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Abstract

We consider a branching-selection particle system on the real line, introduced by Brunet
and Derrida in [7]. In this model the size of the population is fixed to a constant N. At each
step individuals in the population reproduce independently, making children around their
current position. Only the N rightmost children survive to reproduce at the next step. Bérard
and Gouéré studied the speed at which the cloud of individuals drifts in [2], assuming the
tails of the displacement decays at exponential rate; Bérard and Maillard [3] took interest in
the case of heavy tail displacements. We take interest in an intermediate model, considering
branching random walks in which the critical spine behaves as an a-stable random walk.

1 Introduction

Let £ be the law of a random point process on R. Brunet, Derrida et al. introduced in [7, 8] a
discrete-time branching-selection particle system on R in which the size of the population is limited
by some integer N. This process evolves as follows: for any n € N, every individual alive at the nt"
generation dies giving birth to children around its current position, according to an independent
version of a point process of law £. Only the N children with the largest position are kept alive
and form the (n + 1)** generation of the process. We write (Y (1),...,2Y(N)) for the positions
at time n of individuals in the process, ranked in the decreasing order. This process is called the
N-branching random walk, or N-BRW for short.

In [2], Bérard and Gouéré proved that under some appropriate integrability conditions, the
cloud of particles drifts at some deterministic speed

M1 M(N
vy = lim Zn (1) = lim Zn (V) a.s., (1.1)
n—-+4oo n n—-+oo n
and obtained the following asymptotic behaviour for vy
C
Voo — UN (1.2)

N-too (log N)2’

in which C is an explicit positive constant that depends only on the law L. Their argument
is based on a coupling (recalled in Section 4.2) between the N-branching random walk and a
branching random walk, that we define now.

A branching random walk with branching law £ is a process defined as follows. It starts with
a unique individual located at position 0 at time 0. At each time k € N, every individual alive in
the process at time k dies giving birth to children. The children are positioned around their parent
according to i.i.d. point processes with law L.

We write T for the genealogical tree of the process. For u € T, we denote by V(u) the position
of u, by |u| the time at which wu is alive, by wu the parent of u (provided that u is not the root
of T) and by uy, the ancestor alive at time k of u. We set £(u) the set of siblings of w i.e. the set of
individuals v € T such that 7v = mu and v # u. We observe that T is a (random) Galton-Watson
tree with reproduction law #L.
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We list assumptions made on the point process law £. Let L be a point process with law L.
We first assume that the Galton-Watson tree T is supercritical and a.s. infinite, i.e.

E[#L] >1 and P(#L=0)=0. (1.3)

Note that if P (#L = 0) > 0, while T might be infinite with positive probability, the N-BRW dies
out almost surely. We also suppose the point process law £ to be in the stable boundary case in

the following sense:
E [Z J] =1, (1.4)

leL
and the random variable X defined by

PX <z)=E

Zl{gﬁm}eé‘| (15)

el

is in the domain of attraction of a stable random variable Y verifying P(Y > 0) € (0,1).

Using [9, Chapter XVII], we provide a necessary and sufficient condition for X to be in the
domain of attraction of Y. Let o € (0, 2] be such that Y is an a-stable random variable verifying
P(Y > 0) € (0,1). We introduce the function

L*:z+— 2 %E [Y21{|Y\§z}} . (16)

This function is slowly varying'. We set

by = inf {z >0 Lf(ax) = n} . (1.7)

The random variable X is in the domain of attraction Y if and only if writing (S,,) for a random

walk with step distribution with the same law as X, *2—: converges in law to Y.

Note that if E(|X|) < +oo, by strong law of large numbers 2= — E(X) a.s. Thus (1.5)
implies that E(X) = 0. In that case, £ is in the boundary case as defined in [6]. Up to an affine
transformation several point process laws verify these properties, adapting the discussion in [12,
Appendix A] to this setting.

AsY is an a-stable random variable, there exists an a-stable Lévy process (Y, t > 0) such that
Y7 has the same law as Y. Using [17, Lemma 1], we define

1 1
= i —= < —,5< . .
C. tl}lﬁloo ; logP (|Y;| <5< t) € (0, +00) (1.8)

The next integrability assumption on £ ensure that the spine of the branching random walk
(see Section 2.1) behaves as a typical individual staying close to the boundary of the process:

IEIJIrlOOL*—(x)E [Z 651{1%(2[/@6[,)”“}] =0. (1.9)

LeL

|

this condition is not expected to be optimal but is sufficient to bound from below in a crude way
the minimal position in the N-BRW, that we use when the coupling fails.

Finally, we assume that
2

max ¢

< 400, (1.10)
teL

Theorem 1.1. Under the previous assumptions, for an N-BRW with reproduction law L, the
sequence (vy, N > 1) defined in (1.1) exists and verifies

—_C M (1.11)

N N e (log N)o

L*(0) _ 4

Lie. for all A > 0, lim;—s 400 T



We observe that if £ satisfies

2
E Zee log (Z eé/_é> +E

el el

> et < o, (1.12)

leL

then Theorem 1.1 implies that (1.2) holds with C = %2 E [ZéeL 8262}, which is consistent with the
result of Bérard and Gouéré

Examples. We present two point process laws that satisfy the hypotheses of Theorem 1.1. Let
X be the law of a random variable on (0, +00). We write A(6) for the log-Laplace transform of X.
We assume there exists 6* > 0 such that A(6*) = log2, and « > 1 verifying

P(X > ) ~e gt

In this case, there exists p :=E (Xe‘g*x) /2 such that the point process £ defined as the law of a
pair of independent random variables (Y7, Y2) which have the same law as 6*(X — u) satisfies the
hypotheses of Theorem 1.1. B

Let v, be the law of an a-stable random variable Y such that P(Y > 0) € (0,1). If £ is
the law of a Poisson point process on R with intensity v(dx)e™®, then L satisfies assumptions of
Theorem 1.1, and the spine of such a branching random walk is in the domain of attraction of Y.

The rest of the article is organised as follows. In Section 2, we introduce the spinal decomposi-
tion, that links the computation of additive branching random walk moments with random walks
estimates; and the Mogul’skii small deviations estimate for random walks. In Section 3, these
results are used to compute the asymptotic behaviour of the survival probability of a branching
random walk with a killing line of slope —e, using the same technique as [11]. This asymptotic is
then used in Section 4 to prove Theorem 1.1, applying the methods introduced in [2].

