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Abstract

To any poset or quasi-poset is attached a lattice polytope, whose Ehrhart polynomial we
study from a Hopf-algebraic point of view. We use for this two interacting bialgebras on
quasi-posets. The Ehrhart polynomial defines a Hopf algebra morphism taking its values in
Q[X]; we deduce from the interacting bialgebras an algebraic proof of the duality principle,
a generalization and a new proof of a result on B-series due to Whright and Zhao, using a
monoid of characters on quasi-posets, and a generalization of Faulhaber’s formula.

We also give non-commutative versions of these results: polynomials are replaced by
packed words. We obtain in particular a non-commutative duality principle.
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Introduction

Let P be a lattice polytope, that is to say that all its vertices are in Z". The Ehrhart polynomial
ehrf;l(X ) is the unique polynomial such that, for all & > 1, ehr}él(k:) is the number of points in
Z" N kP, where kP is the image of P by the homothety of center 0 and ratio k. For example, if
S is the square [0,1]” and T is the triangle of vertices (0,0), (1,0) and (1,1):

(X+1)(X+2)

ehr%l(X) = (X + 1)2, ehr%l(X) = 5 .

These polynomials satisfy the reciprocity principle: for all k > 1, (=1)@m(P)epret(—k) is the
number of points of Z"™ N kP, where P is the interior of P. For example:
(X —1)(X —2)

ehrd(=X) = (X — 1), ehr$(—X) = 5 )

We refer to [2] for general results on Ehrhart polynomials.

It turns out that these polynomials appear in the theory of B-series (B for Butcher [4]), as
explained in [3, 6]. We now consider rooted trees:

Conovih vyl o we v uvd v bl

If ¢ is a rooted tree, we orient its edges from the root to the leaves. If 7, j are two vertices of

t, we shall write 7 LA 7 if there is an edge from ¢ to j in ¢.
To any rooted tree ¢, whose vertices are indexed by 1...n, we associate a lattice polytope
pol(t) in a following way:
. C ot
pol(t) = { (@1, ) € [0,1)" V1 <4 <, (i j) = (w5 < 27)

For example, if t = 1, indexed as 17, then pol(t) =T.
We can consider the Ehrhart polynomial ehr;f) () (X), which we shall simply denote by
ehr§t(X): for all k > 1,
ehrl (k) :ﬁ{(xl,...,xn) {0, kY |V1<ij<n, (i%)) = (z: gmj)}.

Note that ehrfl does not depend on the indexation of the vertices of t. By the duality principle:

(—1)"ehrd (—k) :ﬁ{(xl,...,xn) e{l,.. . k—1}"|V1<ij<n(Sj) = (a <xj)}.



A B-series is a formal series indexed by rooted trees, of the form:

L. ! Vo]
;ataut(t)—a,.—i—al —i—avT—i—aI + ...,

where aut(t) is the number of automorphisms of ¢. The following B-series is of special importance
in numerical analysis:

1

1 ¢t 1
E=N—— = .4 -ayt+-= Py
Zt:t!aut(t) Tty T

v
5+

1
6

where t! is the tree factorial (see definition 33). This series is the formal solution of an ordinary
differential equation, describing the flow of a vector field. The set of B-series is given a group
structure by a substitution operation, which is dually represented by the contraction-extraction
coproduct defined in [5]. The inverse of E is called the backward error analysis:

t
E =) N——n.
Zt: Yaut(t)!

Wright and Zhao [19] proved that these coefficients \; are related to Ehrhart polynomials:

o dehri!(X)

A= (1) dX  |x=-1

We shall in this text study Ehrhart polynomial attached to quasi-posets in a combinatorial
Hopf-algebraic way. A quasi-poset P is a pair (A, <p), where A is a finite set and <p is a
reflexive and transitive relation on A. The isoclasses of quasi-posets are represented by their
Hasse graphs:

1, . ..,I,.g; ...,.I,..g,V,A,I,IQ,IQ,.g;...

In particular, rooted trees can be seen as quasi-posets. For any quasi-poset P = ({1,...,n}, <p),
the polytope associated to P is:

pol(P) = {(z1,...,2,) €[0,1]" |[V1 < i,j <n,(i <pj) = (v; < x5)}.

We put ehrp(X) = ehr;lOZ(P) (X —1); note the translation by —1, which will give us objects more
suitable to our purpose. In other words, for all £ > 1:

ehrp(k) =t{(z1,...,2n) € {1,...,k}" |V1<i,j <n, (i <pj) = (; < x5)}.
We also define a polynomial ehr$"(X) such that for all & > 1:
ehr$" (k) = #{(z1,..., o) € {1,...,k}" |V1<i,j <n,(i <p j and not j <p i) = (z; < z;)}.

See definition 21 and proposition 22 for more details. These polynomials can be inductively
computed, with the help of the minimal elements of P (proposition 25).

We shall consider two products m and |, and two coproducts A and § on the space Hgqp
generated by isoclasses of quasi-posets. The coproduct A, defined in [10, 11| by restriction to
open and closed sets of the topologies associated to quasi-posets, makes (Hqp,m,A) a graded,
connected Hopf algebra, and (Hqp, !, A) an infinitesimal bialgebra; the coproduct §, defined in
[8] by an extraction-contraction operation, makes (Hqp,m,d) a bialgebra. Moreover, 0 is also a
right coaction of (Hqp, m,0) over (Hqp,m,A), and (Hqp, m,A) becomes a Hopf algebra in the
category of (Hgp,m, §)-comodules, which we summarize telling that (Hqp, m, A) and (Hgp, m, )



are two bialgebras in cointeraction (definition 1). For example, the bialgebras (K[X], m,A) and
(K[X],m,d) where m is the usual product of K[X] and A, ¢ are the coproducts defined by

AX)=X@1+10X, 5(X)=X®X,

are two cointeracting bialgebras.

str

Ehrhart polynomials ehrp(X) and ehr$”(X) can now be seen as maps from Hqp to K[X],
and both are Hopf algebra morphisms from (Hqp, m, A) to (K[X], m,A) (theorem 23); we shall
prove in theorem 37 that ehrs’" is the unique morphism from Hap to K[X] compatible with
both bialgebra structures on Hqp and K[X]. Using the cointeraction between the two bialgebra
structures on Hqp, we show that the monoid Mgp of characters of (Hqp,m,d) acts on the set
By yp—k(x) of Hopf algebra morphisms from (Hqp,m,A) to K[X] (lemma 5). Moreover, there
exists a particular homogeneous morphism ¢ € Fy;_,,x[x] such that for all quasi-poset P:

P) = \pxClP) — _HP_ c(P)
o(P) = A c(P)! ’

where pp is the number of heap-orderings of P and ¢l(P) is the number of equivalence classes
of the equivalence associated to the quasi-order of P (proposition 32). This formula simplifies if
P is a rooted tree: in this case,

1

|P|
P!X .

$o(P)

We prove that there exist characters o and o' in Mgp, such that for any quasi-poset P:

Hp/n~ cl(~ str Hp/n~ str cl(~
ehrp(X):Z lm/z!aP|NX ), ehrst (X):Z lilalﬂNX ),
~<Pc( ) ~<Pc( )

where the sum is over a certain family of equivalence relations ~ on the set of vertices of V,
P| ~ is a restriction operation and P/ ~ is a contraction operation. Applied to corollas, this
gives Faulhaber’s formula. We prove that o is the inverse of the character \ associated to ¢q
(theorem 37), which is a generalization, as well as a Hopf-algebraic proof, of Wright and Zhao’s
result. We also give an algebraic proof of the duality principle (theorem 38), and we define a
Hopf algebra automorphism 6 : (Hqp, m, A) — (hgqp, m, A) with the help of the cointeraction
of the two bialgebra structures on Hqp, satisfying ehrs" o § = ehr (proposition 39).

We propose non-commutative versions of these results in the last section of the paper. Here,
(isoclasses of) quasi-posets are replaced by quasi-posets on sets [n] = {1,...,n}, making a
Hopf algebra Hqp, in cointeraction with (Hqp,m,d), and K[X] is replaced by the Hopf alge-
bra of packed words WQSym [15]. We define two surjective Hopf algebra morphisms FHR
and EHR' from Hqp to WQSym (proposition 41), generalizing ehr and ehr'". The au-
tomorphism 6 is generalized as a Hopf algebra automorphism © : Hqp — Hqp, such that
EHR*" 0 ©® = FEHR (proposition 42), and we formulate a non-commutative duality principle



(theorem 45), and we obtain a commutative diagram of Hopf algebras:

HQPEH—RS;TWQSym S

~
~ ~
\\ <I>1 S ~
~ ~ ~
~ ~ {

%Qpﬂ’iquym \\\\Ii Hgp
SN
\\ qu str
N IZJ\\ ¢1£
RN REN
qu—»K[X]

ehr

The two triangles reflects the properties of morphisms © and 6, whereas the two squares are the
duality principles.

Aknowledgment. The research leading these results was partially supported by the French
National Research Agency under the reference ANR-12-BS01-0017.

Notations. We denote by K a commutative field of characteristic zero. All the objects
(vector spaces, algebra, and so on) in this text are taken over K.

1 Bialgebras in cointeraction

We give in this section some general results on bialgebras in cointeractions. They will be used
in the sequel for quasi-posets, leading to Ehrhart polynomials. We shall use them on graphs in
order to obtain chromatic polynomials in [9].

1.1 Definition

Definition 1 Let A and B be two bialgebras. We shall say that A and B are in cointeraction
if:
A — A®B

B t A, vi :
e B coacts on A, via a map p { ¢ — pla)=a ®a.
o A is a bialgebra in the category of B-comodules, that is to say:

— p(la) =14 ®1pB.
—m3,0(p®p)oAs=(As®Id)op, with:

)

m3 ] A®BRA®B — AQA®B
24" a1 RbRas®by — a1 ® as @ bybs.

Equivalently, in Sweedler’s notations, for all a € A:
(a(l))1 ® (a(Z))1 ® (a(l))o(a(Z))O - (al)(l) ® (al)(Z) ® ag.

— For all a,b € A, p(ab) = p(a)p(b).
— Foralla€ A, (4 ®Id)op(a) =cala)lp.



Examples of bialgebras in interaction can be found in [5] (for rooted trees) and in [14] (for
various families of graphs). Another example is given by the algebra K[X], with its usual product
m, and the two coproducts defined by:

AX)=X®1+19X, 5(X) =X ® X.

The bialgebras (K[X],m,A) and (K[X],m,d) are in cointeractions, via the coaction p = 4.
Identifying K[X] ® K[X] and K[X,Y]:

A(P)(X,Y)=P(X +Y), I(P)(X,Y)=P(XY).
Remark. If A and B are in cointeraction, the coaction of B on A is an algebra morphism.

Proposition 2 Let A and B be two bialgebras in cointeraction. We assume that A is a Hopf
algebra, with antipode S. Then S is a morphism of B-comodules, that is to say:

poS=(S®Id)o

Proof. We work in the space Endg(A, A® B). As A® B is an algebra and A is a coalgebra,
it is an algebra for the convolution product &:

Vf,g€ Endg(A,A®@B), f®g=magpo (f®g)oAy.

Its unit is:
A — A®B
Tl 4 — e(a)la ®1p.

We consider three elements in this algebra, respectively p, F; = (S ® Id) op and Fy = po S.
Firstly:

(Fr®p)(a) = S((@)1)(@?); @ (aM)o(a®),
S((a1)™M)(a1)? @ ag
= ea(a1)la ® ag
=e4(a)lp®1p

™

=n(a).
Secondly:
(p® Fy)(a) = (a)18(a®)y @ (aM)o(S (@)
=cea(a)(1a)1 ® (La)o
=cala)la®1p
= n(a).
We obtain that Fil ® p=p® Fo =n,80 Fi =F1®n=F1® p® Fo =n® F» = F5. O

1.2 Monoids actions

Proposition 3 Let A and B be two bialgebras in cointeraction, through the coaction p. We
denote by M4 and Mp the monoids of characters of respectively A and B. Then B acts on A by
monoid endomorphisms, via the map:

'{MAXMB — MA
(@,A) — o< A=(¢p®A)o



Proof. We denote by * the convolution product of Mp and by x the convolution product of
My. As p: A — A® B is an algebra morphism, < is well-defined. Let ¢ € M4, A1, Ao € Mp.

