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Numerical approximation schemes for multi-dimensional wave equations
In asyminetric spaces

Vincent Lescarret* Enrique Zuazualt

September 23, 2013

Abstract

We develop finite difference numerical schemes for a model arising in multi-body structures, previously
analyzed by H. Koch and E. Zuazua [13], constituted by two n-dimensional wave equations coupled with
a (n — 1)-dimensional one along a flexible interface.

That model, under suitable assumptions on the speed of propagation in each media, is well-posed in
asymmetric spaces in which the regularity of solutions differs by one derivative from one medium to the
other.

Here we consider a flat interface and analyze this property at a discrete level, for finite difference and
mixed finite element methods on regular meshes parallel to the interface. We prove that those methods
are well-posed in such asymmetric spaces uniformly with respect to the mesh-size parameters and we
prove the convergence of the numerical solutions towards the continuous ones in these spaces.

In other words, these numerical methods that are well-behaved in standard energy spaces, preserve
the convergence properties in these asymmetric spaces too.

These results are illustrated by several numerical experiments.

1 Introduction

This paper is devoted to the analysis of the propagation and convergence properties of numerical schemes
approximating the wave equation in multi-dimensional and multi-structured media. This is an important
topic in structural engineering (cf. for instance [9, 14]). From a mathematical view point the systems under
consideration are given by several wave equations connected on interfaces that also evolve according to wave
models. In the simplest case, the n-dimensional space is split in two parts through a (n — 1)-dimensional
interface. Each part (the interface and the two half-spaces) evolve according to the corresponding wave
model. They are coupled together so that the overall system preserves the energy.

Various analytical properties of these systems have been analyzed. The first work devoted to this problem
was [10], in the 1 — d case. There, motivated by the so-called controllability problem, the system was shown
to be well-posed in an asymmetric space in which the regularity differs by one derivative (in L?) from one
side of the interface to the other. As a consequence of this unexpected property, the system was shown to
be exactly controllable in asymmetric spaces but not in the standard energy space that does not distinguish
the regularity of solutions from one side of the interface to the other.

Similar issues were discussed in [4]-[7] for 1 — d models for beams. There, it was proved that for beam
models with rotational inertia terms, the same kind of well-posedness results in asymmetric spaces hold,
while they do not hold for beam models without rotational inertia term. The second class of models
correspond, roughly speaking, to systems of coupled multi-dimensional Schrédinger equations. This issue
was later considered in [13] for waves in multi-dimensional domains, proving that the well-posedness in
asymmetric spaces depends on the values of the velocities of propagation in the different media.
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The most remarkable property of this model is that incident waves become smoother while crossing the
interface provided that they propagate faster in the bulk of the material than on the interface. As shown
in [13], when reaching the interface, an incident wave with H® regularity produces a reflected wave with
the same regularity, a smoother transmitted wave with H5*! regularity and a surface wave whose regularity
is H**! with respect to the boundary. This property is also true for other closely related systems such as
Schrodinger-like models in the whole space. However the property is untrue for the Schrédinger equation in
bounded domains (see the last remark in conclusion). This property fails to hold for parabolic equations as
well. We refer to the recent article [15] where the null controllability of the parabolic version of the model
under consideration has been proved.

Here we consider the same issue but for semi-discrete and fully discrete approximations of an hybrid
system. In particular we consider the semi-discrete finite difference method and the mixed finite element
one. For the first method we mainly use Fourier analysis tools which also apply for the finite element and
mixed finite element method. This limits the analysis to uniform meshes. However, in 1 — d and for the
mixed finite element scheme we can use a multiplicator identity which is true for irregular meshes. As
in [13], we use a plane wave analysis to compute for each scheme the transmission coefficient and examine
its behavior for high frequencies, of order 1/h where h is the space discretization. Existence in asymmetric
spaces is expected when this coefficient behaves like h, a manifestation of the fact that most of the energy
bounces back on the interface. Then, as in the continuous case, we prove the well-posedness in asymmetric
spaces provided that the speed of propagation at the interface is lower than that in the medium of the
incident wave.

Our proofs are given in 1 — d and in 2 — d with a straight interface but they extend straightforwardly to
higher dimensions for flat interfaces. The Fourier analysis in the transverse space directions does not allow
us to treat the case of curved interfaces, that constitutes an interesting open problem. The same can be
said for the finite element method in non-uniform meshes.

We conclude this introduction by the plan of the paper. In the next section we recall the main result
of [13] in the continuous case. Then, in the third section we consider the semi-discrete finite difference
approximation in 1 —d and 2 —d with a straight interface. In the fourth section we give analogous results for
the mixed finite element discretization, using multiplier techniques instead of the Fourier transform. In the
fifth section we consider the 1 — d and 2 — d full discrete finite difference scheme for which the existence of
solutions in convenient asymmetric spaces holds. We perform numerical calculations which perfectly agree
with the theoretical results. More precisely, we consider discrete wave packets of high frequency 1/h whose
propagation follows the geometric optics laws. By varying the stiffness of the interface around the critical
value one sees clearly that the wave packet is either well reflected or well transmitted. We conclude this
paper with some remarks on perspectives for future research.
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2 General setting

Let us first present the continuous problem under consideration and the relevant functional setting. Asin [13]
we consider two elastic media connected by an elastic interface. A continuity condition on the displacement
of the three vibrating bodies is prescribed at the interface. This guarantees the system to be connected
while evolving. We consider here only flat interfaces.

We denote by (t,z1,...,2,) = (t,2) the time-space variable. The operator A denotes the Laplacian in
R"™ and A’ that in R"™! (the interface) and u, denotes the derivative of u with respect to y. With those



notations the equations of motion are:

uy —Au” = f7, in [0,T] x R"! x R™
uff — (cN)2Aut = fT, in [0,7] x R"™1 x RT

(2.1) u (2, =0)=ut(z, =0)=w, in [0,T]x R
wy — AN w = ((c")uf (x, =0) —uy (z, =0)) + fo, in [0,7] x R*!

We provide these equations with initial values

ut(t=0) =uf, in R xRE
ui(t=0)=uF, inR"!xR*
w(t =0) = wy, wi(t=0)=w, inR"!

We would like to draw the attention to the fact that the 1 — d case is exceptional since the equation at
the interface is not a wave equation but an ordinary differential equation. The analysis is simpler, see next
section.

We have supposed that the elastic bodies are infinite. This allows to emphasize the mechanism on the
interface without mixing with other boundary effects. Nevertheless we need some conditions at infinity. The
most natural ones are vanishing displacements.

Let us point out that for numerical purpose we consider finite strings in the last section. While the
scenario is more complicated, finite propagation speeds make it possible to perfectly single out each mech-
anism.

We set U = (u™,w,ut) and F = (f, fo, fT). When F vanishes the previous system preserves the
following energy

B(t) = / iy P+ [V P+ / it P 4 et PVt / we? + Vol
Rr—1xR- Rr—1 xR+ Rn—1

Hence

ut € C([0,T]; HY (R*! x R*)) nCY ([0, T); L2(R"! x R*)),
(2.2)
w e C([0, T H' (R 1)) nC'([0,T]; L2 (R"1)).

Using Hille Yoshida’s theorem one can show that the problem is well-posed in the energy space whose
elements U satisfy (2.2). Next, if one takes initial data in the following asymmetric spaces

A ={U e IR xR7) x HS(R" ) x HS(R"! x RT)}, seN*,
one can show the existence (see [13]) of a unique solution in the space

Ay = ) ¢*([0,T}; A"), a€N, beN".
a+b=s

In [13] the authors perform a plane wave analysis which predicts the result of existence in asymmetric
spaces. We shortly recall it since we use it for the discretized problem.

Plane wave solutions are of the form e!@=¢%) with w? = |£|? for z, < 0 and w? = (¢7)2|¢|? for z, > 0.
As in Physics literature, we call such relations between space frequency & and pulsation w dispersion relation.

Since the waves travel in an inhomogeneous medium, we expect some scattering. We thus distinguish
the normal variable x, from the tangential one 2’ = (x1,...,2,-1) and we look for the solution of (2.1)
under the form

T ei(Wtfgli'mlfﬁr:an) + Crei(Wt*5l7'$l+§;$n)7 zn <0
ut = Cpet @t /*@m"), Ty >0

i(wt—¢"-2")
)

w = C’te‘( z, = 0.



Because of the continuity condition at the interface we get ¢~ = ¢’T = ¢ and 1+ C, = C;. Then, using the
dispersion relation of the left medium w? = [¢'| + |, ]? we get

g,

(2.3) O = TP GR +ies T el (D)

For 0 < ¢ < 1 and &F real, one has |C;| < 2/(1 —c?)|¢|~!. This decay in the Fourier space means that a gain
of one derivative is expected for u™. For all other values of ¢ > 1 the denominator is not bounded below by
1€]]&,, | and, accordingly, no derivative gain is expected. This is the main observation made in [13].

