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Abstract

To any poset or quasi-poset is attached a lattice polytope, whose Ehrhart polynomial
we study from a Hopf-algebraic point of view. We use for this two interacting bialgebras
on quasi-posets. The Ehrhart polynomial defines a Hopf algebra morphism with values in
Q[X]; we deduce from the interacting bialgebras an algebraic proof of the duality principle,
a generalization and a new proof of a result on B-series due to Whright and Zhao, using a
monoid of characters on quasi-posets, and a generalization of Faulhaber’s formula.

We also give non-commutative versions of these results: polynomials are replaced by
packed words. We obtain in particular an non-commutative duality principle

Keywords. Ehrhart polynomials; Quasi-posets; Characters monoids; Interacting bialgebras

AMS classification. 16T30; 06A11

Contents

1 Bialgebras in cointeraction

1.1 Definition . . . . . . . .

1.2 Monoids actions . . . . . . . . ..

Examples from quasi-posets

2.1 Definition . . . . . . . L
2.2 First coproduct . . . . . . ..
2.3 Second coproduct . . . . ...
2.4 Characters of the second coproduct . . . . . . . ... ... ... ...

2.5 Cointeractions . . . . . . . . . .

Ehrhart polynomials

3.1 Definition . . . . . . . ..
3.2 Recursive computation of ehr and ehrs™" . . . ... ..
3.3 Characterization of quasi-posets by packed words . . . . . ... .. .. ... ...

3.4 A link with linear extensions . . . . . . . . . . . ...



4 Characters associated to ehr and ehrst" 23

4.1 The monoid action on Hopf algebra morphisms . . . .. . .. ... .. ... ... 24
4.2 Associated characters . . . . . . . . ... 25
4.3 Duality principle . . . . . .. 29
4.4 A link with Bernoulli numbers . . . . . . .. ... .. ... L 31
5 Noncommutative version 32
5.1 Reminders on packed words . . . . . . . . . ... 32
5.2 Hopf algebra morphisms in WQSym . . . . . . ... .. ... .. ... ...... 33
5.3 Compatibility with the other product and coproduct . . . . ... ... ... ... 36
5.4 The non-commutative duality principle . . . . . . .. ... ... 39
5.5 Restriction to posets . . . . . . ..o 42
Introduction

Let P be a lattice polytope, that is to say that all its vertices are in {0,1}". The Ehrhart
polynomial ehr®(X) is such that for all k > 1, ehré(k) is the number of points of Z" N kP,
where kP is the image of P by the homothety of center 0 and ratio k. For example, if S is the
square [0, 1]" and T is the triangle of vertices (0,0), (1,0) and (1,1):

(X+1)(X+2)

ehr%l(X) = (X + 1)2, ehr%l(X) = 5 .

These polynomial satisfy the reciprocity principle: for all k > 1, (—1)¥™(P)ehrcl(—k) is the
number of points of Z"™ N kP’, where P’ is the interior of P. For example:
(X —1)(X —2)

ehrd(—X) = (X — 1), ehr$(—X) = 5 )

We refer to [2] for general results on Ehrhart polynomials.

It turns out that these polynomials appear in the theory of B-series (B is for Butcher [4]), as
explained in [3, 6]. We now consider rooted trees:

aviv byl vy vd v v

If ¢ is a rooted tree, we orient its edges from the root to the leaves. If ¢, j are two vertices of ¢,

we shall write i 7 if there is an edge from 7 to j in ¢.
To any rooted tree ¢, whose vertices are indexed by 1...n, we associate a lattice polytope
pol(t) in a following way:
. ot
pol(t) = { (@1, ) €[00 [ V1 <4 <, (i j) = (s < 27)

For example, if t = 1, indexed as 17, then pol(t) = T.
We can consider the Ehrhart polynomial ehr;f) () (X), which we shall simply denote by
ehr§t(X): for all k > 1,
ehrl (k) :ﬁ{(xl,...,xn) {0, kY |V1<ij<n, (i%)) = (z: gmj)}.

Note that ehrfl does not depend on the indexation of the vertices of t. By the duality principle:

(—1)"ehrd (—k) :ﬁ{(xl,...,xn) e{l,.. . k—1}"|V1<ij<n(Sj) = (a <xj)}.



A B-series is a formal series indexed by rooted trees, of the form:

L tait4a,, L tals
;ataut(t)_a'. ap (IVT aI cee

where aut(t) is the number of automorphisms of ¢. The following B-series is of special importance
in numerical analysis:

! SRR S A
=.+—-a —— 4 =
L qut(t) 271372 "6 ’

| =

~+

where t! is the tree factorial (see definition 30). This series is the formal solution of an ordinary
differential equation describing the flow equation of a vector field. The set of B-series is given
a group structure by a substitution operation, which is dually represented by the contraction-
extraction coproduct defined in [5]. Its inverse is called the backward error analysis:

t
E7!' = —.
Z A aut(t)!

t

Wright and Zhao [18] proved that these coefficients \; are related to Ehrhart polynomials:

i dehr! (X)

A= (=1) dX  |x=—1

We shall in this text study Ehrhart polynomial attached to quasi-posets in a combinatorial
Hopf-algebraic way. A quasi-poset P is a pair (A, <p), where A is a finite set and <p is a
reflexive and transitive relation on A. The isoclasses of quasi-posets are represented by their
Hasse graphs:

2
Lioveelivseee b, VoA L1200, 0

In particular, rooted trees can be seen as quasi-posets. For any quasi-poset P = ({1,...,n}, <p),
the polytope associated to P is:

top(P) = {(z1,...,2,) € [0,1]" |[V1 <4, <n,(i <p j) = (z; < x5)}.

We put ehrp(X) = ehrff)p( P) (X — 1); note the translation by —1, which will give us an object
more suitable for our purpose. In other words, for all £ > 1:

ehrp(k) =t{(z1,...,2n) € {1,...,k}" |V1<i,j <n,(i<pj) = (x; < z;)}.
We also define a polynomial ehr$i"(X) such that for all k > 1:
ehr$" (k) = t{(x1,...,2n) € {1,...,k}" |V1<4,j<n,(i <pjand not j <pi) = (z; < x;)}.

See definition 15 and proposition 16 for more details. These polynomials can be inductively
computed, with the help of the minimal elements of P (proposition 20).

We shall consider two products m and |, and two coproducts A and § on the space Hgqp
generated by isoclasses of quasi-posets. The coproduct A, defined in [9, 10] by the restriction to
open and closed sets of the topologies associated to quasi-posets, makes (Hqp,m,A) a graded,
connected Hopf algebra and (Hqp, !, A) an infinitesimal bialgebra; the coproduct 0, defined in
[8] by an extraction-contraction operation, makes (Hqp,m,d) a bialgebra. Moreover, 0 is also a
right coaction of (Hqp, m,0) over (Hqp,m,A), and (Hqp, m,A) becomes a Hopf algebra in the
category of (Hgp, m, 6)-comodules, which we summarize telling that (Hqp, m, A) and (Hgp, m, )



are two bialgebras in cointeraction (definition 1). For example, the bialgebras (K[X], m,A) and
(K[X],m,d) where m is the usual product of K[X] and A, ¢ are the coproducts defined by

AX)=X@1+10X, 5(X)=X®X,

are two cointeracting bialgebras.