2 Spinal decomposition and small deviations estimate

2.1 The spinal decomposition

The spinal decomposition is a tool introduced by Lyons, Pemantle and Peres in [15] to study
branching processes. It has been extended to branching random walks by Lyons in [14]. It provides
two descriptions of a law absolutely continuous with respect to the law P, , of the branching random
walk (T,V +a). Weset Wy, =3_,,,_, eV and F,, = o(u, V(u), |u| < n) the natural filtration on
the set of marked trees. By (1.4), (W,) is a non-negative martingale. We define the probability
measure P, on F such that for any n € N,

dP,
dP,

=e “Wp. (2.1)
Fn

We write E, for the corresponding expectation.
We construct a second probability measure P, on the set of marked trees with spine. For (T, V)
a marked tree, we say that w = (w,,n > 0) is a spine of T if for any n € N, |w,| =n, w, € T and

(Wn)n—1 = Wnp—1. We introduce
dL
= > e, (2.2)
leL

another point process law. The probability measure I@a is the law of the process (T, V,w) con-
structed as follows. It starts at time 0 with a unique individual wy located at position a. It makes
children according to a point process of law L. Individual w; is chosen at random among children
u of wy with probability eV (%) /Wi. Similarly, at each generation n € N, every individual u in the
T/L\th generation dies, giving birth to children according to independent point processes, with law
L if u = w, or law L otherwise. Finally w, 41 is chosen among children v of w, with probability

V(v)

proportional to e To shorten notations, we write P = Py, P = Py.



Proposition 2.1 (Spinal decomposition). Under assumption (1.4), for any n € N, we have

Po| =P, .

n

Fn
Moreover, for any z € T such that |z| = n,

V()

W, ’

@a (wn, = 2| Fn) =

and (V(wy),n > 0) is a random walk starting from a, with step distribution defined in (1.5).

A straightforward consequence of this proposition is the many-to-one lemma. Introduced by
Peyriére in [19], this lemma links additive moments of the branching random walks with random
walk estimates. Given (X,,) an i.i.d. sequence of random variables with law defined by (1.5), we
set Sp, = So + Z?Zl X such that P, (Sp = a) = 1.

Lemma 2.2 (Many-to-one lemma). Under assumption (1.4), for any n > 1 and measurable non-
negative function g, we have

E, Z g(V(ug), -, V(un))| =Eq [e“_S"'g(Sl, e ,Sn)} ) (2.3)

|u|=n

Proof. We use Proposition 2.1 to compute

=l

Eq ZQ(V(UQ,--',V(un)) = Eaq A

[u|=n |u|=n

_ Ea [ea—v(wn)g(v(wl)’ e ,V(wn))} .

We now observe that (S,,n > 0) under P, has the same law as (V (w,),n > 0) under P,, which
ends the proof. O

The many-to-one lemma can be used to bound the maximal displacement in a branching random
walk. For example, for all y > 0, we have

—+o0
E|Y 1{V<u>>y}1{V<uj><y7j<|u}] =Y E| Y Lvwen v <pi<il
uweT k=1 |u|=k

+oo
=Y E[e % 15,5115, <yjck}]
k=1

+oo
< efyZIP’(Sk >y, S8 <y,j<k)<e V.
k=1
Obviously, this computation leads to
supP(max V(u) > y) <P (max V(u) > y) <e V. (2.4)
neN |u|=n ueT

Using the spinal decomposition, to compute the number of individuals in a branching random
walk who stay in a well-chosen path, it is enough to know the probability for a random walk
decorated by additional random variables to follow that path.



2.2 Small deviations estimate and variations

Let S be a random walk in the domain of attraction of an a-stable random variable Y. We recall
that

(63

* a— bn
L*(u) = u*?E(Y?1{jy|<uy) and L) "

For any z € R, we define P, such that S under law P, has the same law as S+ z under law P. The

Mogul’skii small deviation estimate enables to compute the probability for S to present fluctuations
of order o(by,).

Theorem 2.3 (Mogul’skii [17]). Let (a,) € RY be such that

. . a
lim a, = 400, lim - =0.
n—-+oo n—-+o0o n

Let f < g be two continuous functions such that f(0) <0< ¢(0). If P(Y <0) € (0,1) then
i togp [ € (7 i/ g G/ 0 <5 <] = - [
- ——=— - J/mn),gQg/m),V>g3>np = —0Lx TN rional
n=rtoo nL*(ay) n o (9(s) = f(s))
where Cy is defined in (1.8).

This result can be seen as a consequence of an a-stable version of the Donsker theorem, obtained
by Prokhorov. This result yields the convergence of the normalized trajectory of the random walk
S to the trajectory of an a-stable Lévy process (Y, t € [0,1]) such that Y7 has the same law as Y.

Theorem 2.4 (Prokhorov [20]). If i—" converges in law to a stable random wvariable Y, then
(%, t €10,1]) converges in law to (Yz, t € [0,1]) in D([0, 1]) equipped with the Skorokhod topology.
We observe that the Mogul’skii estimate holds uniformly with respect to the starting point.

Corollary 2.5. With the same notation as Theorem 2.3, we have

(03

. al & i I ool 1#
i Ty ey [ € UG a0 < <0 = €. [ oS

Proof. Observe in a first time that if y & [a, f(0), ang(0)], then

P, [2 e st o< <a) <0

n

We now choose § > 0, and write K = [M—‘, we have

S, ) . .
sup P, {—j € [f(j/n),g(j/n)],0<j < n} < max Iz )15, £(0)+ (k+1)5 (5 9)5
yeR n k<K

where

o(fg) = s By |2 eI/, gti/)0 < <l

YE[zan,x’'an] n

<P [S— € [f(G/n) — o', g(im) — .0 < j < n} .

An,
Therefore, for all k < K, we have

[e3%

1
a ds
lim sup — - log TI <_C. ,
1m sup (an) 0og f(0)+k5,f(0)+(k+1)5(fag) = C /0 (g(S) — f(S) 5)&

n—stoo NL*

which leads to

[e3%
n

ds
f(s) +8)>

Letting § — 0 concludes the proof, as the lower bound is a direct consequence of Theorem 2.3. [

S.
lim sup logsup P 2ty

n—+oo NL* (an) yER an

e [f(j/m,g(j/nﬂﬁéjé”] <= [ G-



Using an adjustment of the original proof of Mogul’skii, one can prove a similar estimate for
enriched random walks. We set (X,,,&,) a sequence of i.i.d. random variables on R x Ry, with
X in the domain of attraction of the stable random variable Y, such that P(Y > 0) € (0,1). We
denote by S, = Sg+ X1+ - -+ X,,, which is a random walk in the domain of attraction of Y. The
following estimate then holds.

