for any n, N € N the function

[0, 1] — R+

A — = logIP (VkSNXk/n > )\hl(k/n) + (1 - )‘)hQ(k/n)) (2.7)

is convex. We use the Prekopa-Leindler inequality along the lines of the proof below [5, Theorem 7.1].
For x € RV, set H*(z) = d(2) 1 {2, > hy (k/n)+(1—Nha (k/n).vk<N}(T), Where we denote by d the joint
density of (X1 /n, Xo/n,..., Xn/n). The density d is log-concave i.e for any A € (0,1) and z,y € RN
we have d(Az + (1 — \)y) > d(z) d(y)* ). Similarly

A 1—X
Ly, Awp (1= Ny 2 AR (k/n) - (1N (k/n) 2> (g >ha b/m)” (Wayeha(h/n))

Thus the assumption of the Prekopa-Leindler inequality is fulfilled i.e.
A 1-X
H Az + (1= N)y) > (H' ()" (H°(y)) .
Now [5, Theorem 7.1] implies (2.7). O

We now give some estimates on the random variable —logP (Vs<1 X5 > Y|Y), where X and Y are
two independent Ornstein-Uhlenbeck processes.

Lemma 2.7. Let X,Y be Ornstein-Uhlenbeck processes.

1. Let Cyc > 0 and x > 0. Then there exists C > 0 such that for any Xo ~ N(z,c3) with ¢; > ¢
and Yy ~ N(0,C?) with Cy € [0,C] we have that

E[—logP (Vs<1 X, > YY) < C. (2.8)
2. Let Xo=a2>0and Yy =0, we set p=1inf {t >0:Y; =0,3s < t:|Y;| =1}. Then
E[—logP (Ve<, Xs > Y5]Y)] < +o0. (2.9)
3. Let Xo =0, Yo =0 and a,b > 0 then the random variable
—logP (Ve<1Xs > Y, —a, X1 > Y1 +0|Y)

has exponential moments.



Proof. Let X,Y be two independent Ornstein-Uhlenbeck processes of parameters (u1,01), (2, 02). We
first prove the third point. By the FKG property (2.3) we have

—logIP’(ngle 2 Yg — a, X1 Z Yl + b|Y) S 710g]P)(\V/S§1XS Z )/3 — Q‘Y) - log]P’(Xl Z Yl =+ b|Y) .

As X1,Y7 are two independent Gaussian random variables, the second term in the upper bound has
exponential moments by Fact We set H = —logP (Vs<1Xs > Y —a|Y). Applying (1.7)), we have

H < —logP (nglBtl(s) > ﬁ‘WtQ(Sﬂ — a’\W) .
where B, W are Brownian motions, 3 = 22, ¢1(s) = e/**—1 and {2(s) = e/2*—1 ((pu1, p are parameters

of the Ornstein-Uhlenbeck processes X and Y). The constants o, 3 > 0 can be calculated explicitly
but do not matter for the calculations. We denote by

Ay = {vieNVse[%2*i,2*i]Bt1(s) > BIWiy(s)| — a'} ;
Ag = {vieN\{O}vsep*i 39-11By(s) 2 BIWiy(s)| —a }
Using the FKG property again we have
H < —logP(A; N A W) < —logP (A |W) — log P (Ax| V).

For i € {1,2} we write H; = —log P (A;|W). We prove that H; is exponentially integrable. The same
arguments will directly apply to prove that Hs is exponentially integrable. We observe that

B:= {viENVSE[%Q*i,Z’i]Btl(S) = Buy(2-1/2) 2 BIWiy(s) = Wiy (2-1/2)| = 27* '/8} C A

Let 6 > 0, using the fact that the increments of a Brownian motion are independent we obtain

L(O) = (") < ( (BIW)~ ) 1z

1€EN

where
—i/4 1 -
Li(ﬁ) =E|P (vse[ngi,zf'i]Btl(s)ftl(zf'i/2) > thg(s)ftQ(z*i/2)| -2 a |W) ;

and o’ := a’/8. By the Brownian scaling we get

, -0
Lo =E (P (oetzea-1Bota(or-nia-o/) 2 BlWaita(o)-sa(a-s 2| = 2/4a”| W) ) '
There exist 0 < ¢; < C7 such that for any ¢ € N we have

c1 > 21'[7&1(%2—1') —t1(27%/2)] and Cy <2t (27%) — t1(274/2)].

We define analogously 0 < ¢y < Cy associated to t5. We set

M:= sup pBW,, m:= inf B;.
s€[c2,C2] s€le1,C1]

With this notation, the estimate becomes

Li6) <E (]P (m > M- 2i/4a"M)_9) = L.(0).



We have

_ 1= P (m> M —2/1"|M)’
0<Li(0) —1=E .

P (m > M — 21/4a"| M)’
It is well-known that for > 0 we have ¢(z) :=P(M > z) < Cse=%" for some c3,C3 > 0. We also

prove a bound from below for the tail of m. Namely, we have

P(m>x)Z]P’<{Bcl 2x+5}ﬂ{ sup |B5BC1|§5}>
]

s€lc1,C1

>P (B, >x+5P| sup |Bs—B,|<5 20467041’2,
s€le1,C1]

for some ¢4, Cy > 0. We combine the estimates to get
Li(0) —1 < 20P (M < 2i/4a’//2> P <m < 721'/4(1“/2) +P (M > Qi/4a”/2) P (m > 0)"°
+o0 )
+/ P(m>y) P (M >y + 2’/4a”) dy.
0

There exists c5,Cs > 0 such that the first two terms can be bounded from above by Cse=¢% for any
t € N. The last term is bounded in the following way:

/ P(m>y) P (M= y+2/0") dy < CT7Cy / elea’ a2 qy < Cgemeo,
0 0

for ¢g,Cs > 0, with the last estimate holding under assumption that 6 is small enough (i.e. 6 < 2—2)
We conclude that R , '
0< L1<(9) — 1< Cse™ %" + Cge™ 0",

This is enough to claim that [ ], Li(6) < +o0, thus [Lien Li(6) < +00. We conclude that H; admits
exponential moments.
Similar, but simpler, calculations prove that

E[—logP(VsSle Z}G|KXO :.T,YO :0)] < +00. (210)
We now prove (2.9)). By the FKG inequality (2.3) we have

E [_ logp(vsSst > Y5|Y)] SE [_ logp(vsngs > Y;‘Y)}

(o]
+E D —logP | VeepiisyXs > sup Yi|Y
i=1 s€[0,p]

The first term is finite by (2.10]). To treat the second one we study
pl(m) = lOg]P) (Vse[i,i+1]Xs Z m) .

By point 3 of Fact the process X; := i1t — X;e Mt is an Ornstein-Uhlenbeck process starting
from Xy = 0. Therefore we have

pi(m) < —logP (X; > me* +1) — logP (VSE[OJ]XS >-1).
Clearly —logP (Vse[o,qu > —1) > —00, using point 1 of Fact and |D one easily checks that

pi(m) < Cy(m? +1),
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for Cy > 0. Recalling that M = sup,¢jy , Ys and Fact @We conclude
< 2 2 2 2\1/2
E( Y pi(M) | <E(p[Co(M? +1)]) < (B (p?) E[Co(M? + 1)]*) 7 < +o0.
i=1

The estimate (2.8)) follows by similar calculations and Fact O

3 Existence and properties of the function v

In this section, we denote by X,Y two independent Ornstein-Uhlenbeck processes with parameters
(1,01) and (p2, 02) respectively. The main result of the section is the existence of v, ,,(c2/01) >0
such that

hm - IOgP(ngth Z YsaXt - )/t € (av b)|Y)

t—+4oc0 t = Vurpe(02/01) as.

To make notation lighter, we write v instead of v,, ., (02/01), as well as ¢ instead of 0,,, ,,(02/01) in
the rest of the section. We start proving the annealed part of Theorem

Lemma 3.1. There exists 6 > 0 such that for any 0 < a < b < 400,

X —1ng(vs<th Z }/stt - }/t € (a7b))
lim =

t——+o0 t

=4.

Proof. This result is a standard application from spectral theory, thus we only present a sketch of the
proof. For any ¢ > 0 and z,y € R, we set

u(z,y) =P (Vo< Xs > Y5, Xy = Y3 € (a,))) .
We introduce the space D = {(z,y) € R? : x > y} and the operator

o a3
L= ?8“6 + ?3“! — 120z — [2y0y.

Note that the operator L is an Ornstein-Uhlenbeck operator, which has been the subject of studies in
the recent years, we refer to [10] and the references therein. By the Feynman-Kac formula we have

Ouy(x,y) = Luy(z,y) if (x,y) € D
ug(x,y) =0 if (x,y) €D .

Uo(ﬂf, y) = 1x7y€[a,b]

Further, let v be the measure with density exp (—”;—ﬁz — ”;—'32) We define the scalar product on
1 2
L2(D,v) by

(f,9), =/Df(rc,y)g(w7y)1/(dwdy)~

By integration by parts, for any u,v € C*°(D) with compact support, we have
ot o3
(u, Lv), = —7<6wu,(“)wv>y - 7<8yu76yv>y = (v, Lu),,.
As a consequence, L can be extended into a negative self-adjoint operator on Hg(v). Moreover, this

operator is compact, as a consequence, there exists an orthonormal basis {h, }nen of L?(D,v) and a
decreasing negative sequence {\, }nen such that

Lh,, = A\,hy, for any n € N,

11



and hi(x,y) > 0 for any (z,y) € D.
Decomposing f(x,y) = 1,_yc[q,5) On the basis h,, we obtain

ui(z,y) =Y e hn(@,y)(hn, f),, for all t > 0.
neN

In particular, this yields lim;_, %log ug(z,y) = A1 < 0 uniformly on compact sets, concluding the
proof. O

3.1 Path decomposition

In this section, we present a decomposition of the path Y into large excursions. This decomposition
is used both in proofs of (1.2) and (1.4). We define the random variables {7;},~,{pi};> such that
po =0 and

pit1 := inf {t > pi 2 Yy =0and 3¢y, )| Ys| = 1} and 7;:=sup{t < piy1:Y; =0}.
We also define r; := p; 11 — p; and denote

Yi(t) :=Yiqp, te€[0,7:]. (3.1)

Figure 3.1: Notation used in the paper.