Ehrhart polynomials ehrp(X) and ehr$”(X) can now be seen as maps from Hqp to K[X], and

both are Hopf algebra morphisms from (Hqp, m, A) to K[X] with its usual Hopf algebra structure
(theorem 17); we shall prove in corollary 44 that ehr*'" is the unique morphism from Hqp to K[ X]
compatible with both bialgebra structures on Hqp and K[X]. Using the cointeraction between
the two bialgebra structures on Hqp, we show that the monoid Mgy, of characters of (Hqp, m, 0)
acts on the set Ey___,x[x) of Hopf algebra morphisms from (Hqp,m,A) to K[X] (proposition
27). Moreover, there exists a particular homogeneous morphism ¢ € Ey,,x[x] such that for
all quasi-poset P:

P) = \pXP) — up xel(P)
¢o(P) = Ap c(P)! ’

where pp is the number of linear extensions of P and cl(P) is the number of equivalence classes
of the equivalence associated to the quasi-order of P (proposition 29). This formula simplifies if
P is a rooted tree: in this case,

60(P) = X7

We prove that for any ¢ € Fy,__,x[x], there exists a unique f € Mgqp, such that ¢ = ¢ < f
(proposition 27). Consequently, this holds for both morphisms ehr and ehrs": the associated
characters are denoted by a and o*®". This implies that for any quasi-poset P:

Hp/~ cl(~ str Hp/n~ str cl(~
ehrp(X):Z lm/z!aP|NX 1), ehrst (X):Z lilalﬂNX 1),
~<Pc( ) ~<Pc( )

where the sum is over a certain family of equivalence relations ~, P| ~ is a restriction operation
and P/ ~ is a contraction operation. Applied to corollas, this gives Faulhaber’s formula. We
prove that " is the inverse of the character \ associated to ¢g, up to signs (proposition 34),
which is a generalization, as well as a Hopf-algebraic proof, of Wright and Zhao’s result. We
also give an algebraic proof of the duality principle, and we define a Hopf algebra automorphism
0 : (Hgp,m, A) — (hqp, m, A) with the help of the cointeraction of the two bialgebra structures
on Hqp, satisfying ehrs" o § = ehr (proposition 37).

We propose non-commutative versions of these results in the last section of the paper. Here,
(isoclasses of) quasi-posets are replaced by quasi-posets indexed by sets {1,...,n}, making a
Hopf algebra Hqp, in cointeraction with (Hqp,m,d), and K[X] is replaced by the Hopf algebra
of packed words WQSym [14|. We define two surjective Hopf algebra morphisms FHR and
EHRS" from Hqp to WQSym (proposition 39), generalizing ehr and ehr®t". The automor-
phism 6 is generalized as a Hopf algebra © : Hqp — Hqp, such that FHR*" 0 ©® = FHR
(proposition 40), and we formulate a non-commutative duality principle (theorem 48), and we



obtain a commutative diagram of Hopf algebras:

HQP

| e

Hop 2 WQSym

| o]

Dy

Hap =+ WQSY‘“\\‘ p
ehr
Hap ohretr K[X]
1/’5“—1&

Hap —> K[X]

ehr
The two triangles reflects the properties of morphisms © and 6, whereas the two squares are the

duality principles.

Aknowledgment. The research leading these results was partially supported by the French
National Research Agency under the reference ANR-12-BS01-0017.

Notations. We denote by K a commutative field of characteristic zero. All the objects
(vector spaces, algebra, and so on) in this text are taken over K.

1 Bialgebras in cointeraction

1.1 Definition

Definition 1 Let A and B be two bialgebras. We shall say that A and B are in cointeraction
if:
A — A®B

e B coacts on A, m’aamappi{ a — pla)=a1®a

e A is a bialgebra in the category of B-comodules, that is to say:

— p(la) =14 ®1pB.
—m3,0(p®p)oAs=(As®Id)op, with:

)

m3 ARB®A®B — A®A®B
24 a1 RbRas®by — a1 @ as Q bybs.

Equivalently, in Sweedler’s notations, for all a € A:
(@)1 @ (@®)1 @ (aM)o(a®)o = (a1)M @ (a1)® @ ag.
— For all a,b € A, p(ab) = p(a)p(b).
— Foralla€ A, (ea® Id)op(a) =cx(a)lp.

Examples of bialgebras in interaction can be found in [5] (for rooted trees) and in [13] (for
various families of graphs). Another example is given by the algebra K[X], with its usual product
m, and the two coproducts defined by:

AX)=X@1+10X, 5(X)=X® X.



The bialgebras (K[X], m,A) and (K[X],m,d) are in cointeractions, via the coaction p = §. Then
(K[X],m,d) is a bialgebra. Note that for all z,y € K, if P € K[.X], identifying K[X]® K[X] and
K[X,Y]:

A(P)(z,y) = Pz +y), 6(P)(z,y) = P(zy).
Remark. If A and B are in cointeraction, the coaction of B on A is an algebra morphism.

Proposition 2 Let A and B be two bialgebras in cointeraction. We assume that A is a Hopf
algebra, with antipode S. Then S is a morphism of B-comodules, that is to say:

poS=(S®Id)o

Proof. We work in the space Endg(A, A® B). As A® B is an algebra and A is a coalgebra,
it is an algebra for the convolution product &:

Vf,g€ Endg(A,A®B), f®g=magpo (f®g)oAs.

Its unit is denoted by 7:
A — A®B
T e — g(a)ly ® 1p.

We consider three elements in this algebra, respectively p, F; = (S ® Id) op and Fy = po S.
Firstly:

S((@)1) (@)1 @ (@)o(a)o
S((a1)M)(a1)? @ ag
eala)la ® ag
eala)ly ®1p

n(a).

(F1 ® p)(a)

Secondly:

(p® F2)(a) = (a™)15(a®)1 @ (aV)o(S(a?))o
ea(a)(1a)1 ® (1a)o

=cala)la®1p

= n(a).

We obtain that Fil ® p=p® Fo =n,80 Fi =F1®n=F1® p® Fob =n® F» = F5. O

1.2 Monoids actions

Proposition 3 Let A and B be two bialgebras in cointeraction, through the coaction p. We
denote by M4 and Mp the monoids of characters of respectively A and B. Then B acts on A by
monoid endomorphisms, via the map:

.{MAXMB — MA
(9.0) — o =(p®Y)o

Proof. We denote by * the convolution product of Mp and by % the convolution product of
My. As p: A — A® B is an algebra morphism, <« is well-defined. Let ¢ € M4, 91,19 € Mp.

(1) Y= (pR¢Y1 ®Y2)o(pRId)op
:(¢®¢1®¢2)0(1d®AB)op
= ¢ < (d1 % ¢2).



So « is an action. Let ¢1,¢p2 € My, » € Mp. For all a € A:

(61 % ¢2) 0 p)(a) = (¢1 @ 2 ® ¥) 0 (A @ Id) 0 p(a)
= (¢1 ® 2 @ ¥)((a0)!) @ (ag)? ® ay)
= (1 ® ¢2 @) ((aM)o ® (a®)o @ (aV)1(a®)y)
= 61((a)o)e((a)1)da((a@)o)e((a®)1)
= (¢1 ¢ ¥)(aV)(¢2  ¥)(a®?)
= ((¢1 = ) * (g2 + ¥))(a).

So <« is an action by monoid endomorphisms. O

Example. We take A = (K[X],m,A), B = (K[X],m,0) and p = §. We consider the map:

K — K[X]*
ev'{ A\ KX] — K
- {P(X) — evny(P) = P(\).

Then ev is a isomorphism from (K, +) to (M4, *) and from (K,.) to (Mp, *). Moreover, for all
A p ek
EU) < €Uy = €Uy
Proposition 4 Let A and B be two bialgebras in cointeraction, through the coaction p.

1. Let H be any bialgebra. We denote by Mp the monoid of characters of B and by Ea_ g
the set of bialgebra morphisms from A to H. Then Mp acts on Ea_p via the map:

(_,{ Epxsg X Mp — Easpg
' (3, A) — ¢ A=(p®@N)op

2. Let Hy and Hy be two bialgebras and let 0 : Hi — Hs be a bialgebra morphism. For all
¢ € Eacpy, forallN € Mp, in Eocp,:

Oo(p+ A)=(0o¢) <+ A
S if A, u € Mp, in Eqa:
(Id+ N o (Id <+ p)=1d+ (A*p).
In other words, the following map is a monoid endomorphism:

(Mp,*) — (Easa,0)
A — Id+ A\

Proof. 1. Forall p € Ea. g, AE Mp, ¢+ N: A— HRK = H. As ¢, X and p are algebra
morphisms, by composition ¢ < A is an algebra morphism. Let a € A.