We next devote the rest of the paper to consider discrete approximations of (2.1). We construct asym-
metric spaces A7 which are the discrete counterparts of the spaces A®*. Of course, the definition of the
spaces depends on the discrete equation but the same methodology applies for several discrete schemes on
uniform rectangular grids. Then, we prove the existence of solutions of the discretized systems in those
spaces. Moreover, we give explicit uniform bounds with respect to A and we prove the convergence of the
discrete solution towards the solution of (2.1) as h goes to zero. Hence, as in the continuous case, the
discrete equations are well behaved both in symmetric and asymmetric spaces.

3 Semi-discrete finite difference approximation

3.1 The 1 —d case

We first consider the 1 — d situation where the interface is a point evolving like a forced oscillator. This is
the situation studied in [10].
The semi-discrete finite difference approximation of system (2.1) reads:

. _2 . -
u! — it :;—i_u] L=f, forj<-1
. _2 . -
(3.1) u;»' _ (C+)2uj+1 }72] + uj—1 = f, forj>1

Ul — UQ _ ug — uU_1
h h
Uj(t:()) :CL]’, u;(t:()) :bj

up + ug = (c) + fo

Let us introduce some notations which will be used further.

Definition and notations 3.1. Let S be the space of all complex sequences indexed by Z.. We set:
U= (uj)jez, Uo=(aj)jez, Ur= (bj)jez, F = (fj)jez

Let us define the operator Ap : S — S by

Uy — 2u Uy )1 if <0,
(3.2) (ApU); = —my e ,  where m;j = ()2 if >0,
and (ARU)o = cPug — (ch)Qu1 LU
h h
The system (3.1) thus reads
(3.3) U" + AU = F
(3.4) U(0) = Uy, U'(0) =Up.

Next, we give a scalar product. For Uy and Us two elements of S, we define

(3.5) (U1, Us)p = hZuLqu,j +urouz0, |Ulln =/ (U,U)p.
Jj#0



We denote by OpU the vector ((u] — uj,l)/h) - and define the so-called discrete Sobolev spaces:
j€

B ={U | |Ux <o} and H}={UeL] |13 |(@n0); < c0}.
JEZ

As expected, Ay, is symmetric and positive definite. Indeed

(AU, V)i = (cP)?1) (00U);(00V); + b Y _(0nU);(0rV); + Puguy.
Jj21 <0

1
So, the quantity FEg := \/ §HU 2 + (ApU,U),  defines an energy and we have the classical h-uniform
energy estimate for (3.3),(3.4)

T
(3.6) By (T) < By (0) + /0 1P|

In particular, —A; with domain H fll is dissipative in the Hilbert space H ,1 and Id + Ay is H %—coercive.
Thus, an easy application of Lax-Milgram’s theorem shows that —Aj, is maximal. Thus, by Hille-Yoshida’s
Theorem one gets the existence result:

Lemma 3.2. Let Uy € H}, Uy € L2 and F € L'([0,T);L?). Then for all T € R there is a unique solution
U of (3.3),(3.4) in C([0,T); H}) N CY([0,T); L?) satisfying the h-uniform energy estimate (3.6).

As announced in the introduction, we perform a plane wave analysis to compute the transmission co-
efficient to identify asymmetric spaces stable for the propagator of system (3.1) and in which (u;);<o and
(uj)j>0 have a different number of discrete derivatives in L2.

3.1.1 Plane wave analysis

In this subsection we look for solutions of the homogeneous system (3.1) (with F' = 0) under the form of
plane waves: u; = ¢!@t=€h) - Ag in the continuous case one finds the dispersion relation between w and &,

namely (see [17])
4 2t
w? = ﬁsim2 (%) , <0, w? = (%) sin? (%) , 4>0.

For j < 0 and for each w there are two opposite associated wave numbers +£~ with £~ > 0. Because of the
continuity condition at j = 0 the pulsation w remains the same for j > 0 and one gets two opposite wave
numbers ££1 with €7 > 0.

Next, we consider a plane wave in the left medium propagating to the right (j increasing). This wave is
then partially transmitted and reflected at the interface:

u] — ei(wtfjhg_) + Crei(wt+jh£_), ] < -1
wy = Cef @M >
ug = Cye™t
From the Dirichlet conditions at the interface the reflection and transmission coefficients C,., C; satisfy

1—e—ihés 1—e—ihés

1+ C) = Cy. Setting a; = —5—, o = T we get

a; — @; a; + (e")2ay + 2 —w?

C: 5 C = — .
YT+ () 2ap + 2 — w2 " a; + (cF)2a + ¢ — w?

As pointed in the introduction, the behavior of C) and C; for large £ tells us how smooth the reflected
and transmitted waves are. Here however, the range of frequencies is bounded since || < 7/h. So we



are interested in the behavior of those coefficients in terms of h. Besides, let us observe that a discrete
finite difference derivative is transformed in the Fourier space by the multiplication by %eihg/ Zsin(h€/2). So,
dividing by A" in the Fourier space corresponds to differentiating r times in the physical space.

So, consider & = O(1/h). From the discrete dispersion relation w = O(1/h). Thus C; = O(h) and
C, = O(1). So, the transmitted wave is expected to gain one degree of regularity while the reflected one
does not do it. We next show this fact rigorously.

3.1.2 Existence in asymmetric spaces

In this section we mainly focus on the solution of (3.3) restricted to j > 0. We thus introduce the following
notation

Notations 3.3. Let U = (uj)jez. We denote by Ut the vector (u;r)jez such that u;r =0 for j <0 and

u;r = u; for j > 0. We also denote by Ey € S the unit vector with non vanishing component at j = 0.

According to the previous plane wave analysis we introduce the following so-called asymmetric space
whose elements are characterized by a supplementary square integrable discrete derivative in the right-hand
side domain:

Ar={UeH, | [[(40)"], <oo}.

Similarly, we introduce the spaces
AL ={U e L} | |(0nU)*|ln < o0} and A) ={U €S | |ugEo+ U™ < o0} .

Finally, for s € N let us define the space taking into account the regularity in time

(3.7) wr= [ CU0,T];A}).

a+b=s

Theorem 3.4. Let Uy € A7, Uy € A} and F € L'([0,T); A}) with F' € LY([0,T); AY). Then for all T € R
there is a unique solution U of (3.3),(3.4) in A%%T. Moreover, there is a constant C' independent of h and
T such that

101z . + 1Dt gozzyy < C (100 lLz +1T11Lag + 1CF, F) Lo oz ot )

Proof. The idea is to show that (9,U)¢ and (9,U); are in L?(0,T) which implies from the equation for
up that uf is also in L%(0,7"). This allows to win one degree of regularity both in time and space in the
right-hand side domain.

Lemma 3.5. Under the assumptions of the theorem, the solution given by Lemma 3.2 satisfies (OpU)1 €
L%(0,T) and (0,U)o € L*(0,T).

Proof. Tt is sufficient to show that (9,U); € L?(0,T). First, note that a mere energy estimate unfortunately
does not give the result since one is left with the boundary term (95U );u(, which has no sign. Instead, we
compute (9pU); explicitly. Let us introduce y a smooth function of ¢ which is equal to 1 for |t| < T and
vanishes for [t| > T+ 1. Setting V' = xU we have:

2vj +vj1
hZ

N ‘
(3.8) Wl — ()2t = Xfj+2}u; + X"uj = gj,  forj>1

Vo = XUo-
Thanks to Lemma 3.2 we already have ug € H'([~T,T]). Since v; vanishes for [¢| > T one can apply the

Laplace transform:

(3.9) o —@ts)ty (H)dt, s > 0.

:\/%/Re



We thus have to solve

. 2~ 2~‘ Vj_ ~ .
(iw + 8)%; — () % =gj, forj=>1,
Up = XUo-
The solutions of the homogeneous equation are linear combination of two plane waves ﬁji = et where ¢

is solution of
(3.10) h?(iw + 5)* = 4(cT)?sh?(¢h/2).

This equation has two opposite solutions with non zero real part. We choose £ the one with Re& > 0. The
solution of the inhomogeneous equation is given by the variation of constants formula. We get for j > 1

2 J . . 2 .
11 b= [ NT 5 enhe —jh¢ L jhe
(3.11) 0; <2sh(h§) ;g e +C1> e "+ <2sh(h§) ;g e ey | €,

=1

and @y = ¢1 + ¢2. Since V belongs to L%L it implies

h2 b h2
= - a - 6 h — - P —Nhf
Co 2sh(h§) g gne , then ¢; UO+2sh(h§) g gne .
n>1 n>1

Thus e
V] — 1~)0 e sh—1 Sh(hg)
= 2 .
h L
Thanks to Parseval theorem we have
U1 — U | 2 B0
h e he ezermy)

To estimate this norm, first note that there is some constant ¢ > 0, independent of w such that

e~th 1 -
— | <c
h(s + iw)

Indeed, for small hw (and s small) & = (s + iw)/ct + O(h?) so one can perform the Taylor expansion and
find that the h factor cancels. Then, for the other values of hw the fraction is bounded. Next, setting
G = (9j)jez we have

20, ) — _p$7 g e < G (13 o).

n>1 n>0

The last sum is h/(1 — e~2hRe&) ~ 2%9 when Re& ~ s is small. Using the Cauchy Schwartz inequality and
recalling the definition of G finally leads to