Remark 3.2. Note that p; is a stopping time (contrary to 7;). The precise definition of p; and 7; are
not important. What matters for our proofs is that on the interval [r;, p;11] the process performs a
“macroscopic” excursion which is symmetric around 0, and that p; has a finite mean.

Fact 3.3. The sequence {(Yi,ri)}i>0 is i.i.d. and the random variables r; and M := sup,., Y'(s)
have tails which decay exponentially fast.
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Proof. The first statement follows by the fact that Y,, = 0 and the strong Markov property applied
to Y. We define p:=inf {t > 0:|Y;| = 1} then p; =inf {t > 5:Y; = 0}.

By point 2 of Fact both p and p; — p have exponential tails, thus r; = p; has an exponential
tail. For z > 0 we have

[z]
P(M'>z) <P (squi(S) > x) +P(r; > 2) < ZIF’< sup  Yi(s) > x) +P(r; > ).
s<z =1 s€lk—1,k]

We deduce that M* has an exponential tail using point 4 of Fact O

3.2 A modified version of Theorem [1.6

In this section, we denote by P, the law of (X,Y’) such that Xy = z and Yy = 0. In a first time,
we study the asymptotic behaviour of logP(V,cjo,p,)Xu > YulY) as n — +oo, using Kingman’s
subadditive ergodic theorem.

Lemma 3.4. We assume that Yo = 0. For any 0 < a < b < +o00, there exists Y4, such that

=ap 6.5 and in L.

lim —log inface(a,b) P, (Vue[o,pn]Xu > Yy, Xpn € (a7 b)|Y)
n—+4o0 logn

Proof. Let 0 < a < b < 400, we set I = (a,b). For any 0 < m < n, we set

P i= inf P(Yucipm pn) Xu = Y, X, € 1Y, X, =) (3.2)
ze(a,

and ¢p,,n = —10g pm,n. By Markov inequality applied to X, we have

pm,n = lnf PI(VUE[O,pnfpm]Xu Z YU+Pm7XPn*Pm € IlY)
z€(a,b)

We observe that the process X under P, has the same law as (X; + ze#t) under Py. Therefore, from
the FKG inequality , if b = 400 then the minimal value of p,, ,, is attained at = a.

We prove that {‘Imm/}n>m>1 fulfils the assumptions of Kingman’s subadditive ergodic theorem as
stated in [7, Theorem 9.14]. By the Markov property, as Y,, =0 for any 1 <m < n we have

Pon = pO,mP(vue[pm,Pn]Xu > Yqupn € I|Y, vue[O,pm]AXu > Yu; Xpm € I) > Po,mPm,n,

thus ¢o,n < qo,m + @m,n, which is the subadditivity condition [7, (9.9)].

We fix k > 1. We recall that {vt is 1.i.d. Consequently the sequence

}lzo
{qlk7(l+1)/€}l20 (33)

is i.i.d. and condition [7, (9.7)] is fulfilled. Further, condition [7, (9.8)] follows by the fact that the
process {Yi4,, },~( is an Ornstein-Uhlenbeck process distributed as Y. As qg,, > 0; Lemmaimplies
that Eqgg; < 400 thus [7, Theorem 9.14] applies and

—lo
lim —oPon _ yyy Gon Fap, as.and L. (3.4)
n—-+4oo n n—4+oco N
The constant 7, 4 is non-random since (3.3) is ergodic. O

Now we prove that the constant 4 does not depend on (a,b).

Lemma 3.5. There exists 7 > 0 such that for any 0 < a < 400 we have ¥ = Y4, 400 -
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Proof. For any a > 0 and x > 0, we write

pn(.’L’, a) = Px(vue[&pn]xu > Yy, X, > a\Y),

and accordingly ¢, (x,a) := —log p,(z,a). We prove that
lim (2, 0) =4, as.and L, (3.5)
n—-+oo n

exists and is independent of x > 0,a > 0. Fix z > 0, by (3.4]), we know that

. T, T -
lim n(2,2) = Y +o0s s and L,
n—+oo n ,

as the minimum in (3.2)) is attained in © = a. We prove that p,(x,0,+00) behaves similarly. As
pn(z, ) < pp(z,0,+00), we have

_ qu(z,2,400)  gn(2,0,+00) 1 pn(z, x, +00)

a n n n © pn('ra07+oo)
=-—n""logP, [X,, > #[Vucppo,pn) Xu = Y, Y]
< —n"llogP, (X,, > z|Y],

by the FKG inequality. We conclude easily that d,, — 0 a.s. and in L'. By a simple monotonicity
argument we conclude that convergence holds for any pair (x,a), when z > 0 and a € [0, z] and
the limit depends only on z.

We now fix z1 > x5 > 0, we have p,, (21,0, +00) < p,(22,0,+00). On the other hand

qn(l‘2,0,+00) < _logng [ngplxs Z YS?Xpl Z .’131|Y] + Qn—l(xhoa +OO)

n n n

(3.6)

This proves that ¥ = 7, 100 does not depend of z. O

Lemma 3.6. For any 0 < a < b < +o00, we have ¥ = qp

Proof. Using the previous lemma, we set 4 = v, 4o for any a > 0. To show the claim it is enough to
prove that for any b < oo the limit cannot be smaller. We define ng = [n — C;logn] for C; > 1 to
be fixed later and ny = n — 1. Using the Markov property we decompose

Pz(vuganu 2 YuaXpn € (avb)ly) 2 pl(n)p2(n)p3(n)v
where

pi(n) == inf Pu(Vu<y, Xu > Yy, X,, € (a,n)|Y),

z€(a,b)
pa(n) == inf P(Vuepp, pn 1 Xu > Yu, X, € (a,logn)|Y, X, = x),
z€[a,n] morFm 1 0
pg(’fb) = inf P(vue[pnl,pn]Xu > YU?XPn € (avb)IY’Xpnl = x)

z€[a,logn]

We prove that
-1 -1
i 08P oy Tloere() o e (—1ogp3 < n1/2) >0,  (3.7)
n—-+00 n n—+00 n n——+0o
where the first two convergences hold in probability. This limit and (3.4]) imply the claim of the lemma.

We first treat the second convergence. We have

p2(n) > Eir(lzfn] IFI)0E(Vu€[0,pn1fpno}Xu 2 Yoo 4us Xpny—png = alY) — sup Pw(‘xpnlfpno > logn|Y)

z€[ z€[a,n]

2 Pa(vue[o,pnlfpno]xu 2 Yutpngs Xpny—png = aly) — Pn(Xpnl—pno > lognlY),
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using the Markov property and the FKG inequality. Using (3.4]) we get that the logarithm of the first
term is &~ C1ylogn. Now we fix C large enough so that EX, _, ~< 1. This can be established

using property 3 of Fact Further property 1 implies that log P, (X, —p, > lognlY) < —c¢ log® n,
for some ¢; > 0. We conclude that for large n the second term is negligible and thus for some C' > 0

lim ]p<_10gp2(n)20):0.

n—+oo logn

This yields the second convergence in (3.7). An analogous proof gives the first one. For the last one
we consider an event Ay, = {pn — pn, € [1,2],8ups¢,, .1 1Ys] < a/2}. Clearly,

p3(n) = inf  Po(X,,—p,, € (a>b)|y)Pa(VUE[O,pnﬁpn1]Xu 2 Yutpn,

z€[1,logn]

Y, Xp—pn, = a).

Conditionally on A, the second term is bounded from below by a constant and the first one by
exp(—(logn)?). We conclude that for large n there is P(—logps < n'/?) > P(A,). This finishes the
proof as the right-hand side is non-zero and does not depend on n. O

Finally, we prove the limit in Lemma holds for any starting position.
Lemma 3.7. For any x >y and 0 < a < b < +o0, we have

lim B logpm(vue[o,pn]Xu > Yqupn € (CL, b)|Y7 Yo = y)

n—+00 logn

=4 a.sand in L,

Proof. We prove this result assuming Y, = 0, the case Y # 0 being treated in a similar way. We write
qn(z,a,b) = —log Py (Yueo,p,1 Xu > Yu, X,, € (a,0)]Y)
Using the two previous lemmas, we have

- b SUDgc(q.b) In(T,a, b
1hnsupg—glgij—< im SPre(p) dnl )::7,

n— oo n ~ n—+oo n

as SUPye (q,5) In (T, a, b) = qo,n. Similarly, for any = > a, we have

lim inf 7%(33’ a,b) > liminf 7%(1:’ 6, +0) > liminf 7%(&’ a, +00)

>
n——+oo n n—-+o0o n n—-+o0o n

by the FKG inequality. Finally, using a reasoning similar to (3.6]), a similar inequality holds for z < a.
Consequently, the convergence

AN

n—-+oo n

=4, as.and L', (3.8)

holds for any a, b, z. O

3.3 Existence and basic properties of vy

We now prove that (1.2)) holds. To this end we state an auxiliary fact, whose proof is postponed to
the end of the section.