Ap(¢ < Ma)) = An(d(ao)A(ar))

a;)Apg o ¢(a1)

a1)p(a0)V & ¢(ag)®
)é((a0)™) ® ¢((a0)®)
(1) (

a1)o(

(@)1 (@)1)g((aM)o) @ ¢((a)o)

(a 1))1)A((a )1)6((a)o) @ ¢((a?)o)

(@)o)A((aM)1) @ ¢((a?)o)A((a®)1)
(a(l)) ® ¢+ ANa (2))

(0 A) @ (¢ A))oAa(a)

a

A(
A(
A(
A(
A(
¢
¢



Let o € Eapg, A\, u € Mp.

(@ ANp=(@A0p)o(peId)op=(¢pR@A®p)o(Id® Ag)op=¢ < (A*pu).
For all a € A, ¢ + noe(a) = ¢p(ag)e(ar) = ¢(a). So + is indeed an action of Mp on Ea_ .
2. Let a € H.
(60 ¢) < Ala) = 00 ¢(ar)Aao) = 0(¢(a1)A(ag)) = (¢ = Aa)) = 0o (¢ < A)(a).
So (fo@) < A=0o0(p N

3. Consequently, if A\,u € Mp, in Eg,a: (Id + N)o(Id <+ X)) = (Id < \) < pu) = Id +
(A ). O

Example. We take A = (K[X],m,A), B = (K[X],m,d) and p = 0. In E4_,4, for any
ek
Id + ev)(X) = evpy (X)X = \X,

so for any P € K[X], (Id < evy)(P) = P(AX).

2 Examples from quasi-posets

2.1 Definition

Definition 5 1. Let A be a set finite set. A quasi-order on A is a transitive, reflexive
relation < on A. If < is a quasi-order on A, we shall say that (A, <) is a quasi-poset. If
P is a quasi-poset:

(a) Its isoclass is denoted by | P].
(b) ~p is defined by:
Ya,b€ A, a~pbifa<bandb<a.
It is an equivalence on A.

(c) A= A/ ~p is given an order by:

The poset (A, <) is denoted by P.
(d) The cardinality of P is denoted by cl(P).

2. Let n € N.

(a) The set of quasi-posets which underlying set is [n] = {1,...,n} is denoted by QP (n).
(b) The set of posets which underlying set is [n] is denoted by P(n).

(¢) The set of isoclasses of quasi-posets of cardinality n is denoted by qp(n).

(d) The set of isoclasses of quasi-posets of cardinality n is denoted by p(n).

We put:

QP=||QP(n), P=||P(n), ap=|]ap(n), p=|]pMm),

n>0 n>0 n>0 n>0
Hqp = Vect(QP), Hp = Vect(P), Hap = Vect(ap) Hp = Vect(p).



As posets as quasi-posets, there are canonical injections from Hp into Hqp and from Hp
into Hqp. Moreover, the map P — P induces surjective maps from Hqp to Hp and from
Hap to Hp, both denoted by Z. The map P — |P] induces maps || : Hqp — Hqp and
|| : Hp — Hp. The following diagram commutes:

P (1)

QP

)

L
% s
L

H Hq

We shall represent any element P of QP by the Hasse graph of P, indicating on the vertices
the elements of the corresponding equivalence class. For example, the elements of QP (n), n < 3,
are:

1, en; enea, 13, 18 et enenes, e 13,01 ld o0 lf cald aalf iald cie3,0201,3,0301,2,
2093 1993 18p2 gl 2 3}%{%{?{{
\A,\/.Q,VS,QAS,IAS71/\2,1,1727 y

We shall represent any element P € qp by the Hasse graph of P, indicating on the vertices

the cardinality of the corresponding equivalence class, if this cardinality is not equal to 1. For
example, the elements of qp(n), n < 3, are:

W
W N

1
2 2,3 1,3 1,2 1 2 3
713711’ y 127 137 o s, 15, 102, 01,2,8.

.. . . 2
Lo livaienele VL AL 12 100

2.2 First coproduct
By Alexandroff’s theorem [1, 17], finite quasi-posets are in bijection with finite topological spaces.

Let us recall the definition of the topology attached to a quasi-poset.

Definition 6 1. Let P = (A, <) be a quasi-poset. An open set of P is a subset O of A
such that:

Vi,jeA, (i€0 andi<j=— j€O).
The set of open sets of P (the topology associated to P) is denoted by top(P).
2. Let P = (A, <) be a quasi-poset and B C A. We denote by P the quasi-poset (B, <|p).

3. Let P = (A, <p) be a quasi-poset. We assume that A is also given a total order <: for
example, A is a subset of N. If the cardinality of A is n, there exists a unique increasing
bijection f from [n], with its usual order, to (A, <). We denote by Std(P) the quasi-poset
in QP(n) defined by:

Vi,j € [n], i <sucpy j <= f(i) <p f(j).

Proposition 7 1. We define a product m on Hqp in the following way: if P € QP(k),
Q € QP(l), then PQ =m(P,Q) € QP(k +1) and

Vi,j € [k +1], i <po+=(1<i,j <k andi<p j)
or (k+1<i,j<k+landi—k<qgj—k).



2. We define a second product | on Hqp in the following way: if P € QP(k), Q € QP(I),
then PQ = m(P,Q) € QP(k+1) and

or(k+1<ij<k+landi—k<gj—k)
or(1<i<k<j<k+1).

3. We define a coproduct A on Hqp in the following way:

VP e QP(n), A(P)= Y  Std(Pppo)® Std(Po).
O€top(P)

Then (Hqp,m,A) is a non-commutative, non-cocommutative Hopf algebra, and (Hqp,{, A)
s an infinitesimal bialgebra.

Proof. See [9, 10]. O

Examples. If {a,b} = {1,2} and {i,j,k} = {1,2,3}:

A1) =1 ®14+1® .1,
A =1 ®@1+1®15 4.0 ® .,
AV ) =V @1 +10V +H @+ 15 @4+ @ s,
AGR) =80 @1 410, 8 + 5,0+ ®1i +.,0 8.,
Adhy=l e1+1eli. 0t 11 0.

Remark. This Hopf algebraic structure is compatible with the morphisms of (1), that is to
say:

1. Hp is a Hopf subalgebra of Hqp.
2. observe that:

o If (P, P;) and (Q1,Q2) are pairs of isomorphic quasi-posets, then P;Q; and PaQs are
isomorphic.

e If P, and P, are isomorphic quasi-posets of QP(n), and if ¢ : [n] — [n] is an
isomorphism from P; to P, then the topology associated to P is the image by ¢ of
the topology associated to P, and for any subset I of Py, ¢|; is an isomorphism from

(P1)|1 to (P2)g(n)-

Consequently, the surjective map || : Hqp — Hqp is compatible with the product and
the coproduct: Hqp inherits a Hopf algebra structure. Its product is the disjoint union of
quasi-posets. For any quasi-poset P = (A, <p):

A(LP]) = Z [Plavo] @ [Pol-

Octop(P)

3. Hp is a Hopf subalgebra of Hqp.

4. All the morphisms in (1) are Hopf algebra morphisms.

Definition 8 1. We shall say that a finite quasi-poset P = (A, <p) is connected if its
associated topology is connected.

10



2. For any finite quasi-poset P, we denote by cc(P) the number of connected components of
its associated topology.

It is well-known that P is connected if, and only if, the Hasse graph of P is connected.
Any quasi-poset P can be decomposed as the disjoint union of its connected components; in an
algebraic setting, Hqp is generated as a polynomial algebra by the connected quasi-posets. This
is not true in Hqp: for example, 17., is not connected and is indecomposable in Hqp.