(M) X=(0R@AM @)oo (pRId)op
= (@M @A) o(ld® Ap)op
:¢<—()\1*)\2)

So < is an action. Let ¢1,¢0 € M, A € Mp. For all a € A:

(91 % p2) = A)(a) = (91 @ p2 @A) 0 (AA ® Id) o p(a)
= (¢1® d2 ® A)((a0)" @ (a9)? @ ax)
= (1 ® ¢2 @ A)((aM)y @ (@) @ (aM)1(aP))
= ¢1((aM)0)M (@) 1)2((a®)o)A((a®)1)
= (¢1 + N)(@)(¢2 + N)(a?)
= (61 = A) * (2 < A))(a).
So <« is an action by monoid endomorphisms. O

Example. We take A = (K[X],m,A), B = (K[X],m,0) and p = §. We consider the map:
K — K[X]*
SRR N KX] — K
P(X) — euvy(P)=P(\).

Then ev is an isomorphism from (K, +) to (Ma,*) and from (K,.) to (Mp, *). Moreover, for all
Ap ek

EV) 4 €V = €Uy,

Proposition 4 Let A and B be two bialgebras in cointeraction, through the coaction p.

1. Let H be a bialgebra. We denote by Mp the monoid of characters of B and by Ea_, 5 the
set of bialgebra morphisms from A to H. Then Mp acts on Ea_ g via the map:

(_,{ Eaog xMp — FEasg
(3, A) — 9= A=(p@A)o

2. Let Hy and Hy be two bialgebras and let 6 : Hi — Ho be a bialgebra morphism. For all
¢ € Eacpy, forall A € Mp, in Eacp,:

o(pA)=(0o¢p) A
S if A, u € Mp, in Ega:
(Id+ X))o (Id <+ p)=1d+ (A*p).

The following map is an injective monoid morphism:

(MBa *) — (EA%Aa O)
A — Id+ A\



Proof. 1. Forall¢p € Eo,. g, A€ Mp, o+ A: A— HRK = H. As ¢, A and p are algebra
morphisms, by composition ¢ <— A is an algebra morphism. Let a € A.

A (¢ < AMa)) = Au(p(ag)A(ar))

= May)Apg o ¢(a1)

= AMa1)é(ag)V @ p(ag)®

= Aa1)é((ao)™M) @ ¢((a0)®)

= M(a™M)1(a®), ) ((@M)o) ® ¢((a®)o)

= M@ DA (@®)1)p((aM)o) @ ¢((a®))o)
= ¢((a")0)M(a™M)1) @ $((a®)0)A((a®))1)
= ¢+ Ma) ® ¢ A(a®)

(9 =X @ (¢ A) o Aala).

Let ¢ € Eqyg. Foralla € A, ¢ < noe(a) = ¢d(ap)e(ar) = ¢(a). Let A\, u € Mp.

(@ ANp=(@A0p)o(peId)op=(pR@A®p)o(Id® Ag)op=¢ < (A*pu).

So < is indeed an action of Mg on E4_ .

2. Let a € H.

(60 0) < Aa) =6 0 ¢(ar)A(ao) = 0(d(a1)A(ag)) = (¢ = A(a)) = b o (¢ + A)(a).
0(@op)«—A=00(p+ \).

3. Consequently, if A\, u € Mp, in Ez_4:
(Id<XNo(Id+ X)) =(Id<+ N « p)=1Id+ (A*xp).
If Id < \ = Id, then, composing by &', we obtain & * A =&/, so A = ¢’. O
Example. We take A = (K[X],m,A), B = (K[X],m,d) and p = d. In Eq_, 4, for any

re ke
Id < evy(X) = evy (X)X = \X,

so for any P € K[X], (Id < evy)(P) = P(AX). In this case, the monoids (Mp, *) and (E4_4,0)
are isomorphic.

1.3 Polynomial morphisms

In this section, we deal with a family (A, m, A, ) such that:

1. (A,m,A) is a graded, connected Hopf algebra. As a graded algebra, it is isomorphic to
the symmetric algebra S(V'), where V' is a graded subspace of A.

2. (A,m,J) is a bialgebra.
3. (A,m,A) and (A, m,d) are in cointeraction, through the coaction 9.
4. Vi = Aj has a basis (g;)ier such that:

Viel, 6(gi) = 9 ® gi-

We shall denote by J the set of sequences a = (a;);er with a finite support. For all o € J,
we put go = [[,c; 97" These are group-like elements of (A, m, 9).



5. For all n > 2, V,, can be decomposed as:

V, = @ Vn(giaga)a

iel,aeJ

such that for all x € V,(gi, 9a):
0(x) —9i®x —T® ga 65(1/169...@1/”,1)@2,

The counit of (A, m,A) will be denoted by & and the counit of (4, m,d) by /. We denote by
Mp the monoid of characters of (A, m,J).

Remark. If € V,,(gi,94), as €'(9;) = €'(ga) = 1, necessarily, &’(z) = 0 and:
§(z) —gi ®x — 1 ® gy € Ker(e)®2.
Lemma 5 Let A € Mp. It has an inverse in Mp if, and only if, for all i € I, X(g;) # 0.

Proof. =—. Let p be the inverse of X\ in Mp. For alli € I, Axpu(g;) = Mgi)p(g:) = €'(9:) = 1,
so A(gi) # 0.

<. We define two characters u,v € Mp by inductively definining u,, = py,, and v, = vy,
For n = 1, we put u1(g;) = v1(g;) = M(g;) . Let us assume that g1,. .., g,_1 are already defined,
with n > 2. If x € V,,(gi, 9a), we put:

0x)—gi®r—3Rge =Y zp@2)€SVI&...0V, 1)

Hence, for all k, pu(z},) and v(z}) are defined. We put:

pnle) = [ 5 (@) = nla\@) = X apriad)).

el
1 / / 2
n(T) = - A ) — > A .
(@) = 5705 (10 = Mawlga) = 3o M)
Consequently, u,v € Mp and for all x € V, u*x A(z) = A*xv(x) =€'(z), s0 px A = Axv =¢,
and finally g = p* (A*v) = (u* X\) *v = v, so A is invertible in Mp. O

Lemma 6 Let C be a graded, connected Hopf algebra. We denote by Cy = Ker(ec) its
augmentation ideal. Let A : Cy — K be any linear map. There exists a unique coalgebra
morphism ¢ : C — K[X] such that:

vz e Cl, dj;f) (0) = A(z).

Moreover:
1. ¢ is homogeneous if, and only if, for alln > 2, A(Cy) = (0).
2. ¢ is a Hopf algebra morphism if, and only if, for all x,y € C4, M xy) = 0.

Proof. Let 7 : K[X] — Vect(X) be the canonical projection. For any P € K[X]:

_ap
dX

Ezistence. We define ¢/, by induction on n. For n = 0, we put ¢(1) = 1. Let us assume
that ¢|cye..ec,_, 1s defined such that for all z € Co @ ... & Cp—1,

Ao d(x) = (¢ ® ¢) o Alz), mo ¢(x) = Ax)X.

©(P) (0)X.



Let z € Cp. As A(z) € (C1 @ ... ® Cp_1)®2, we can consider the element

y=(¢®¢)oAr) € K[X]F

We put: ,
Xt XJ
y= Z ST T
i,j>1
Moreover:
A Idy) = (Ao d) ®¢) o Ax)
:(¢®¢®¢)o(~ ®Id)oA(x)
= (0 R P ¢)o(Id® A)oAx)
=(¢® (Ao ¢))oA(x)
= (Id® A)(y)
Hence:

Xt X7 Xk Xt X3 Xk
Z az+]7k7®]_®—zz aZ]_HgZ—'@T@F
1,5,k>1 1,5,k>1

For all 7,7,k > 1, a;4j = a; 1k, so there exist scalars a, such that for all 7,5 > 1, a; ; = a;4;.
We obtain that:

X Xxi (X"
y=> _an| . TOTT :ZanA<F>.

n>2 i,5>1i+j5=n

Xn
We then put ¢(z) = ZG"W + AMz)X.
n>2
We obtain in this way a coalgebra morphism such that 7o ¢(x) = A\(x)X for all z € C.

Unicity. Let ¢, : C — K[X] be coalgebra morphisms such that mo¢ = wo). Let us prove
that ¢(z) = ¢ (z) for all x € A,, n > 0, by induction on n. For n = 0, as the unique group-like
element of K[X] is 1, ¢(1) = ¥(1) = 1. Let us assume the result at all ranks &k < n. Then, if
T € Ay:

Nog(x) = (p® ) o Alz) = (Y @) 0 Ax) = Ao (),
so ¢(x) —(x) € Ker(A) = Vect(X). Hence, 0 = mo ¢(x) — moh(x) = ¢(x) — (x).
1. =. If ¢ is homogeneous, then, for all n > 2, ¢(C,,) C Vect(X™), so:
7o ¢(Cp) = MCp)X = (0).

1. <. Let us go back to the construction of ¢ is the Eristence part. If n > 1, x € C4, then
¢(x) = A(x)X is homogeneous of degree 1. If n > 2, then, by homogeneity, a; ; = 0 if i + j # n,
n

so ap =0 if n # k, and ¢(z) = ap—: ¢ is homogeneous.
n!

2. =. Let z,y € Cy. Then ¢(z),d(y) € K[X]+ = XK[X], so ¢(zy) = ¢(z)d(y) € X*K[X]
and mo ¢(zy) = A(zy)X = 0.

10



2. <. Let us consider ¢; = mo (¢ ® ¢) and ¢2 = ¢ o m. By composition, they are both
coalgebra morphisms from the graded bialgebra C' ® C' to K[X]. Moreover, if z,y € C.:

mod1(l®y) =mog(y), moda(1®y) =mog(y),

rodi(z®1) = 7o d(2), 7o da(z@1) = 70 6(2),

mo¢i(z@y) =7(p(x)o(y)) =0, mo oz ®y) = May)X = 0.
So, forall z € (CRC)y =(KI1®CyL)® (CL K1) ® (Cr @ CL), mo ¢1(z) = 7o ¢a(z). By the
Unicity part, ¢1 = ¢o, so ¢ is an algebra morphism. O

Remark. If z € V7, ¢(z) = A(z)X.

Theorem 7 Under the hypotheses 1-5, there exists a unique homogeneous Hopf algebra mor-
phism ¢g : (A,m, A) — (K[X],m,A) such that:

Vz € Ay, ¢o(z) =€ (2)X.
Moreover, there exists a unique character \g € Mp, invertible in Mp, such that:
Vn >0, Vr € Ay, gbo(x) = )\O(x)X"

Proof. Fzistence. Let A € A* such that A(z) = &/(z) if x € Ay and A(z) =0 if = € A,,

d(Zg((x) (0) = A(x) for all
x € A,. By the first point of lemma 6, ¢g is homogeneous. As A?i— C A>9, by the second point

of lemma 6, ¢g is an algebra morphism.

n > 2. We denote by ¢ the unique coalgebra morphism such that

Unicity. If ¢ is such a morphism, by the first point of lemma 6, for all x € A,, n > 2,
mo¢(x) = 0; hence, for all x € Ay, 7o ¢y = 7 o ¢. By the unicity in lemma 6, ¢ = ¢y.

By homogeneity of ¢, for all x € A,,, there exists a unique scalar A\g(z) € K such that:
do(x) = Ao(x) X",
Ifxe An, y€ An, xy € Apayn and then:
$(xy) = Xo(zy) X" = ¢(x)p(y) = No(x) Ao (y) X",

$0 A\g € Mp. Foralli eI, ¢(g;) =¢'(9:)X = X, so A\o(g;) = 1. By lemma 5, )¢ is an invertible
element of Mp. O

Theorem 8 Under the hypotheses 1-5, the following map is a bijection:

0 Mp — Easkx)

Moreover, if ¢ = 6(\), with A\ € Mp, then for all x € V,

Az) = df;f) (0).