U1 — Uop

_gt. U1 — U
[ A 271 < e le

X—% 2 ery < ce™ lluoe™ |l g =71

c _ _
+ EGST <HF€ StHLQ([—T,T];L%) +||Ue St”H%[—T,T];L%)) .
This concludes the proof of Lemma 3.5. U

We now finish the proof of Theorem 3.4. The previous Lemma applied to the equation for ug implies
that ug € H2(0,T). Next, thanks to the additional regularity of the data at the right-hand side (i.e. j > 0)
we can differentiate the equations indexed by j > 0 in time. We now prove that U™’ is of finite energy by



duality, using the method of transposition (see [16], p.46 §4.2). For this, let us take H € L'([0,T]; L?) and
let R be the solution of the transposed problem of (3.8):
—2r;+rj1

(3.12) P — (¢h)? It — =h;, forj>1

T’QZO
rit=T)=0, ri(t=T)=0

Multiplying the equation by U” and integrating gives

T
/0 (U, H )y = —(F(t = 0) — AU, R (t = 0))n + (911, (B R) (£ = 0))n

T T
+/ u{)/’rl _/ (F/,RJrl)h.
0 h 0

Then, thanks to the Dirichlet boundary conditions we have the following energy estimate for R (one has to

use the discrete version of the Rellich multiplier r,: “H-1=1)

T

T T
(3.13) B30+ ()P (0nR)? +(c+)2/0 (%)2§4/0 ny £

i>1 0 i>1
We thus get
T
| @ < CIH s oy
0

Thus fOT(U”, H™), is a bounded linear form on L([0,T]; A%) so U” € L>([0,T7; AY). By a density argument
(see [16], p.48 §4.2) we get that U € C%([0,T];AY). Using the equation allows to conclude that U €
C([0,T); A2). Still by transposition one gets U € C1([0,T]; A}). Finally, applying Lemma 3.5 to U™ gives
a bound of the normal derivative in H'(0,7'). This ends the proof of Theorem 3.4. O

3.1.3 Convergence

Here we prove the convergence of the solution U}, given by Theorem 3.4 towards the solution u of system (2.1)
in the continuous asymmetric space .A%p. This requires to construct an interpolation of Uj, in .A%p. But first
recall the lower order interpolation functions as in [18].

Notations 3.6. Let q,Uy, be the piecewise constant function which takes the value w; in [jh—h/2, jh+ h/2]
and ppUp, the piecewise affine function which is uj + (uj41 — uj)x/h for x € [jh, (j + 1)h].

Lemma 3.7. There ezists a piecewise polynomial interpolated function Uy of Uy, and a constant ¢ such that
dall gz, < ellUnlLag .

Neat, let A3 = {U € H? | ||(0hARU) T ||p, < 0o} and define the space A3 1 as in (3.7). Then, if Uy, solves (3.1)
with F € A}L 7 there is a positive constant ¢ such that

16704, — 02— pnF Ly < AUy, +1F L)
Proof. Let j > 0, set a; = (A,U); and define on [0, h] the 4" order polynomial function gj by

Ujt1 — Uj—1 Uj42 — Uj
et e g'-(h) — r2 7 g’-’(O) = a;

9i(0) = uj, gj(h) = ujy1, ¢;(0) oh P G\ = T Yy



U — U1 1 o djr1—ay
on T T T

1
(x—h)+ ! (z — h)?. Finally, we define Uj, by

One finds g;(z) = u; + (=23 4+ 2%/h). Let us also set go(z) = u; +
U2 — Ug

2h

prUp(z), <0
Up(r) =
gj(x —jgh), =€ [jh,(j+1)h], j=>0.

From the form of the coefficients one checks that Uy, € A% and that the first inequality of the lemma holds.

" —a; = f; so, for x > h one gets

As for the second inequality, by assumption one has uj

Uy, — DUy, — prFy, = —fj“h_ Jig “ﬂ‘“h_ Y (—32 + 622/h)
a:

n
a1 —aj1+ fipi—fi-1 1, o G —a5 5y
T = 55T +T(:U —z%/h).

"

_|_

For = € [0, h] one gets a similar expression for 9 gy —92go — pn F1,, using that u} —a; = f1. Those expressions
imply the second estimate of the lemma. O

Theorem 3.8. (Weak convergence) Let (Uy,Uy) € A% x AL, Let U be the solution of System (2.1) with
source term (F,0.F) € LY(0,T; A') x L1(0,T;.A%).

Let Uon, Urp, Fi, be vectors in A2, AL, LY(0,T; Ar) N W0, T; AY). Let Upy, be the interpolation of Uy,
as defined in Lemma 3.7 and let Uy, = prUvp and Fp, = ppFy be such that, as h goes to zero

Upp, — Uy weakly in A2,
Uy, = Uy weakly in A,
(Fn, OuFn) = (F,0,F) weakly in L*([0,T7], A') x L*([0,T], A%).

Let Uy, be the solution of (3.3) with initial data Upp, Uy, and source term Fy. Then, with Uy defined in
Lemma 3.7, one has
U, =~ U in A% as h— 0.

Proof. From the assumptions on the data, U, (resp. U) are well defined in the asymmetric space AiT (resp.
A2).

Then, the main steps of the proof are well-known facts available in [18] (proof of Theorem 1.3) but since
we show the convergence in different spaces we recall the main ideas and the changes. The main fact is that
A? is a reflexive Banach space as a product of Sobolev spaces. Then, from the weak convergence of the data
and the bound on U, (Theorem 3.4), the family U}, is bounded in .A%p so one can extract a sub-sequence
(still denoted by Uy,) for which there exists U = (u™,wy,u™) such that

Uy, = U weakly star in A%,
Up, — U locally strongly in Ab.

The strong convergence is a consequence of the fact that .A2T C A%ﬂ compactly, which follows from the
Rellich’s compactness theorem for Sobolev spaces.

Then, we need to show that ¢ is indeed the solution of system (2.1). This step does not require to
work in asymmetric spaces and is done by using the weak formulation of system (3.1). Let us point that
the continuity conditions at the interface are included in the weak formulation since U(t) € A% C HY(R).
Checking that the solution satisfies the initial data and that the whole sequence U}, converges follows exactly
from [18]. O

Next, we show a strong convergence result. As usual, one uses the energy conservation. However, since
the energy space is symmetric one needs to use again the supplementary regularity available at the interface
to get the convergence in the asymmetric space.



Theorem 3.9. (Strong convergence) With the notations of the previous theorem let Ugy, Uyp, and Fy, be such
that

Uop, — Uy strongly in A2,
Uy, — Uy strongly in A,
(Fn, 0 Fn) — (Fn, 04 Fn)  strongly in L'([0,T], A' x AY).
Let Uy, be the solution of (3.3) with the previous data. Then,
Uy, — U strongly in A2

If, moreover Uy, Uin, Fr converge respectively in A3,A2,ﬂjggwl’j([O,T];AQ_j) then there is a constant c
depending only on the data such that

(3.14) [

Proof. The proof of the convergence in the (symmetric) energy space C(0,7; H'(R™) x R x HY(R*')) x
C1(0,T; L?(R™) x R x L?(R*)) is standard, using the conservation of the energy and the convergence of the
initial data.

Next, we claim that ¢,U} and 0,p,U}, converge strongly to 0y, U in Aj.. To see this, let us consider
the energy of Qyu™:

Eir(t) = /+(6ttu+)2 + ((9tmu+)2.
R
We have the energy identity,
t
El / 8,53311, 1’ = O)Bttu (1’ = O) E/ (0) / Btf/attu+.
0 JR+
Our claim can then be expressed as follows

/ (attqu — th];/)Q + (atmqu - azvphUllz)2 — 0.
R+ h—0

We expand this expression. The double products converge to —2F’ (t) thanks to the weak convergences.
Then we show that [o, (quU})* + (9:paU},)? converges to E, (t). Indeed, let us remark that

/R+(%U/{)2 (OupnU})? = h Y (uf)? + (OnU)}

7>0

This quantity which we denote by Eg_h(t) is exactly the discrete energy of the solution restricted to the
right-hand side. In particular it satisfies the following identity

/ Tull_u6 " / T +7 “+n
a(t) + ; 5 Yo = 4n(0) + ; U e

By assumption E',(0) — E' (0) and F™' converges strongly to f*' in L*([0,77; L*(R")). Then, since
(0pU)1 converges strongly in L2(O T) and

ug = —ctug + (¢)?(0U)1 — (0,00,
Theorem 3.4 tells that (9,U)} converges weakly in L2(0,7) and that u converges strongly in L?(0,T). This
concludes the proof of the claim.

Next, observe that the quantities 02U, — qnU; and O Uy, — OxppUj, converge to zero in AY, and
hzj>0( 41— U /)2 goes to zero thanks to the strong convergence of ¢,U} in A°.