Fact 3.8. For any C >0, a > C and b € (a,+00| the family of random variables {H:}, defined by

1ogP (Voes Xo > Ve + C, Xs — Y3 € (a, b)Y
i, — o8 (Vo< Xs > -: t — Y4 € (a,b)] ) (3.9)

is LP-uniformly integrable for any p > 1.
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Proof. Without loss of generality it is enough to work with integer times and assume that a > C.
Denoting the probability in (3.9) by p: we estimate

—logpn < —10gP (Ve<nXs > Yy + C Ve, .n} Xk — Vi € (a,0)]Y)

—logP (Vsepo,1)Xs = Vs +C, X1 — Y1 € (a,0)]Y) + Z q;
ke{1,...,n—1}

A

where g, := —log [inf e (a,0) P (Voepo p411Xs = Ys + C, Xir1 — Vi1 € (a,0)|Y, Xy — Yy, = 7).
By the Markov property the random variables {qx},~, are independent and identically distributed

thus, by Lemma the sequence {+ "¢, g} is LP-uniformly integrable. Further, the proof follows
by standard arguments. O

Lemma 3.9. For any 0 <a <b< 400 and Xy > Yy, we have

_— > _ ~
lim logP(ngth > Yo Xy = Vi € (0, 0)Y) =7 a.s. and in L.
t—o00 t E(ry)

Consequence of this lemma, we set v = ]E('Zl).

Proof. Let m(t) := [t/Epy —t?/3| and M(t) := |t/Ep; + /3] and
t = {t € [Pm(t),PM(t)]}~
n—1 . .
Clearly, pn, = Y _;_o Tk, using Fact one checks that 14, — 1 a.s. By Fact it follows that

. L »
t_l}gloo Hilgae =0, asand LP. (3.10)

By (3.8) we have

—logP (Vs<p,, o Xs = YY) m(t ¥
lininf H, > lim 1, o8 eonco )m) _ 5
t—+o0 t—+o0 m(t) t Er;

a.s and LP. (3.11)

The bound from above is slightly more involved

—logP (VSSPm(t)XS 2 Y;’Vse[pm(t)va(t)]XS —Y; € (a, b)|Y) M(t)

1 H, <1
At = DA M(t) t

Let us denote the probability in the expression above by p. We fix a/, b’ such that a < o’ <V’ < b and
use the Markov property

logp > log P (vsépmme >Y,, X Y. € (d, v)|Y)

Pm(t)

+ log [ inf logP (VsE[pmm,pM(U]Xs =Y € (a,0)Y, X, () = x)} .

z€la’,b’]

It is easy to check that the second term divided by ¢ converges to 0 (which essentially follows by the
fact that M (t) — m(t) = o(t)). Thus using (3.8)) again we obtain

liminf H; < l, a.s and LP.
t——+o0 E’I“1

This together with (3.11)) concludes the proof of (|1.2)). O
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We study the properties of the exponent 7 as a function of a constant § by which the path Y is
multiplied. More precisely, with a slight abuse of notation, we set for 5 € R

1
¥(B) = li+m glog]P’(Xs > BYs, s <t|Y),

t—4o0
again without denoting the dependence in 1, p2, 01, 02, to avoid cumbersome notation.
Lemma 3.10. The function v is symmetric and convez.

Proof. As the law of Y is symmetric, v is symmetric. In effect, for any ¢ > 0 we have
P(X, 2 B, < 1Y) DP(X, 2 —pY,,s HY),

therefore lim;_, | oo %logIP’ (X5 > BY,, s < t|Y) @ limy 4 oo %1ogIP’ (X5 > —pYs, s < t|Y). We conclude

that y(8) = 7(~B).
To prove convexity we use Lemma To this end we fix t > 0 and A € (0,1). Applied conditionally

on Y the lemma implies that for any ¢t > 0, almost surely

_logIP(ngth > (Aa+ (1 =Nb)YL|Y) < _AlogP(ngth > aYs|Y) B
t - t

Taking ¢t — 400 we obtain y(Aa + (1 — A)b) < Ay(a) + (1 — A)y(b). O

>
(1o 1ogP(vSSt)§s > YY)

Using the same arguments, one obtains easily the following result.

Lemma 3.11. For f € R, we set

1

t—4o0
the function & is symmetric and convexz.

Proof. We recall that by Lemma [2.6] the function
B —logP(Vs<t, X5 = BYS|Y)
is a.s. a convex function. Thus, for any A € [0,1] and 3, 8’ we have
P(Vs<t, Xs > (A8 + (1 = N)BVY[Y) < P(Voce, Xo > BY[V)'P(Vose, Xo > BY[V)7N
Consequently, using Holder inequality, we obtain
E(P(Vs<t, Xs > (A8 + (1 = N)B)YS|Y)) < P(Voze, X 2 BYs) P(Vocr, X > BY5)1 2,

concluding the proof. O

4 Relevance of the disorder

By Lemmas and there exist two convex symmetric functions 7y,, ., and 9, 4,
such that (1.2]) and (1.3) both hold. Therefore, the only thing left to prove Theorem is the strict

inequality (1.4]).
Observe that for any fixed ¢ > 0, by Jensen’s inequality we have

E[-logP (Vs<:Xs > BY;|Y)] > —log P (Vs<: X5 > BY),

which implies v, 4, (8) > 0, 4, (B) for any 5 € R. Obtaining the strict inequality is a much harder
result. We recall the path decomposition from Section [3.I] The key observation, on which the proof
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strategy hinges on, is that Jensen’s inequality applied on each interval [p;, p;+1] allows to prove there
exists a “gap” between the two quantities. The main technical difficulty will be to control this “gap”
uniformly in ¢. This control is established in Proposition

In this section, unless specified otherwise, we assume that X and Y are two independent Ornstein-
Uhlenbeck processes, with parameters (u1,01) and (ug, 02) respectively, such that Yy = 0 and Xy = 1.
Before the main proof we present three technical lemmas. The first one is a concentration inequality
for a conditioned Ornstein-Uhlenbeck process.

Lemma 4.1. Let X be an Ornstein-Uhlenbeck process. For any C1 > 0 there exist Cy,C5 > 0 such
that for any f : Ry — Ry being a C1-Lipschitz function we have

P(Xy > 2+ f(t)[¥sxi Xs > f(5)) S exp (=Coa®), > Caf(t), (4.1)
as soon as Xo € [f(0)+2,(C1 + 1) f(0)).

Proof. To avoid cumbersome notation we assume that ¢ € N. The proof for general ¢ follows similar
lines. Further we assume that

Vy<ef(s) > min {(s OV (st 1)1/3}, (4.2)

If it is not the case, by Lemmawe can freely change f by s — f(s)+min {(s + 1)'/3,(t — s +1)'/3}
which is (C; + 1)-Lipschitz.
We shorten z; := x + f(¢) and let ¢; > 1. Using Lemma [2.3| we estimate
P (X > 2|Vt X > f(5) S P(Xy > a4 Vot X > [(5), Vneqr,...1 Xn > 1 f(n)) (4.3)
P (X >, Vet Xo > f(5) [Vnequ,.. t}X >c1f(n))

P (V< Xs > f(5) [Ynen

< P(X¢ >z |Vne{1 3 Xn > le( ))
TP (Ve Xs > f(s |Vne{1, mXn>af(n))

Let us first treat the denominator denoted by I;. We use (4.2]) and choose ¢; sufficiently large so that
1, is bounded from below by a constant independent on ¢ and f. Using Lemma we obtain

Ii =P (Yseo,Xs = f(5) [Vneqr,..nXn > a1 f(n))
X P (Voer,gXs = £(5) [Vaeqr,..3Xn = c1 f(n), Vsepo, 1y Xs > f(s))
> P (Vaeo,yXe = f(5) X1 > e1f (1)) P (Vaeq,gXs > £(5) [Vneqr,..p Xn = a1 f(n)) .

Continuing in a same manner we obtain that

Iy > P (Vep,Xs = f(8)| X1 > e f(1)) x H P (Vocpn-1.nXs > f(8) [ Xp1 =1 f(n—1)).
ne{l,...,t}

~ (4.4)
By point 3 of Fact conditionally on X,,_1 = ¢1f(n — 1) the process {Xt}te[o 1 defined by X; :=

X1+t — cre M f(n — 1) is an Ornstein-Uhlenbeck process starting from Xo = 0. Thus

s€[n—1,n]

P (Vse[n—l,n]Xs > f(S) ‘Xn—l = le(n - 1)) >P (st[O,l]Xs > sup f(S) - Cleiuf(n - 1))

> P (Vseo,Xs = —cre " f(n)/2).

We used inequality sup,ep,—1,,) f(s) —cie™# f(n —1) < —cie™* f(x)/2 which can be easily verified by
and Lipschitz property as soon as c¢; is large enough. By point 4 of Fact - 2.4| we conclude that

P (Voep—1,mXs = f(s) | Xno1 =c1f(n—1)) > 1 —Cexp (—c [cle_“f(n)/2]2) .
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By this estimate, (4.4)), (4.2) and increasing c; if necessary we obtain
P(ngth > f(S) |vn§tXn—1 > le(n)) > D,

for some p > 0 which does not depend on n. From now on ¢; is fixed. Now in order to show (4.1)) it
is enough to prove that the numerator in (4.3) decays in a Gaussian fashion. This is the aim for the
rest of the proof. We define a sequence {G,},~, by putting Gop = X > 0 and

G, =X, —c, X1, n>1 (4.5)

where ¢, = % It is easy to check that in fact ¢,, = ¢ € (0,1) and moreover the random

variables {G,},~, are independent, distributed according to A(0,b%) where b is a function of the
parameters of the process X. We will prove that there exist co, C2 > 0 such that for any = > Cyf(¢)
and ¢t € N we have ,

P (Xt >+ f(t) ’vne{l,...,t}Xn > le(n)) < e . (46)

We start by choosing constants B, co > 0 satisfying
(1-B)
262

Let L > 0, without loss of generality we assume that f(¢) > L. This assumption with the Lipschitz
property yields that

Be(el), c< (4.7)

Sl< f%” < Ay (4.8)

for Ay, such that Ay, N\, 1. We fix L such that B/(cAr) > 1. We proceed inductively. The constants
L and Cs potentially may be increased during the further proof (the other constants stay fixed). We
stress that this increase happens once and later the constants are valid for all steps of the induction.
Checking the base case is an easy exercise. Let us assume that (4.6) holds for ¢ > 0. Let = be such
that x + f(t +1) > c1 f(t + 1), we have
P(Xip1 Z o+ f(t+1) [Yueqr, ey Xn = 1 f(n))
P (X >+ [+ 1), Ve, Xn > a1 f(n))
P (Vne{l,...,tﬂ}Xn > C1f(n))
P (X1 > f(t+ 1) [Vaeq, o Xn > af(n)
We denote the denominator by Ip. By (4.5) and (4.8]) we have
Ip >P(Gipr Zaf(t+1) —caf(t) > P(Gie1 > c1(AL — o) f(t)) . (4.9)

By (4.5) and the union bound we conclude that the numerator is smaller than I} + I, where

n?