Proof. Let A € Mp, and ¢ = ¢pg < A. For all i € I, ¢(g;) = X\ (g:), so
If n>2and z € V,,(9;, ga), we put:

5(x):gi®x+2x;®xg,

11



with for all k, zj, homogeneous of degree > 2 or homogeneous of degree 1, with &’(x}) = 0. For
all k, mo ¢o(z},) = 0. We obtain:

70 6(x) =7 (@)X + 3 doleh)A(f)) = A@)X.
By the unicity in lemma 6, ¢ is injective. If ¢ € E4_g[x], we define A € Mp by:

Vr eV, Ax) = dﬁg) (0).
do(z) dy(x)
ix O =~ ©

(0) = 0. Finally, as V generates A, A, =V + A%,

We put ¢ = ¢g < A. Then for all x € V,

Aola) () _ i)
d6(x) dX 20(2) dX
b (0) = W(O) By the unicity in lemma 6, ¢ = 1), so 6 is surjective.

= MNz). If z € A%, by the

second point of lemma 6,

and for all z € A,
O

Corollary 9 Under the hypotheses 1-5, for any € Mp, there exists a unique Hopf algebra
morphism ¢ : A — K[X], such that:

Vo € A, ¢(z)(1) = p(1).
This morphism is:pg < (N5~ u).

Proof. Let ¢ be a Hopf algebra morphism from A to K[X]. By theorem 8, there exists
A € Mp such that ¢ = ¢9 <~ X\. Let z € A. We write z = )z} ® x}, with, for all k, 2},
homogeneous of degree ni. Then:

o)1) = (3o M@ X™AG) ) = DT AN = do * Alw).

So ¢ satisfies the required conditions if, and only if, A\g x A = p, if, and only if, A = )\371 * [L, a8
Ao is invertible. So such a ¢ exists and is unique. ]

Corollary 10 Under the hypotheses 1-5, there exists a unique morphism ¢1 : A — K[X]
such that:

1. ¢1 is a Hopf algebra morphism from (A,m,A) to (K[X],m,A).
2. ¢1 is a bialgebra morphism from (A,m,¢) to (K[X],m,0).
Moreover, ¢1 = ¢ <+ Ny and, for allz € A, ¢1(z)(1) = '(x).

Proof. Unicity. If such a ¢ exists, then for all z € A, ¢1(x)(1) = &’ o ¢1(x) = &'(z). By
corollary 9, ¢1 = ¢ < (A5 xe') = ¢ = A57L.

Existence. Let ¢ be the unique Hopf algebra morphism in £ 4_,k[x) such that for all z € A,
é1(2)(1) = €'(x). Recall that we identify K[X]| ® K[X] with K[X,Y]; for all P € K[X]:

AP)(X,Y)=P(X +Y), 5(P)(X,Y) = P(XY).

Let us fix x € A. Let us prove that for all k,l € N*, 6 0 ¢1(z)(k,l) = (1 ® ¢1) 0o A(zx)(k,1) by
induction on k. First, observe that 0 o ¢1(z)(k,l) = ¢1(z)(kl). If k =1, then:

(61 ® ¢1) 0 Az)(1,1) = $1((¢' @ Id) o A(x))(1) = ¢1 () (D).
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Let us assume the result at rank k. Then:

(1@ 1) o A(x)(k+1,1) =

A®Id)o (¢ @ ¢1)od(x)(k,1,1)

$1 @ P @ 1) o (A®Id)od(z)(k,1,1)

$1 ® ¢1 ® ¢1) omi 40 (6 ®0) o Alx)(k,1,1)
$1 @ P ®P1 R 1) o (6 ®6) o Ax)(k,1,1,1)
= (¢1 @ ¢1) 0 A(z) (KL, 1)

= Ao ¢y (x)(kl,1)

= ¢ (z)(kl +1)

= ¢ (z)((k + 1)D).

o~ o~ o~ o~

So the result is true for all k,1 > 1. Hence, (¢1 ® ¢1) 0 §(z) = J o ¢1(x): ¢1 is a bialgebra
morphism from (A, m,0) to (K[X],m, ). O

2 Examples from quasi-posets

2.1 Definition

Definition 11 1. Let A be a set finite set. A quasi-order on A is a transitive, reflexive
relation < on A. If < is a quasi-order on A, we shall say that (A, <) is a quasi-poset. If
P is a quasi-poset:

(a) Its isoclass is denoted by | P].
(b) ~p is defined by:
Va,b e A, a~pbif(a<bandb<a).
It is an equivalence on A.

(c) A= A/ ~p is given an order by:

The poset (A, <) is denoted by P.
(d) The cardinality of P is denoted by cl(P).

2. Let n € N.

(a) The set of quasi-posets which underlying set is [n] = {1,...,n} is denoted by QP (n).
(b) The set of posets which underlying set is [n] is denoted by P(n).

(c) The set of isoclasses of quasi-posets of cardinality n is denoted by gp(n).

(d) The set of isoclasses of quasi-posets of cardinality n is denoted by p(n).

We put:

QP=||QP(n), P=|]|P(n), ap=|]ap(n), p=[]pM),

n>0 n>0 n>0 n>0

Hqp = Vect(QP), Hp = Vect(P), Hap = Vect(qp) Hp = Vect(p).

As posets are quasi-posets, there are canonical injections from Hp into Hqp and from Hp
into Hqp. Moreover, the map P — P induces surjective maps from Hqp to Hp and from
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Hap to Hp, both denoted by & The map P — |[P| induces maps || : Hqp — Hqp and
|| : Hp — Hp. The following diagram commutes:

HQP qu (1)
O
Hp — Hp
L
HP Hp

We shall represent any element P of QP by the Hasse graph of P, indicating on the vertices
the elements of the corresponding equivalence class. For example, the elements of QP (n), n < 3,
are:

. . 2 1 . 3 2 3 1 2 1
1, o1, .1.2,11,12,.172, .1-2.3,-112,o1I3,-211,02I3,-3Il,0312,-102,3,-2-1,3,03-1,2;

3 2 3
2\/13,1\/23,1\/32,2/\13 ,1/\23 ,1/\32 ,{% ,{:f ,{% ,I ,I
We shall represent any element P € qp by the Hasse graph of P, indicating on the vertices

the cardinality of the corresponding equivalence class, if this cardinality is not equal to 1. For
example, the elements of gp(n), n < 3, are:

W
W N

1
2 2,3 1,3 1,2 1 2 3
,}3,11 ,Iz’ ,13 712,3,11,3711,2,01,2,3-

1, ., ..,I,.Q; ...,.I,..g; V,A,I,IQ,I2,¢3.

2.2 First coproduct

By Alexandroff’s theorem [1, 18], finite quasi-posets are in bijection with finite topological spaces.
Let us recall the definition of the topology attached to a quasi-poset.

Definition 12 1. Let P = (A, <) be a quasi-poset. An open set of P is a subset O of A
such that:
Vi,jeA, (1€0 andi<j)= (j €O,).

The set of open sets of P (the topology associated to P) is denoted by top(P).
2. Let P = (A, <) be a quasi-poset and B C A. We denote by P p the quasi-poset (B, S‘B).

3. Let P = (A,<p) be a quasi-poset. We assume that A is also given a total order <: for
example, A is a subset of N. If the cardinality of A is n, there exists a unique increasing
bijection f from [n], with its usual order, to (A, <). We denote by Std(P) the quasi-poset,
element of QP (n), defined by:

Vi,j € [n], i <gapy J == f(i) <p f(j)
Proposition 13 1. We define a product m on Hqp in the following way: if P € QP(k),
Q € QP(l), then PQ =m(P,Q) € QP(k +1) and
Vi, j € [k‘—|—l], Z'EPQ<:>(1 <5<k andiﬁpj)
or (k+1<i,j<k+landi—k<gj—k).
2. We define a second product | on Hqp in the following way: if P € QP(k), Q € QP(1),
then PQ = m(P,Q) € QP(k+1) and
Vi,j € [kﬁ+l], iSPQ<:>(1 <17 <k andigpj)
or (k+1<i,j<k+landi—Fk<gyj—k)
or(1<i<k<j<k+1).
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3. We define a coproduct A on Hqp in the following way:

VP € QP(n), A(P)= Y Std(Po)® Std(Po).
O€top(P)

Then (Hqp,m, A) is a non-commutative, non-cocommutative Hopf algebra, and (Hqpe, |, A)
s an infinitesimal bialgebra.

Proof. See [10, 11]. O

Examples. If {a,b} = {1,2} and {i,5,k} = {1,2,3}:

Al) = ®@1+1® .1,
A1) =10 R1+1Q15 +.0® .,
ACVH ) ="V @1+10V + H @+ 1@ 405 @ e,
AGR) =, 8 @141, M +, @1+ Q1 + 4,00 Qo
Adiy=le1+10ll. 0t 11 0.

Remark. This Hopf algebraic structure is compatible with the morphisms of (1), that is to
say:

1. Hp is a Hopf subalgebra of Hqp.
2. observe that:
o If (P, P») and (Q1,Q2) are pairs of isomorphic quasi-posets, then P;Q; and P>Q9 are

isomorphic.

e If P, and P, are isomorphic quasi-posets of QP(n), and if ¢ : [n] — [n] is an
isomorphism from P; to P», then the topology associated to P, is the image by ¢ of
the topology associated to Py and for any subset I of P, ¢|; is an isomorphism from

(P11 to (P2)g(n)-

Consequently, the surjective map || : Hqp — Hqp is compatible with the product and
the coproduct: Hqp inherits a Hopf algebra structure. Its product is the disjoint union of
quasi-posets. For any quasi-poset P = (A, <p):

A(LP]) = Z [P aol @ [Pol-

Octop(P)

3. Hp is a Hopf subalgebra of Hqp.

4. All the morphisms in (1) are Hopf algebra morphisms.

Definition 14 1. We shall say that a finite quasi-poset P = (A, <p) is connected if its
associated topology is connected.

2. For any finite quasi-poset P, we denote by cc(P) the number of connected components of
its associated topology.

It is well-known that P is connected if, and only if, the Hasse graph of P is connected.
Any quasi-poset P can be decomposed as the disjoint union of its connected components; in an
algebraic setting, Hqp is generated as a polynomial algebra by the connected quasi-posets. This
is not true in Hqp: for example, 1% ., is both not connected and indecomposable in Hqp.
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2.3 Second coproduct

Definition 15 Let P = (A, <p) be a quasi-poset and let ~ be an equivalence on A.

1. We define a second quasi-order <pj.. on A by the relation:
Vr,y € A, x <p|~ y if (x <py and x ~y).

2. We define a third quasi-order <p,.. on A as the transitive closure of the relation R defined

by:
Vae,y € A, 2Ry if (x <py orx ~y).

3. We shall say that ~ is P-compatible and we shall denote ~ <P if the two following conditions
are satisfied:

e The restriction of P to any equivalence class of ~ is connected.

e The equivalences ~p/.. and ~ are equal. In other words:
Vr,y € A, (x <p/ny and y <p; x) = T ~ y;
note that the converse assertion trivially holds.
Remarks.
1. P| ~ is the disjoint union of the restriction of <p to the equivalence classes of ~.
2. Let x,y € P. Then x <p,. y if there exist 1,2}, ..., zx, 2} € A such that:

/ /
r<pr1~Ty<p...<pxp~T <py.

3. If ~ <P, then:

a) The equivalence classes of ~p,., are the equivalence classes of ~ and are included in
/
a connected component of P. This implies that the connected components of P/ ~
are the connected components of P. Consequently:

c(P/ ~) = cl(~), ce(P/ ~) = cc(P), (2)

where cl(~) is the number of equivalence classes of ~.

(b) If z ~p y and & ~ y, then x ~pl~ Y: the equivalence classes of ~p . are the
equivalence classes of ~p; the connected components of P| ~ are the equivalence
classes of ~. Consequently:

c(P| ~) = cl(P), cc(P| ~) = cl(~). (3)
Definition 16 Let P € QP. We shall say that P is discrete if |[P] = .<1P).
In other words, P is discrete if, and only if, ~p=<p.

Definition 17 We define a second coproduct 6 on Hqp in the following way: for all P € QP,

3(P) =) (P/~) @ (P |~
~<P
Then (Hqp,m,9) is a bialgebra. Its counit €' is given by:
1 if P is discrete,

0 otherwise.