Lemma 2.6. Let (a,) € Rli be such that lim,,_, 1 ‘g—: =0. Weset E, ={& <n,j <n} and we

assume that
«

. a B
ngrfoo L*(an)]P)(gl >n) =0. (2.5)

There exists Ci > 0, given by (1.8), such that for any pair (f,g) of continuous functions verifying
f<g, for any f(0) < z < y < g(0) we have

a

| a | Si- Ut ol /) o [ %
Jim mbgze[zﬁf,yan] P, <é € [f@i/n),g(i/n),j < nEn) = C*/O G =)

Proof. We assume in a first time that f, g are two constant functions. Let n > 1, f <x <y <g
and f < 2’ <y’ < g, we denote by

P””’y (f,g) = inf P, (f—e[ v'], f € [f, ]jgn,En). (2.6)

2€[z,y] n n

n

Let A >0 and r, = {A#&:‘)J We divide [0,n] into K = L—J intervals of length r,. For any
k < K, we set my = kr, and mg,1 = n. Applying the Markov property at time mg, ..., m1, and
restricting to trajectories which are, at any time my, in [2'a,, y'a,], we have

wym>>ﬂqu(z%ﬁmK, (27)

where we set 7% (f, ) = inf.cpz4 Pea, ( g [ y], 2L L elf.glj <ra B, )
Let § >0 be chosen small enough such that M = [45%] > 3. We observe casily that

oq‘

’ . l‘/7y/
ﬂ-:zn yy (f) g) Z O<I£112M 7T1+m5 I+(m+1)5(fa g)

> —(m=1)8,y'—(m+1)é _ _ ) )
oJnin L (f = (m—1)d,9 — (m+1)J) (2.8)

Moreover, we have

n an

’ Srr S .
R (7.9 = P (52 € W) 2 € [f151d < B, )

Sy S; )
Z Plan (an € [x/ay/]aa_] S [fag]aj S rn> _rnP(§1 Z n)

n n

y (2.5), lim,— 400 P(§&1 > n) = 0. Moreover, r, ~ A%ﬁ‘n) and X; is in the domain of
attraction of Y. Thus a”l converges in law toward A%Y as n — +oo. We apply Theorem 2.4,
the process (%,t € [0, A]) converges as n — +o0o under law P, to a stable Lévy process

(z 4+ Y;,t € [0, A]) such that Y4 has the same law as AY*Y". In particular

lim inf 7% - Y (f,9) > Pu(Ya € (2,y),Yu € (f,9),u < A).

n—-+o0o

Using (2.8), we have

lim inf 75 ’y (f,g9) > miEMPI+m5(YA €@ +0,y —90),Yue€(f+d,9—109),u<A).

n—+00 0<



As a consequence, recalling that K ~ %‘Eg"), (2.7) leads to

a/a ro
liminf —>— log Py )Y
1m 111 L*( 0og (f.9)

n—+oo nL*(a,)

J— ] 7 ! /7 —
1 Ogrgllngong tme(Ya € (2" 4+ 0,y —0), Yy € (f+d,9—0),u<A). (29)

By [17, Lemma 1], we have

1 , C.
— < = -
Jm 2 logPy(Ye € (2,y), Vs € (f,9), 5 < 1) TR

where C is defined by (1.8). Letting A — +oo then § — 0, (2.9) yields

a® ’o C*
liminf —2— log P> Y > 2.10
lim inf @y 08 e’ (1 9) 2~ (2.10)
which is the expected result when f, g are two constants.
In a second time, we consider two continuous functions f < g. Let f(0) < z < y < g(0).
We set h a continuous function such that f < h < ¢ and h(0) = I—;ry Let ¢ > 0 such that
6e < infiepp,1y min(g(t) — h(t), h(t) — f(t)). We choose A > 0 such that

i [£(t) = f(s)| +19(t) — g(s)] + [n(t) — h(s)| < e.

t—s S%

and for a < A, we write m, = |an/A| and I, 4 = [f(a/A) +¢€, g(a/A) —e]. We define Jy 4 = [, ],
and for 1 < a < A, J, a4 = [h(a/A) — e,h(a/A) + €]. Applying the Markov property at times
maA_1,..., M1, We have

wt P (2 e/t <. )

z€[zan,yan n

= S S;
Z H inf ]P)zan, ( ZQJA S Ja-i—l,A; 0,_] S Ia,Aaj S Ma+1 — maaEma+1—ma) .

i z2€Ja,A n n

Therefore, using equation (2.10), we have

lminf —%_log  inf P, (ie[f(j/m,g(j/n)],m,En)
a

n—+oo nL*(a,) 2€[Tan,Yyan] n

A 2 gla/A) = FlafA) = 20)

As the upper bound is a direct consequence of Theorem 2.3, we let A — 400 and € — 0 to conclude
the proof. 0

3 Branching random walk with a barrier

Let (T,V) be a branching random walk with reproduction law L satisfying the hypotheses of
Theorem 1.1. We study in this section the asymptotic behaviour, as n — 400 and € — 0 of the
quantity

o(n,e) =P Ful=n:Vj <n,V(u;) > —cj). (3.1)

The asymptotic behaviour of g(oo,e) has been studied by Gantert, Hu and Shi in [11] for a
branching random walk with a spine in the domain of attraction of a Gaussian random variable.
They studied the asymptotic behaviour of g(n,¢) for £ ~ On—2/3. Using the same arguments, we
obtain sharp estimates on the asymptotic behaviour of g(n,e) for ¢ ~ HA(n)n_a%l, where A is a
well-chosen slowly varying function.



We apply the spinal decomposition and the Mogul’skii estimate to compute the number of
individuals that stay at any time k& < n between curves a,, f (k/n) and a,g(k/n), for an appropriate
choice of (a,), f and g. We note that

7571
D LvelanfG/mangG/mli<n) | = E (€758, clan £(/m).ang(i/m).i<n}]

|u|=n

~ e 9P (S € [anf(j/n), ang(i/n)],j < n)

~ exp (—ang( ) — nl( “" C. / )a).