1L =P (Xt > Z (o4 £+ 1) Macr, 0K 2 clf<n>) L =P (G > (- B)(a+ f(t+1).

Let > Cyf(t + 1) then

| &

2t ) -af)2

(ot DI+ 1) — erf(t) > 1(0) [f (Ca41) - } )

We assumed that B/(cAr) > 1 thus the last inequality holds if we choose Cy large enough. We can
thus use the induction hypothesis (4.6|) for ¢. We have

Il < exp{cz <fx+ gf(t+ 1) — f(t)>2} < exp{cz <fx+ [B/(cAL) — 1]f(t)>2}.
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Recalling (4.9) and increasing L so that ¢1(Ar — ¢)f(t) > c1(AL — ¢)L > 2 holds we can use the
Gaussian tail estimate (2.6) as follows

Iy _ 5e(AL = o)f(t) exp{c%(AL — o)’ f(t)? } exp {—02 (Bx +[B/(cAL) — 1]f(t))2}

Ip = b 2b2
el ) o (AL e 20BIB) A = | {207 ),

= b eXp{ TEREAY c

We increase Cy (we recall that x > Cof(t + 1)) so that % < ng.

increase L if necessary so that the first two factors are bounded by 1/2. Finally
A | cB?
s < 2eXp{— SR
which by (4.7) implies I} /Ip < exp {—c22?} /2. We perform similar calculations for I2:

12 5¢1(Ap — o) f(t (A — )2 f(t)? 1— B)? 9

5¢1(Ap — ) f(t (AL —c)? 5 1— B)? 1-B)? ,
< ( Lb )f()exp{ (2Lb2 )f(t) _(b2AL) xf(t)}exp{—( 2b2) J?}

1 (1-B)? ,
2exp{—2b2 o,

where the last estimates follows by increasing Co and L if necessary (analogously to the previous case).
Now, by (4.7) follows I2/Ip < exp(—coz?)/2. Recalling the previous step we obtain (I} + I2)/Ip <
exp(—coz?) which establish (4.6)) for ¢ + 1. O

Then we

IN

A similar property holds for conditioning in future.

Lemma 4.2. Let X be an Ornstein-Uhlenbeck process and u € [c,C], for C > ¢ > 0. Then there exist
C1,c1 > 0 such that for any t > 1 we have

P (Xu 2> $|vs€[u,u+t]Xs > (1 + s — u)l/g) < Cle—clrz_

Proof. We set f(s) := (1+ [s])'/3, by Lemma it is enough show the claim with f(s) instead of
(1+ s)'/3. Using the Markov property we write
P ({Xu >ziN {Vse[u,qut]Xs > f(s— u)})
P (Vse[u)u+t]Xs > f(S - u))
Jo " w(y. P (X, € dy)

S w(y, P (X, € dy)’

P (Xu Z xlvse[u,u+t]X8 > f(S - U)) =

where
w(y,t) =P (Vo< Xs > f(5)| X0 =y).

The function is increasing with respect to y, thus the denominator can be estimated as

/410(@/,15)}1D (X, €dy) > w(3,t) - P(X, € [3,4]).
3

By the Gaussian concentration of X,,, one checks that to show the claim it is enough to that

Zg:g < exp (Cl(log x)5/3) ) (4.10)
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for C1 > 0 for z > 3. It will be easier to rewrite w as w(z,t) = P (Vo< Xs > f(s) — xe™#%) with the
assumption that Xo = 0. Let us set ¢, := [Clogz], where C; > 0 will be adjusted later. For x > 3
we have

w(z,t)

P (Voeir, 0 Xs > f(5) — xe "|Vocr, X > f(s) —xe™ ") P (Vocs, Xs > f(s) — we ™)
P (Vaept, g Xs > f(5) — we ™ |Vocr, Xy > f(s) — we™"?)
P (Veepr, g Xs > f(5) — 27" Vycr, Xs > f(s) +1 = 3e™),

IN A

where in the last line we used Lemma Moreover, by convention we assume that the probability
above is 1 if ¢, > t. Similarly we estimate

w(3,t) 2 P (Voxe, X 2 f(s) + 1= 3™ Vepy, g Xs > f(5))
>P (VSQIXS >f(s)+1— 36_“3) P (Vse[tmt]Xs > f(9)|Vs<t, Xs > f(8)+1— 36_“3) .

Using calculations similar to (4.4) and f(t,) = O((logz)'/3) one can show that
P (Vocr, Xo > f(s) + 1 — 3e7#) > ¢z~ Callosn)**ta

for some ¢3,C5 > 0. Now we will show that for C; large enough (recall that ¢, := [Cilogz]) and
y > f(tz) + 1 — 3e Ht= there exists a constant ¢ > 0 such that for any ¢ > ¢, we have

P (Vsept, 4 Xs > f(8)|Xe, =)
P (Veert, 4 Xs > f(s) — we 5| X, = y)
=P (Vse, g Xs = f(8) Voep, 4 Xs = f(s) —ze ", Xy, =y) > c.

Integrating one verifies that

P (vse[tw,t]Xs > f(S) - $€_HS|VSS,§$XS > f(S) +1- 36_#5) < Cil

P (vse[tm,t]Xs > f(s)|vs§ths > f(S) +1- Seiﬂs) B

which is enough to conclude the proof of (4.10) and consequently the proof of the lemma. Equivalently
we will show that

H:=P (Hse[tz,t]Xs < f(8)Vsept, g Xs > f(5) —xe ™ X, = y) <l-c (4.11)

‘We consider

[t]
H< S P(GacporsnXs € F()Voci Xy > f(5) —ze ™, X,, = )
k=t,
[t]
<P Gaepparan Xs < F(R)VaepninXe = f(k) —ze ™, X, =)

k=t

The first inequality follows by the union bound and the second one by the assumption on f and
Lemma The first term (i.e. k¥ = ¢,) can be made arbitrarily small by choosing C; (and thus ¢,)
large. To estimate the other terms we define a function p; : Ry — R by

pk(A) = - logP (vse[k,kJrl]Xs > A|th = y) .
By Lemma |2.6| one deduces that p is convex. Further we notice

P (VoepprinXs = AlXy, =y) > P(Xg > Ae"| Xy, =) P (Vo pi1Xs = A|Xp = e A).
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The second factor can be easily bounded from below by a strictly positive constant uniform in A, k.
Thus for some Cy > 0 we have py(A) < C4(A + 1)2. Using the convexity of pj, it is easy to deduce
that for some C5 > 0 we have p) (A) < C5(A + 1), where p). denotes the left derivative of py. Thus

1og P (Yoerk i1 Xe > f(F) Vaepren Xe > f(k) — ze™*)
= pr(f(k) — ze™ ") = pp(f(k)) = —Csze " f (k).
Now we can make the final estimate. We write

[t] [t
Z (1 — exp(fC5xefﬂkf(k))) < Cq Z f(k)efu(kfﬂogk/lﬂ).

k=t,+1 k=ts)
for some Cg > 0. Increasing C; (recall that t, := [C:logz]) if necessary, we can make the sum
arbitrarily small, proving (4.11)) and concluding the proof. O

We introduce b; : [0,¢] — R4 by
bi(s) := mm{(sﬂ)l/?’,(psﬁ)l“}. (4.12)
Let us recall the notation of Section [B1l We have
Lemma 4.3. There exist C,c > 0 such that for any n,k € N we have
P(Vs<p Ys < Cby(s)) > ¢, PP (Bni|{r:}) >1/10}) > ¢, (4.13)

where By, = {Vpkﬂgsgpan < C(s— pr1 + 1)1/3}.

Proof. The proof of this result is rather standard, thus we only present a sketch of it. We observe that
for any k € N, we have

P (ngkas < Cbﬁk (S)) <1-P (3820 D C<1 + 8)1/3) -P (HSG[U’Pk] Y, > C(l + (Pk - 8))1/3) :

(4.14)
We note that by ([1.7)) and the law of iterated logarithm, we have

S

sup < +00 a.s.

s>0 (1+5)1/3

thus the first term in can be made as small as wished by choosing C' large enough. To treat the
second term, we use the decomposition in excursions of the Ornstein-Uhlenbeck process and observe
that (Y, _s) has the same law as the concatenation of an excursion conditioned to be larger than 1
and an independent Ornstein-Uhlenbeck process. Thus, using William’s decomposition and the law of
iterated logarithm again, for a given € > 0 we can choose C' > 0 large enough such that

P (3ucopon : Ve = CL+ (o1 —5)Y?) <.

We now prove the second inequality. By the Markov inequality, we have

P (B (B5,4l{ri)) > 9/10) < 3B (B).