VP € QP, £(P) = {
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Proof. Firstly, let us prove the compatibility of § and m. Let P = (A, <p) and Q = (B, <g)
be two elements of QP. Let ~ be an equivalence relation on P. We denote by ~" and ~" the
restriction of ~ to P and (. Then:

o If ~ <PQ), then as the equivalence classes of ~ are connected, they are included in A or in
B. Consequently, if z € A and y € B, x and y are not equivalent for ~. Moreover, ~' <P
and ~" <@, and:

PQ| ~= (P ~)(@Q]~"), PQ/ ~=(P/~)(@Q/~").
e Conversely, if ~' <P,~"” 4@ and for all z € A, y € B,  and y not are not ~-equivalent,
then ~ <PQ.
Hence:

§(PQ) =Y (PQ/~) & (PQ|~)

~APQ

= > (P/ Q)@ (P ~)QI )

~ AP~ Q)

— §(P)5(Q).

Let us now prove the coassociativity of §. Let P € QP.
First step. We put:

AZ{(?“,?“/)‘TQP, 7“/<1P/7“}, B:{(s,s/)’8<P7 3/<IP|3}-

We consider the maps:

A — B B — A
F: , , G: , ,
(r,r"y — (1), (s,s) — (5,9).

F is well-defined: we put (s,s’) = (/,7). The equivalence classes of s are the equivalence
classes of /, so are P-connected. If x ~p/, y, there exist x1,27,..., 2,5, and y1,91,..., 4,
such that:

x<payr'z] <p...<papr'z), <py, y<pyir'yi <p...<puyr'y <pux.
Hence:

i ) ) !/
€T SP/T‘ rir SP/T’ oo SP/T‘ TET T SP/T’ Y, Yy SP/T’ ury SP/T’ v SP/T‘ ury SP/T‘ €.

Sox ~p/y. Asr'aP/r,x~py: saP.
Let us assume that zs'y. Then xry, so, as r <y, there exists a path from x to y in the Hasse
graph of P, made of vertices all r-equivalent to x and y. If 2’ and 3’ are two elements of this
1.0,

path, Then 2'ry’, so 2’ <q/, v and finally 2" <(ppy/ y'. As ' < P/r, 2'r'y’, so xsy. So the
elements of this path are all P|s-equivalent: the equivalence classes of s’ are P|s-connected.

Let us assume that @ ~(p|s)/s y. There exist 21,2, ..., xx, 2}, and y1, ¥y, ..., ¥, y; such that:
/ / / /
T SP|r/ T1re] SP|7’/ e SP|7’/ TETTy SP|r/ Y, Y SP|7’/ Y17Y7 gP\r’ .. gP\r’ YIry; SP|r/ x.
Then:
x<pxray <p...<pxpra), <py, y<pwyiryy <p ... <puyiry; <p z,

Soz <p;yandy <p;. x. Asr AP, xry, so xs'y: we obtain that s’ < P | s.
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G is well-defined: let (s,s’) € B and let us put G(s,s’) = (r,7'). The equivalence classes
of r are P|s-connected, so are P-connected. Let us assume that  ~p,. y. There exist
x1, 2y, .. o, @y and Y1, Y4, ...,y v such that:

x<puxis'ty <p...<puaps'zy <puy, y<pyis'y) <p...<puyis'y; <p x.
As the equivalence classes of s’ are P|s-connected, all this elements are in the same connected
component of P|s, so are s-equivalent:
!/ ! 1

& <pjs 2157] <pjs .. <pls Tk Ty <p|s Y, Y <pls Y15Y1 SP|s - SP|s YIS Y] Sp|s X
Hence,  ~(p|s)/s ¥, 50 as 8' A P | s, xs'y, so ary: r < P.

The equivalence classes of 7’ are the equivalence classes of s, so are P-connected and therefore
P/r-connected. Let us assume that & ~(p/y /v y. Note that if 2’s'y’, then 2" and y' are in the
same connected component of P|s, so 2'sy. By the definition of < p/s' as a transitive closure,
using this observation, we obtain:

x <px1sz) <p...<p xpsz), <p Y, Yy <py1syy <p ... <p yisy; <p <.

So x ~p/sy. As s 9P, xsy, so xr'y: ' < P/r.
Clearly, F' and G are inverse bijections.

Second step. Let (r,r') € A and let F(r,7") = (s,s’). Note that if xry, then x/ ~p/. y, so
x/ ~(ppry e Y, SO T’y as T <1P/7“ Then:

:SP/S .
So P/s = (P/r)/r
<(p|s)/s’ = transitive closure of ((zs 'y) or (x <ps ¥))

= transitive closure of ((zry) or (z <pj,» y))

= transitive closure of (((zry) or (x <py)) and ((sry) or (zr'y)))

((
((
= transitive closure of ((zry) or ((z <p y) and (zr'y)))
((
= transitive closure of ((z <p,, y) and (s7'y))

=Sl -
o (P|s)/s" = (P/r)|r'. For all x,y:
x <(P\ )/s' Y — (.73 <P|s y) and (.%'S y)
<= (z <py) and xsy and (zs'y)
<= (z <py) and 27’y and (xry)
< (z <py) and (zry)
=z <p|, y.
o (P|s)|s’ = P|r. Finally:
(0®Id)od(P) = Z (P/r)/r" @ (P/r)|r' @ P|r

(ryr)eA

= Z P/s® (Pls)/s' @ (P|s)|s’

(s,s’)EB
— (Id®6) 0 5(P).
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So Hqp is a bialgebra.

Let P be a quasi-poset. If P is discrete, then 6(P) = P® P, so (' ® Id) o §(P) = (Id®¢€') o
A(P) = P. If P is not discrete, there are three types of relations ~ <P:

1. The equivalence classes of ~ are the connected components of P: in this case, P| ~= P
and P/ ~= P is discrete.

2. ~=~p: in this case, P/ ~= P and P| ~= P, is discrete.
3. ~ is not one of two preceding relations: in this case, nor P/ ~, nor P/ ~ is discrete.

So:
S(P)~PL®P—-P®P,c Ker(c) @ Ker(¢),

which implies that (¢/ ® Id) o §(P) = (Id®¢€') o A(P) = P. 0

Examples. If {a,b} = {1,2} and {i,5,k} = {1,2,3}:

5(.1):.1®.1,
5(12):I2®0a0b+0a,b ®IZ,

SOV =N @i+ 1, @M+ M @+ @7V,
5(lec):j/\ik eivjor + I QU + 17 @, + ik ®jj\ik7
k k k
SH) =l @+t @+ @+ 0.

Remarks.
1. ¢ is the internal coproduct of [§].

2. (Hqp,m,0) is not a Hopf algebra: for all n > 1, §(.n) = «n ® «u, and ., has no inverse in
/HQP.

3. This coproduct is also compatible with the map ||, so we obtain a bialgebra structure on
Hqgp with the coproduct defined by:

S(LP)) =) P/ ~|®|P|~].

~<P

4. Hp and Hp are not stable under 6, as if P is a poset and ~ <P, P/ ~ is not necessarily a
poset (although P| ~ is). However, there is a way to define a coproduct § = (£ ® Id) o0
on Hy:

vP e P(n), 5(1P) =Y. = TP/~ @ P| ~J.

~aP

(Hp, m,d) is a quotient of (Hgp,m,0) through the map &.

2.4 Cointeractions

Theorem 18 We consider the map:

Hqp — Hqr @ Hgp
p=Ud@|])od:q PeQP — > (P/~)@|P|~].
~<P

The bialgebras (Hqp, m,A) and (Hqp,m,d) are in cointeraction via p.
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Proof. By composition, p is an algebra morphism. Let us take P € QP(n). We put:
A={(r,0)|r<aP,0 etop(P/r)}, B={(0,s,5)]0 €top(P),s<Ppupo,s <Po}.
First step. We define a map F : A — B, sending (r,O) to (O, s, s'), by:

e zsy if zry and x,y are in the same connected component of P\ 0-

e s’y if xry and x,y are in the same connected component of Po.

Let us prove that F is well-defined. Let us take xz,y € [n], with z € O and * <p y. Then
r <p; y. as O is an open set of P/r, y € O: O is an open set of P. By definition, the
equivalence classes of s’ are the intersection of the equivalence classes of r and of the connected
components of O. As O is a union of equivalence classes of r, they are Flo-connected. If
T ~po/s Y then  ~p/. y and x and y are in the same connected component of O. As r<r,

xry, so xs'y: ' < Po. Similarly, s < P\ 0-
Second step. We define a map G : B — A, sending (O, s,s") to (O,r,7’), by:
xry if (z,y ¢ O and zsy) or (z,y € O and xs'y).

Let us prove that G is well-defined. Let x,y € [N], with z € O and  <p/, y. There exists
x1,2}, ..., oy, o), such that:

r<p .%'17“1"1 <p...<p .%'er;g <py.

As O is an open set of P, 1 € O; by definition of r, 2{ € O. Iterating, we obtain that
T, Th, ...,z x),y € O. So O is open in P/r.

Let us assume that zry. Then z,€ O or z,y ¢ O. As s< Py, 0 and Po, there exists a path
from z to y in the Hasse graph of P formed by elements s- or s’— equivalent to z and g, so the
equivalence classes of r are P-connected.

Let us assume that x ~p/, y. here exists x1, ), ..., 7, s}, and y1, ¥y, .., Y1,y such that:

z<pazirzy <p...<paxprz, <py, y<puyiryy <p ... <p yry, <p .

If x,y € O, then all these elements are in O, so x ~Po/s Ys and then zs'y, so xry. If z,y ¢ O,
as O is an open set, none of these elements is in O, so x ~Plano/s Yr SO TSY and finally zry: r<P.

Third step. Let (r,0) € A. We put F(r,0) = (O, s,s") and G(O, s,s") = (7,0). If zry, as O
is an open set of P/r, both z and y are in O or both are not in O. Hence, zsy or xs'y, so x7y.
If zry, then xsy or xs'y, so xry: 7 =7 and Go F = Id 4.

Let (O,s,s") € B. We put G(O,s,s') = (r,0) and F(r,0) = (0,3,3§"). If xsy, then z and y
are in the same connected component of [n]\ O as s< Piapo and zry, so zsy. If zsy, then zry,
so xsy: we obtain that § = s. Similarly, § = s’, which proves that F o G = Idp.

We proved that F' and G are inverse bijections. Let (r,0) € A and (O, s,s’) = F(O,r).

<(P/r)mp0 = tramsitive closure of (zry and @ <p y) restricted to [n] \ O
= transitive closure of (zry and z <p_ ., ¥)

= transitive closure of (zsy and x <p ., ¥)
=P/ -

So (P/T)Hn]\O = P\[n]\O/S Similarly, (P/?“)|O = P‘O/s/.
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Let us now consider P g. Its connected components are the equivalence classes of r, that is to
say the equivalence classes of s and s; for any such equivalence class I, (P r)i1 = Pi1. So Pgis the
disjoint union of (Pj,)\0)|s and ( ‘O)|8/, and therefore is isomorphic to Std(Pjj,)\0)(s)Std((Po))s),
but not equal, because of the reindexation induced by the standardization. Hence, LH r] =

L(Bmpo)is] L(Po)s |-

Finally:
(A@Id)opP)= Y (G/r)mpo® (G/r)o® |G)]
(r,0)eA
= (Ppo)/s @ (Po)/s' @ [(Ppno)is) L(Po)s ]
(0,s,8")EB
=m340(p®p)oA(P).
Moreover, (¢ ® Id) o p(P) =dp11®1=¢(P)1 ® 1. O

Remark. As noticed in (8], (Hqp,m,A) and (Hqp,m,J) are not in cointeraction through 4.

Taking the quotient through | |:

Corollary 19 The bialgebras (Hqp, m, A) and (Hqp,m,0) are in cointeraction via §. More-
over, Hqp st given a graduation by:

Vn > 0,(Hgp)n = Vect(P € gp | cl(P) = n).
With this graduation, hypotheses 1-5 of section 1.8 are satisfied.

Proof. Here, V is the space generated by the set of connected quasi-posets; the basis (g;)ier
of group-like elements of (Hqp)1 1S (en)n>1- O

We denote by Mgp the monoid of characters of (Hqp,m,d). Its product is denoted by .
Using proposition 4 on Hqp:
Corollary 20 Let A € Mgp. The following map is a Hopf algebra endomorphism.:

(HQp,m,A) — (HQP,m,A)
¢A: PEQP — Z)\LP‘NJP/N

~<P
It is bijective if, and only if, for alln > 1, X, # 0. If this holds, qS;l = Pyx—1.

Proof. ¢) = Id < A, so is an element of Eyqp—#qp-
—. For all n >0, ¢»(.n) = A, en. As ¢ is injective, A, # 0.