2.3 Second coproduct
Definition 9 Let P = (A, <p) be a quasi-poset and let ~ be an equivalence on A.
1. We define a second quasi-order <p.. on A by the relation:
vxay € A7 x SP‘N Y lf(.%' <p Yy and x Ny)

2. We define a third quasi-order <p,. on A as the transitive closure of the relation defined

by:
Vae,y € A, xRy if (x <py orx ~y).

3. We shall say that ~ is P-compatible and we shall denote ~ <P if the two following conditions
are satisfied:

e The restriction of P to any equivalence class of ~ is connected.

o The equivalences ~p., and ~ are equal. In other words:
Voe,y € A, (x <p/oy andy <p). ) => = ~ y;
note the converse assertion trivially holds.
Remarks.
1. P| ~ is the disjoint union of the restriction of <p to the equivalence classes of ~.
2. Let x,y € P. Then z <p,. y if there exist z1, 2, ..., Tk, x) € A such that:

r<pm ~zy<p...<pap~uz,<puy.

3. If ~ <P, then:

(a) The equivalence classes of ~p /~ are the equivalence classes of ~ and are included in
a connected component of P. This implies that the connected components of P/ ~
are the connected components of P. Consequently:

(P/ ~) = cl(~), ce(P/ ~) = ce(P), (2)

where cl(~) is the number of equivalence classes of ~.

(b) If # ~p y and = ~ y, then z ~p . y: the equivalence classes of ~p|. are the
equivalence classes of ~p; the connected components of P| ~ are the equivalence
classes of ~. Consequently:

A(P| ~) = dl(P), ce(P| ~) = cl(~). 3)
Definition 10 We define a second coproduct 6 on Hqp in the following way: for all P € QP,

5(P) =) (P/~) & (P |~)

~<P

Then (Hqp,m,9d) ts a bialgebra.
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Proof. Firstly, let us prove the compatibility of 6 with m. Let P = (4, <p) and Q = (B, <g)
be two elements of QP. Let ~ be an equivalence relation on P. We denote by ~" and ~" the
restriction of ~ to P and (. Then:

1. If ~ <PQ, then as the equivalence classes of ~ are connected, they are included in A or in
B. Consequently, if x € A and y € B, x and y are not equivalent for ~. Moreover, ~' <P
and ~" <@, and:

PQ|~ = (P| ~)(Q| ~"), PQ/ ~=(P/~)(Q)~").
2. Conversely, if ~' <P,~" <@ and for all x € A, y € B,  and y not are not ~-equivalent,
then ~ aPQ.
Hence:

J(PQ)= Y (PQ/~) & (PQ|~)

~APQ

= > (P )Q )@ (Pl A)QI )

~ AP~ Q)
= 0(P)(Q)-

Let us now prove the coassociativity of §. Let P € QP.
First step. We put:

A={(r,7")|r<aP, v <aP/r}, B={(s,5)]s<aP, SIQP‘S}.

We consider the maps:

A — B B — A
F: ' / G: / /
(r,r"y — (r)r), (s,8") — (d,3).

F is well-defined: we put (s,s’) = (r/,r). The equivalence classes of s are the equivalence
classes of 7/, so are P-connected. If x ~p/s y, there exist x1,27,..., 2,5, and y1,91,..., 9, Y
such that:

x<pxr'zy <p...<paxpr'zy <py, y<pwyr'y; <p ... <pyr'y, <p x.
Hence:

) [ ) /.1
€T SP/T‘ rir xy SP/T’ oo SP/T‘ TET T SP/T’ Y, Yy SP/T’ ury SP/T’ v SP/T‘ ury SP/T‘ L.

Sox ~py. Asr'aP/r,x ~py: saP.

Let us assume that xs’y. Then xry, so, as r <y, there exists a path from z to y in the Hasse
graph of P, made of vertices all r-equivalent to  and y. If 2’ and 3y’ are two elements of this
path, Then 2'ry’, so 2’ <g/, v and finally 2" <(ppy/v y'. As 7' < P/r, x'r'y’, so xsy. So the
elements of this path are all P|s-equivalent: the equivalence classes of s’ are P|s-connected.

Let us assume that = ~(p|s)/s y. There exists x1,27,..., 2k, 5, and y1,%),...,4;,y such
that:
& <ppp 2177 <plps - Spl BT, Spi Yy Y Spl Y1TY) Sppr -+ Splp YITY] Splr T
Then:
x<pxray <p...<pxpral <py, y<pwyiryy <p ... <puyiry; <p z,

Sox <ps.yandy <p, x. As <P, zry, so xs'y: we obtain that ' < P | s.

12



G is well-defined: let (s,s’) € B and let us put G(s,s’) = (r,7'). The equivalence classes
of r are P|s-connected, so are P-connected. Let us assume that z ~p,. y. There exists
x1, @Y, ..., ok, s, and Y1,Y], . .., Y, yi such that:

x<pxisz) <p...<paps'z, <py, y<puyis'yy <p ... <pwys'y; <p x.

As the equivalence classes of s’ are P|s-connected, all this elements are in the same connected
component of P|s, so are s-equivalent:

! !/ !/ ! !
T Spls LIS XY Spls -+ SPls TS T Sps Yy Y SPlsY1SY1 SPls - SPls YISY Sp|s T

Hence, x ~(p|s)/s Y, 50 as s’ AP | s, xs'y, so xry: r < P.

The equivalence classes of r’ are the equivalence classes of s, so are P-connected and therefore
P/r-connected. Let us assume that & ~(p/yy /v y. Note that if 2’s'y’, then 2" and y' are in the
same connected component of P|s, so z’sy. By the definition of < p/s' as a transitive closure,
using this observation, we obtain:

z <pmsri <p...<papsr) <py, y<pyisy; <p ... <pysy, <p z.

So x ~pssy. As s 9P, xsy, so xr'y: v’ < P/r.
Clearly, F' and G are inverse bijections.

Second step. Let (r,r') € A and let F(r,r') = (s,s’). Note that if xry, then z/ ~p/. y, so
x/ ~(ppry Y, S0 T’y as T <1P/r Then:

:SP/S .
So P/s = (P/r)/r’
<(p|s)/s’ = transitive closure of ((zs 'y) or (x <ps Y))

= transitive closure of ((zry) or (z <pj,» y))

(zry) or (z <py)) and ((sry) or (x1'y)))
= transitive closure of ((x <p,, y) and (sr'y))

((
((
= transitive closure of ((zry) or ((x <p y) and (zr'y)))
= transitive closure of ((
((

=S(p/r)lr -
o (P|s)/s' = (P/r)|r'. For all x,y:
T <(P|s)/s Yy — (.%' <P|s y) and (.%'S y)
<= (2 <py) and xsy and (zs'y)
<= (z <py) and 27’y and (z7ry)
< (z <py) and (zry)
— T SP\T Y.
o (P|s)|s’ = P|r. Finally:
(®Id)os(P)y= Y _ (P/r)/r'® (P/r)lr'&P|r

(ryr)eA

= Y P/s®(Pls)/s' @ (Pls)ls

(s,s’)EB
= (Id® 6) 0 §(P).
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So Hqp is a bialgebra. O

Examples. If {a,b} = {1,2} and {i,j,k} = {1,2,3}:

0(e1) = o1 ® 1,

0(15) =15 @eavt + vap ® 18,

SOV =V @+, @M+ e @ +uijn @V,
SGR) =8 @i F 1T @1+ 1 @ Ly F e @0k,
S =1 @t 1, @+ 1 @ 4, ©1

Remarks.
1. 0 is the internal coproduct of [8].

2. (Hqp,m,0) is not a Hopf algebra: for all n > 1, §(.n) = . ® «n, and ., has no inverse in
Haqp-

3. This coproduct is also compatible with the map ||, so we obtain a bialgebra structure on
Hqp with the coproduct defined by:

=Y P/ ~]®|P|~].

~<P

4. Hp and Hp are not stable under 6, as if P is a poset and ~ <P, P/ ~ is not necessarily a
poset (although P| ~ is). However, there is a way to define a coproduct 6 = (E® Id) 0§
on Hp:

VP eP(n), §(LP)) = =[P/~ & |P|~].
~<P

(Hp,m,6) is a quotient of (Hqp,m,d) through the map =.