Finally, we need to show that 92U, converges strongly to 92U in A%. But this is done by using the
equation for U and the fact that U, — 02Uy, — pyF), converges to zero as it is seen from the expression
given in Lemma 3.7 and using the observation of the previous sentence. Then, the estimate (3.14) comes
jointly from the estimates of Theorem 3.4 and Lemma 3.7. U
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3.2 The 2 — d case with straight interface

In this section we show that the result of existence of waves in asymmetric spaces also holds in 2—d when the
interface is straight and, in fact, this result extends straightforwardly in higher dimensions for flat interfaces.
This severe assumption on the geometry of the surface is due to the use of the discrete Fourier transform
in the tangential variable. This Fourier analysis fails in the case of curved interfaces or equivalently for
equations with variable coefficients. To handle this case one would need to give a discrete version of the
pseudo-differential calculus used in [13].

The finite difference discrete version of system (2.1) reads

Ujpre = 2Ujk +Uj—1k  Ujkt1 — 2U5p + Ujp—1

(3.15) uj g, — = fik, forj< -1, kel

h2 h?2
" 2 Utk — 2Ujk + Uj—1k 2 Wikl — 2Uk + Ujk—1 ,
uj,k_(c) 2 _(C ) 2 _fjk, forj>1 keZ
QUQk+1 — 2Ugk + Ugp—1 1 9
ug g, — ¢ 2 = E((C+) (w1 —uor) +u_1x —uok), fork€Z

ujk(t=0) = aj;, u;k(t =0) =bjx, for (jk) e 7>

In the following, for simplicity we make some abuse of notation, keeping those introduced in the previous
section for similar but different objects:

Notations 3.10.
U= (ujr)Grezz, Uo=(ajk)grezzs Ut = (bjr)irez F = (fjr)reze

Let us also denote by Ay, j, the operator defined by

—Auje + Uik U1k Uk T U R meo 1 if j <0,
h? T L) >0,

(ApnU)j g = —my (

2 U k+1 — 2UQ g + Uo k-1
(AppU)og = — .

h2
The Cauchy problem for the previous equations formally reads:
(3.16) U'— AU =F
(3.17) U(t=0)=Uy, U(t=0)=U.

For V1, V5 two vectors, we define

V1, Vo), = hQZZUL]kvz,M + h¥( ZZULJWZM + he? Zmom&om

J<0 k 7>0 k

and we set ||V, = +/(V,V)r. We define L2 = {U | |U||n, < oo} and

2
+hz

k

2
UQ,k+1 — U0,k
h

2
Uj+1k — Ujk
h

Uj k41 — Ujk

Hy=qUeLi|n)_ -

Jk

< 00

Setting Eqr = \/%HU’H% — (AppU,U)p, we get the h-uniform energy estimate for (3.16),(3.17)

(3.18) Ey(T) < Eq (0) / 1F |l

Exactly as in Lemma 3.2 we can prove the existence of a solution in C([0,T]; H}) N C*([0,T]; L?) satisfying
the above uniform energy estimate.

Next, we want to investigate the existence of solutions in asymmetric spaces. The main difference with
the 1 —d case is the presence of waves traveling along the surface with speed ¢. As in [13] we show that such
a result requires ¢ < 1, i.e. the incoming waves must propagate faster than those at the interface. Before
proving this result we first give a formal plane wave analysis which is similar to the continuous case (2.3).

11



3.2.1 Plane wave analysis
We consider plane wave solutions as in Section 3.1.1.
Ujk = (HWt—ihEi—khE) | 1 cilwthin&i—khe) i < _q

7
Uo = Cyel@t—khe)

In view of the continuity of the fields we have 1 4+ C, = C;. Then, the dispersion relation at the left-hand

side (i.e. for j <0) is
4 hé&; h¢'
w? = 72 (sin2 <7£> + sin? <7£>> ,

while the one at the right-hand side (i.e. for j > 0) is

2 /
o () (s () oo ()

Setting o; = (1 — e~ %) /h and oy = (1 — e™¢t) /h we get

C a —
t = / -
a; + (cT)2ay + (2 — 1) 7% sin? <%) — 4 sin2 (hg)
a; + (cF)?oy + (2 — 1)% sin? (%) — % sin2 <%)
C, =

ai + (ct)20 + (¢ — 1) 7% sin? (g) A sin? <h§)

As in the 1 — d case, the behavior of those coefficients at high frequency (i.e. £, &; of order 1/h) gives the
expected regularity of the waves in each side. Since C,. ~ 1 at high frequencies, the regularity of the reflected
wave is expected to be the same as the incident one. On the contrary, the transmission coefficient becomes
of order O(h) in some cases. Precisely, if

(3.19) Cy~h when /&2+& ~1/h,

then the transmitted wave is expected to have a supplementary discrete derivative in L%. From the form of
Cy we need to discuss on the values of the parameter c.

1. When ¢ < 1 the asymptotics (3.19) is true. So we expect the existence of solutions of (3.15) in
asymmetric spaces.

2. When ¢ > 1 the asymptotics (3.19) fails and we do not expect existence result in asymmetric spaces.
In the next subsection we tackle the first point. The second one will be considered in Section 5.2 where
we present a numerical computation confirming the claim.
3.2.2 Existence in asymmetric spaces when c < 1

We want to show a result like Theorem 3.4. We thus first need to show as in Lemma 3.5 that the jump of
the derivative across the interface is in L%([0,77; L?') where

L3 = {(wy)pez such that thz < oo}
kEZ

We take the Fourier transform of (3.16) with respect to the discrete variable k:

ﬁj(é-/) pp— hzuj7k62hk§,
k
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so to get the system

W20ty 4, (RE ,
u;’_ I+ h; J —{—ﬁst (7 u; = fj, forj<o0

20; +@j_1  A(cT)? o, (RE\ . :
h2j I + (hQ) sin? > ;= fj, forj>0

(3.20) il — (e

R 4c® hE' o 1 B i 7 U
iy + — sin? <_£> do = ((¢")*(@1 — o) + i-1 — o) + fo
aj(t=0)=da;, Wj(t=0)=b;, forje’

Let us set my, = %

sin <h7§/) ‘ We define the tangential Sobolev-like spaces:

w/h
H}?/ = {w such that / (mh)25|l@|2 < OO} , Be€{0,1,2}
—7/h

Hiz = () H(0,T}:H,") se€{0,1,2}.
a+pB=s
Denoting by 01 ,U the partial derivative of U with respect to the first index, i.e. with components
D) = (BE0) e e
(O1pU); 3 rez we have

Lemma 3.11. Let Uy € H}, Uy € L2, up € H} ;' and F € LY([0,T); L}). Then there is a constant C
independent of h and T such that

1(OL,aU)1, (B1,0U)0) L2 (017027 x 121y < C<HU0HH}L + Uz + llwollmy - + HFHLl([o,T};Lg)>-

Proof. The proof mimics that of Lemma 3.5, working on (3.20). Indeed, to estimate (0; ,U)1 one looks for
a solution of the problem at the right-hand side (i.e. j > 0) using the Laplace transform. The solution can
still be computed as in Lemma 3.5 but with the change:

2¢t

2
(iw + s)* — (T) sh(h&/2) + (¢Pmy)? = 0.

This equation possesses two opposite solutions with non vanishing real part. Let { = & 1 + 1§ 2 be the one
with &1 > 0. Next, since s is independent of h then & ; = O(1) and one has

2
(g /2)? = (61 /2) + sin?(hEy/2) ~ -l

By a ~ b we mean that there are two positive constants ci,cy such that ¢; < a/b < ¢3. We deduce
that |&|% ~ /]€2 — w? + 22 + 4s2w? < w? + s + 2. Thus, there is a constant ¢ > 0 such that for all
w<mn/h, & <m7/h

eSth — 1
<c
h(1 + \/w? + 524 ¢?)
The end of the proof then follows that of Lemma 3.5. O

Next, to get a result like Theorem 3.4 we need to show that the solution of the boundary equation with a
right-hand side in L%([0,T]; L2') is in H?([0,T]; L?). This is not possible since the equation at the interface
is a wave equation, thus not elliptic. One gets however this regularity for the waves propagating faster than
c. For the others, one just gets a bound in H'([0, T]; L?'). One thus needs to improve Lemma 3.11 for those
waves using the fact that they are more regular with respect to the initial data. This analysis has been done
in [13] by means of micro-local analysis. The uniformity of the mesh allows to translate the proofs to our
semi-discrete setting. This is done in the next paragraph.
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3.2.3 Micro-local estimates
We first consider the equation at the interface
(3.21) ag + (emp)?ip =g, in[0,T] xR

The homogeneous equation possesses the energy:

2
Ely(t) \// /h + (emp)?|io|2de’ = h2|u0k|2 <M> ,

and we have the energy estimate:

Next, recalling that ¢ < 1, let P,(0;,0,) be a pseudo—dlfferentlal operator whose symbol is given by
Pp(w, &) = P(hw, h§') where P(a,b) is a smooth function, independent of h and

sin (g)‘} P(a,b) =1 on {%2 sin (g)

Lemma 3.12. The equation (3.21) with initial value ay, lA)O such that ag € H,%’, by € Hi’ and source term §
with g € L' ([0, T); HY') possesses a solution ug in Hi ;' satisfying

P(a,b) =0 on {g <c

ollgz o < Naollzs + ol s + 1 Pagllzz o+ 1L~ Po)glliagorrsmpry

Proof. This estimate is local in time so we set vy = xug where x is a smooth cutoff function depending only
on ¢t with compact support say [—71, 7] D [0,7]. One has

By + (Pmi — D)oo = xg + 2x 1y + (X" — X)io == §.