<=. By proposition 5, A is invertible in Mg,: let us denote its inverse by u. Then, by
proposition 4:

pro ¢y =1Id< Axp)=1Id<«+ & =1Id.
Similarly, ¢, o ¢\ = Id. g

3 Ehrhart polynomials

Notations. For all £k > 0, we denote by Hy, the k-th Hilbert polynomial:

X(X—1)...(X —k+1)

Hp(X) = X
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3.1 Definition
Definition 21 Let P € QP(n) and k > 1. We put:

Lp(k) ={f:In] — [K] | Vi,j € [n],i <pj=> f(i) < f(j)},
L (k) = {f € Lp(k) | Vi,j € [n], (i <p j and f(i) = f(j)) = i ~p j},
Wp(k) ={w € Lp(k) | w([n]) = [k]},
P (k) = {w € LE" (k) | w([n]) = [K]}.
By convention:
str _ _ str _ @ pr 7& 17
Lp(0) = LE"(0) = Wp(0) = Wp"(0) = {{1} P —1
We also put:
Lp=JLpk), LF=JL¥FE, We=||Wpk), W =]|]|Wik
k>0 k>0 E>0 k>0

Note that the elements of Wp and W™ are packed words (see definition 40).

Proposition 22 Let P € QP. There exist unique polynomials ehrp and ehr§"™ € Q[X],
such that for k > 0:

ehrp(k) =tLp(k), ehr$i™ (k) = gL (k).

Proof. This is obvious if P = 1, with ehr;(X) = ehr$"(X) = 1. Let us assume that
P € QP(n), n > 1. Note that if i > n, Wp(i) = 0. For all £ > 1:

tLp(k ZﬁWp <> ZﬁWp ):Zﬁwp(z‘)ﬂ k
=1

So:
ehrp(X) = {Wp (i) Hi(X).
i=1
Moreover, if k = 0:
ehrp(0 Z EWp (i) =4Lp(0).

In the same way:
str Z ﬁWStr )
These are indeed elements of Q[X]. O
Remarks.
1. Let P,Q € QP(n).

o If they are isomorphic, then ehrp(k) = ehrg(k) for all k > 1, so ehrp = ehrq.

o If we Lp, for all z,y € P such that x ~p y, then w(z) < w(y) and w(y) < w(x), so
w(z) = w(y): w goes through the quotient by ~p. We obtain in this way a bijection
from Lp(k) to L5(k) for all k, so ehrp = ehrp. Similarly, ehrsi” = ehrs“’
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str

Hence, we obtain maps, all denoted by ehr and ehr®"", such the following diagrams com-

mute:

) 3 L) 3

Haqpr Hap Hp Hop — Hqp — Hp
lehr \ lehr“r
ehr ehr ehrstr ehrstr
K[X] K[X]

2. Let P € P(n). The classical definition of the Ehrhart polynomial ehr(t) is the number
of of integral points of tPol(P), where Pol(P) is the polytope associated to P. Hence,
ehr?(X) = ehr(X +1).

Theorem 23 The morphisms ehr,ehr®" : Hqp, Hqp, Hp — K[X] are Hopf algebra mor-
phisms.

Proof. It is enough to prove it for ehr,ehrs" : H, — K[X].

First step. Let P € P(n). Let us prove that for all k,1 > 0:

ehrp(k +1) = Z ehrp o (k)ehrp, (1), ehrii" (k+1) = Z ehrfpﬁ[rn]\o(k)ehrfpﬁg (1).
O€Top(P) O€Top(P)

Let f € Lp(k+1). Weput O = f'({k+1,....k+1}). If z € O and = <p y, then
f(z) < f(y), so y € O: O is an open set of P. By restriction, the following maps are elements
of respectively Lp (k) and Lp, ()

N0 — K] o —
fl'{ xr — f(z), f2{ r —

]
f(x) — k.

This defines a map:

Lptk+1) — || Lpuok) xLp,()
U O€Top(P)

f— (fu, fo)

This map is clearly injective; moreover:

V(L (k+0)C | L k) x LB (D).
O€Top(P)

Let us prove that f is surjective. Let (f1,f2) € Lp, (k) ® Lp, (), with O € Top(P). We
define a map f: P — [k +1] by:

Jh@) ifz ¢ O,
fl@) = {fg(x) +kifzeO.

Let x <pi. As O is an open set of P, three cases are possible:
o 2,y ¢ O: then fi(z) < fi(y), so f(z) < f(y).
e 2,y € O: then fo(z) < fo(y), so f(z) < f(y).

e x ¢ O, yec0: then f(z) <k < fyj).
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So f € Lp(k +1), and v(f) = (f1,f2): v is surjective, and finally bijective.

fie Lfﬁ"\o(kz) and fo € Lg‘ro(l), then f = v=Y(f1, f2) € LE¥"(k +1). Finally:

f(LP(k + l)) = |_| LP\[n]\o(k) X LP\o(l),
O€Top(P)

JLE k) = || L) x L (0.
O€Top(P)

Taking the cardinals, we obtain the announced result.

Moreover, if

Second step. Let P € P(m), Q € P(n), and f : [m +n] — [k]. Then f € Lpg(k) if, and
only if, fipn € Lp(k) and Std(fijmin)\m)] € Lq(k). So ehrpq(k) = ehrp(k)ehrg(k), and then

ehrpg(X) = ehrp(X)ehrg(X): ehr is an algebra morphism.
Let P be a finite poset, and k,l > 0. By the first step:

(ehr @ ehr) o A(P)(k,1) = Y ehrp, ,(k)ehrp, (1)
O€Top(P)

=chrp(k +1)
= Aoehr(P)(k,l).

As this is true for all k,1 > 1, (ehr ® ehr) o A(P) = A o ehr(P). Moreover:

lif P=1,

€ 0 chr(P) = ehrp(0) = {0 otherwise

so e oehr = ¢.

The proof is similar for ehrst".

3.2 Recursive computation of ehr and ehrs"

Let us recall this classical result:

Lemma 24 We consider the following maps:

L.{ KX] — K[X]
’ Hk(X) — Hk+1(X).

The map L is injective, and L(K[X]) = K[X]1. Moreover, for all P € K[X], for all n > 0:

L(P)(n+1)=P0)+...+ P(n).

Proof. Let us consider P = Hy(X). For all n > 0:
0
Hi(0) + ...+ Hig(n) = (k‘) +...+ (Z)
[k
- \k
_(n+1
C\k+1
= Hpa(n+1)
= L(Hg)(n +1).

By linearity, for any P € K[X], L(P)(n+ 1) = P(0) + ...+ P(n) for all n > 1.

SN—
+
+

7N

> 3
N—
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Proposition 25 Let P € P(n).
ehrp(X) =L Y ehrpy,o(X) |,
0£0€Top(P)

ehrii"(X) = L > ehrgr o (X)
0 # O € Top(P), discrete

Proof. Let n > 1. As Lg(1) is reduced to a singleton for all finite poset Q:

chrp(n+1)= ) ehrp, (n)ehrp,(1)
O€Top(P)

= Z ehrp o) + ehrp(n).
0£0€Top(P)

We put:

In particular:

Q0) = Z ehrp o (0) = ehrg(0) + 0 =1 = ehrp(1).
0£0€Top(P)

Then:

ehrp(n+1) = Q(n) + ehrp(n)
=Q(n)+Q(n—1) +ehrp(n —1)

Qn)+Qn—1)+...4+Q(1) 4+ ehrp(1)
Q(n) + ...+ Q1) +Q(0)
L(Q)(n+1).

So ehrp = L(Q).

For ehr$i", observe that ehrg”(l) = 1if @) is discrete, and 0 otherwise, which implies:

ehrii"(n+1) = Z ehrfgt‘?n]\o (n) + ehri™ (n).
0 # O € Top(P), discrete

The end of the proof is similar.
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Examples.

ehr,(X) = Hi(X) =X,

X(X +1)
— 5
(X) = Hi(X) + 3H2(X) + 2H3(X) =

ehr; (X) = Hl(X) —|—H2(X) =

hr . (X) = chr X(X +1)(2X + 1)

vV A ) |
ehTI (X)=Hi(X)+2H3(X) + H3(X) = X(X + 16)(X +2);
ehrs(X) = Hi(X) = X,
ehri"(X) = Hy(X) = w
ehrs'i; (X) = ehrs;z (X) = Hy(X) + 2H3(X) = X(X — 1%(2)( _ 1)’
ehrftr(X) = Hy(X) = X(X - 16)(X - 2).

3.3 Characterization of quasi-posets by packed words

Lemma 26 Let P € QP(n) and let I, ..., I} be distinct minimal classes of the poset P; let
! str ; str.
w' € WP\[n]\(Ilumqu)' The following map belongs to W5
[n] — N*
w:g z€l,,1<p<k — p
1‘¢Il|_|...|_lfk — w’(m)

Proof. Let us assume that i <p j.

e Ifi € I, as I, isaminimal class of P, j € I, or j & I1LI...Ix. In the first case, w(i) = w(j);
in the second case, w(i) < k < w(j). If moreover w(i) = w(j), then necessarily j € I, so
i~pJ.

elfi¢g hu...Uly,asi<pj,j¢hil...Ulysoi<p, ., ., Jand w'(i) < W'(j),

so w'(i) < w'(j). If moreover w(i) = w(j), then w'(i) = w'(j), so i ~ Py, J and
finally 7 ~p j.
As a conclusion, w € W™ O

Remark. This lemma implies that Wfs“’ is non-empty for any non-empty quasi-poset P.

Proposition 27 Let P = ([n],<p) be a quasi-poset and let i,j € [n]. The following asser-
tions are equivalent:

1. i <pj.

2. For allw € Lp, w(i) < w(j).
3. For allw € L, w(i) < w(j).
4. For allw € Wp, w(i) < w(j).

5. For allw € W, w(i) < w(j).
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Proof. Obviously:
l.=—=2.—3.

| |

4, ——=5.

It is enough to prove that 5. = 1. We proceed by induction on n. If n = 1, there is nothing
to prove. Let us assume the result at all ranks < n. Let i,5 € [n], such that we do not have
i <p j. Let us prove that there exists w € W5, such that w(i) > w(j). There exists a minimal
element k € [n], such that k <p j; let I be the class of k in P. By hypothesis on i, i and k are
not equivalent for ~p, soi ¢ I. If j € I, let us choose an element w' € Wl“;ﬁ’;]\l; if j ¢ I, then by

the induction hypothesis, there exists w’ € W;T[’;l]\[, such that w'(7) > w'(j). By lemma 26, the

following map is an element of W3

[n] — N
w rel — 1
—

¢ (x)+1

If j €I, then w(j) =1 < w(i); if j ¢ I, w(i) = w(i)+1>w'(j)+1=w(j). In both cases,
w(i) > w(j). O

3.4 Link with linear extensions

Let P € QP(n). Linear extensions, as defined in [10], are elements of W§/": they are the elements
f € W such that

Vi, j € [n], f(i) = f(j) <=1 ~pJ.
It may happens that not all elements of W3 are linear extensions. For example, if P = A

Wi (3) = {(123),(132),(122)}, and (122) is not a linear extension of P. The set of linear
extensions of P will be denoted by Ep.

Definition 28 Let w and w' be two packed words of the same length n. We shall say that
w < w f:

Vi, j € [n], w(i) < w(j) = w'(i) < w'(j).
Proposition 29 Let P € QP(n). Then:

Wp = U {w" | w' < w}.

weFEp

This union may be not disjoint. Moreover, the maximal elements of Wp for the order of definition
28 are the elements of Ep.

Proof. C. Let w € Wp. For all 1 < p < max(w), we put I, = w=!(p). Let f, be a linear
extension of Py . Let us consider:

' i — max(f1)+... +max(fp—1) + fp(i) if i € I,.

By construction, if w(i) < w(j), then f(i) < f(j): w < f. Let us prove that f € Ep.

If i <p j, then as w € Wp, w(i) < w(j). If w(i) = w(j) = p, then i Spup J, so fp(i) < fp(J),
and f(i) < f(5). If w(i) <w(j), then f(i) < f(j)-

I£ £(i) = £(3), then w(i) = w(j) = p, and fy(i) = f(j): As fy € Epp i~y js 50 ~p ji
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2. Let w e Ep and w' < w. If i <p j, then w(i) < w(j) as w is a linear extension of P. As
w < w, w'(i) <w'(j), sow € Wp.