This informal computation hints that to obtain tight estimates, it is appropriate to choose a

sequence (ay,) satisfying a, ~n— oo "L;g""), and functions f and g verifying
vt € [0,1], g(t) + C / L ds (0) (3.2)
;1,9 * =g . .
o (g9(s) = f(s))"
However, instead of solving explicitly ¢’'(t) = —Ci(g(t) + 6t)~ as a function of (¢,0), we use
approximate solutions for (3.2).
For n € N, we define
xa+1
a, = inf {ac >0: ) :n}. (3.3)
and we introduce the function
R
®: (O’H’OA) e (3.4)
— - 2T

Note that ® is a C* strictly decreasing function on (0,400), that admits a well-defined inverse
®~!. The main result of the section is the following.

Theorem 3.1. Under the assumptions of Theorem 1.1, for any 8 > 0 we have

C <hm1nf—10g9(n 9—) <hmsup—1ogg(n 0— ) < —@—1(9).
9; n—+0o Gy, n—+oo OUn

Remark 3.2. For any p > 0 we have a|,n| ~n—to0 u%ﬂ an, by inversion of regularly varying
functions. Consequently, Theorem 3.1 implies that for any 6 > 0,

—1 < liminf —n log 0 ({(9/0*)%1”}0*%")

n—-4o0o

< hmsupilogg(L(e/c*)“T“nJ,c*a—”) < _959710) (3.5)

n—+oo Un n C’é
As limg_, o 05 ®~1(8) = C7 , this leads to
hgl}rloo léglilg —n log o (Lth Cy ) = hEIJIrloo ljlgitg) —n log o (Lth Cy ) =-1. (3.6)

To prove Theorem 3.1, we prove separately an upper bound in Lemma 3.3 and the lower bound
in Lemma 3.4. The upper bound is obtained by computing the number of individuals that stay
above the line of slope —0<= during n units of time.

Lemma 3.3. Under the assumptions of Theorem 1.1, for all 8 > 0 we have

hmsup—logg (n 0— ) < —071(0).

n—+4oo an



Proof. Let 8 > 0and A > 0, weset g : t — —0t+ A(1 ft)a#ﬂ. For j < n, we introduce the intervals

L = [~8ayj/n,ang(j/n))

As IV = {9(1)a,}, an individual that stays above the curve of slope —fa,, /n crosses at some time
k < n the line g(./n)a,, therefore

an\ _ o N
g(n,@;) P(El|u|n.V] <n,V(u;)> 9ann>
<P (3ful <n: V(W) = ang(ul/n), Vi) € 17,5 < [u]) .

Thus, setting

Yo=Y 1{V<u>zang<\u|/n>}1{V(uj)ez;.n>,j<\u|}’

lu|<n

by the Markov inequality we have p (n, 9“7") < E(Y,). Applying Lemma 2.2, we have

ZE Z {V(u [(")j<k}1{V(U)>ang(k/N)}

k=1 |u|=k
-5
=) E {e kl{sjef;nxm}1{sk>an9<k/n>}]
k=1
<Y ematimep (s;e 1, j < k).
k=1

Let A € N, we set mq = [na/A| and ga,.a = inf a1 ai2) g(s), we have

v A

Ma+t1 A—-1
Z S e otmep(s;erj<k) <n Y e (5 e IV, <my).
a=0 k=m,+1 a=0

Therefore, by Corollary 2.5, we have

i ds
hmsup—logE( ) < max <ga7AC*/ 7>
0

n—s+os n a<A-1 (g(s) + 0s)*

< max (—ga,A - w [1 —( —a/A)a%lD .

Letting A — +00, as ¢ is uniformly continuous, we have

limsupilogg(n,ﬁa—n) < sup {Ot)\(l ft)#l _Glatl) {1 -1 t)#l}}
n

n—+oco Gn te(0,1] A

A+ sup {9t ~(a+1)B(N) [1 (- t)#l} } .

Note that ¢ — 1 — (1 — ¢t)=a+1 =7 is a convex function with slope == at t = 0. Therefore, if we

choose A = ®~1(#), the function t — 0t — (a + 1)®(\) {1 —(1-1 a+1} is concave and decreasing.

As a consequence
lim sup — 1og 0 (n 9—) < =,

n—+oo Qn
which concludes the proof. O
To obtain a lower bound, we bound from below the probability for an individual to stay between

two given curves, while having not too many children. To do so, we compute the first two moments
of the number of such individuals, and apply the Cauchy-Schwarz inequality to conclude.



Lemma 3.4. Under the assumptions of Theorem 3.1, for all 8 > 0 we have

Ci
_91'

1
lim inf — log o (n, 9a—") >

N—+00 Uy n
Proof. For u € T, we recall that Q(u) = {v € T : 7v = 7u and v # u} is the set of siblings of w.
We introduce &(u) =10g 3, e eV()=V({®)  Note that (1.9) implies

¢ =~

P (§(w1) > ) = 0. (3.7)

li
zﬂn}rloo L*(.T)

Let # >0, A >0 and 6 > 0. For j < n, we set I]@) = [—anbj/n,an(A—0j/n)] and

Xn = Z 1{V(uj)el;"),j§n}1{§(uj)§5amjﬁn}‘

|u|=n
We observe that
o (n,6%%) =P @lul =n: V(u) = ~a,bi/n,j <n)
n
> P(3|u| —n: V() eI, j< n) >P(X, > 1),

thus by the Cauchy-Schwarz inequality, o (n, 9“7") > (%&"%)))2.

In a first time, we bound from below E(X,,). Using Proposition 2.1, we have

=1 1
E(Xn) =E W, Z l{v(uj)e[j(’”,jgn}l{f(uj)ﬁ&lmjﬁn}
" |ul=n

=K Z e*V(u)P(u = wn|f">1{V(uj)€I;"),j§n} l{f(uj)géan,jgn}
| |ul=n

e V(wn)g

I
&)

{V(wj)GI;n),an} 1{E(wj)<5amj<n}} .