We have subtracted the equation by 9y so as to get a non vanishing elliptic operator. The solution can be
written as U9 = ¢1 + o where

i = / % Fiq(w, §)
\/ﬂ 1 +w? — (emy,)?
(F: denotes the Fourier transform with respect to t) and gy is solution of the same equation but with r.h.s.
(1— P,)q and vanishing initial data at time —7}. Since 1+w?— (emy)? > 1+ (1—c?)w? whenever 1— Py, # 0,
Parseval formula yields

ezwtdw’

1 Cst
lailliz v < 7= 1Padllzz o < 7= (I1Phgllzz o + laollmsr + boll 2/
Then, differentiating the equation for ¢, and using the energy estimate (3.22) allows to get an estimate in
H,2L7T’ . This concludes the proof of the estimate of the lemma. O

Using the regularity of the initial data for j > 0 together with the fact that ug € H? allows to apply a
version of Lemma 3.11 for smoother data and show that (9 ,U); € H}'. Unfortunately, for j < 0 the initial
data are not smooth enough. We thus need to improve Lemma 3.11 as in [13].

Lemma 3.13. Let Uy € H}, Uy € L2, F € L'([0,T); H}), F' € L'([0,T); L?) and uo € H? ;. Then, the
solution of the mized problem

. Ujp1 — 205 + Uj—q .
u;’ _ hQJ = +m huj f], for 7 < —1,

ﬁj(t = 0) = dj, ﬁ;(t = 0) = bj, fO?“ j S —1,

satisfies

1CE = P)@unl)ollmy o < Wollsy + 11z + llwollz o+ IF N pao,ryanty + IF e o,y;2)-
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Proof. We follow the proof of [13]. We first recast the problem so that ug is replaced by 0. Thanks to the
regularity of ug, one can extend this function to U € Ny p—o H([0,T7; H;’L) Then, V = U — U solves the
equations like U with vg = 0 and with source term f; — @} + % € L?([0,T]; L?). Thanks to
Lemma 3.11 one already has the estimate for the source term. So we can assume vanishing source terms.
Since vy = 0, we can use the odd Fourier transform

V=hY bsin(hj&).

j<-1

Note that V is the Fourier transform of a vector both in j,k. Applying the transform on the equation
satisfied by V', we get

/ 1/2
V" +w2(E)V =0, where w<€1>=%<5m2<&2h>“ <%>> |

A

. . Uy
SO V = Uycos(w(&)t) + sin(w
0 ( (51) ) W(gl) ( (51) )
The discrete left normal derivative at the boundary is given by
b1 1 w/h .
—_— = v h)d&;.

We need to show that (1 — P,)x0_1/h € H} ' for any C* function x (of the variable ¢) with compact
support in an interval containing [0,7] and such that x(t) = 1 for t € [0,T]. We first begin to show that
(1—Py)xv"y/h € Lh’T/ . By the Parseval theorem it is equivalent to show that the time Fourier transform
(1 — Py)Fix0"1/h belongs to L%’R’. One has

w/h
L2 / /7r/h R

2Fox V" = ieo(€1)Uo (¥w = w(&1)) = X(w + w(€1)) + 01 (X = w(€0) + Xw +w(&)).

2
dwdg'.

1 w/h .
= | P Fa sin(ende,

Jo-r

All the terms in F;xV' are dealt similarly thanks to 1 — P}, so we focus on w(&1)Upx(w —w(£1)). The square
of the L2 + ¢ norm of the corresponding term reads

B CPw sin(&1h) sm(&h) ~ ,
I= /[_ﬂ/h 7r/h}g/(l Py(w,£) 2 Uo(&1,€)Uo(&2,€)
w(éw(&)x(w — w(é))X(w — w(&2))dwdE dEadE’.

Putting the integral on w at front and using the Cauchy-Schwartz inequality w.r.t. £1,&s gives

<[ 0P [0 ) )

G INCR) ()5 = ) oo — (2)

L2([=m/h,m/h]?)

de'dw,
L2([~n/h,m/h]?)

where -] means integration w.r.t. &,. The first norm is ||Up(-, f')Hig([_W/h </ and the second is

1/h?||sin(-1h)w (1) (w — w(- ))||%2([—7T/h77r/h})' Using that sin(z) < z one gets

1/2
(3.23) < 100 sup ( / / 1 Py(w, )2 2<§1>x2<w—w<§1>>dwd&> .
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Let us prove that the second term in the product (let us call it J) is bounded uniformly in h. For this we
split the domain of integration in two parts (we do a splitting according to the direction in Fourier space
since the pseudo-differential operator P}, only depends on the direction):

2= {@&) | W) -l <VE],

and its complementary denoted by {2s.

Let us first consider Jq, the integral whose integration range is {23. First note that x belongs to the
Schwartz space hence sup,,(1 + t2)*|x(t)| < oo for all s > 0. Now, we claim that there is a constant ¢ > 0
such that

w(§1) = w = max (Vg cléal, clea2/¢1)

from which it follows easily that Jq, is bounded uniformly w.r.t. h. Indeed, by definition of 2y the first
inequality is clear. For the second one we have w < mp(£’) and so

w(€) —w > \/m3(E) +mR(€) — ma(€) = mi (€1) (Jmh &) +mi(E) + mil€’ ))

If & < ¢’ the quantity m32 (&1)/((1+v2)mp(€)) is a lower bound. Otherwise it is my,(€1)/(1 4 v/2). Finally,
recall that mp(¢') ~ & and my (&) ~ &.

Next, let us estimate Jg, (defined like Jg,). Note that in Q the vector (w, mp(£)) lies in a small conical
neighborhood of (1,1). Indeed using that w < my(¢’) one gets

w(E) —wl + [w(E) —maE)] _ 7
@] = (@) =E

Since 1 — Py (w,&’) vanishes at infinite order for ﬁ(g') ~ 1, one has

‘1_

— Py(w, &) < |£’7p Vp > 0.

Next, using the definition of 1 and w < my ('), we get

1] < Tsin(her/2) < Sw(@) < VIET+I]

From this one sees that Jg, is a bounded expression of ¢’, independent of h.

We have shown that (1 — P,)x9",/h € L? /. To show that (1 — P,)x9_1/h € H} ;' one has to consider
(1 — Py)xmpo_1/h. The previous analysis also applies here since m;, < w(&;). This concludes the proof of
the lemma. O

3.2.4 End of the proof of existence in asymmetric spaces

Let us denote by Aj, s =0,1,2 the spaces defined in a similar way as in section 3.1.2. For example:

~ ~ ~ 2 2
Ujy1 — 2u]' + uj—1

h2

uj — u]',1
h

Ay =qUeH,| h)

Jj1

I
L3/

Theorem 3.14. Let Uy € A2, Uy € AL, F € LY([0,T};A}) and F' € L*([0,T); A%). Then Sys-
tem (3.16),(3.17) possesses a solution U € A2 . and there is an h-independent constant C' such that

Ul , =C <HU0||,4,§ + 104z + 1F L1 o,r,a1) + HF,HLl([o,T];Ag)) :
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Proof. This proof follows closely that of [13] but for sake of completeness we recall it. The idea is to look for
a solution of (3.16), (3.17) under the form U = U? 4V with V solving the same problem with homogeneous
initial data and a smooth boundary term so that V' € N, +B=2 C*(0,T;H ,f ) and U? is in the asymmetric
space. The construction of U? is done in a few steps:

1. Let w! be a solution of

S Wiy — 2wj +wy
2

w,i(t =0) = ap, wi’(t =0) = bo-

wi// _

= for, n[0,T], keZ

Since ag € HY', by € H}' and (fox)kez € H} 7/ it follows that w! € H? ;/ by using an energy estimate.
2. Next let U! be the solution of

1 1 1 1 1 1
U —2U; ., + u; U —2u:, +u;
1 +1\2 i1k Jsk j—Lk +\2 Jik+1 J.k Jyk—=1 _ .
uby — (¢*) — (") = fiw 3=1,

j:k 12 h?
1 1 1 1 1 1
Lo Yk T 2%k e Wik ~ 2% e o
5k 72 - B2 - fj,k;a J=—1
T _ 1
Ug, — Wk,

wjp(t=0) =ajk, uj,/(t=0)=bjr, forj#0,

Differentiating discretely those equations with respect to each space index and continuously w.r.t.
the time and getting an energy estimate in each case shows that Ul € C(0,T;.47) N C*(0,T;AL) N
C?(0,T;.A%). Moreover, from Lemma 3.11 (in fact, a version with smoother data) one has (9 ,U'); €
HI%,T/ and from Lemma 3.13 one has (1 — P,)(01.,U")o € Hli,T/'

3. Now we define w? like w! but with source term (¢™)%(8; ,U')1— (01 ,U")o. The estimate of Lemma 3.12

implies that wy € H? ;/.