Let w be a maximal element of Wp. There exists a linear extension w’ of P, such that
w < w'. As w is maximal, w = w' is a linear extension of P. Conversely, if w is a linear

extension of P and w < w’ in Wp, then as w is a linear extension of P, max(w) = cl(P).
Moreover, as w < w', max(w) < max(w'). As w’ € Wp, max(w’) < ¢l(P), which implies that
max(w) = max(w’) = cl(P), and finally w = w': w is a maximal element of Wp. O

Example. For P =*\,’:

Ep ={(123), (132)};
Wp = {(123), (122), (112), (111)} U {(132), (122), (121), (111)}
= {(123), (132), (122), (112), (121), (111)}.

Note that the two components of Wp are not disjoint.

Remark. A similar result is proved in [10] for T-partitions of a quasi-poset, generalizing
Stanley’s result [17] for P-partitions of posets; nevertheless, this is different here, as the union is
not a disjoint one.

4 Characters associated to ehr and ehr*'”

Recall that (Mqp, *) the monoid of characters of (Hqp,m,0).
By theorems 7 and 23:

Proposition 30 1. There exists a unique homogeneous Hopf algebra morphism ¢g from
(Hap,m, A) to (K[X],m,A) such that:

Vn > 1, ¢0(.n) = X.
There exists a unique character X\ € Mgy, such that for all P € qp,

do(P) = ApXUP),

2. There exist unique characters o, o' € Mgp, such that:

ehr = ¢y + «, ehr®'" = ¢g + o',
Remarks.
1. Let P € qp. Then ehrp = ehrg and ehrf;" = ehr%", so ap = ap and afﬁ” = a%”.

2. Still by theorem 7, there exists a unique homogeneous Hopf algebra morphism ¢ from Hp,
to K[X] such that ¢((.) = X. By unicity, ¢g = ¢ o Z, so for any P € gp, Ap = Ap.

4.1 The character )\
Lemma 31 For all P € P(n), n > 0:

Lif P =1,
N 1 .
LP] n Z AWPiap any) = n Z APy gmy | Otherwise.
Memax(P) memin(P)
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Proof. Let P € P(n), with n > 0. Recall that 7 : K[X] — Vect(X) is the canonical
projection.

(Id®m)oAogo([P])=Ap(Id®m)oA(X")
:)\LpJnX"_l;

= ({[Id® 7)o (g ® ¢g) o A(|P]) = Z )‘LP\OJ)‘LP\[n]\oJXHn]\O‘W(Xw')
O€Top(P)

n—1
- Z )‘LP\OJ)‘LP\[n]\oJX
O€Top(P), |0|=1

n—1
= Z AP X
Memaxz(P)

This implies the first equality. The second is proved by considering (7 ® Id) o Ao ¢o(|P]). O

Remarks.

1. This lemma allows to inductively compute Ap. This gives:

pl vl altl vl al VoY Al [ ululd
1] 1 1 111 1 1 1 1 1 1 ) 1 1
)‘Pli‘g‘gél‘l‘é‘gﬁﬁﬁﬂ‘éﬁ

2. If P = (P, <) is a finite poset, we denote by P° the opposite poset (P,>). It is not difficult
to deduce from this lemma that Ap = Apop.

Proposition 32 Let P € P(n). The number of elements of Wp(n) of P is denoted by pup:
in other words, up is the number of bijections f from [n] to [n] such that for all x,y € [n],

r<py= f(z) < fy).

These bijections are called heap-orderings of P. Then, for any finite poset P, Ap = ’u—I'D.
n!

Proof. Let us fix a non-empty finite poset P € P(n). The set of heap-orderings of P is
HO(P) = Wp(n). We consider the map:

HO(P) — || HOMP\{M})
Memax(P)

[ — fin—1 € HO(P\{f 1 (n)}).
It is not difficult to prove that this is a bijection. So:

_ . pe_ L PP\
pp = Z HP\{M} o on Z P\ {MY|
Memax(P) Memax(P)
An easy induction on |P| then proves that Ap = ‘M—I'D for all P. O
n!

This formula can be simplified for rooted forests.

Definition 33 Let P be a non-empty finite poset.
1. We put:

Pl= ][] #ieV(P)|i<pj}.
icV(P)

By convention, 1! = 1.
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2. We shall say that P is a rooted forest if P does not contain any subposet isomorphic to A .

For example, here are isoclasses of rooted forests of cardinality < 4:

1; . .. v.h.r ... W,K/,Y,i,V.,I.,II,I.., .....

Examples.

2Nk
PlU1]2] 3 | 4|6] 4] 8] 8 [12]12] 18|

1
Proposition 34 For all finite poset P, Ap > — DU with equality if, and only if, P is a rooted

forest.

Proof. We proceed by induction on n = |P|. It is obvious if n = 0. Let us assume the result
at all ranks < n.

—_

*P:ﬁ Y. Anm

memin(P)

i)

1 1
ZW Z H H{jeV(P)|j#m,i<pj}

memin(P) i€V (P),i#m

1 1
" IIHAUGVG3HSPﬁ

memin(P) i€V (P),i#

~FE L Hiev) m<pi)

memin(P)

For any j € A, there exists m € min(P) such that m <p j, so:

Y. tievP)m<pj}>|P|.

memin(P)

1

Consequently, Ap > —
P

Let us assume that this is an equality. Then:

S HieV(P) [m<p s} =Pl

memin(P)

Consequently, for all j € min(P), there exists a unique m € min(P) such that m <p j. More-
over, for all m € min(P), Ap\(m} = m. By the induction hypothesis, P\ {m} is a rooted
forest; this implies that P is also a rooted forest.

Let us assume that P is a rooted forest. For any j € V(P), there exists a unique m € min(P)
such that m <p j, so:

>, #Hiev(P)[m<pjt=|P|

memin(P)
Moreover, for all m € min(P), P\ {m} is also a rooted forest. By the induction hypothesis,

AP\{m} = W. Hence, A\p = oI U
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4.2 The character o

Let us now apply theorem 8 to ehr and ehrs":

Theorem 35 For all finite connected quasi-poset P, we have:

_dehrp str  dehry’
ap =% (0), ap = 7( ).
For any quasi-poset P:
Hp/~ cl(~ str Hp/~ str cl(~
ehT'P(X) = Z l—/'aPINX l( ), ehrpt (X) = Z l—/laPﬂNX l( ),
~ap € (~)! ~ap € (~)!

where cl(~) is the number of equivalence classes of ~.

Let us give a few values of «:

Pl v altlwa VoY A [l wld
171|111 1 11 4{1¢(1}17]1]1
“Pla‘a‘a 3 0‘0 12|12 6‘6 1l 12 a‘a

Lemma 36 Let P € QP, not discrete. Then:

1 if P is discrete,

0 otherwise.

(—1)*Pehrp(~1) = ehrii™(1) = {

Proof. If P is discrete, then ehrp(X) = ehr$t" (X) = XP) and the result is obvious. Let us
assume that P is not discrete. There exists a unique map f from [n] to [1]; as P is not discrete,
[ ¢ L5 (1), so ehrsi™ (1) = 0. We now proceed with ehrp(—1).

First step. Let us prove that L(Hy(—X)) = —Hj+1(—X) for all £ > 0. For all [,n > 0:
n+l—-1
o) = - (") 7).
For all k,n > 0:

L(Hp(=X))(n + 1) = Hy(0) + ... + Hy(—n)

=<—1)k§nj<i+i_1>

=0

— (_1)’€n+zk_1 <}7€>

j=k

n+k
= (=" (k + 1)
= —Hppi(=(n+1)).

Second step. Let us prove that L((X + 1)K[X]) C (X 4+ 1)K[X]. For all £ > 2, let us put
Hip(—X) = X(X +1)L(X); (Lp(X))g>2 is a basis of K| X], which implies that (Hy(—X))g>2 is
a basis of X (X + 1)K[X], and that (X + 1) U (Hg(—X))k>2 is a basis of (X + 1)K[X]. First:

XX 1), X(X+1)

L(X+1) = L(H(X)+Ho(X)) = Hy(X)+Hy (X) = —— 2

€ (X+DK[X];
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if k> 2, by the first step, L(Hi(—X)) = —Hp11(—X) € (X + 1)K[X].

Last step. We can replace P by P, and we now assume that P € P(n). There is nothing to
prove if n = 0,1. Let us assume the result at all rank < n. Then, by the second step and the
induction hypothesis:

ehqu (—1) =L Z ehTLP\[n]\OJ(X)
0£0€Top(P) IX=—1

=L Z ehr pp 01 (X)

0 # O € Top(P)
Py o discrete

|X=—1

=L Z ehrLP‘JJ(X)

[n]#J Cmin(P) [X=—1
=L Y ehrp,J(X)

JCmin(P) IX=—1
- I Z x I

JCmin(P) IX=—1
= L((1+ X))

———

e(X+1DK[X]

= 0.
For the fourth equality, note that P is not discrete, so min(P) # P. ]

In other words, for any P € qp, (—1)*Pehrp(—1) = ehri"(1) = ¢/(P). By corollary 10:

Theorem 37 ehr®'" is the unique morphism from Hqp to K[X]| such that:
1. ehrs'" is a Hopf algebra morphism from (Hqp,m,A) to (K[X],m,A).
2. ehrs'" is a bialgebra morphism from (Hqp, m,d) to (K[X],m,§).

tr

Moreover, the character o' is the inverse of A in M,.

4.3 The character a and the duality principle
Theorem 38 1. (Duality principle). For any quasi-poset P:
ehr$ (X)) = (=1)*Pehrp(—X).
2. For any quasi-poset P, ap = (—1)CZ(P)+CC(P)QSP”.

3. ais invertible in Mgp. We denote by B its inverse. For any quasi-poset P:

_ (_1)cUP)+ee(P) — (_1)HP)+ce(P) up
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Proof. 1. We consider the morphism:
b Hep — K[X]
Peqp — (1) @Plehrp(—X).
We put:
0, : Hap — Hap 0, : K[X] — K[X]
' P(X) — P(-X).

Both are Hopf algebra morphisms, and ¢ = 05 o ehr o ¢1, so ¢ is a Hopf algebra morphism. If P
is a non discrete quasi-poset, then ¢(P)(1) = (=1)*@Plehrp(—1) = 0 = &'(z). If P is a discrete
quasi-poset, then ehrp(X) = XUP) 50 ¢(P)(1) = 1 = £/(x). By corollary 10, ¢ = ¢y = ehr'".

2. and 3. Immediate consequences of the first point. O

Proposition 39 The following map is a Hopf algebra automorphism:
(Hap,m,A)  —> (Hgp,m, A)
0: P — Y P/~.
~<P
Its inverse 1s:
. (Hap,m, A) - (qu,m A)
0 N Z )+cl(P / ~
~aP

Moreover:

ehrst™ o 6 = ehr, ehr o0~ = ehr®?.

Proof. Let ¢ be the character of Hqp which sends any quasi-poset to 1. By corollary 20, 6
is an automorphism and §~! = ¢,.—1. For any quasi-poset P:

Kp/~
L(l) =1= BhT‘p(l) = Z maP‘N = Z )\P/NO(P|N = \x O[(P),
~<P : ~<P

so ¢t = X * a; hence, its inverse is 3 x o, and for any quasi-poset P, as cl(P/ ~) = cl(~) and
cc(P) ~) = cc( ) for any ~ <P:

str(p) — 1 cl(~)+ce(P) HP/~ st
B« ( ) qul:;.( ) Cl(P/ )| P\N

= (—1)«Plehrsir(—1)
_ (_1) c(P )+CI(P)6hT‘StT(1)
— (_1)cc(P)+cl(P).