2.4 Characters of the second coproduct

We denote by Mgy, the monoid of characters of (Hqp, m, d). Its product, as well as the convolution
product on the dual Hg, of Hqp induced by 4, is denoted by .

Proposition 11 Let f € Mqp. It has an inverse in Mqgp if, and only if, for all n > 1,

f(en) #0.

Proof. =. If f has an inverse g, then for all n > 1, as §(vn) = +n @ en, €(en) = 1 and

flen)g(en) =12 f(en) # 0.

<. Let us first define elements g, h € Hg, such that f*g = hx* f =¢. Let us define g(P)
and h(P) by induction on cl(P). We first put g(1) = h(1) = 1. If c/(P) = 1, then P = .,, and we
put g(...) = h(.,) = f(..)" 1. Let us suppose that ¢(Q) and h(Q) are defined for any quasi-poset
Q such that cl(Q) < cl(P). Let ~ aP. By construction, if x ~p y, then x ~p/. y; as ~ <P,
x ~ y. So the number of equivalence classes of ~ is smaller than cl(P), with an equality if, and
only if, ~=~p. Note that ~p <P: indeed, P/ ~p= P. Moreover, cl(P/ ~) is the number of
equivalence classes of ~, so we can write:

§(P)=P®@P|~p+> PaP,

where the terms P; ® P are such that cl(P;) < cl(P). As P| ~p is a product of .x, f(P) # 0.

We then put: .
o(P) = 5epr— (2(P) = Do a(P 1 ()
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Then g * f(P) = £(P) by construction. We now define h(P) by decreasing induction on the
number cc(P) of connected component of P. Note that 1 < ce(P) < cl(P). If cl(P) = ecl(P),
then P is a product of .x, so f(P) # 0 and §(P) = P ® P: we put h(P) = % Let us
assume that h(Q) is defined for all quasi-posets @ such that cl(Q) = cl(P) and cc(Q) > cc(P).
We denote by ~g the equivalence on P defined by x ~g y if  and y are in the same connected
component of P. Note that ~¢ <P, P/ ~q is a product of ., (so f(P/ ~¢) # 0) and P| ~o= P. If
~ <P, then if x ~ y, then x and y are in the same connected component of P, so x ~qg y. Hence,
the number of equivalence classes of ~, which is also the number of connected components of
P| ~, is greater than cc(P), with equality if, and only if, ~=~g; moreover, cl(P| ~) = cl(P).
We can write:

§(P)=P/~®P+Y PP,
where the terms P{ ® Pj are such that ¢l(Pjy) = ¢l(P) and cc(P}) > cc(P). We put:

hP) = Sy (2P = S 1PNy

Then f * h(P) = e(P) by construction.
Finally:

h=exh=(gxf)xh=g*xfxh=gx(fxh)=g*e=g.

So f is invertible in (Hg,, *), with inverse g = h.

As Hgqp is the polynomial algebra generated by connected quasi-posets, we can define a
character ¢’ on Hqp by ¢'(P) = g(P) for any connected quasi-poset P. If P is a connected
quasi-poset P, then for any ~ <P, P/ ~ is also connected, so:

g*f(P)=(d @ [f)od(P)=(9® [f)od(P)=gx*f(P)=e(P).

As ¢’ * f and € are both characters and coincide on connected quasi-posets, they are equal: the
inverse of f is the character ¢, so f is invertible in Myp. O

2.5 Cointeractions

Theorem 12 We consider the map:

Hqop — Hqpr @ Hgp
p=Ud@[])eod:q PeQP — > (P/~)®|P|~]
~<P

The bialgebras (Hqp, m,A) and (Hqp,m,0) are in cointeraction via p.
Proof. By composition, p is an algebra morphism. Let us take P € QP(n). We put:
A={(r,0)|r<aP,Oetop(P/r)}, B={(0,s,s)|0 etop(P),s<Pypo,s 1RO}
First step. We define a map F : A — B, sending (r, O) to (O, s, s’), by:
e xsy if zry and z,y are in the same connected component of P\ o-
e 15’y if zry and x,y are in the same connected component of Po.

Let us prove that F' is well-defined. Let us take x,y € [n], with x € O and x <p y. Then
z <ps y. as O is an open set of P/r, y € O: O is an open set of P. By definition, the
equivalence classes of s’ are the intersection of the equivalence classes of r and of the connected
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components of O. As O is a union of equivalence classes of r, they are Flo-connected. If
T ~po/s Y then x ~p/. y and = and y are in the same connected component of O. As rar,

rry, so xvs'y: s’ < Po. Similarly, s < P, 0.

Second step. We define a map G : B — A, sending (O, s,s") to (O,r,7’), by:
xry if (z,y ¢ O and zsy) or (z,y € O and xs'y).

Let us prove that G is well-defined. Let x,y € [N], with z € O and z <p/, y. There exists
x1, 2, .., Tk, x) such that:

z <p xlrxll <p...<p xerz <py.

As O is an open set of P, 1 € O; by definition of r, 2{ € O. Iterating, we obtain that
T, Th, ..., Tk, x),y € O. So O is open in P/r.

Let us assume that xry. Then x,€ O or x,y ¢ O. As s<4 P, 0 and Po, there exists a path
from x to y in the Hasse graph of P formed by elements s- or s'— equivalent to x and vy, so the
equivalence classes of r are P-connected.

Let us assume that 2 ~p/, y. here exists x1,},...,2x,s;, and y1,¥7,...,y, y such that:

z<pazirzy <p...<paxprz, <py, y<puyiryy <p ... <pyry, <p .

If x,y € O, then all these elements are in O, so z ~Po/s U and then zs'y, so xzry. If z,y ¢ O,
as O is an open set, none of these elements is in O, so x ~ Pap\o/s Y» SO LSY and finally zry: r<P.

Third step. Let (r,0) € A. We put F(r,0) = (O, s,s") and G(O, s,s") = (7,0). If zry, as O
is an open set of P/r, both z and y are in O or both are not in O. Hence, zsy or xs'y, so x7y.
If zry, then xsy or xs'y, so xry: 7 =7 and Go F = Id 4.

Let (O,s,s") € B. We put G(O,s,s') = (r,0) and F(r,0) = (0,3,3§"). If xsy, then z and y
are in the same connected component of [n]\ O as s< Pipo and zry, so zsy. If xsy, then zry,
so xsy: we obtain that § = s. Similarly, § = s’, which proves that F o G = Idp.

We proved that F' and G are inverse bijections. Let (r,0) € A and (O, s,s") = F(O,r).

<S(P/r)mpo = transitive closure of (zry and « <p y) restricted to [n] \ O
= transitive closure of (zry and = <p_ ., ¥)

= transitive closure of (zsy and = <p ., y)

=S Pl /s -
So (P/T)Hn]\O = P\[n]\O/S Similarly, (P/?“)|O = P‘O/s/.

Let us now consider P g. Its connected components are the equivalence classes of r, that is to
say the equivalence classes of s and s'; for any such equivalence class I, (P, | R)| 1 = Pr. So P is the
disjoint union of (P,)\0)s and (P \O)|s'» and therefore is isomorphic to Std(P,)\0)s)Std((Po)s )
but not equal, because of the reindexation induced by the standardization. Hence, LH rl =

L(Pipo)is) L(Po)s |-

Finally:
(A@Id)op(P)= Y (G/r)mpno® (G/r)o® |G
(r,0)eA
= Y (Bmpo)/s® (Po)/s' @ [(Ppno)sl L(Po)s]
(0,s,5')€B



Moreover, (¢ ® Id) o p(P) = dp11®1=¢(P)1 ® 1. O
Remark. As noticed in (8], (Hqp,m,A) and (Hqp,m, d) are not in cointeraction through 4.