4. Finally let us define U? as U' replacing w; by ws. One has similarly U? € C(0, T} A%) nc0,T; ./4,11) N
C2(0,T;.AY).

We see that V = U — U? satisfies (3.16), (3.17) with homogeneous initial data and boundary source term
(c")2(01.0(U? —UY)1 — (O1,n(U? — Ut))o. To estimate V as in the steps 2 and 4 one requires the source
term to be in H A’T’ . But, in view of Lemma 3.11 (in fact, a version with more regular data), this requires
the boundary value ug — u(l) = wy — w; to be in Hi%,T/ and the initial data of U2 — U in H}% X Hﬁ, which is
the case. O

Remark 3.15. Looking for U = U' + V s not sufficient because the initial value of U' is still in an
asymmetric space and thus it does not allow to conclude that V € ﬂa+5:2 C*(0,T; Hﬁ)

3.2.5 Convergence

Thanks to the estimate of Theorem 3.14 we have a weak and strong convergence result exactly as in 1 —d
since the construction of the interpolated function can be done as in Lemma 3.7 in the coordinate z (index
j) and with the Fourier transform in the y coordinate. We refer to [12] for the interpolation estimate.

4 Mixed finite element approximation

4.1 The 1 —d case

In this section we show a result like Theorem 3.4 in the case of the mixed finite element approximation
used in [2]. This method was used in the context of controllability and it was shown that its spectral
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properties are in sharp contrast with those of the finite difference and the finite element approximation at
high frequencies. Moreover, this method enjoys some symmetries which we exploit here to improve the result
of the previous section. Indeed, in Lemma 3.5 we use a Laplace transform to get an estimate of the discrete
spatial derivative at the interface. This method also works for the finite element and mixed finite element
discretization but it requires to have uniform time discretizations. Here, we can provide an estimate using
the discrete version of the Rellich multipliers which applies for the full space-time discretized equations with
non-uniform meshes (see [8]).

First, let us introduce the mixed finite element scheme for (2.1):

. N N\ L O .
T A AT

4 h?
wjpy +2u; +uj1\” Uj1 — 2uj +uj— .
(1.1 (B ) e R T for 2

1
ug + Aug = E((C+)2(u1 —up) — (up —u—1)) + fo-
The homogeneous system preserves the energy E,, . defined by

2 2
2 — u;”rl - 2“9 + u;'fl +12 Uj+1 — Uj—1
Emfe(t)—hz< . ey (st

J#0 g1

2
Ujp — Uj_1
—i—hg <7j 57 J > + (up)? + c*ud.
j<-1

With the notations 3.1 we define the operator My by

. Qs - . Qs o
i = () (s )
7<0 7>0

Notations 4.1. System (4.1) reads:

(4.2) MhU” + AU = F,
(4.3) Ut=0)=Uy, U'(t=0)="U.

The operator Ay, is the same as in (3.3). Let us define the new energy space. With the scalar product
defined in (3.5) we set
72 2 71 72 Uj+1 — Uj—1 ?
Lj := {U such that |[MU|; < oo} and Hy :={U € Lj | Z <%> < oo}
J#0
Since E% is a Hilbert space, one can use Hille-Yoshida’s theorem to get the following existence result:

Lemma 4.2. Let Uy € H}, U, € L}, F € L'([0,T);L3) be given. Then for all T € R there is a unique
solution U of (4.2),(4.3) in C*([0,T); L2) NC([0,T); H}) satisfying the h—independent estimate

Bonge®) < Broge0)+ [ 1P(3) .

We next perform a formal plane wave analysis as in the previous section to identify the best regularity
we can expect for the transmitted /reflected waves propagating in the whole domain.
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4.1.1 Plane wave analysis

We look for plane wave solution exactly as in Subsection 3.1.1. The only change is the dispersion relation
which becomes (cf. [2], p.7)

2| (h&\|_ 2| (e
w=—tan | = || = — |tan | = ||.
h 2 h 2
Setting o; = (1 — e~ %) /h and oy = (1 — e~™¢t) /h, we get
o o; — Q; i+ (ct)a; + % — w?
Tt (2w T a4 () 2a+ - W

For the high frequencies & = O(1/h), we find that C; = O(h) while C;, = O(1). Note that when h¢; is close
to m then Cy/h is close to zero thus the reflection is stronger as in the finite difference case.

So, we expect, as in the finite difference case, that the transmitted wave has a supplementary derivative
in a L%—like space.

4.1.2 Existence in asymmetric spaces

We define A? (A}, AY resp.) as in Subsection 3.1.2 by restricting the sums in the definition of H? (H}, L
resp.) to j > 1 (resp. j > 1, j > 1). Finally, we set

Arr= ) cu0,T); Ap).
a+b=2

Theorem 4.3. Let Uy € A2, Uy € A}, and (F,F') € L'([0,T]; A} x AY). Then for all T € R, the solution
U of (4.2),(4.3) is in the space AhT Moreover we have the h-uniform estimate:

101z , + @D s oy < C (W00l + 103 gy + 1F s oy apy + 1l oz )-

Proof. As in Theorem 3.4 the key step is to show that (9,U); € L%([0,T]) and (0,U)o € L?([0,T]). So, we
consider

"
(44) (B2 ) e R T for 2
uo € H'([0,TY),
uj(t:O):aj, u;(t:O):bj

Lemma 4.4. The solution of (4.4) satisfies (0,U)1 € L?(0,T) and (0,U)o € L*(0,T).

Proof. Here, contrary to the finite difference case, we have a supplementary symmetry which allows to use
a discretized version of the Rellich multiplier (see [16]) in this very simple case where it reduces to multiply
the equation by u, and then integrate w.r.t. x.

For non negative indexes we set

Jj+ J— + i+ Jj—
’LLJ 1/2—(Uj+1+’dj)/2, ’Uj— 5 s U)j—C n .

First, multiplying scalarly the equations by (v;);>1 gives the energy equality
!/ !/

h h up —ug
5 ZU]Q +§ Z:U)J2 +(C+)2 /1/2 5 ZhijUj.

i>1 i>1 j>1

Then, multiplying the equations by (w;);>1 (discrete Rellich multiplier) gives

/

+
h Zvjwj +%<(u’1/2)2+<+u1 >>—h2f]w]

>0 >0
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Summing, and setting s; = v; + w; we get

/

2
— 2
h g S? §2hg fjsj, and (u'l/2+c+u1hu0> §c—+h§ fjsj-

>0 >0 520

2
Using the Gronwall Lemma we have S = (s;); € A and then fOT (u’1/2 +ct(uy — uo)/h> is bounded

2
independently of h. Next using that 2u’1/20+ (ug —ug)/h < <u’1/2 +ct(up — uo)/h) in the first identity and
integrating the latter over [0,7], we get an estimate for ||U]] AL - Then integrating the second identity over
[0,T] we get

T 2
Uy — uUop
/0 <<u1/2>2 + (e*—h ) ) < NEIWlU I, + T3 + 1U(D)]3-

Thus (u; — ug)/h is in L?([0,T]). The same applies for (ug —u_1)/h. O

From the previous lemma we get that ug € H?([0,7]). Then, the end of the proof simply repeats the
previous lemma for the time derivative of the equations. O

4.1.3 Convergence

As in Section 3.1.3 one needs to construct a function interpolating U. One could think to use the variational
formulation as in [2] but this would restrict ourselves to the continuous variational space H!. Instead, we
do as in the semi-discrete, finite difference case, replacing the spaces A} , by .%Ifl - We thus get a result for
the weak convergence which reads like Theorem 3.8. 7 7

A strong convergence result also holds but the estimate (3.14) does not hold here with the space AZ T
One needs to work with 7

~ - 1 -
(4.5) b = A 02 Ally, with s <2.

We claim that Lemma 3.7 still applies with those spaces. But first we need to define fli o- This is done by
taking the quantities preserved by derivating the equations twice in time. One finds

A3 = {U € Hprp| Sup (MU ln + 1OU") I + [[(ARU") |k + 1(0nARU) () < OO} :

where H,iT = Maspe2 C*([0,T); Hf). Next, showing Lemma 3.7 only requires to check that the second

estimate of the lemma holds. The only difference is that the leading term of afuh - O%Uh — prFy is

u;»’ — a; — f; which does not vanish since u; solves (4.1). Instead, we have

" " " " __ " [/ /!
R S Bk R B TR B
J J J = Uy 1 = 1 T

The terms are unfortunately not expressed in terms of the components of 9,U"”. But we can use the equality:

Ujtp1 — Uj _ huj+1 — 2u]‘ + uj—1 Ujt1 — Uj—1
h 2h?2 2h '

Hence the definition of the spaces -’le - With those spaces a strong convergence result holds and reads like
Theorem 3.9.
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4.2 The 2 —d case

In 2 — d, the equations can be found in [3]. They are like those of system (3.15) but replacing the terms u;{ i
by

1 e
16(4u”k+2% Lo T 207 20 e T 205 ey UG e T U ey T U e T W) GO

and replacing g, by i(ug’kﬂ + 2ug g + U q)-

For these equations a result like Theorem 3.14 also holds but since the proof is just an adaptation of the
1 — d mixed finite element and the 2 — d finite difference method we refrain from doing it. Instead let us
indicate the main changes. First, a computation of the transmission coefficient for plane waves gives:

C =

0+ () 2ar + (2 = 1)7 I (%) - s he. )

where f(z,y) = cos?(x/2)tan?(y/2) + sm 2(z/2) tan?(y/2). So, for ¢ < 1 one expects the existence of
solutions in asymmetric spaces as Theorem 3.14. We next make a few comments on how to adapt the
Lemma of Section 3.2 and Theorem 3.14.