Using now the Markov property at time pj, we have
]P’( ;k) <P (3520 Y, >C(1— 3)1/3)) ’

therefore choosing C' large enough, we can make this probability as small as wished. O
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Proof. The proof is rather standard therefore we present only a sketch. We denote f(s) := C(s+1)'/3.
We consider

P(vsékas < Obpk(S)) =1-P (ESSkas 2 Cbpk(s)) (4.15)
21 =P Fs<p,Ys 2 Cf(5)) =P (Jscp. Ys = Cf(pr — 5)) -
Let us treat the second term. Let [ € N, we have

+oo
P (Hsgkas > Cf(S)) < P(HSZOYS > Cf(S)) < P (HSG[O,pl]}/S > Cf(S)) +ZP (HSG[pi,pi+1]Y5 > Cf(8)> .
i=l
(4.16)
We recall Fact and the notation there. For large enough ¢ and some ¢ > 0 we have
P (Ssctpipipn]Ys = Cf(s)) <P ({M* > Cflpi)} N {pi > ci}) + P (pi < ci)
<P (M" > Cf(ci)) + P (p; < ci)
Se—C1Cf(Ci) + e—CQi)

where C1,Cy > 0. Increasing | and C one can make (4.16) as small as we want. Treating the third
term of (4.15) similarly we obtain the first statement of (4.13). We set A,, i := {P (B, x| {r:}) > 1/10}
and p := P (A, k). We have

P(Byx) = EE[ls, | {ri}] = E [La, .E[ls, | {r:H)] +E [Lac  Ells, .| {r:}]

1 9
< 1-— 10 = — + —»p.
<p+(1-p)/10 o T 107

By the first argument we choose C' such that P (5, ;) > 1/10 which implies p > 0 (uniformly in n and
k). O

4.1 Reformulation of the problem

We introduce necessary notions and reformulate the problem. Let M be the space of finite measures
on R;. Given m € M we denote ||m] := fﬂh m(dz). Let P be the functional space

P :={f: f is a continuous function from an interval [0,¢] to R such that f(0) = f(t) =0}. (4.17)

Let us define an operator T : M x P +— M. Given a measure m € M and f € P such that f : [0,¢{] = R
we set T'(m, f) := m defined by

m(dz) = ||m||Pp/jm) (Vs<eXs > f(s), X¢ € da),

where under IP,,, /| the process X is an Ornstein-Uhlenbeck process such that Xg =Im/||m|.
For n € N we define iteratively M-valued random variables T;, by

5 =0
T, = LT (4.18)
T(Tp_y, Y™™ ) n>0

where Y is given by (3.1). Using the Markov property one proves by induction that
T, =P Vo<, Xs > Y, X, €da|Y). (4.19)

Let us denote F := o(p;,i € N). The following lemma relates T}, to our original problem.
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Lemma 4.4. Let vy, 4, and 0y, 1, be the same as in Theorem [1.6, Then

Yoo = Jim_ W S < lim E [—long(T!IlTnHV)]. (4.20)
The following proposition is the main technical result of this proof
Proposition 4.5. There ezist ¢ > 0 and ng € N such that
Elog |To| — Elog E(| T, [||F) < —ne, (4.21)

for any n > ng.
We observe that this proposition together with Lemma imply (L.4]).

Proof of Lemma[].4) The first convergence in (4.20) holds by (3.8)) (recall also relation between 5 and
Yyr e given in (3.11])). We observe that (4.19) yields E (||T,[||F) = P (Vs<p, Xs > Y| F). We note
that methods of Section [3]imply that

—logP (Vs<p, Xs > Y| F)

4.22
. (422)
converges a.s. and in L' for the sake of brevity we skip details. We define r(n) := Ep, — n?/3 =
nEr; — n?/3 and a sequence of events A, := {p, > r(n)}. Using Fact one proves 14. — 0 a.s.

Consequently the convergence of (4.22)) implies

E1l 4. logP (V X > Y| F
lim A 0g ( s<r(n) el | ) —0.

n—-+oo n

Using E (||T5|||F) < 1 we estimate
ElogE (||Tn|||F) < Ela, logE (||T0]l|F)
< Ela, logP (Vs<pm)Xs > Yi|F)
=ElogP (ngT(n)Xs > Y| F) — El4: logP (ngr(n)Xs > Y,|F). (4.23)
We denote the first term of the right-hand side of (4.23)) by J,. Applying Jensen’s inequality we get

By (1.3]) and the definition of r(n) we have limsup,, J,,/(nEr1) < —§,, ., and the second term (4.23))
can be shown to converge to 0. We conclude that the second claim of (4.20) holds. O

4.2 Proof of Proposition 4.5

Proof of Proposition [{.5. We recall F = o(p;,i € N) and define a filtration {3}, by putting Fy :=
{0,Q} and , B
Fo=c{Y':i<k}, k>0,

(see also Figure . We recall (4.18)) and for k € {0,1,...,n} define M-valued random variables T*
by
T) = E(Tn| F, F).

This definition and (4.19)) imply that

T = P (vsgpnxs > Y., X, €de {Y'},_, ,]-') . T =T, (4.24)
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By the Markov property of X we have
log | T || = log |Ti|| + log Py, (Yorzs<pn Xs 2 Yol Y, F). (4.25)

This expression requires some comment. We recall that Ty is a random measure, conditionally on
m = Ty /|| Tk|| we understand X to be an Ornstein-Uhlenbeck process starting from m at time p;. Let
us now denote

Gni=E [lOgPTk/HTk” (kaSSSPnXS 2 YS|Yk’]:) |]:ka]:} - IOgPTk/HTkH (kaSSSPnXS > Y| F).

We notice that Gy, 1 is a random variable, which by Jensen’s inequality fulfills G,, , < 0 (we will prove
strict inequality later). In this notation (4.25]) yields

E [log | Ty || Fr, F| = log || Tkl| +10g Py, /jz, | (Vor<s<pn Xs = Y| F) + G i = log [|TF[| + G-
We apply this relation iteratively

E [log |[T,,[[|F] = E [log | T||F] = E [E [log | T} || Fu1, F] |F]

[log“Tn 1|||-7:] +]E[ n,n—1|]:]

B [l0g | 7| o, F] + E{Go 1|7
[

log |72 72(||F] + E[Gpn—2|F] + E[Gpnn1|F]

E
E
E
E

n—1
=E [log | TY[[|F] + > E[G x| F).
k=0

We notice that | T =P (Vs<p, Xs > Ys|F) = E[||T,|||F]. Thus

n—1
E [log | T,]|] = Elog E[|Tu[||F] + D EGy -
k=0
One easily sees that an inequality
EGnk <c, (4.26)

for some ¢ < 0, is sufficient to conclude the proof of the proposition. Proving (4.26) is our aim now.
To avoid heavy notation we denote E(-) := E(:|F) and Eg(-) := E(-|F).
Further, we introduce additional randomization: a probability measure Py and the random variable

7 such that Py(n=1) =Py(n=—1) = 1/2. For k € N we define {f{f(n)}po by
TE) = nlYs| ifse [fk,/)k+1] .
Y, otherwise.
There are two easy but crucial observations to be made at this point. Firstly,
VSZOYSIC(]') > Y/—sk(_l) and VSG(Tk Pk+1)}~/ ( ) > Yk( ) (427)

Secondly, the excursions of an Ornstein-Uhlenbeck process are symmetric around 0. Formally, under
Ei @Ky the process Y*(n) has the same law as Y under E. Let us shorten m := T /||Tk|| and denote
“the gap”

Ange = EiBrlog By (Y cuzp, Xo = VEMYY) — B log EsByy (Vo cuzp, X > VE@YY) . (4.28)
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By Jensen’s inequality we have G, < A, < 0. In order to show (4.26]) we will obtain a bound from
above on A, ; which is strictly negative and uniform in n, k. We define

P, (VkaSSans > Ysk(lﬂyk)
Ifpm (VkaSSans > Ysk(_lﬂyk) ’

G = (4.29)

and z, 5 =P, (Vpp<s<pn Xs = f{f(fl)|Yk). In this notation (4.28) writes as

2 2
(4.30)

- |1 nkZnk + Zn - |1 nk + 1
Apr=Eg 3 (log(gn k2n.k) + log zp 1) — log (gkkk)] = E, {2 log gn, 1 — log (gk)}

1.
< *gEk(gn,k —1)2

To explain the last inequality we observe that yields g, < 1 and that for = € (0, 1] we have and
elementary inequality % log x — log (ITH) < -z — 1)2. Now we concentrate on proving that in fact,
uniformly in n, k we have g, < 1. Let us analyze the expressions appearing in (4.29). We denote
Qi (1) :=P(IYF), A = {Vp,<s<ppa Xs = YE()} and B := {V,, <s<p, X5 > YSHVe fix z € Ry
and we want to find a formula for p; := Qs, 1(A; N B). By the Markov property we get

bi = Qéw,k [@th,k(lﬂi ka+1)Q517k(1B‘ka+l):| .

We denote L (x,y;1) := Qs, x(14,/X,,., =), which expresses more explicitly as

Lk(xv?ﬁi) = ]F) (VPkSSSPk-HXS > ?sk(i”YkVXﬂk =7, ka+1 = y) . (4'31)

We write
Q617k(16 ‘ka-u)

Pk+1;Z) Q5$,k(18)

Let us now consider a measure defined by

i = Qs, & {L(LX } x Qs, x(B).

b Qéz,k(lBlka+1):|
e Qs k(18) |’

where D C R is a Borel set. One easily verifies that it is a probability measure. Removing the
conditional expectation we get

/'I’ZE,TL,IC(ka+1 E D) = @(L;,k |:1X

Pk+leD18)
Qs, 1x(15)
= ngk (ka+1 S D|B) .

@@,k(lx%ﬂeDlBXpm)] Qs n(1x

Ha, ,k( prt1 € ) Q&l,k [ Q&m,k(lli‘)

Again, writing more explicitly we have
Hoan i (dy) = P (ka+1 € dy|vpk+1S5§PnX5 2 Y, Xp, = fE) . (4.32)
Finally, concluding the above calculations we obtain that for ¢ € {—1,1} we have
Pr (Vo <szpn X = YE(@)YF) =/ / Ly (2,5 1) i, 1o (dy)m(dz) (4.33)
Ry JRy
X Pm (vpk+1§SSPnXS > K) .