Let £ € (0, 1), as IV = [~0a,, (A — 0)a,] we have

™ —V(wn,
E(Xn) > E {6 ( )1{V(wn>S(a—0>an}1{v<wj>ezj<,">,j<n}1{f(wj>sfsan,jsn}}
> 0P [V(wn) < (e =0)an,V(w,) € I]("),f(wj) <dan,j < n} .
We introduce 0 < # < y and A > 0 such that P(V(wy) € [z,9],&(w1) < A) > 0. Applying the
Markov property at time p = |ea,, |, for any n > 1 large enough we have
P [V(U’j) € I €(w)) < da,,j < n}

> P(V(w1) € [z,9), E(wr) < A)P inf P, [V(wj) € Ij(-izo,f(wj) <dan,j<n —p} .

zE€[zean, yean)

As (3.7) holds, we apply Lemma 2.6,

1 : _
liminf — logE(X,) >0 —¢ — % +elogP(V(w1) € [z,y],&{(wi) < A).

n—-+oo an

Letting € — 0, we have
1 C.
liminf — logE(X,,) >0 — —.

n—+00 Ay P
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To bound from above the second moment of X,,, we apply once again the spinal decomposition,

[x
2 n
E(X) =E|{ 5 > Loy (upert™ jen} Hetu) <sanj<n)
|u|=n

|
=

—V(u)p
Xn D e VOB = ulFa)ley e el Hetws) <o g<n)

|u|=n
™ —V(wn
=E (e ( )an{v(wj)elj(."),jgn}1{5(wJ')§6an,an})
Oan T
ek {an{V(wj)EI;"),j<n}1{5(wj)é5amj§"}} :

We decompose the set of individuals counted in X,, under law P according to their most recent
common ancestor with the spine w, we have

X, = l{v(wj)el;n)ﬂjgn}l{g(wj)g(san,jgn} + Z Z A(u),
J=1 ueQ(wy)

where v’ > u means v’ is a descendant of u and

Au) = Z l{v(u'j)el;”),jgn}l{ﬁ(u;)séan,jﬁn}'

|[u/|=n,u’>u

We write
G = o ((wi, Qwg), V(u),u € Qwy)), k > 0)
for the sigma-field of the information of the spine. Let &k < n and u € Q(wy). Conditionally on G,
the subtree rooted at v with marks V' is a branching random walk with law Py (., therefore

EAMID<Eva | D0 Lyvuner jeni)

|[w'|=n—k kg

S eV(u) Ev(u) (e_snk l{sjel(n) ]Sn—k}:|

ks

< eV (1) gban sup P, (Sj € I,gi)j,j <n-— k) .
z€ER

Let A € N, we set m, = [na/A| and U, 4 = sup,cpP. (Sj € If(r?a)ﬂvj < nfma). For any

k < mas1 and u € Q(wy), we have E (A(u)|G) < eV(Welany, 4, thus

Ma+1

E l{V(wj)eIJ(_")7_j§n}l{f(wj)féamjfn} Z Z Afu)
k=mao+1ueQ(wy)

Ma+1
< > E Loy wpyert™ j<n) D Le(wn<san )
k=mq+1 ’ wEQ(wy,)
Ma+1
fan, - wg)+V (wi
<Wa+1,4€ Z E{l{ww)ez@"%xn}eg( & (”1{5(%)9%}}
k=mg,+1 ’

<TL\IIG+1 A\IIO Ae(A+(17a/A)0+5)an .

Consequently, applying Corollary 2.5, as soon as 6 > fa we have

1 * *
limsup — log E(X2) < max ()\ +(2—-a/A)(0— f—a) + 5) <A+20— 2% + 0.

n—+4oo QAn
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Using the first and second moment estimates of X,,, we have

hmmf —logo (n 9—) >—-A—0.

n—-+o0o an
Letting & — 0 and A — (C./0)= concludes the proof. O

Remark 3.5. If we assume (f?, ¢?) to be a pair of functions solution of the differential equation

{f(t)et
g(t) = =0+ C. f; (COETOIER

using similar estimates as the ones developed in Lemmas 3.3 and 3.4, we prove that for all § € R

il Zny _ 0
i S so(n0%) =01
Theorem 3.1 is used to obtain bounds for ¢?(0) admitting a closed expression, that are precise
for large 0. Using similar methods, applied to different functions, we also obtain estimates on the
behaviour of ¢’ (0) for small values of #, namely

lim g°(0) = (@ + 1)C.) 77

4 Speed of the N-branching random walk

In [2], to prove that lim,,_, 4 (log N)?vx = C for a branching random walk in the usual boundary
case, the essential tool was a version of Theorem 3.1, found in [11]. The same methods are applied to
compute the asymptotic behaviour of vy under the assumptions of Theorem 1.1. Loosely speaking,
we compare the N-BRW with IV independent branching random walks in which individuals crossing
a linear boundary with slope —vy defined by

L*(log N)

* (log N)o (4.1)

VN =

By (3.6), for any h > 0 and N > 1 large enough, o (h%,w) ~ +. Thus % is

expected to be the correct time scale for the study of the process.

We start this section with a more precise definition of the branching-selection particle system
we consider. We introduce additional notation that enables to describe it as a measure-valued
Markov process. In Section 4.2, we introduce an increasing coupling between branching-selection
particles systems, and use it to prove the existence of vy. Finally, we obtain in Section 4.3 an
upper bound for vy and in Section 4.4 a lower bound, that are enough to conclude the proof of
Theorem 1.1.

4.1 Definition of the N-branching random walk and notation

The branching-selection models we consider are particle systems on R. It is often convenient to
represent the state of a particle system by a counting measure on R with finite integer-valued mass
on every interval of the form [z,400). The set of such measures is written M. A Dirac mass at
position z € R indicates the presence of an individual alive at position z. With this interpretation, a
measure in M represents a population with a rightmost individual, and no accumulation point. For
N € N, we write My for the set of measures in M with total mass NV, that represent populations
of N individuals. If u € My, then there exists (z1,...,7rx) € RY such that y = Zjvzl Oy
We introduce a partial order on M: given pu,v € M, we write p < v if for all z € R,
p([z, +00)) < v([z,+00)). Note that if p < v then u(R) < v(R). A similar partial order can be
defined on the set of laws point processes. We say t that £ < £ if there exists a coupling (L, L) of
these two laws, such that L has law L, L has law £ and

254 25~ a.s.

tel =
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Let N € N. We introduce a Markov chain (XY, n > 0) on My called the N-BRW. For any
n >0, we denote by (z(1),..., 2z (N)) € RV the random vector that verifies

r n

N
XN =30 and 2 (1) =) (2) > > 2 (N).
j=1
Conditionally on X, X, is constructed as follows. Let (L, ..., L) be N ii.d. point processes

with law £, we set

N
Yn]\il = Z Z 5zg(i)+€i eEM,

i=1fieL,

which is the population after the branching step. We set y = sup{z € R : Y, | ([z, +00)) > N} and

P =YX, ((y,+0)). We write X}, = Yn]\']i'1|(y,+oo) + (N — P)d,. The natural filtration associated

to the N-BRW is defined, for n € N, by F,, = O’(L;, e ,Lj-v,j < n). Whereas this is not done
here, genealogical informations can freely be added to this process; breaking ties in any F-adapted
manner to choose which of the individuals at the leftmost position are killed.