Taking the quotient through | |:
Corollary 13 The bialgebras (Hqp, m,A) and (Hqp, m,0) are in cointeraction via 0.
Using proposition 4 on Hqp:

Corollary 14 Let (A p|) be a family of scalars indeved by the set of connected quasi-posets.
We define a character X on Hap by A\jpj = A\p|---A\py| of Pry- .., Py are the restrictions of P
to its connected components. The following map is a Hopf algebra endomorphism:

(/HQP,m, A) — (HQP,m, A)
O PeQP — > ApP/~.
~<P

It is bijective if, and only if, for alln > 1, X, # 0.

Proof. ¢) = Id < A, so is an element of Exqp—#qp-

—. For all n >0, ¢»(.n) = «nA.,. As ¢, is injective, A, # 0.
<=. By proposition 11, the character A is invertible in Mqp: let us denote its inverse by p.
Then, by proposition 4:

propy=Id— (Axp)=1Id <+ e=1Id.

Similarly, ¢, o ¢\ = Id. g

3 Ehrhart polynomials

Notations. For all £ > 0, we denote by Hy, the k-th Hilbert polynomial:

X(X—1)...(X —k+1)
k!

Hi(X) =

3.1 Definition
Definition 15 Let P € QP(n) and let k > 1. We put:

Lp(k) ={f:[n] — [k]|Vi,j € n],i <pj = f(i) < f()},

L' (k) ={f € Lp(k) | Vi,j € [n],(i <p j and (i) = f(j)) = i ~p j},
Wp(k) = {w € Lp(k) | w([n]) = [k]},

Wi (k) = {w € LE" (k) | w([n]) = [k]}.

By convention:

0if P#1
L OZLStT‘O:WO: stT'O: ’
p(0) = LI (0) = Wp(0) = W"(0) {{1}Z~fp:1.
We also put:
Lp=JLek), L ={JLE k), We=]|]Wpk), W =||Wg ).
E>0 £>0 k>0 E>0

Note that the elements of Wp and W5 are packed words.
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Proposition 16 Let P € QP. There exist unique polynomials ehrp and ehr}“’ € Q[X],
such that for k > 0:

ehrp(k) = tLp(k), ehr$i™ (k) = gL (k).

Proof. This is obvious if P = 1, with ehr;(X) = ehrf!"(X) = 1. Let us assume that
P € QP(n), n > 1. Note that if i > n, Wp(i) = 0. For all k£ > 1:

k k n
1o = 3 ae(i) () = X W) ) = D W L)
=1 =1 =1
So: .
ehrp(X) =Y §Wp(i)Hi(X).
i=1

Moreover, if k = 0:
n

ehrp(0) = §Wp(i)H;(0) = 4Lp(0).

i=1

In the same way:

ehrp™ (X) = W (i) Hi(X).
i=1
These are indeed elements of Q[X]. O

Remarks.
1. Let P,Q € QP(n).

e If they are isomorphic, then ehrp(k) = ehrg(k) for all k > 1, so ehrp = ehrg.

o If we Lp, for all x,y € P such that x ~p y, then w(z) < w(y) and w(y) < w(z), so
w(z) = w(y): w goes through the quotient by ~p. We obtain in this way a bijection

from Lp(k) to Lp(k) for all k, so ehrp = ehrp. Similarly, ehrsi” = ehr%".

str

Hence, we obtain maps, all denoted by ehr and ehr®", such the following diagrams com-

mute:
L = L =
HQP qu 7'lp HQP qu 7'lp
e rst'r
ehr lEhT ehr eh& lh ehrstt
K[X] K[X]

2. Let P € P(n). The classical definition of the Ehrhart polynomial ehr’(t) is the number
of of integral points of tPol(P), where Pol(P) is the polytope associated to P. Hence,
ehr’(X) = ehr(X +1).

Theorem 17 The morphisms ehr,ehr™" : Hqp, Hap, Hp — K[X] are Hopf algebra mor-
phisms.

Proof. It is enough to prove it for ehr, ehr®" : H, — K[X].
First step. Let P € P(n). Let us prove that for all k,1 > 0:

chrp(k+1)= Y ehrp,,  (k)ehrp, (), ehrp (k+1)= Y chrgr o (k)ehrg? ().
O€Top(P) O€Top(P)
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Let f € Lp(k+1). Weput O = f'{{k+1,...,k+1}). If 2 € O and x <p y, then
f(x) < f(y), soy € O: O is an open set of P. By restriction, the following maps are elements
of respectively Lp, (k) and Lp(1):

N0 — K] J O —
fl'{ z — fla), f2'{ v — f@)—k
This defines a map:
Lptk+1) — || Lpuok) xLp,)

v O€Top(P)

[ — (f1, f2).

This map is clearly injective; moreover:

AL E ] T 0 < L0,

O€Top(P)
Let us prove that f is surjective. Let (f1,f2) € Lp, (k) ® Lp, (), with O € Top(P). We
define a map f: P — [k + ] by:
filz) if x ¢ O,
flay = N T
folx)+ kif x € O.

Let x <pi. As O is an open set of P, three cases are possible:

e 2,y ¢ O: then fi(z) < fi(y), so f(z) < f(y).
e z,y € O: then fo(z) < fo(y), so f(z) < f(y).
e £ ¢ O, yecO0: then f(z) <k < fyj).

So f € Lp(k+1), and v(f) = (f1,f2): v is surjective, and finally bijective. Moreover, if
f1elﬁﬁougandj@elﬁixo,uwnfz:v*%fhfgeng%k4-n.anny

f(Lp(k+1) = |_| LP\[n]\o (k) x LP\O(Z)a
O€Top(P)

FE k) = | D, ) x Li ).
O€Top(P)

Taking the cardinals, we obtain the announced result.
Second step. Let P € P(m), Q € P(n), and f : [m +n] — [k]. Then f € Lpg(k) if, and
only if, fim € Lp(k) and Std(fijmin)\im) € Lq(k). So ehrpq(k) = ehrp(k)ehrg(k), and then

ehrpg(X) = ehrp(X)ehrg(X): ehr is an algebra morphism.
Let P be a finite poset, and k,! > 0. By the first step:

(ehr @ ehr) o A(P)(k, 1) = Y ehrpy, ,(k)ehrp, (1)
O€Top(P)

=chrp(k+1)
= Ao ehr(P)(k,l).
As this is true for all k,1 > 1, (ehr ® ehr) o A(P) = A o ehr(P). Moreover:

lif P=1,

0 otherwise,

goehr(P) = ehrp(0) = {
so € o ehr = ¢.

The proof is similar for ehrs". 0
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3.2 Recursive computation of ehr and ehrs'"

Lemma 18 We consider the following maps:

L.{ KX] — K[X]
) Hk(X) — Hk+1(X).

The map L is injective, and L(K[X]) = K[X]. Moreover, for all P € K[X], for alln > 0:
L(P)(n+1)=P0)+...4+ P(n).

Proof. Let us consider P = Hy(X). For all n > 0:

Hi,(0) + ... + Hi(n) = <2> +ot <Z>
X
-(i1)
=Hpi1(n+1)
= L(Hy)(n+1).

N—
+
+

N

> 3

SN—

By linearity, L(P)(n + 1) = P(0) + ...+ P(n) for all n > 1. O

Definition 19 Let P € QP. We shall say that P is discrete if | P| = .* for a certain k > 0.

Proposition 20 Let P € P(n).

ehrp(X) =1L Z ehrp‘[n]\O(X) ,
0#O€Top(P)

ehrii"(X) =L > ehrgr o (X)
0 # O € Top(P), discrete

Proof. Let n > 1. As Lg(1) is reduced to a singleton for all finite poset Q:

ehrp(n+1) = Z ehTP\[n]\o (n)eh?“pp (1)
O€Top(P)

= Z ehrp . o(n) +ehrp(n).
0#0€Top(P)

We put:

QX) = Z ehTP\[n]\o (X).