4.2.1 Comments on the existence result in asymmetric spaces when c < 1

We first write the full system after Fourier transforming it with respect to the index k. Keeping the notation
2 51n<h§) cos( 5l) ,

mp = h
A~/ ~ 1 ~ 1 ~ ~ ~
o Uj—1 2“]’ Ujpr  Ujq1 — 2Uj + Ujq

and setting ¢, = we get:

¢, 1 % —i—mhuj fj, for j <0
Al/ 1 ~1 ~ ~ ~
1205 +aj Ujp1 — 205 + Ui N 2 .
(4.6) ci 1 It ()22t h; =2 (c¢tmyp)?ay = f;, forj>0

. . 1 . .
C%US + (th)2u0 = E((C+)2(u1 — 1) + U—1 — o) + fo
a;(t=0)=a;, Wj(t=0)=b;, forjeL.
We then define

w/h

L%’ = {w such that / C%|UA)|2 < oo},
—7/h

- w/h

AP = {w such that / (ma)*’ || < oo},
—7/h

Hig' = () H(0,7): 1),

a+pB=s
1) Adaptation of Lemma 3.11.

The result is a direct combination of Lemma 3.11 and Theorem 4.3 where the spaces H;, H} , have to
be replaced by the spaces FIﬁ, Flﬁ T
2) Adaptation of Lemma 3.12 and 3.13.

One needs to replace the definition of the truncation operator P by

tan (g)‘} P(a,b) =1 on {% >

Then, the proof of Lemma 3.12 and 3.13 are the same.

P(a,b) =0 on {g <c

an (3)]}

Thanks to 1) and 2) one gets a theorem which can be stated just like Theorem 3.14. Finally a convergence
result also holds using the spaces (4.5) and the same comment given in paragraph 3.2.5 for the 2 — d semi-
discrete, finite difference.
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5 Numerical simulations

In this section we illustrate the theoretical results we obtained for the 1 — d and 2 — d finite difference
approximation of the hybrid problem (2.1). For obvious reasons we restrict ourselves to bounded domains
and we set Dirichlet conditions at the boundary. The analysis we did in the previous sections carries over
to this case.

For the numerical results, we could compute the solutions by diagonalising the matrix Ay, (resp. Ajp)
and solve exactly the Cauchy problem. This can be done as in [1], on a discrete level. However, for
numerical simulations it is simpler to consider a time discretization of the semi-discrete approximation. We
thus introduce fully discrete schemes, quickly explain why the existence of solutions in asymmetric spaces
still holds and perform numerical computations.

5.1 The 1—d full finite difference approximation

Here, we consider a finite domain [—L, L] and we set h(2N +1) = 2L where 2N +1 is the number of points of
discretization and h the distance between two points. We thus now consider finite vectors U = (u;)_n<j<n
and we re-define the operator A as a finite dimensional operator, including Dirichlet conditions. We keep
the notations 3.1.

Next, we consider the finite difference time discretization of (3.3), (3.4). That is

Un+1 —2U™ + Un—l

5t2
U'=U,, U'=Uy+6tU.

(5.1)

+ AU =F" forn>1

This approximation is consistent of order one in time and space and possesses a conserved quantity when
F*=0
2

+ (AR U™, U™y,

1 Un+1_Un
Egpp=-|——-—
s =3 [

which really is an energy when the CFL condition max(1,c? )h? < §t? is satisfied since (cf. [12] p.44)

1.2 V2 n+l _ 7700
(5.2) E&t,h:<1—max(’c+) )HU - u

Un+1+Un Un+1+Un
t2 ¢ .

2
+ <Ah ;
A 2 2
Then, as in Lemma 3.2, we can show that (5.1) possesses a unique solution of finite energy provided that
F e L}L([0,T); L?) with

[T/6t]
IFN s oz = 6t D IF" (-

n=1
Then, a discrete version of Theorem 3.4 also holds. We just state it:
Theorem 5.1. Let Uy € A}, Ui € Ay and F € L, ([0,T]; A}) with (F" — F™)/6t) € L, ([0,T]; A).
Then for all T € R there is a unique solution (U"),<75 of (5.1). Moreover, setting an = (uy — ug)/h
there is a constant C' independent of h and T such that

+ (()én+1 - an)
A?L ot n>0

. Un+1 —_yn Un+1 —2U™ + Un—l
(o[22

AL H ot

n<T/st ot L}
5t
[T/4t]
Fn+1 —_ Fn
< C(I0llag + 101 Lag + I1F Iy, oryapy + 0t o ,40)'
h

n=1

The proof goes along the lines of Theorem 3.4 but one has to replace the Laplace transform (3.9) by a
discrete one. If U" is defined for all n € Z and vanishes for n smaller than some value, then

Ujliw + A) = 6t y _ elwtndign,
nel
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5.1.1 Numerical computation for (5.1)

We chose L = 10, ¢t = ¢ =1 took F™ = 0 and the following triangular initial datum:

H N W & @ g N B ©
P I N N N N O A

Figure 1: Initial datum

We chose 6t = h = 1/20. We also plotted the following quantities

2(n)i=h (%) s ( —2u2+u >2’

—N<;j<0 0<j<N
2u +u 2
):=h E 2 .
—N<j<0

The (square) norm H? (n) measures the H7 regularity of the solution restricted to [0,10] while the homo-
geneous (square) norm H? (n) allows to decide if the H}-bounded solution restricted to [—10,0] is in H? or
not. See Figure 2.

Figure 2: Left: the solution at time 10. Right: the evolution of H? (solid line) and H? (dashed
line) with respect to n.

The quantity H? (n) remains bounded as predicted by Theorem 5.1. Moreover this result is sharp since
H?(n) ~ 1/(3,3h?) which means that the solution restricted to [—10,0] is only in H} and not smoother.
5.1.2 Convergence rates

In this section we develop some numerical experiments that confirm the main results in Theorem 3.9. We
perform two different computations. First, we consider smooth (Gaussian) initial data and then rough
(triangular) ones as below.
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1 1
o9t — o9t
o8| — o8t
0.7t — 0.7t
o6 — 0.6t
o5t — osf
o.4af — o4t
0.3f — 03t
o.2f — o2t
oaf — o1t

95 -4 -3 -2 -1 o 1 2 3 4 5 95 -4 -3 -2 -1 o] 1 2 3 4 5

Figure 3: Left: Smooth initial datum. Right: rough initial datum.

The initial velocity is taken to be compatible with the initial datum such that the solution starts prop-
agating towards the interface. We took ¢t = ¢ = 1. The solution is computed until the time ¢ in which the
wave is reflected on the interface and reaches the boundary.

Denoting by wg the initial datum, the exact solution is given at the left-hand side by u_,,..(t,z) =
ug(z — t) + uy(z +t) and at the right-hand side by u/,,., = w(t — x) where w(t) is the position of the mass
at time ¢. The continuity condition at = 0 shows that u,(t) = w(t) — u;(—t) thus the calculation comes
down to solving the ode:

(5.3) w’ (t) + 2w () + w(t) = —2ugy(—t),

with vanishing initial data. We then compared uegqer and U™ at time ¢ = L = 5, i.e. for n = N. Below is
the plot of In(NV) = In (||Uemct - UN||A}21> with respect to In(h).

—In(h)

Figure J: Green: the curve —In(N) as a function of —In(h) for the Gaussian initial datum.
Blue: the corresponding curve for the triangular initial datum.

For the Gaussian initial datum the regression coefficients are a = 1.0014 and b = 2.6555. This is in
accordance with Theorem 3.9 which tells us that the worst convergence rate is 1 for smooth enough data.
For the triangular initial datum the regression coefficients are a = 0.5098 and b = 1.2778. This rate of
convergence of order v/h is probably due to the fact that the discretization of (5.3) is a first order one.
Indeed, since we have chosen 0t = h the numerical scheme is exact outside the interface. The numerical
scheme thus comes down to the finite difference equation for the amplitude w™ of the interface:

w1 — + wn—1 N an w1 L = UQ,i—n—1 — U0 i—n+1
dt? dt dt ’

24



5.1.3 Extension to several mass points

We consider the interval [—20, 30] and three strings: [—20, 0], [0, 10], [10, 30] which are continuously connected
at © = 0 and x = 10 at which there are mass points. We take h = 1/20 and start the simulation with a
rectangular signal (thus in L?) compactly supported in [—20,0] and propagating to the right. At time 10
the results are given in Figure 5 and 6.

T T T T T T T
10 5 0 5 10 15 20

o

Figure 5: Left: the solution at time 10 for a hybrid system with two mass points. Right: the
evolution of the L? norm (blue) and H} norm (black) of the solution restricted to [—20,0].