4.2 Increasing coupling of branching-selection models

We construct here a coupling between N-BRWs, that preserves the order <. This coupling has
been introduced in [2], in a special case and is a key tool in the study of the branching-selection
processes we consider. It is used to bound from above and from below the behaviour of the N-BRW
by a branching random walk in which individuals that cross a line of slope —vy are killed. In a
first time, we couple a single step of the N-BRW.

Lemma 4.1. Let 1 <m < n and i € My, i € M, be such that u < Ji. Let £ < L be two laws of
point processes. For any 1 < M < N, there exists a coupling of X} the first step of an M-BRW

with reproduction law L starting from p with )~(1N the first step of an N-BRW with reproduction
law L starting from fi, in a way that XM < XN a.s.

Proof. Let (L, Z) be a pair of point processes such that » ", ; d¢ < Zeef d¢ a.s., L has law £ and
L has law £. We set ((Lj,ij),j > 0) i.i.d. random variables with the same law as (L,L). We
write p =Y i, 65, and 1 =Y ;| 0y, in a way that (z;,7 < m) and (y;,7 < n) are ranked in the
decreasing order. We set

We observe that that u! < it a.s. N
We set XM for the M individuals with highest positions in u! and X{¥ the N individuals with
highest positions in i'. Once again, we have XM < XV a.s. O

A direct consequence of this lemma is the existence of an increasing coupling between N-BRWs.

Corollary 4.2. Let L < L be two laws of point processes. For all 1 < M < N < Ho0, if
XM < X}, then there exists a coupling between the M-BRW (XM) with law L and the N-BRW
(XN) with law L verifying

vn e N, XM < )}711\/ a.s.

Using this increasing coupling, we prove that with high probability, the cloud of particles in
the N-BRW does not spread.

Lemma 4.3. Under the assumptions (1.3), (1.4) and (1.10) there exists C > 0 such that for all
N>2,y>1andn>C(logN +logy),

P (zp (1) —2) (N)>y) <C (N(logNﬂogy))Q_

)
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Proof. Let n € N and k < n, we bound % (1) — 2, (1) from above and 2 (N) — 2, (1) from
below to estimate the size of the cloud of particles at time n. An appropriate choice of k concludes
the proof of Lemma 4.3.

We first observe that the N-BRW starting from position XZZV_ x can be coupled with N ii.d.
branching random walks ((T7,V7),j < N) with (T7, V7) starting from position 2z, (4), in a way

that Ny
X,JIV<Z Z OV (u)-

§=1 ueTi,|u|=k

As a consequence, by (2.4), for any y € R and k <n

P(zY(1) -2l ,(1)>y) <P <5_n<a]%(u€’¥}ﬁi)f_k VI (u) > y) < Ne Y. (4.2)
We now bound from below the displacements in the N-BRW. Let L be a point process with
law £. By (1.3), there exists R > 0 such that E (3", 1¢>—ry) > 1. We denote by Lz the point
process that consists in the maximal point in L as well as any other point that is greater than —R.
Using Corollary 4.2, we couple (XTJIkaJFm, m > 0) with the N-BRW (X2 m > 0) of reproduction
law Lp, starting from a unique individual located at =¥ , (1) at time 0 in an increasing fashion.

As XNB 4 X’rjlv—k-‘rm’ if XéV’R(R) = N, then x]]cv’R(N) < 2N (N). Moreover by definition of Lg,
the minimal displacement made by one child with respect to its parent is given by min(—R, max L).
For n € N, we write Q,, a random variable defined as the sum of n i.i.d. copies of min(—R, max L).

Observe that Qg is stochastically dominated by xfcv’R(N ) — a2, (1). Consequently

P (2 (V) = ah(1) < —y) <P (XVR(R) < N) + P (Quw < —1).

By (1.10), we have P(Qrny < —y) < Ck1g2. Moreover the process (XN-#(R),n > 0) is a Galton-
Watson process with reproduction law given by #L g, that saturates at N. We set mp = E(#LRg)

and o = — 0eP#LE=D) e have P(X."*(R) < N) < CN*m3™, by [10]. We conclude that

logmpg
v v K2N?2 N
P (z, (N) —ap_4(1) <y) < C—5— + C—. (4.3)
Yy mp

Combining (4.2) and (4.3), for all y > 1 and k& € N we have

k2N2 N
P (2 (1) =2 (V) 2 29) S Ne™¥ + O + O
R

Thus, setting k = LMJ, there exists C' > 0 such that for any y¥ > 1 and N > 1 large

alogmp
enough, for any n > k,

N(log]\f—i—logy))2

(a1 - () 2 29) < 0 (F1E

Applying Lemma 4.3 and the Borel-Cantelli lemma, for any N > 2 we have
zy (1) — zp (N)

n

lim =0 as. and in L.

n—-+o0o n

Lemma 4.4. Under the assumptions (1.3), (1.4) and (1.10), for any N > 1, there exists vy € R
such that for all j < N

N .
lim o ) =uy a.s. and in L' (4.4)
n—-+o0o n
Moreover, if X = Ndy, we have
E(zN (1 E(zN(N
vy = inf (z (1)) = sup (2 ( )) (4.5)
n>1 n n>1 n
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Proof. This proof is based on the Kingman’s subadditive ergodic theorem. We first prove that if

X = Néo, then (zV (1)) is a subadditive sequence, and (z)¥(N)) is an overadditive one. Thus

n
N N N N
I”T(l) and E"T(N) converge, and lim,, , o == 1) _ limy, 400 IT’T(N) a.s. by Lemma 4.3. We treat

in a second time the case of a generic starting value X' € My, using Corollary 4.2.