Before going further let us comment on the further strategy. It is easy to see that for any fixed
xz,y € Ry we have Li(z,y;1) < Lg(z,y; —1). The gap vanished however smaller when z,y — +o0.
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The uniform inequality g, 1 < 1 can be obtained by showing that with positive probability the measure
ta.n k(dy)m(dz) is uniformly concentrated in a box.
Let C; > 0 be a constant as in Fact We denote sequences of events

A = Al 0 {re € [L10]} NAZ
AL = {p > 1} 0 {Vacp Ve < Ciby (5))
A2 o= {B (Bo il F) > 1/10},

where B k = {Vpk+1<9<pnY <Ci(s—pry1+1 1/3} We first prove concentration of m = T /|| Tk||
(recall . Let R > 0, by the FKG property stated in Lemma [2.3 E conditionally on the event .Ak

we have

(Te/ I Txll) ([R™, R]) = B (X,,, € [0, R]\Vs<ka >Y,,Y) ~P(X,, < R Vg, Xs 2 Y, Y)
> P (X,, € [R7, RVagp, Xo > Ciby, (s) — P (X,, < R7'X,, >0).

Using Lemma we can choose R > 0 such that the first term is arbitrarily close to 1. By easy
calculations the second term can be made arbitrarily close to 0. We fix R such that

(Ti/ITl) ([R™Y, R > 1ar (1/2). (4.34)
Our next aim is to study concentration of (4.32)). To this end we denote
p(x) = P (ka+1 [0,C, ]|vpk+1<5§ans 2 Yo, Xp, = x) )
where C. > 0 is to be fixed later. Using Fact 2.4 we estimate

p(m) > P ({ka+1 € [Oace]} N Bn,k|vpk+1SSSans > YS’ka = x)
P (Xpp, s €10,C][Bng N {1 <s<pn Xs > Ys, X, = 2})
x P (Bn,klvpkHSSSPnXS > Y, ka = I)

]P) (XPI«+1 € [07 Ce]|ka+1SSSPnX8 2 Cl(s — Pk+1 T 1)1/37 XPI« = .’L‘) IFD (Bn’k) .

Pk+1

Y

Assuming that rp = pr+1 — pr € [1,10], we can set C, such that Lemma implies that the first term
is bounded away from 0 uniformly in n,k and z € [R™!, R]. Together with (4.34)) this implies

R
/ oo ([0, Cl)m(d) > Cla, .
Rfl

for some C' > 0. One further finds c. > 0 (we skip details) such that

R
| enalee Chmido) = (€/2)14,,. (4.35)
We are now ready to come back to (4.29)). We recall (4.31)) and denote
Lk(x7 Y3 1) .
rE = sup — L= inf Li(z,y;—1). 4.36
T iR Rlyele, 00 Li(@yi 1) " selr-1 Rl yele.,Cl) kl ) (4.36)

We have Ly (z,y;—1) > Li(z,y; 1). Moreover, one verifies that for n € {—1,1} the functions Lg(-,;n)
are continuous and L (z,y;n) > 0 if z,y > 0. These imply 7, < 1 (note that 7 is a random variable
since it depends on Y*). Similarly we have L > 0. One checks that

/ / Li(x,y31) o o (dy)m(dz) < 1
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Using the elementary inequality (a+c¢)/(b+d) < (a+1)/(b+1) validfor 0 <a <band 0 <c<d<1
we get

S Je” Tty Dt (dg)mlda) +1 v [l Jio Ly = Dptan #(dy)m(dz) +1
R Ce - R Ce ’
fR—l fce Lk(xa Y; _1)Mw,n,k(dy)m(dx) +1 fR—l fce Lk<x7 Y; _1>/~Lz,n,k(dy)m(dm) +1

Further, we notice that for 7, € [0,1] we have (rpa+1)/(a+1) < (rgb+1)/(b+1) if b < a. Applying
(4.35) we get

gn,k S

ri Ly f§—1 Han.k([Ce, Ce])m(da) + 1 - riLpC/2 + 1 - M
Ly [51 pamp (e, Clym(dz) +1 — LeC/2+1 7 1

In.k §

where the last estimate follows by (ab+1)/(a+ 1) < 14 a(b— 1)/2 valid for a,b € [0,1]. Combining
the last inequality with (4.30]) we arrive at

Gmk S —Cgf[‘jk |:1-A'n.,kL%) (rk — 1)2] . (437)

for a constant C3 > 0.
We are now ready to show (4.26) (which concludes the proof of the proposition). By the strong
Markov property we have

EG, < —C3E {1An,kLi (re — 1)2} < —C3P (A E {Li (rp —1)° 17’;96[1,10}} P (Aik) .

We notice that the law of L? (ry — 1)2 1y, ef1,10) does not depend on & and it is not concentrated on 0,

thus P (A;) E [Li (rp — 1) 1,%6[1,10]] > 0. The other two terms are uniformly bounded away from 0
by Fact O

Proof of Theorem[I.6. As observed at the beginning of the section, Lemmas [3.9] and as well as
Lemmas 3.1 and respectively prove there exist two convex symmetric functions «, § such that for
all B € R,

IOgP (vsths > /BYS7Xt - 61/:‘4 € (Cl, b)|Y)

tl}?oo t - _7(6)
> —
hm logp(vsﬁtxs - ﬁ)/saXt /B}/t e (a’)b)) — —6(5)
t——+oo t

Moreover, by Lemma [4.4] and Proposition for any 3 # 0, there exists ¢ > 0 such that

V(B) 2 6(8) +¢
proving that v(8) > §(8) for any § # 0. O

5 Proof of Theorems [1.1] and 1.5

As observed in Remark [I.7, Theorem [I.1]is a direct consequence of Theorem [I.6] We now extend this
result to prove Theorem [T.5]

Proof of Theorem[I.5 For simplicity, we assume here that a = 0 and b = +o0, therefore we ignore the
condition By — W, € (atl/ 2 bt/ 2). The proof in the general case is obtained in the same fashion, but
with heavier notation.

Denoting x := inf;>¢ ¢g(t), one can find A > 0 and e > 0 such that

—x/2 - Aj(t) < f(t) <x/2+ Aj(t), t>0,
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where j(t) := min(t,t'/27¢). We have

P (Vs<ix/2 4+ By > W + Aj(s)|W) < P (Vs<ix + Bs > Wy + f(5)|W)
SP(Vsctg(t) + Bs 2 Wi + f(s)IW) <P (Vacig(t) + Bs = W, — Aji(s)|W)
< P (vh(t)gsgtg(t) + .’E/Q + Bs > Ws - A](3)|W) ) (51)
where h(t) is any function such that (h(t))*/27¢ > g(t) + x + 1 and h(t) = e°(1°8Y), The right-hand side

of the last expression is bounded from above by P (Vj,)<s<il + Bs = W — (A +1)j(s)|W). We will
show that the event

(5.2)

logP (V s<tl+ Bs > Wy — Aj(s)|W
A;:{ 108 (ho<ece i) >:7(3)},
t—+o00 logt

fulfills P (A) = 1. The same method can be used to show the almost sure convergence of the left-hand
side of (5.1) (we skip the details). These will conclude the proof. We define a stochastic process

{Zt}tzo by . \
Zim oo ([ areaw. -5 [arPas).

This process is an uniformly integrable martingale (since f0+°°[j’ (5)]?ds < +00). We denote its limit
by Zso, that is P-a.s. positive, and define the measure (on the Wiener space) dQ = Z,,dP. By the
Girsanov theorem under this measure {W — Aj(S)}szo is a standard Wiener process. We prove that

which is enough to conclude the proof. Indeed, as P(Z,, > 0) = 1 and E14Z,, = Q(A) = 1, we have
P(A) = 1. We are now going to show (5.3]). By Theorem [1.1]it is enough to prove

logP (Vo<s<il + By > W |W logP (V s<tl+ Bg > W |W
0<6, = L8 (Vo<s<il 4+ B > Wo[W)  1ogP (Vh(<s<s W) 40, P—as.
logt logt
We have
5 — _logP (Vs<nyl + Bs = W[Vhuy<s<il + Bs > W, W)
b logt
_ _logP (Vocnl + Bo > W|W)

)

logt

where the last inequality holds by Lemma [2.3] Now the proof is straightforward, indeed

log (Vo<s<nml + Bs 2 W, W) 1ogP (Vo<s<nnl + Bs > Wy, W) log h(t)

0, P—as.
log ¢ log (%) logt as

Theorem [1.1] and log h(t)/logt — 0.
In order to prove the LP convergence it is enough to show that the family

{—logP (Vo<tz/2+ Bs =2 Wi + Aj(s)|[W) /t},5
is LP-uniformly integrable. This follows by easy calculations from Fact using relation (|1.7)). O
We end this section with a proof of Fact
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Proof of Fact[TJ} Let (Xj)r>0 be a sequence of i.i.d. random variables such that E(X;T¢) < +oo.
By Borel-Cantelli lemma, we have

L := max {n eN:|X,| > nl/(2+€)} < 400 a.s.

Therefore, we have

> logP (Vr<n<nBn >nt/C+I|L)  —
lim sup logP (Vn<n Bn 2 Xa|X) < lim sup o8 ( L<nsNDn = 1 | ) < —1a.s.

N—+o0 logn N—+oo logn -2

Similarly, setting M = max, <z, X,, we have

logP (V< nBrn > Xy |X
lim inf 08P (Yn<n Bn 2 Xn|X) > lim inf
N logn N—+00 logn

logP (Vy<nBn = —M — n'/CF9|L M) .-l

a.s.

6 Proof of the facts for random walks
We now use definitions of Section We write S a random walk in random environment u, and set
W, =-E(S,|p) and B, =S5,+ W,.