Figure 5 shows the complexity of the wave after ten units of time where several reflection/transmission
have occurred within [0, 10]. The restricted solution to [—20, 0] remains in L? and does not become smoother
since its H} norm is big (about 2/h). Actually the H} norm should be of the order of 1/h* but this is not
the case since the initial data only has two points at which the H fll—regularity fails.

Figure 6: Left: the evolution of the H! norm (black) and H: (red) of the solution restricted to
[0,10]. Right: the evolution of the H? norm (red) of the solution restricted to [10,30].

In Figure 6, from the evolution of the norms, we see that the solution is in H} on [0,10] (and not in H}
since the corresponding norm is about 1/h) and in H? on [10,30] though the related norm increases (this is
due to multiple transmission coming from the interface at x = 10).

5.2 The 2 — d full finite difference approximation

Here, we consider the domain [—L, L] x [-L, L] and define h as in the previous paragraph. We define the
operator App as the restriction to R2V+1 of the operator introduced in (3.16) with Dirichlet boundary
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conditions. The full discrete scheme reads
UnJrl — U™ + Unfl

512
U =0y, U'=Uy+6tU.

(5.4)

—Ap U =F", forn>1

Without source term, the quantity

2

+ (AR, U™ U™,
h

Esthn =

l Un+1 _yn
2 ot

is conserved and is an energy (cf. (5.2)) as long as the following CFL condition holds

2

<1/V2.

2 2
max(1,c ,C+)E <

Then, the scheme also describes the propagation of waves in asymmetric spaces and we can state a result
exactly as Theorem 5.1 when ¢ < 1. The proof of this result is the exact translation of Theorem 3.14 since
the main tools (Laplace transform, multiplier and odd Fourier transform) also hold in the finite discrete
case with Dirichlet boundary conditions.

Let us now give some numerical results illustrating the existence of waves in asymmetric spaces according
to the value of the speed ¢ at the interface. We consider successively the cases ¢ = 0,9 and ¢ = 1,1. In
order to highlight the radical difference, we take a (wildly) modulated Gaussian initial datum. We choose the
frequency of the modulation in such a way that when ¢? = 1,1 (no regularity gain expected) the transmission
coefficient C; of Section 3.2.1 is comparable to the reflection one C,.. For instance, if one takes & ~ m/h
and & ~ 2/harcsin(v/c2 — 1) then the leading part of the denominator of C; vanishes and thus C; = O(1).
Choosing h = 1/10 leads to the initial datum:

up(z) = ef(m+4)27(y+7)2e*i(6x+20y).

The other initial datum (G,u(t = 0)) is chosen so that the wave starts propagating along the direction

Figure 7: Initial datum: Gaussian modulation of a highly oscillating wave

(6,20). These initial data are used both for ¢ = 0,9 and ¢ = 1,1. The L%L—norm of ug is about 1,2 and its
H}-norm is about 22 which is of order of 1/h.

For the computations we took 0t = vh with v = 0,6. The scenario is as follows: the initial datum starts
propagating in the direction (6,20), thus meets the interface at some time and then produces a reflected and
a transmitted waves. We plot the solution at final time 7' = 18 (after reflection) and the quantity H1(n)
corresponding to the L% norm of the gradient of U™ restricted to [0, +10].
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Figure 8: Left: the solution at time 18 with ¢*> = 0,9. Right: the evolution of H}r (dashed blue
line), H' (solid red line) with respect to n.
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Figure 9: Left: the solution at time 18 with ¢*> = 1,1. Right: the evolution of H}r (dashed blue
line), H' (solid red line) with respect to n.

When ¢? = 0,9 (see Figure 8), the wave is mostly reflected. At time 18 the value of H }_ is about 5 which
is roughly equal to h/2 times H!. Thus the wave at the right-hand side is smoother by one Li derivative
as predicted by Theorem 5.1.

When ¢? = 1,1 (see Figure 9) about half of the wave energy goes through the interface as predicted by
the formal plane wave analysis. This means that we do not expect any smoothing for ¢ bigger than 1.

Remark 5.2. When ¢ = 1,1 the reflected wave is made of two bumps. This can be described by a first
order WKB expansion of the solution. We just give an explanation at the continuous level for ease but this
works similarly for the discrete equations. Let us thus consider system (2.1) when n = 2 with the initial data

U(t — 0) — ef(m+4)27(y+7)2ei(wtfklekgy)/h.
The wave numbers w, ky,ks are chosen of order O(1) and satisfy the wave dispersion relation. Then, we
look for a first order approximate solution of the form
u = Ai(t’x’y)ei(wt—klm—kzy)/h + Ar(t,x,y)ei(WtJrkxl_ka)/h, <0
T = At(t,x,y)ei(“t_klx_m)/h, x>0
ug = Ao(t,y)ei(”t*kw)/h, z=0.
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We look for amplitudes with gradient independent of h Plugging this ansatz in system (2.1) leads to an
equation which looks like a finite Taylor series of h. We solve this equation by canceling the first two terms
of this series.

6

1. Canceling the terms in 1/h2.

The corresponding equations give the dispersion relation for each medium: w? = k? + k3. The equation
at the interface reads (w? — ck3)Ag = 0 so we take w? = k3.

. Canceling the terms in 1/h.

wd A; + (k105 + k20,)A; = 0, At =0) = e~ @H? =y

So Ai(t,x,y) = Ai(t =0,z — ki Jwt,y — kaJwt). Then, the equation of continuity at the interface reads
Ai(z =0)+ A (z =0) = Ay(x = 0) = Ag. The equation at the interface is

2w0 Ao + 202145283/140 =—k; (At —A; + AT)(x = 0) = —2]{31(140 — Al(x = 0))
Ao(t = 0) ~ 0

This is a transport equation with damping. The solution is

k t
Ap(t,y) = ;1 /0 e R/ Ai(s, 2 = 0,y — kg Jw(t — s))ds.

Finally one determines A, and A; thanks to the continuity conditions:

WO Ay, + (—k18, + ko0, A, =0 wd Ap + (k10 + k20,)Ar = 0
AT(CCZO) :Ao—Al(CCZO) s At(x:()) :AO
A(t=0)=0 At =0)=0

In particular, for 0 > x > —ki/wt, one has

ey [T k k
A (t,z,y) = —1/ " e*%(t*S)HAi <s, 0,y+ (2 —1)2z — A2(t — s)> ds
0

w ky w
w /{?2
—Ai (t+—2,0,y— —= ).
<+k1m Y k1x>

The two terms do not propagate at the same speed in the x direction since the first (the integral)
propagates with some delay while the second propagates with the constant speed —ky/w.

Concluding remarks

. Our results show that the discrete approximations capture accurately the regularity properties of the

system. One difficult point at the semi-discrete level is to get an L?-estimate of the discrete normal
derivatives. This was achieved by using a Laplace transform in time for the finite difference scheme
while we used an identity involving multiplicators for the mixed finite element scheme. The issue of
whether one can also find such a useful identity in the finite difference case is left open.

Another way of proceeding would have been to perform the spectral analysis of the schemes as in [10].

. The issue of curved boundaries and non regular meshes is left open. One should consider a finite

element approximation but the proof of the micro-local estimate fails since one cannot use the Fourier
transform anymore.

System (2.1) can be written in a weak sense as one equation with some penalization term. Using the
delta Dirac surface distribution it is not difficult to see that system (2.1) is equivalent to

(14 04,20)07u — (1 + 64, 20)02u — 02 u = 0.
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For curved interface one has to use the Laplace Beltrami operator Ar:
(1 + 511)(9t2u —orAru — Au = 0.

This reminds the Schrodinger or wave equation with delta Dirac potential as considered in [11]. But
in our case the Dirac distribution has a much stronger effect since it applies to the principal part of
the operator. In particular, by plane wave computations one can check that existence in asymmetric
spaces can not be expected for the wave equation with Dirac potential.

3. One could wonder if such a result applies to Schrodinger equations and, more generally, to equations

involving fractional powers of the laplacian i0;u + (—A)Pu = 0 with p > 0. As far as we know, the
issue is not yet answered at the continuous level for general situations such as those considered in [13].
A negative answer is given in [7] for 1 — d Schrédinger-like equations. However a plane wave analysis
indicated that an existence result in asymmetric spaces is to be expected for the Cauchy problem in
the whole space (the same as the one for the wave equation).

The apparent contradiction between this computation and the result of [7] can be explained as follows:
consider two bounded rectangular domains separated by a straight interface and a wave of frequency
¢ and energy 1 in the left domain propagating to the right. Since its speed is 1/&, it bounces back
about ¢ times during one unit of time and because 1/£ part of the amplitude is transmitted at each
reflection, half of the energy has been transmitted after this time. From this we expect in general no
result of existence in asymmetric spaces in bounded domains while we do expect such a result for two
half spaces connected through a non-trapping interface.

Finally, for equations with fractional power in bounded domains we can generalize the result of [7] as
follows: for 0 < p <1 there is existence of solutions in asymmetric spaces with a difference of 2(1 — p)
derivatives through the interface.
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