Let N € N, let (L?,,5 < N,n > 0) be an array of i.i.d. point processes with common law £. We
define on the same probability space random measures (X,nyn, 0 <'m < n) such that for all m > 0,
(XN rin:m > 0) is an N-BRW starting from the initial distribution Ndy. For any m > 0, we set
XN = Nbo. Let 0 < m < n, we assume that X = Zjvzl 028 | (j), With (2 . (j)) listed in the
decreasing order, is given. We define (z,) ,,.(j),j > 0), again listed in the decreasing order, in a
way that

“+o0o N
PILEPRO LD DD DL WrE
J=1 i=lgeL)

N
and set X, ., = dim1 51%%1(]')'

For xz € R, we write ¢, for the shift operator on M, such that ¢,(p) = p(. — ). With this
definition, we observe that for any 0 < m <n we have

N N N
Sa () (Kntm) < Xomam = o (1) (Xbnsm)
As a consequence,

We apply Kingman’s subadditive ergodic theorem. Indeed for any n > 0, (z},,,,,(1),m > 0) is
independent of (zkj\{l(l),O < k <1 < n) and has the same law as (z(,,(1),m > 0). Moreover,

E(Jz;(1)]) < 400 by (1.10). As a consequence, (4.6) implies there exists vy € R verifying

)
1m

n—-+o0o n

=ouy as. and in L,

N N N
and vy = inf,cn M. Similarly, lim, 4 z"’jl(N) = SUP,cy w a.s. and in L', which

proves that (4.5) is verified. Moreover, by Lemma 4.3, these limits are equal.
We now consider the general case. Let (X2,n > 0) be an N-BRW. We couple this process
with YV and ZV two N-BRWs starting from Nézé\](l) and N&Z[Z;I(N) respectively, such that for all

neN, ZN x XN < V,N. We have
Vi< N,z (N) < 2 (N) < (7) < @) (1) < ' (D).

Therefore, for any j < N, we have

N(N N Ny N(1
vy = lim inf M < lim inf x"—(j) < lim sup x"—(J) < lim sup y"—() =ovN a.s.
n—+00 n n—+o0 N n—+o0o n n—+00 n

which yields lim,, 1 2 (§)/n = vy a.s. Similarly, we have

B|

=@ _ UNH =E [(y’yn(l) - UN) 1{r§(j)2nw}} +E [(”N - Zﬁﬁm) Ly (h<non}
2+ -]

n n

<E|

We conclude that 2 (j)/n also converges to vy in L. O

Remark 4.5. Lemma 4.4 proves the limit in (4.4) does not depend on the starting position of the
N-BRW. To prove Theorem 1.1, we now study the asymptotic behaviour of vy . This can be done
considering only N-BRW starting from the initial condition Ndy.

To study the asymptotic behaviour of vy as N — 400, we couple the N-BRW with a branching
random walk in which individuals are killed below the line of slope —vy. Applying Theorem 3.1,
we derive upper and lower bounds for vy .
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4.3 An upper bound on the maximal displacement

To obtain an upper bound on the maximal displacement in the N-branching random walk, we link
the existence of an individual alive at time n that made a large displacement with the event there
exists an individual staying above a line of slope —vy during mpy units of time in a branching
random walk. The following lemma is an easier and less precise version of [2, Lemma 2], that is
sufficient for our proofs.

Lemma 4.6. Let v < K. We set (xn,n > 0) a sequence of real numbers with xo = 0 such that
sup;en(®it1 — ;) < K. For allm <n, if x,, > (n — m)v + Km, then there exists i < n —m such
that for all j <m, x;4; —x; > vj.

Proof. Let (xy,) be a sequence verifying sup;cn(zi+1 — ;) < K. We assume that for any ¢ <n—m,
there exists j; < m such that z;;;, —z; < vj;. We set o9 =0 and ox41 = 0k + jo,,. By definition,
we have

Loy 11 < (Uk-l-l - Uk)'U + Loy,

thus, for all k > 0, z,, < oxv. Moreover, as (o) is strictly increasing, with steps smaller than m,
there exists ko such that og, € [n —m,n]. We conclude that

Ty = (Tp — Top, ) + Ty, < K(n—opy) +vor, = Kn— (K —v)o,
<Kn—(K-v)(n—m)<Km+v(n—m),
which concludes the proof. O
Using Lemma 4.6 and Theorem 3.1, we bound from above the maximal position at time N¢.

Lemma 4.7. Under the assumptions of Theorem 1.1, let X~ be an N-BRW with reproduction
law L starting from N&g. For any € > 0 small enough, for any N > 1 large enough, we have

P (meNEJ(l) >—(1- QE)VNNE) < N7°.

Proof. Let € € (0,1) and 8 > 0. By (3.5),

a+1 1
1 0 N an 0=d~1(0)
e, Ogg({(us)c*) "J‘” >) ot

a+1

= a+1
We set my = {(ﬁ) %J. AS a(10g Nya+1 /L (log N) ~N—s+00 10g N, we have

0= =1(0)
cF

lim sup —— log o(muy, (1 — £)vy) < —

Notoo log N

Observe there exists C' > 0 such that 0= ®~1(0) — C*é ~9—s+00 —C/0 by definition of ®. Therefore,
for any € > 0 small enough, there exists # > 0 such that o(my, (1 — ¢)vy) < N~(+29) for any
N > 1 large enough.

We set n = | N¢|. Observe the N-BRW of length n is built with nN independent point processes
of law L satisfying (1.4). If L is a point process with law £, we have

Pmax L > z) <P (Z el > ez> <e 7.

LeL

Setting K = (1 + 2¢) log N, the probability there exists one individual in the N-BRW alive before

time 7 that made a step larger than K is bounded from above by 1 — (1 — N—(1+2))nN < y—¢
We now consider the path of length n that links an individual alive at time n at position z2 (1)

with its ancestor alive at time 0. We write y.¥ (k) for the position of the ancestor at time k of this

individual. With probability 1 — N~¢, this is a path with no step greater than K. For N > 1 large

16



enough, we have —(1 — 2e)uyn > —(n —mpy)(1 — e)vy + Kmy. Applying Lemma 4.6, for any
N > 1 large enough we have

{(VEk <nyN(k+1) -yl (k) < K} n{zl (1) > —(1 - 2¢)vyn}
c{3ji<n—-my Ve <mn,yNG 4+ k) -y () > —(1—e)vnk}.