Hence:
Hfl(P) = Id « (5 % astr)(P) _ Z(_l)CC(P\ )+cl(P|~ P/ ~— Z(_l)cl(N)Jrcl(P)P/ ~
~apP ~<P
Moreover:

ehrs" 0 0 = (¢g + o) o (Id < 1)
= ((¢o < ") o Id) <1
= (o + ")
= ¢ + (0" % 1)
= ¢p + (& % A x Q)
=g + «

= ehr.
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4.4 A link with Bernoulli numbers

For any k € N, let ¢, be the corolla quasi-poset with k leaves: ¢, = ([k + 1], <, ), with 1 <,
2, k+1:

3
2¢ 73 2e17 4
Co = o1, 0121%, 02:\/‘1, 03:\1/1

1
B proposition 34, A., = Pl Moreover:

Lo, ={f:[k+1] — N | f(1) < f(2),..., f(k+ 1)},
Lgh ={f [k +1] — N[ f(1) < f(2),..., f(k + 1)},

so, for all n > 1:

Ehrstr(n) _ (TL _ 1)]9 + ...+ 1k = Sk(n),

Ck

where Sj,(X) is the unique polynomial such that for all n > 1, Sp(n) = 1¥ +...+ (n —1)*. As a

consequence, ozi?" is equal to the k-th Bernoulli number by.

Let ~ <ci. As the equivalence classes of ~ are connected:
e The equivalence class of the minimal element 1 of ¢, contains ¢ leaves, 0 < i < k.

e The other equivalence classes are formed by a unique leaf.

Hence:
g '
ol = X (4 i) o Lo
=0
where ¢}, _; is the quasi poset on [k + 1] such that:
1 Nc;’k_i - Ncé,k—i 7+ 1 Scé,k—i 1+ 2,... k+1.

Hence, by theorem 35:

We recover in this way Faulhaber’s formula. For all n > 1, ehr,, (n) = n¥ + ... 4+ 1%, and the
duality principle gives, for all n > 1:

(=D)FFLS,(=n) = 1% + ... + nF = Sp(n) + n*.
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5 Noncommutative version

5.1 Reminders on packed words
Let us recall the construction of the Hopf algebra of packed words WQSym [15, 16].
Definition 40 Let w = x1 ...z, be a word which letters are positive integers.

1. We shall say that w is a packed word if there exists an integer k such that {x1,...,x,} = [k].
The set of packed words of length n is denoted by PW (n); the set of all packed words is
denoted by PW.

2. There exists a unique increasing bijection f : {x1,...,xn} — [k] for a well-chosen k. We
denote by Pack(w) the packed word f(x1) ... f(z). Note that w is packed if, and only if,
w = Pack(w).

3. Let I CN. Let iy < ... <1y be the indices i such that x; € I. We denote by wr the word

Ty ...xip.

As a vector space, WQSym is generated by the set PW. The product is given by:

Yu € PW(k), Yo € PW(I), u.w = > w.

w=x1..25+ EPW (k+I),
Pack(z1...x)=u,
Pack(xg41...Tpy1)=v

The unit is the empty word 1. The coproduct is given by:

max(w)

Vw € PW, A(’U)) = Z W{a,...,k} ® PaCk(w{k+1,...7max(w)})'
k=0

For example:

(11).(11) = (1111) 4 (1122) + (2211),

(11).(12) = (1112) 4 (1123) + (2212) + (2213) + (3312),

(11).(21) = (1121) + (1132) + (2231) + (3321),

(12).(11) = (1211) + (1222) + (1233) + (1322) + (2311),

(12).(12) = (1212) 4 (1213) + (1223) + (1234) + (1323) + (1324)
+ (1423) + (2312) + (2313) + (2314) + (2413) + (3412),

(12).(21) = (1221) 4 (1231) + (1232) + (1243) + (1332) + (1342)
+ (1432) + (2321) + (2331) + (2341) + (2431) + (3421),

A(111) = (111 @ 1+ (111) @1,
A(212) = (212) @ 1+ (1) ® (11) + 1 ® (212),
A(312) = (312) @ 1+ (1) ® (21) + (12) ® (1) + 1 ® (312).

5.2 Hopf algebra morphisms in WQSym

Proposition 41 The two following maps are surjective Hopf algebra morphisms:

(Hqp,m,A) — WQSym

EHR: P— S
weWp

(Hqe,m,A) — WQSym

EHR® P — Y w
weWstr
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Proof. Let P € QP(k), Q € QP(l), and w be a packed word of length k + [. Then:
o w € Wpq if, and only if, Pack(w; ... wy) € Wp and Pack(wyy1 ... wiy1) € Wo.
o wcE ng’g if, and only if, Pack(wy ...wy) € W and Pack(wg1 ... wgi) € Wé".
This implies that :
EHR(PQ) = EHR(P)EHR(Q), EHR"(PQ) = EHR*"(P)EHR*"(Q).
Let P € QP(n). We consider the two sets:
A={(w,k) |we Wp,0 <k <max(w)},
B ={(0,w1,ws) | O € Top(P), w1 € Wpack(P,}\0): W2 € Wrack(P,o)}-
We define a bijection between A and B by F(w,k) = (O, w1, ws), where:
e O=wt{k+1,..., max(w)}).
e wy = Pack(wyy,. i)
o wy = Pack(wipy1,. max(w)})-
Then:

Ao EHR(P) = Z Pack(wgy,. 1y) ® Pack(wigi1,.. max(w)})
(w,k)eA

= Z w1 Q wy

(O, w1,w2)EB
= (FHR® EHR) o A(P).

So EHR is a Hopf algebra morphism. In the same way, EH R is a Hopf algebra morphism.
Let w be a packed word of length n. We define a quasi-poset structure on [n] by i <p j if,

and only if, w; < w;. Then Wi = {w}, so EHR*"(P) = w: EHR®" is surjective. If w’ € Wp,
then max(w’) < max(w) with equality if, and only if, w = w’. Hence:

EHR(P) = w + words w' with max(w') < max(w).

By a triangular argument, FH R is surjective. ]
Examples.
EHR(.1) = (1), EHR™(.,) = (1),
EHR(13) = (12) + (11), EHR™"(13) = (12),
EHR(13) = (21) + (11), EHR™"(1%) = (21),
EHR(.1.2) = (12) + (21) 4+ (11), EHR"(.1.,) = (12) + (21) + (11),
EHR(.1,2) = (11), EHR™(.,,2) = (11).

Remark. The Hopf algebra WQSym has a polynomial representation [16]. Let X =
{x1,x2,...} be an infinite, totally ordered alphabet; then, for any packed word w:

P,(X) = > w'.

w/'€X*, Pack(w')=w

With this polynomial representation, for any P € QP (n):

EHR(P)= Y zy1)-- Ty, EHR™(P)= ) ). Ty(n)-
fELP fELgT

36



Proposition 42 The following map is a Hopf algebra automorphism:

(HQP,m, A) — (/HQP,m, A)

O: P — Y P/~
~<P
Its inverse 1is:
(/HQP,m, A) — (HQP,m, A)
o t: P — Z(_l)cl(P)Jrcl(N)p/ ~ .
~<P

Moreover, EHR*"" 0 © = EHR and EHR o ©~! = EHR*".

Proof. By corollary 20, © = ¢, is a Hopf algebra automorphism, where ¢ is defined in the
proof of proposition 39. Its inverse is ¢,«-1.

Let us prove that:
t
Wa =Y W
~aP
Let w € Wg; we define an equivalence ~,, by & ~,, y if w(z) = w(y) and x and y are in the same
connected component of w™!(w(z)). By definition, the equivalence classes of ~,, are connected.
If £ ~p)., y, there exists x1,2 ..., 2k, T, Y1,¥1 - - -, Y1, y; such that:

T <px) ) <p ... <pap~w T <P,
/
Y<py~w i <p ... <pY ~uwy <p .

As w € Wp, w(z) < w(zy) = w(z)) < ... < w(zg) = w(z,) < w(y); by symmetry, w(z) =
w(z1) = ... = w(z),) = w(y) = i. Moreover, as the equivalence classes of ~,, are connected,
and y are in the same connected component of w=1(7), 50 & ~y, y: ~yp <P.

If  <pyorxn~y y, then w(z) < w(q). By transitive closure, if z <p,., y, then w(z) <
w(y), so w € Wp/.,,. Moreover, if w(i) # w(j), we do not have z ~y, y, so w € Wl‘i.ter.
Let us assume that ~ <P and let w € Wﬁ/TN. If x <py, then x <p,. y, so w(z) < w(y):

W;’;”N C Wp.

Let us assume that w € W;’;”N, with ~ <aP. If x ~ y, then w(z) = w(y) = ¢ and x and
y are in the same connected component of P| ~, so are in the the same connected component
of w™l(i): x ~y y. If z ~y y, then w(z) = w(y) = i and there exists z1,2] ..., zg, 2} with
w(zr) = w()) = ... = w(zry) = w(x)) = ¢ such that:

r<pzi>pxi<p...>px,.<py.

Asw € Wl“;t/rN, T ~pje T1, T1 NP/ zh, . x ~pj~ Y. SO T ~psy; as ~ <P,z ~ y. Finally,

~N=ry.

We obtain that:

EHR(P)= Y w=)»_ > w=Y» EHR"(P/~)=EHR"(O(P)).

weWp ~aP wewlgt/TN ~<P

So Ehrs" 0 © = EHR. O

Proposition 43 Let us consider the following map:

[ WQSym — K[X]
’ wePW — Hmax(w)(X)'
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This is a surjective Hopf algebra morphism, making the following diagram commuting:

Hqp
y ie EHR
Hap () Hap 7= WQSym
g |ehr /
P
Hap P K[X]

Proof. Let P € QP. Then:

ehr(|P]) = tWp(k)Hp(X) = > Hupax(w)(X) = > H(w)=Ho EHR(P).
weWp weWp

So ehro || = H o EHR. Similarly, ehrs" o || = H o EHR'".

Let us prove that H is a Hopf algebra morphism. Let wi,ws € WQSym. There exist
x1,x2 € Hqp, such that wy = EHR(z1) and wy = FHR(x2). Then:
=Ho EHR(xlxg)
= ehr(|z122])
= ehr(|x1])ehr(|z2])
— Ho EHR(z1)H o EHR(x)
Let w € WQSym. There exists © € Hqp such that w = EHR(z).
AoH(w)=AoHoFEHR(z)
=(H® H)o(FEHR® EHR) o A(x)

=(H® H)oAo EHR(x)
=(H® H) o A(w).

So H is a Hopf algebra morphism. O

5.3 The non-commutative duality principle

Lemma 44 The following map is an involution and a Hopf algebra automorphism.:

WQSym — WQSym
@ W (1 ) oouw.

o : [max(w)] — [l], non-decreasing

Proof. Using the surjective morphisms EH RS and ehrs'", taking the quotients of the
cointeracting bialgebras (Hqp,m,A) and (Hgp,m,d), we obtain that (WQSym,m,A) and
(K[X],m,d) are cointeracting bialgebras, with the coaction defined by:

p=UId® H)od: WQSym — WQSym ® K[X]

For any packed word w:

p(w) = Z gow® Hmax(Pack(w‘(gow),l(l))) (X) s HmaX(Pack(w‘(aow)fl(l)))(X)'

o : [k] = [l], non-decreasing
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Using proposition 4, for any A € K, considering the character:
[ KX] — K
con: P — P()),
we obtain an endomorphism ®) of (WQSym, m,A) defined by ®) = Id + evy. if A #0, ) is
invertible, of inverse ®,-1. For any packed word w, denoting by k its maximum:
(I))\(w) = Z Hmax(Pack(w‘(oow)_l(l)))()‘) s Hmax(Pack(w‘(Uow)_l(L)))()‘)U ow.
o : [k] = [l], non-decreasing

In particular, for A = —1, for any p € N:

—1)(=2)...(—k
()= CUDCR) (s
Hence:
d_i(w) = Z (_1)max(Pack(w‘(Uow)_1(1)))+...+max(Pack(w‘(Uow)_l(l)))U ow

o : [k] = [l], non-decreasing

= (_1)k Z oow.

o : [k] = [l], non-decreasing

Indeed, if x € (0 ow)™1(p) and y € (0 o w)~1(q), with p < ¢, then o o w(x) < oo x(y); as o is

non-decreasing, x < y. So there exists n; < no < ... < n; = k such that for all p, the values
taken by w on (o o w)~!(p) are ny_1 +1,...,n,. Hence, the values taken by Pack(w|youw)-1(p))
are 1,...,m, —np_q, so:

max (Pack(w)(gow)-1(1))) +- - - +max(Pack(Wgow)-1(1))) = n1+n2—ni+...+n—n_1 =n = k.
In particular, ®_; is an involution and a Hopf algebra automorphism of (WQSym, m,A). O
Theorem 45 (Non commutative duality principle) For any quasi-poset P € QP:
EHR(P) = (-1)*®")&_, o ERH*"(P),  EHR*"(P)=(-1)""&_, 0 ERH(P).
Proof. We shall use the following involution and Hopf algebra automorphism:

. Hqp — Haqp
' { peQP — (—1)4®)p.
Recall that the character ¢ of Hqp sends any P € QP to 1. By the duality principle:
Lo U(P) = (=1)4P) = (—1)4Pehr(P)(1) = ehr® (—1) = ev_; o ehr*!" (P).