To make the notation more clear in this section we assume that we have two probability spaces (Q, F,P),
(2,G,Q) which supports B and u respectively. The measure P depends on the realization of p, which
is made implicit in the notation. Thus we are going to prove

i logP (V<n® + By > W, + f(n), By — Wy € (aNY/2 bN/2))
N—lg-loo log N

B Var(Wi)
:{ 7( Var<311>) onds - gas (6.1)

—00 on AS.

Further to simplify the notation we put v : =~ ( \\Zi((‘gll)) ) and

pw i=P (Ynsn@ + By = W + f(n), By — Wy € (aN'/%,bN"2)). (6.2)

We need a bound that the inhomogeneous random walk B grows fast. This will be contained in the
first two lemmas of this section. We will use tilting of measure. Let us denote the increments of B by

Xpn =B, —B,1.

Let us recall C; from the assumption (A2). For any 6 € [0,C1] and n € N we define a probability

measure H,, g by
dH,, ¢

dP

The tilting is supposed to “increase” X/ s. The following lemma quantifies this

= GOX”/’;I(G)) Yn(0) = Ee®Xr. (6.3)

Lemma 6.1. There exist 6y € (0,C7) and 0 < ¢ < ¢ such that for any 6 < 6y and n € N we have

H,.6(X,) € [IEX?

n’

GIEX2].
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Proof. By (6.3]) we have
H,, 0(X,) = 9, (O)EX e/ X

The proof will be finished once we show that for any n and small enough 6 we have
EX,e/Xn = (EX2)0 4+ 0(h), n(0) =1+ 0(6?). (6.4)

By the assumption of the uniform exponential integrability in (A2) and Cauchy’s estimate [12], Theorem
10.26] for any n and 0 < 6 < C1/2 we get

Un(0) <C, [P (0) < C,

n — n

for some C' > 0. By the assumptions ,,(0) = 1 and ¢/,(0) = EX,, = 0, thus the second statement
of (6.4) follows by the Taylor formula (with the Lagrange reminder). For the first one we notice that
EX,,e’Xn =/ (6), ¥!(0) = EX2 and again apply the Taylor expansion. O

n

We present now the aforementioned bound.

Lemma 6.2. There exist ¢c,C > 0 such that for large enough N on the event

N
{ZE(X%) > N@(EX?W}

n=1
we have 2
P (BN > cmloglogN) > N—Clloglog N)?

Proof. We define a,, := %OOCnl/ 2loglog n, where g, c are given by Lemma and consider the events

An = {Sy > an}. We denote also b,, := (fgn~/?loglogn) Vv 0 and let us define the tilted measure

PN by
N

dP N
dTJ,Y = Ay, Ay :=exp (Z ann> L[lip(bn)*l. (6.5)

n=1

Further, we write gy := P (Ay) = Py (IANAX,I) . We have to estimate

N N N
gy =Py (1ANA]_\/1) = (H ¢(bn)> Py <1AN exp (— Z ann>> > Py <1-AN exp (— Z ann>> .
n=1 n=1 n=1

We introduce X, := X,, — ExX,, and accordingly B, := >, X;. In our notation

N N
qn 2 exp <_ Z(]ENXn)bn> ]P)N <1AN exp <_ Z ann>> .
n=1

i=1
Now, by Lemma [6.1] and the assumption (A2) we obtain

N N
(EnXn)bn < C1 Y b2 < 2C(log N)(loglog N)?,

n=1 n=1

for C; > 0. Next, we apply the Abel transform

N ~ N _ ~ _ N—-1 ~
> buXn = bu(Bn—Bn_1) =Byby + Y (bn — bpi1)Bn.
n=1 n=1 n=1
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We define events By := {Vng N|Bn| < C’gan}, for some C3 > 0. We have an elementary estimation
by, — bpi1] < C3n=3/2loglogn, Cs > 0. Putting things together we obtain

N-1
2 ~ ~
gy > N~ Glloslos N)'py, (umsN exp <_BNbN| —C3 Y [n"**loglog n)IIBn|>>

n=1

N-1
> N—C1(10glogN)2IPN <1ANQBN exp (_BNbN . 04 Z n_l(loglog n)2>>

n=1

> N-Collosloe Ny Ay N By),

where we introduced Cy, C5 > 0. We notice that

N
An 2 {BN >an — ZENX’i} D {By > —an/2}.

n=1

Finally, we leave to the reader proving that liminfx_ . Px(Anx N By) > 0, which concludes the
proof. L

Let us recall the event A, defined in (1.6). Let us denote by py the version of py from (6.2)
without condition By — Wy € (aN/2 bN'/?) i.e.

pn =P (vnng +B, > W, + f(’/l)) . (66)

In the following lemma we prove a crude bound corresponding to the bound from above in Theo-

rem Namely

Lemma 6.3. We have

Q—a.s.

lim inf

logﬁN> 0 on A,
N— 400 N2

T | —oo  on AS.

Proof. The proof will follow again by the change of measure techniques. Due to a very big normalization
the proof can be somewhat brutal. We fix by =b € (0,C4) (C; as in (A2)) and use Ay and Py as in
(6.5). We denote By := {V,<nz + B, > W,, + f(n)} and calculate

N
ﬁN = PN(IBNA]_Vl) Z IPN (161\7 exp <ZbXn>> .

n=1

We introduce also B, := {Vne{L...,N}Xn < Nl/Q}. Trivially we have

N
pn =Py (15Nn5}v exp (— > bXn>> > e NPy (By NBY) (6.7)
n=1

> ¢ [Py (By) — Py ((Bh)9)] = eV [P (By) - Nem V]

where the last inequality follows by the union bound and the fact that exponential moments of X, are
uniformly bounded, see (A2). Let us concentrate on Py (By). We denote v = Q [E(X?)] and define

k
L :=inf {n >0: VanZE(X?) > kv/Q} .

=0

Clearly Q(L < +o0) = 1. Fix K > 0 and denote the following events in G (i.e. describing conditions
on W)

Ag = AL NA%, AL ={L< K}, A% := {kaKWk <k —f(/f)}~
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Using the Markov property we get

Py (Bn) 2 By (Ynequ,... k3% + By 2 Wy + f(n), Bx > Kv/2) (6.8)
X Px (Ynegr,.. . Ny B = Wy + f(n)|Bx = Kv/2).

We denote the first term by px. It is easy to check that the law of B, under Py stochastically
dominates the one under P thus {px = 0} C AS. Conditionally on A% we have

+o0o
Pn (Vne(k,.,N}y Bn = Wy + f(n)|Bx = Kv/2) > 1 — Z Py (Bn <nv/4|Bx = Kv/2).
n=K

We denote B,, := B,, — ExB,. By Lemma conditionally on .A}{, we have Ey By > ckv/2, thus

+oo
Py (Vne(k,. . nyBn > Wi + f(n)|Bx = Kv/2) > 1 — Z]PN (B, < —cnv/4|By = Kv/2) .

n=0

Observing that the random variables X,, are uniformly exponentially integrable we get a constant
c1 > 0 such that

+oo
Py (Yne(k...n}Bn = W + f(n)|Bg = Kv/2) > 1— ) e 9" >0,
n=K

for K large enough. Putting the above estimates to we obtain that for some C' > 0
LaxPn(Bn) 2 14, CPx

Using this in (6.7)) we have

log 5
lim inf 8PN > 0 on Ax 1 Aq, Q—a.s.
N—+oo —oo  on Af UAS.
The proof is concluded passing K +oo and by observing that 14, — 1, Q-a.s. O

We finally pass to the proof of Theorem [1.10] We notice that by the very definition of A, (see
it is obvious that the convergence holds on AS. Thus in the proofs below we concentrate on
proving the convergence on the event A,. The instrumental tool of this proof will be the so-called
KMT coupling. We choose the measure Q to be a special one. By [8, Corollary 2.3] we can find a

probability space (€, G, Q) with processes {Wk}kzo and {Wk}lpo’ which is a random walk with the

increments distributed according to N'(0,03,), where o, = Var(W;) and

5 Wi — Wi|
imsup ————— =

Imsup 0, Q-—as. (6.9)

Further we can extend the measure Q so that W is a marginal of a Brownian motion, also denoted
by W. Slightly abusing notation we keep Q to denote the extended measure and W for the Brownian
motion.

First we prove for this special measure. At the end of the proof we argue how this statement
implies the thesis of Theorem We start with the bound from above. We recall py defined in
(6.2). One finds A and € > 0 such that for any n € N we have f(n) > —An'/?~¢. Further we set py
with this function, i.e.