0#0€Top(P)

In particular:

Q(0) = Z ehrp o (0) = ehry(0) + 0 =1 = ehrp(1).
0#0€Top(P)
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Then:

ehrp(n+1) = Q(n) + ehrp(n)
=Q(n)+Q(n—1) +ehrp(n—1)

Qn)+Qn—1)+...4+Q(1) + ehrp(1)
Q(n)+...+Q(1) +Q(0)
L(Q)(n+1).

So ehrp = L(Q).

For ehrsi" observe that ehrSQ“"(l) = 1if @ is discrete, and 0 otherwise, which implies:
ehrii"(n+1) = Z ehr%"[’n] (n) + ehri™ (n).
0 # O € Top(P), discrete

The end of the proof is similar. O

Examples.

ehr,(X)=Hi(X) =X,
X(X +1)
2 )

ehry (X) = Hi(X) + Hy(X) =
X(X +1)(2X +1)

ehr ., (X) =ehr

v A 6 ’
XX +1)(X+2
ehrI(X):Hl(X)+2H2(X)+H3(X): ( 6)( );
ehrs™(X) = Hi(X) = X,
. X(X -1
ehrIt (X) = Hy(X) = (f)’
XX -1)(2X -1
ehr®" (X) = ehr® (X) = Ha(X) + 2H3(X) = ( ) ),
V A 6
XX -1)(X -2
ehr‘f"(X) = H3(X) = ( 6)( )
3.3 Characterization of quasi-posets by packed words
Lemma 21 Let P = ([n],<p) be a quasi poset and let I, ..., Iy be distinct minimal classes

of the poset P; let w' € W]‘f—,"f;] The following map belongs to Wl :

\(I1U...UIy)

[n] — N*
w:g z€l,,1<p<k — p
xg¢hU...Ul, — o' (x).

Proof. Let us assume that i <p j.

e Ifi € I,, as I, isaminimal class of P, j € I, or j & I1LI...UI,. In the first case, w(i) = w(j);
in the second case, w(i) < k < w(j). If moreover w(i) = w(j), then necessarily j € I, so

i~p ]
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elfi¢ hu...Ulyasi<pj, j¢hLil...Ulys0oi<p, . ., Jandw (i) <w(j),

so w'(i) < w'(j). If moreover w(i) = w(j), then w'(i) = w'(j), so i ~ Py, J and
finally 7 ~p j.
As a conclusion, w € W§I. O

Note that this lemma implies that W™ is non-empty for any non-empty quasi-poset P.

Proposition 22 Let P = ([n], <p) be a quasi-poset and let i,j € [n]. The following asser-
tions are equivalent:

1. i <pj.

2. Yw € Lp, w(i) <w(j).
3. Yw € L3, w(i) < w(j).
4. Yw € Wp, w(i) < w(j).
5. Yw e W w(i) < w(j).

Proof. Obviously:

It is enough to prove that 5. = 1. We proceed by induction on n. If n = 1, there is nothing
to prove. Let us assume the result at all ranks < n. Let i,5 € [n], such that we do not have
i <p j. Let us prove that there exists w € W§", such that w(i) > w(j). There exists a minimal
element k € [n], such that k <p j; let I be the class of k in P. By hypothesis on i, i and k are
not equivalent for ~p, soi ¢ I. If j € I, let us choose an element w’ € W™ if j ¢ I, then by

Blinpr?
the induction hypothesis, there exists w’ € ngﬁl}\z’ such that w'(7) > w'(j). By lemma 21, the
following map is an element of W5
[n] — N
w:e ze€l — 1
¢l — wx)+1
If j eI, then w(j) =1 <w();if j ¢ I, wi) =w(i)+1>w(j)+1=w(). Inboth cases,
w(t) > w(j). O

3.4 A link with linear extensions

Let P € QP(n). Linear extensions, as defined in [9], belong to W§": they are the elements
f € W such that

It may happens that not all elements of W3 are linear extensions. For example, if P = A

Wi (3) = {(123),(132),(122)}, and (122) is not a linear extension of P. The set of linear
extensions of P will be denoted by Ep.

Definition 23 Let w and w' be two packed words of the same length n. We shall say that

w < w f:
Vi, j € [n], (w(i) <w(j)) = (W'(i) < w'(5)).
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This defines a partial order on packed words of the same length n. For example, here are the
Hasse graph of this order for n = 2 and n = 3:

(123) (132) (231) (321) (312) __ (213)

N N ISP

(112) — (122) (121) (221) (211) (212)

\\‘//

(111)
Proposition 24 Let P € QP(n). Then:

Wp = U {w' | < w}.

wEEP

This union may be not disjoint. Moreover, the maximal elements of Wp for the order of definition
23 are the elements of Ep.

Proof. C. Let w € Wp. For all 1 < p < max(w), we put I, = w=!(p). Let f, be a linear
extension of Py . We define f : [n] — N by:

f(i) = max(f1) + ... + max(fp—1) + fp(3) if i € I,.

By construction, if w(i) < w(j), then f(i) < f(j): w < f. Let us prove that f € Ep.

If i <p j, then as w € Wp, w(i) < w(j). If w(i) = w(j) = p, then i Spup J, so fp(i) < fp(4),
and f(i) < f(5). If w(i) < w(j), then f(i) < f(j)-

IF 7(5) = £(3). then w(@) = w(j) = p. and fo(3) = o). As fy € Epp, i~y .50 6 ~p J.

. Let w € Ep and v’ <w. If i <p j, then w(i) < w(j) as w is a linear extension of P. As

"<w, w(i) <w(j), sow € Wp.

2
w' <

Let w be a maximal element of Wp. There exists a linear extension w’ of P, such that
w < w'. As w is maximal, w = w' is a linear extension of P. Conversely, if w is a linear

extension of P and w < w’ in Wp, then as w is a linear extension of P, max(w) = cl(P).
Moreover, as w < w', max(w) < max(w'). As w’' € Wp, max(w’) < ¢l(P), which implies that
max(w) = max(w') = cl(P), and finally w = w’: w is a maximal element of Wp. O

Example. For P =*\}*:

Ep ={(123),(132)};
Wp = {(123), (122), (112), (111)} U {(132), (122), (121), (111)}
= {(123), (132), (122), (112), (121), (111)}.

Note that the two components of Wp are not disjoint.
Remark. A similar result is proved in [9] for T-partitions of a quasi-poset, generalizing

Stanley’s result [16] for P-partitions of posets; nevertheless, this is different here, as the union is
not disjoint.

4 Characters associated to ehr and ehr®”

Recall that (Mgp, *) the monoid of characters of (Hqp,m,0).
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4.1 The monoid action on Hopf algebra morphisms

Notation. We denote by 7 the map from K[X] to K, sending any polynomial P(X) to the
coefficient of X in P. In other words:

dP P(X) — P(0)
-0 ()

Lemma 25 Let A be a graded, connected bialgebra and let ¢, : A — K[X] be bialgebra
morphisms. Let G be a set of generators of the algebra A, included in the augmentation ideal of
A. If for allx € G, mo ¢(x) = wo(x), then ¢ = 1.

Proof. First step. Let us prove that m o ¢(a) = wo(a) for all a € A. As G generates
A, we can assume that ¢ = x1...x, with ¥ > 0 and z1,...,2p € G. If Kk =0, a = 1 and
mop(l) =mop(l) =0. If k = 1, this is the hypothesis of the lemma. If £ > 2, as G C Ker(ey),
a € Ker(e4)? and both ¢(a) and 1(a) belong to Ker(exx])* = (X?). So mog(a) = mop(a) = 0.

Second step. Let us take a € A, homogeneous of degree n. Let us prove that ¢(a) = ¥ (a) by
induction on n. If n = 0, we can assume that a = 1 by connectivity, so ¢(a) = ¢(a) = 1. Let us
assume the result at all ranks < n. By the induction hypothesis:

A(¢(a) = P(a)) = (¢ ® ¢) 0 Ala) = (Y @) 0 Aa) = (Y @ ¢) 0 Aa) — (¥ @) 0 A(a) = 0.
So ¢(a) — ¥(a) € Prim(K[X]) = Vect(X) and:

$(a) —(a) = w(¢(a) — ()X =0,
So ¢ = 1. O

Proposition 26 There ezists a unique Hopf algebra morphism ¢o : (Hgp, m, A) — K[X]
such that:

Vo € Hap, 7o ¢po(z) = ep(z),
where ep is the counit of (Hqp,m,d). This morphism is homogeneous for the graduation of Hgp
by the number cl(P) of equivalence classes of ~p.