So Lo W = ev_q o ehrstr,

Let P € QP. Recalling that if ~ <P, cl(P| ~) = cl(P):
§oW(P)= (-1 P/ ~@P|~=Y P/ ~a(-1)F"P|~= (Id ¥) 0 5(P).
~<P ~<P
SodoV¥ = (Id® ¥)od. Hence, for any z € Hqp:

EHRo U (z) = EHR™ o (Id < 1) o ¥(x)
= EHR*" (U (x)o)1 0 ¥(x);
= EHR*" (z0)1 0 ¥(x1)
= EHR®" (z0)ev_1 o ehrs'" (1)
= EHR*" (zM)ev_; o EHR® (@)
=EHR < ev_1(x)
= (Id + ev_1) o EHR®" (1)
= ®_; 0o EHR*" (),
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where we denote 6(z) = 2 @ 2? and p(z) = 20 ® x;. As ®_; and ¥ are involutions,
FHR*" oWV =®_;0 EHR. O

In Ex[x)—k[x], putting ¢ = Id < evy, for any P € K[X], ¢»(P) = P(AX). Moreover, as H
is compatible with the coactions:

Ho®),=Ho(Id<+ evy) = H < evy = (Id+ evy)o H=¢)o0H,
SO:
ehroV=HoEHRoV=Ho®_ o EHR"" =¢_10Ho EHR*" = ¢_; o ehr®'".

In other words, for any P € QP, (—1)*Pehrp(X) = ehr$i"(—X): we recover the duality prin-
ciple.

We obtain the commutative diagram of Hopf algebra morphisms:
Hqop _

GJ \E{{;R\ ~

EHRstr ~
Hop —>WQSym || ~ _
~ _ ~ - -
1 ‘I)—l ~ - =~ ~ ~
~ =~ ~ \&

Hqp Eii”;i WQSym || ~ o~ Hap

\\ S~
Hap —= K[X]

5.4 Compatibility with the other product and coproduct
Theorem 46 We define a second coproduct 6 on WQSym:
Yw e PW, 6(w)= > (cow)® (Tow),

(0,7)EAw
where Ay, is the set of pairs of packed words (o,7) of length max(w) such that:
e 0 is non-decreasing.
o If1<i<j<max(w) and (i) = o(j), then 7(i) < 7(j).
Then (WQSym, m, 8) is a bialgebra and EHR®" is a bialgebra morphism from (Hqp,m,d) to
(WQSym, m, ).

Proof. Let us prove that o FHR®" = (FEHR*" @ EHR®'") 0 §. Let P € QP. We consider
the two following sets:

A= {(N,wl,wQ) |N 4P, wy € W;t/TN,’U)Q S Wf—,t‘:},
B ={(w,o0,7) |w € Wf;.", (o,7) € Ay}

Let (~,wy,wq) € A. We put I, = w;*(p) for all 1 < p < max(wi), and wép) the standard-
ization of the restriction of wa to I,. We define w by:
w(i) = wép) (1) + maxw?) +...+ maxwf_)l if i € I,,.

Let us prove that w € Wjét". If z <py,then z <p, y,sop= wi(x) <ws(y) = q.
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e If p < g, then w(z) < w(y).

e If p = ¢, then wy(x) = wa(y) and, as * <p y,  and y are in the same connected component
of w™l(p). So  ~y, ¥, that is to say z ~ y as wy € W;?TN, and x <p|. y, which implies
that wa(x) < we(y) and finally w(z) < w(y).

Let us assume that moreover w(z) = w(y). Then p = g and necessarily, wa(z) = wa(y). As
wo € W;’L/"’N, T ~pjn Y, SO T ~p Y.

If w(z) = w(y), then by definition of w, wi(x) = wi(y). So there exists a unique o :
[max(w)] — [max(wi)], such that w; = o ow. If w(x) < w(y), then, by construction of w,
wi(x) < wi(y): o is non-decreasing.

There exists a unique 7 : [max(w)] — [max(wsg)], such that we = 700. As Pack(w),) =
Pack((wz)),) for all p, 7 is increasing on I),.

To any (~,wi,ws) € A, we associate (w,o0,7) = F(~,wy,ws) € B, such that w; = oo,
wg = T o0, and ~=n~go,. This defines a map F : A — B.

Let (w,0,7) € B. We put G(w,0,7) = (~,0,7) = (~gow,0 0w, 7 ow). If z <p y, then
w(z) < w(y), so wi(x) = cow(x) < oow(y) = wi(y). If moreover wi(x) = wi(y), then as
x <py, x and y are in the same connected component of w; (w1 (z)), S0 T ~y, y: wy € W]‘f-,t/rw.

If v <p. y, then x ~y, y and = <p y, so wi(r) = wi(y) and wer) < w(y). By hypothesis
on 7, Tow(z) < 1Tow(y), so wy(x) < wa(y). If moreover wa(x) = wa(y), by hypothesis on 7,

w(z) = w(y). Aswe W, & ~py, 50z ~pj. y: wy € WL,

We defined in this way a map G : B — A. If (~, w1, ws) € A:
Go F(~,wi,we) = G(w,0,T) = (~gow, 0 0 W, T 0w) = (r~yy,, w1, ws) = (~, wy, ws).
So GoF =1Ida. If (w,0,7) € B:
FoG(w,o,7) = F(~yow,0 0w, Tow) = (w,0,T).

So FoG = Idg: F and G are inverse bijections.

We obtain:

(EHR'™ @ EHR')o6(P)= > wi Qwy

(~wr,we2)EA

= E cow®RTow

(w,0,7)EB

= Z d(w)

weWgtr

=60 EHR™(P).

So EH R®' is compatible with 4.

As EH R is compatible with the product m and the coproduct 6, Ker(EH R*') is a biideal
of (Hqp,m,d), and (WQSym,m, d) is identified with the quotient Hqp/Ker(EHR®'), so is a
bialgebra. O

Examples.



This coproduct § on WQSym is the internal coproduct of [16], dual to the product of the
Solomon-Tits algebra.

Remarks.

1. The counit of (WQSym,m,d) is given by:

8B(w):{1ifw:(1...1),

0 otherwise.

2. There is no coproduct & on WQSym such that (FHR® FHR) o6 = ¢’ o EHR. Indeed,
if ¢ is any coproduct on WQSym, for x = 1? + 13 — . 1.0 — o1 2

§' o EHR(z) = §'(0) = 0,
but:

(EHR ® EHR) o §(x)
=(FHR®FEHR)((11 + 12 —v102) @102+ 2120 (11 + 13 —i1020 —212))
= (11) ® (11).

Proposition 47 H : (WQSym, m,0) — (K[X],m,d) is a bialgebra morphism.
Proof. Let w be a packed word. We denote k = max(w). Let a,b € N.

(H ® H) o (5(?1})(0,, b) - Z Hmax(aow) (a)Hmax(Tow) (b)
(o,7)EAW

e <1> (ra—fmr) (ra—?mr)

: [k] = [l], non-decreasing

2 OO0

As this is true for any a,b € N, (H ® H) o §(w) = o H. O

Definition 48 Let w = w; ... w; and w' = w] ... w; be two packed words. We put:

wlw =w ... wp(w] +max(w))... (w]; + max(w)),
w®w =wi ... wp(w] + max(w) —1)... (w] + max(w) — 1),

wivw' =w v +wew.
These three products are extended to WQSym by bilinearity.
Proposition 49 For all x,y € Hqp:

EHRstr(x Ly) = EHRStT(x) 1 EHRStT(y), EHR(z | y)=FEHR(z); EHR(y).
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Proof. Let P € QP (k) and Q € QP(). If w = w; ... wky; is a packed word of length k + I:

str

t t
we Wplg = wi...wg € Lp"  wip1 .. wryy € LG wi, oy wp < Wiy, -+ - Wiyt

str

= w=wp | wg, with wp € W wg € W,

So Wiliy = W L W, and:

EHR(P | Q) = Z wp | wg = EHR*"(P) | EHR*™(Q).
wpeW T woeWg'"

If w=w;...wgy is a packed word of length k + I:

weWpg= wi...wx € Lp,Wgy1... Wgy € Lo, w1,..., W < Why1, ... Wiy
<~ w = (wp | wg, with wp € Wp,wg € Wp)
or w = (wp ® wg, with wp € Wp,wg € Wp).

Note that these two conditions are incompatible:
e in the first case, max(wy ... wx) = min(wyyq ... wryy) — 1;

e in the second case, max(w; ... wg) = min(Wg41 - .. Wetq)-

So WpiQ = (WP d WQ) U (WP ® WQ), and:

EHR(PiQ): Z wpin—l—prBwQ
wpeWp,wqgeWqg

— EHR(P) | EHR(Q)+ EHR(P) ® EHR(Q),

so EHR(P | Q) = EHR(P)$ EHR(Q). 0

Remark. As a consequence, (WQSym, |, A) and (WQSym, 4, A) are infinitesimal bialge-
bras [12], as (Hqp, |, A) is [11, 10].

Corollary 50 For all z,y € WQSym:
O_y(zy) =P 1(x)fP-1(y) O_y(zhy) = Pa(x) L P1(y).
Proof. If P,Q € QP, then cl(P | Q) = cl(P) + cl(Q), so:
Y(P Q)= (—)HHAP | Q=w(P) | ¥(Q).

Let z,y € WQSym. There exist 2/,y € Hqp, such that EHR*"(2') = z and FHR" (y) = y.
Hence, using the non-commutative duality principle:

® (x| y) = (EHR" (&) | EHR"(y))
=®_ 10 EHR (' | o)
=® o EHR" o U(¥(2)) | ¥(y'))
= EHR(¥(z) | ¥(y))
=FEHRoV(z')4EHR o ¥(y)
=0 (P10 EHRoU(2))4®_1(®_10 EHRo U(y'))
=& (EHR" (/)4 ®_(EHR" (/)
=®_1(x)4 21 (y)

As ®_; is an involution, we obtain the second point. ]
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5.5 Restriction to posets

In [10], the image of the restriction to Hp of the map from Hqp to WQSym defined by T-
partitions is a Hopf subalgebra, isomorphic to the Hopf algebra of permutations FQSym [13, 7.
This is not the case here:

Proposition 51 FHR(Hp) = EHR" (Hp) = WQSym.
Proof. Let w be a packed word of length n. We define a poset P on [n] by:
Vi,j € [n], i <p jif (i = j) or(w(i) <w(j)).
Note that if ¢ <p j, then w(i) < w(j). If i <p j and j <p k, then:
e if i = j or j =k, then obviously 7 <p k.
e Otherwise, w(i) < w(j) and w(j) < w(k), so w(i) < w(k) and i <p k.

Let us assume that i <p j and j <p i. Then w(i) < w(j) and w(j) < w(i), so w(i) = w(j). As
1 <pj,i=j. So P is indeed a poset, and we observed that w € Wp.

Let w’ be a packed word of length n. Let us prove that w’ € W if, and only if, w < u/,
where < is the order on packed words defined in definition 28.

—>. Let us assume that w’ € W5 If w(i) < w(j), then i <p j, so w'(i) < w'(j). Moreover,
if w'(7) = w'(j), then i <p j, soi = j as P is a poset, and finally w(i) = w(j): contradiction.
So w'(i) < w'(j), we shows that w < w'.

<. Let us assume that w’ < w. If i <p j, then i = j or w(i) < w(j), so w'(i) = w'(j) ot

w' (i) < w'(j). If, moreover, w'(i) = w'(j), then i = j; so w’ € Wi,

We obtain an element P € Hp such that:

EHR*" (P w'.
=D,

w<w’

As this holds for any w, by a triangularity argument, EH R (Hp) = WQSym. By the non-
commutative duality principle:

EHR(Hp) =®_1 0 EHR*™ o U(Hp) = O_y o EHR*" (Hp) = &_,(WQSym) = WQSym,

as ®_1 is an automorphism of WQSym. O
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