Consequently if 2 (1) > —(1 — 2e)vyn, there exists an individual in the N-BRW that has a
sequence of descendants of length my staying above the line of slope —(1 — )vy. This happens
with probability at most nNo(muy, (1 — €)vy). We conclude from these observations that for any
e >0and N > 1 large enough

P (2} (1) > —vn(1—2¢)n) < CN~=
O

Proof of the upper bound of Theorem 1.1. Let X~ be an N-BRW starting from Ndy. We note
that the maximal displacement at time n in the N-BRW is bounded from above by the maximum
of N independent branching random walks starting from 0. By (2.4), for any y > 0 and n € N we
have P(z} (1) > y) < Ne Y.

Moreover, by Lemma 4.4 we have limsup,, ,, ., 2 (1)/n < E[z](1)/p] a.s. for all p > 1. Let

n

€ > 0 small enough such that Lemma 4.7 apply and y > 0. Setting p = LNE/QJ we have
zp (1) z) (1)
UN < E{ P 1{z;¥<1>2py}} +E [—p l{wﬁ(l)e[—puw(l—s),py]}}

E|Z Wy
+ P Loy (1)<—p(i—e)w }| 7

therefore

—+o0
on < / P (2 (1) = p2) dz + yP (¢} (1) = —p(1 — e)vw) — (1 — &)vy
y
SNe_NE/zy + yN_‘E/2 — (1 —¢)vn.
Letting N — 400 then € — 0, we conclude that

limsup ————2— < —C"*.
Na+£ L*(logN) —

4.4 The lower bound

To bound from below the position of the leftmost individual in the N-BRW, we prove that with
high probability, there exists a time k < my such that sz (N) > —kvn. We use these events as
renewal times for a particle process that stays below the N-BRW.

Lemma 4.8. Under the assumptions of Theorem 1.1, let X~ be an N-BRW with reproduction
law L starting from Nég. For any A > 0 and any € > 0 small enough, there exists § > 0 such that
for all N > 1 large enough,

log N)ott
P (Vn < A%,xn (N) < —n(1+ E)VN) < exp (_N5) .

Proof. For N € N and A > 0, we set my = P\%J. Let € > 0, by (3.5), we have

lim inf logo(mn,(1+e)vy) > —(1 o) w > -1

N—+oo log N
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Consequently for any & > 0, for any § > 0 small enough we have o(my, (1+¢)vy) > Nl ~i— for any
N > 1 large enough.

Let L be a point process with law £. There exists R > 0 such that E(#{¢ € L: ¢ > —R}) > 1.
We consider the branching random walk in which individuals that cross the line of slope —R are
killed. By standard Galton-Watson processes theory?, there exists » > 0 and a > 0 such that
for any N > 1 large enough the probability there exists more than N individuals alive at time
|alog N in this process is bounded from below by r. Thus for all N > 1 large enough, the
probability there exists at least N 4+ 1 individuals alive at time my + |alog N| in a branching
random walk in which individuals that cross the line of slope —vn (1 + 2¢) are killed is bounded
from below by ro(mn, (14 &)vy).

We set By = {Vn < my + |alog N|,z} (N) < —nvn(1+ 2¢)}. By Corollary 4.2, the N-BRW
can be coupled with N independent branching random walks starting from 0, in which individuals
below the line of slope —vx (1 + 2¢) are killed, in a way that on By, X* is above the branching
random walks for the order <. The probability that at least one of the branching random walks
has at least N + 1 individuals at time my + |alog N | is bounded from below by

1= (1= ro(mn, (1 +e)uw))™ > 1 - exp(~N*/2),

for any N > 1 large enough. On this event, the coupling is impossible as X~ has no more that N
individuals alive at time N, thus By is not satisfied. We conclude that P(By) < e~ N2 O

Proof of the lower bound of Theorem 1.1. The proof is based on a coupling of the N-BRW X
with another particle system YV, in a way that for any n € N, Y,V < X,V. Let (L},,j < N,n > 0)
be an array of i.i.d. point processes with law £. We construct X~ such that LJ, represents the set

of children of the individual 7Y (j), with X}V = Ndy. By Lemma 4.8, for any € > 0 small enough,
(log N)>*!

WJ’ for any N > 1 large enough we have

there exists § > 0 such that setting my = L

P (Vn < my,zY (N) < —n(1 +¢)vy) < exp (—=N%).

We introduce Ty = 0 and Yg¥ = Ndy. The process YV behaves as an N-BRW, using the same
point processes (L) as used for X until time

Ty = min (my,inf {j > 0: y]N(N) > —jun(1+¢)}).

We then write Y% T = = Ny, N (N)» i.e. just after time T, the process YV starts over at time TJr

from its leftmost 1nd1v1dual. For any k£ € N, the process behaves as an N-BRW between times TJr
and Tky1, defined by

Ti+1 = Tx +min (my,inf {j >0 y]T\;ﬂ-(N) —y]T\L(N) > —jun(1+¢)}).

By construction, for any k € N we have Y,V < X}V a.s. and in particular y2¥ (N) < 2 (N).
As (Ty, — Tx—1,k > 1) is a sequence of i.i.d. random variables, Lemma 4.4 leads to
N (N
lim 7T’“( )

k—+oo

=E(Th)vy a.s.

Moreover, as (y]T\; (N) — y]T\Lil (N),k > 1) is another sequence of i.i.d. random variables, by law of
large numbers we have

lim

k—+oo

yp. (N)
k

=E(y} (N)) as.

E(yN (N
Combining these two estimates, we have vy > %.

We now compute
E(yTl = (yT1 1{T1<mN}) +E(yT1( )1{T1 mN})
E (~vn(1+e)Til{r cmy}) +E (y2, (V)1 {1 =my))
> —un(1+)E(T1) + E (y7, (N) 11, —myy) -

V

2See e.g., [10].
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Note that for all j < T}, we have YjN =X JN . Moreover, by Corollary 4.2, we may couple X~

with an N-BRW X in which individuals make only one child, with a displacement of law max L.
Consequently, we have

T
N .
yr, (N) > ( %1%111\[1 (max Lj_’n)> a.s.

which leads to

1
> — 1 — K
oy > —vn(l+e)+ ()

my
<z:1 JH%I]{} (max Lj,n)> 1{T1—mN}] .

Using the Cauchy-Schwarz inequality and (1.10), we have

mn
. 1/2
E l(ler%% (maXLjyn)> 1{T1—mN}] > fC(NmN)l/QP (Th =mn) 2,

We apply Lemma 4.8 and let N — 400 then € — 0 to prove that

lim inf —2 28 (log )

> —C,.
N—+oo L*(logN) —

O
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