Pn = logP (VnSNw Y B, > W, — An1/2_5) .
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In this part we will show

1 log p
lim sup OB PN < lim sup 08PN < —v, Q-as. (6.10)
N—+o0o 108 N—+oo l0g N
We define a function f : N x M(R)N — R by
fln,p) =Y EX}. (6.11)
i=1

We recall that the measure P depends on realization of W and that {ZZ- = EXE}DO is a sequence of
1.i.d variables with respect to Q. It is easy to check, using the exponential Chebyshev inequality, that
(A2) implies existence of C; > 0 such that Z; < Cy. We define a sequence of events belonging to G
given by

Apn = {kaNWVk — Wk| < (logN)Z} N {vng sup |Wt — Wk‘ < (IOgN)Q} (6.12)
telk,k+1]
N {Vk>1og1v max (Wi — Wip| < k4/9}
- 1e{-k2/3,.. k2/3}

0 {Viston 17 (K, 1) ~ KQUE(XE))] < K2 1ogk }

We have 14, — 1 Q-a.s. The convergence of the first term follows by . The proof of the others
are rather standard (we note that exponents 2/3 and 4/9 can be made smaller but this is not relevant
for our proof). As an example we treat the last but one term. We set

q, =P max |I/i/'1C - Wk+l| < kY.
le{—k2/3,“.,k2/3}

By the properties of a Wiener process we know that maxle{_kz/g, k23 \Wk — Wk+l| has the tails

decaying faster than exp (—t2 /(4k?/ 3)), for ¢ large enough. Thus
1—qp <P max (Wi — Wiaa| > k9 | < exp (—k2/9/4>.
le{-k2/3,. k2/3}

This quantity is summable thus the proof follows by the standard application of the Borel-Cantelli
lemma. From now on, we will work conditionally on Apx. Using its first condition we have

pn < logP (VlogNgngNQ(log N)2 + B,, > Wn — A?’Ll/g_e) . (613)

We use the coupling techniques also for P. Namely, by [8, Theorem 3.1] on a common probability space
(denoted still by IP), we have processes {Bj},, distributed as the random walk from our theorem

and {Bt} a Brownian motion which approximates B. Recalling (6.11)) we define
>0

By = {ngN\Bk - Bf(k,;4)| < (log N)2} N {ngzv t ;UI?+1](Bt ~By) < (IOgN)Q} . (6.14)
€lk,

Applying [8, Theorem 3.1] to the first term and standard considerations to the second one we obtain
logP (B%) /log N = N 100 —00. We continue estimations of (6.13]) as follows

pn <P (Vlog N<n<n4(0g N)? + By > Wy, — An'/?7, BN) +P(BY).
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We extend, in the piece-wise linear fashion, the function f to the whole line with respect to its
first argument. This function is non-decreasing and we denote its generalized inverse by g(¢, u) :=
inf {s >0: f(s,u) >t}. We change to the continuous time (writing ¢ instead of n). By the second
and last condition of for some C > 0 we have

pn <P (VC log N<t<n/cH(log N)? + B; > Wg(t,,u,) — A(g(t, N))UZ_E) +P(BYy)-

Using two last conditions of (6.12) one checks that Ay C {Vtzclog]\[ Ag(t,u) > Wt/Q(IE(XIZ)) _ t4/9}

and thus conditionally on Ay we have
py —P(By) <P (Vc log N<t<n/c5(log N)? + B, > Wt/Q(E(Xf)) — 9 — 2At1/276) =:pN.

Utilizing Theorem [L.5| one gets

lim log pn _ EWf
Noteo log N\ QEXD) )

We recall that in our notation Q(E(X?)) is the same as E [E (B?|u)| = EB7 in the standard notation.
Recalling that P (BS;) is negligible we obtain (6.10).
Before passing further let us state a simple conditioning fact.

Lemma 6.4. Let {T,},~, be a random walk and {ay},~, be a sequence. Then for any N the law
P (TN € |Vneqr,.. T > an) stochastically dominates the law of T .

Its proof following by inductive application of the Markov property is easy and thus skipped.
We pass to the bound from below. We recall (6.2)). Our aim is to prove

(6.15)

.. . logpn -y  on A,
liminf —— >
N—+oo log N —oo on AS.

We denote Ky := [(logN)%| and Ay := cKjl\,/2 loglog Ky (c is as in Lemma ). Utilizing the
Markov property we obtain

logpn > logqn +logpn,

where
av =P (Vneqo..xcx)@ + Bu = Wa + f(0), Bicy = An, Biy, < N'?),

pyi= inf P (vne{KNwN}x + BEN > W, + f(n),z + BNY — Wy € (aN'/?, bN1/2)) \
x€[AN,N1/3]

where for [ we denote B,{c = By — By, k > [. For gy we utilize Lemma as follows

gn > P (Vneio... k1@ + Bn > W, ) P(Biy > Ay) — P (BKN > N1/3) . (6.16)

Let us further denote ky := |(log Kx)%] and ay := /4:11\,/2 loglog k. Applying a similar procedure we
get

P (Vnego,..kn 3T + Bn = Wy + f(n)) = logP (B, > an) + logp(z, 0, ky) + logp(an, kn, Kn),

where p(z, k1) :==P (Vye (k.. ;3x + BE > W, + f(n)). We will prove that

. . . PN
lim inf
N—+oo log

>—y, Q-—as. (6.17)
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Lemma [6.3] and Lemma [6.2] imply

>
1iminfww>{o on A, _logP(By > Ay)

Nhise log N and  liminf =0, Q—as. (6.18)

—oo  on A§ ’ N—+o00 log N

By simple scaling arguments we notice that (6.17)) and (6.18]) imply

I kn, K logP (B, >
lim inf ogp(an, by, Kx) >0, and liminf 0g P (Bry 2 ax)
N—+o0 log N N—+o0 log N

We notice that by assumption (A2) for large N we have P (Bg, > N/?) < exp(—N'/*). Thus this
term is negligible in (6.16]) and we get

=0, Q-as.

.. IOg an 0 on -Ar
lim inf > .
N—+4oo log N —oo  on A§

This together with (6.17) implies (6.15]). For we will apply couphng arguments similar to the
ones in the previous proof We keep the notatlon (W W) and (B, B). We will also use the events of
(6.12). Finally, we know that for some € > 0 we have f(n) < n'/27¢/2 for n large enough. We set o', b’
such that a < a’ < b’ < b. Conditionally on Ay for N large enough

bn 2P (VKNSnSNAN + BEY > W, +n!/?7¢/2, BRY — Wy € (d/N'/?, b’N1/2)) .
Further, recalling (6.11]) and m for o’ < a” < b’ < b we have

VKN<n<NAN/2+Bf(n )= f (KN ) > W, +nt/2me P (B
- P(By)-

Py 2P (
" Byngo—f(kn g — Wi € (a"NY2, 0" NV2)

Similarly as in the previous case the second term will be negligible. Let fn (-, 1) be the piece-wise
linearization of {Ky,...,N} > n— f(n,u) — f(Kn,u). It is non-decreasing thus we may define its
inverse by gn (¢, 1) :==1inf {s > 0: fn(s, ) > t}. We set v = Q(E(X?)) (we recall that X; = By)

Cx = {¥izolgn (t, 1) = t/v] < [10g N)* v ¢2/°]} .
We leave to the reader verifying that 1¢,, — 1 Q-a.s. Now conditionally on Cn we have
PN =P (vaN/2§t§MNAN/2 + B> Wy + (QN(taM))l/zfeaDN> -P(By),
where My = vN — N3/ and
Dy = {Yary crconsnors Be = Wog o € (@ NV2HNY2) )
Using the third condition of and performing simple calculations we have
AnvNCn C {thIOg NWgN(t,u) < Wt/v + 4% + (log N)g} .
Therefore on Ay NCy, for N large enough, we get
b 2 P (Varcy jpsi<ary An/A+ By = Wepy + 4%, Dy ) — P (B5).
We choose a’”, 0" such that a” < a”" < V" < b"” and apply the Markov property
P (V@KN Ja<i<ntn AN A+ By > Wy + 42, DN)
> P (vKN/QStSMNAN/zL + By > Wiy +tY°, Bary — Wary o € (a’”Nl/Q,b’”Nl/Q))

inf P (DalBaty = Wary o = @)
x xe(a///Nigvb///Nl/Q) N| My MN/ r
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It is easy to check that with high probability (with respect to Q) the last term is bigger than 1/2.
Recalling that P (B%) is negligible and utilizing Theorem we obtain . This together with
implies for the special choice of the realization of W (i.e. we worked with the measure Q
on which we had the coupling (W, W)). To remove this assumption let us consider [ be the space with
R-valued sequences with the product topology. Given any other probability measure P supporting W
and B we have P(W € A) = Q(W € A) for any A in the Borel o-field of I. One checks that

log P (V,, B, > g, Bn — N1/2 pN1/2
Ay = {g cl: lim og (V <NT + 2 gn + f(n)), N — Wn € (a , ) _ ’)/}
N—+o0 log N

belongs to this o-field. Now we have
P (Ag) = Q(Ao) = 1.

This concludes the proof of Theorem [1.10] We skip the proof of Theorem it follows by rather
simple modifications of the above proof.
We are still left with

Proof of Fact[I.8 The first part of the fact is easy e.g. by the Hsu-Robbins theorem. For the second
part let us consider first that sup Sgp = +o00. Then every step of B can be bigger than the one of W
thus clearly for any N we have P (V,<yx + B,, > W,|W) > 0. Now, we assume S := sup Sp < +00.
For any fixed N we have P(B; > S — 2/(2N)) > 0. Further, one verifies that

{vnSN : B, — B,_1> S—LU/(2N)} C {]P)(vnSNf'i‘Bn > Wn|W) > 0}

Therefore, one obtains P (A, ) = 1. The second part of the proof goes easily by contradiction. If the con-
dition does not hold then there exists S and € > 0 such that P (W; > S +¢) > 0andP(B; > S —¢€) = 0.
From this we see that P (Wa, /) > [22/€]S + 22) > 0 while P (Ba, /) > [22/€]S) = 0. O

7 Discussion and Open Questions

In the concluding section we discuss some open questions and further areas of research.

e The function ~ introduced in Theorem [T.1] calls for better understanding. We are convinced that
it is strictly convex. It should be possible to obtain its asymptotics when 8 — 400, we expect
that v(8)/B% — C, for C > 0.

e The qualitative results of our paper should hold in a much greater generality. Let us illustrate
that on an example. We expect that the convergence in Theorem [I.9]stays valid for any processes
{Watnen» {Bn} ey Whose increments are weakly correlated (for example with the exponential
decay of correlations like Cov(W,, 41 — Wy, Wiy — Wi) ~ exp(—c|n — k|)). Similarly the qual-
itative statement of Theorem should be valid if processes {B;},~,,{W¢},;, are diffusions
without strong drift (possibly the proper condition to assume is that the spectral gap is 0).

e The case § = 0 in Theorem [I.1] is well-studied, in particular it is known that conditioning a
Brownian motion to stay above the line has a repelling effect and such a process escapes to
infinity as t'/2 as t — +o00. Our result y(3) > v(0) for § # 0 suggests that the repelling effect
is stronger when the disorder is present. Quantifying this effect would be an interesting research
question.
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