Proof. Unicity. It is guaranteed by lemma 25, where G is the set of connected quasi-posets.

Ezxistence. We identify K[X] and its graded dual via the Hopf pairing defined by:
Yk, 1> 0, (X* X" = 6,k

We consider the dual basis of the basis of posets of Hp, which we denote by (P*)pcp; this is a
basis of the Hopf algebra H;,. As .” is primitive and homogeneous of degree 1 in HJ,, there exists
a homogeneous Hopf algebra 1y, : K[X] — Hp, sending X to .*. Let us consider its transpose
o : Hy — K[X]; it is homogeneous and sends . to X. If P is a quasi-poset of cardinality > 2,
1o(P) is homogeneous of degree > 2, so 7 o ¢y(P) = 0. To summarize:

lifP=.,

0 otherwise.

W0¢0(P):{

Consequently, if P is connected, moy(P) = eg(P). We then take ¢g = 1pgo=. By composition, it
is a Hopf algebra morphism, homogeneous of the graduation of Hqp by cl, and for any connected
quasi-poset P, 7o ¢o(P) = mo9o(P) = ep(P) = ep(P). O
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Proposition 27 Let E = Fy__,k|x) be the set of Hopf algebra morphisms from (Hgp, m, A)
to K[X]. The monoid (Mgp,*) acts on E via the map:

(0. f) — o [f=(0®f)od.

For any ¢ € E, there exists a unique f € Mgp such that ¢ = ¢o < f. Moreover, for any
connected quasi-poset P:

{Exm3—+E

f(P)=mop(P).
Proof. Unicity. If ¢ = ¢y < f, for any connected quasi-poset P:
$(P) =Y do(P/ ~)f(P| ~).
~<P

Note that P/ ~ is homogeneous of degree the number of equivalence classes of ~, so ¢g(P/ ~) is
homogeneous of degree 1 if, and only if, ~ has only one equivalence class; in this case, P| ~= P.
Hence:

mo¢(P) =ep(.)f(P) = f(P).
As connected quasi-posets generate Hqp, this entirely determines f.

Ezistence. As Hqgp is the polynomial algebra generated by connected quasi-posets, there
exists a character f such that for all connected poset P, f(P) = mo@(P). Then for all connected
poset P, mo ¢(P) =mo (pg <+ f)(P) = f(P). By lemma 25, ¢ = ¢9 < f. O
4.2 Associated characters
By homogeneity, for any quasi-poset P, there exists a scalar Ap such that

¢o(P) = ApX P,
If P, Q are two quasi-posets:
$0(PQ) = ApX P = ¢y (P)gn(Q) = ApAgXFITel@),

So Apg = ApAg: A defines a character of Hqp. Moreover, as ¢o(P) = ¢o(P) for any P € gp,
Ap = Ag: it is enough to consider posets here.

Lemma 28 For all P € P(n), n > 0:

1if P =1,
Mo =41 1 .
LP] n Z AP o) = n Z ALPlgup oy | OthETWISE.
Memaz(P) memin(P)

Proof. Let P € P(n), with n > 0.
(Id@ )0 Ao go(LP)) = App)(Id© 7) 0 A(X™)
= )\LPJTLXn_l;

= (Id® ) o (¢g® pg) 0o A(|P]) = Z )‘LP‘OJ)‘LPM\OJX”"]\O‘W(X'm)
O€Top(P)

n—1
= > AP0 M P o) X
O€Top(P),|0|=1

_ n—1
- Z APl X
Memaz(P)
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This implies the first equality. The second is proved by considering (7 ® Id) o Ao ¢o(|P]). O

This lemma allows to inductively compute Ap. This gives:

pl el vlaltl vl al VoY Al [l wld
1 1‘1 1 1‘1‘1‘1 1 1 1 5‘1

YR [T - I - (R B O )
21 3 3 161 4 4 8 8 1121121241241 6 | 12

Proposition 29 Let P € P(n). The number of elements of Wp(n) of P is denoted by up:
in other words, up is the number of bijections f from [n] to [n] such that for all x,y € [n],

z<py=f(z) < f(y),

that is to say heap-orderings of P. For any finite poset P, Ap = 'u—F'),
n!

Proof. Let us fix a non-empty finite poset P € P(n). For any poset @, the set of heap-
orderings of @ is Wg(|Q]). We consider the map:

Wp(n) — L] Wepn -1
Memaz(P)
[ = i1 € Wh\p-1myy (n = 1).

It is not difficult to prove that this is a bijection. So:

_ . pe 1 HP\(M)
Kp = Z HP\{M} o on Z P\ {M}]I"
Memax(P) Memax(P)
An easy induction on |P| then proves that A\p = M—I'D for all P. O
n!

This is simpler for rooted forests:

Definition 30 Let P be a non-empty finite poset.
1. We put:
Pl= [ HieV(P)|i<pj}

i€V (P)
By convention, 1! = 1.

2. We shall say that P is a rooted forest if P does not contain any subposet isomorphic to M .
Examples.

1. Here are isoclasses of rooted forests of cardinality < 4:

Lot Voo v, K/ Y[ AV SR S I SO

2. Here are examples of values of P!:

Pl vlalt|vlalblt]VIA]E|n
3 4]6] 4 8 18 6

[6[ 488 [12]12]

] 0

1
Proposition 31 For all finite poset P, Ap > I with equality if, and only if, P is a rooted
forest. '

26



Proof. We proceed by induction on n = |P|. It is obvious if n = 0. Let us assume the result
at all ranks < n.

1
Ap—m Z AP\ {m}

memin(P)

1 1
Zm Z H HieV(P)|j#m,i<pj}

memin(P) i€V (P),i#m

1 1
" 1P 2 11 HjeV(P)[i<pj}

memin(P) i€V (P),i#m

= pip L Hiev(P)Im<ri)

memin(P)

For any j € A, there exists m € min(P) such that m <p j, so:

> tieV(P)m<pi}>|P]

memin(P)

1
Consequently, A\p > B

Let us assume that this is an equality. Then:
Y. #Hiev(P)[m<pjt=|P|
memin(P)

Consequently, for all j € min(P), there exists a unique m € min(P) such that m <p j. More-
over, for all m € min(P), Ap\(m} = W. By the induction hypothesis, P\ {m} is a rooted
forest; this implies that P is also a rooted forest.

Let us assume that P is a rooted forest. For any j € V(P), there exists a unique m € min(P)
such that m <p j, so:

Y. #ievP)Im<pj} =P

memin(P)
Moreover, for all m € min(P), P\ {m} is also a rooted forest. By the induction hypothesis,

AP\{m} = W. Hence, A\p = oI U

Let us now apply proposition 27 to ehr and ehrs':
Theorem 32 For all finite connected quasi-poset P, let us put:

sir d
ap:d—Xehrp( )| X=0 ast —d—Xehr "(X) 1 x=o0-

These scalars define characters o and o' in Myp. For any quasi-poset P:

_ MP/N cl(N) str _ Hp/~ oSt cl(N)
ehrp(X) = qup ()] ap|~X ehrp”(X) = ;) cA(~)! ap| X

where cl(~) is the number of equivalence classes of ~.

Examples. Let us give a few values of a:

pllolvlali|v]alb]t]Y

I
1
3

Z
= X
<>

>

ol =
| =

| =
=
e



Lemma 33 Let P € QP, not discrete. Then ehrp(—1) = 0.

Proof. First step. Let us prove that L(Hp(—X)) = —Hp41(—X) for all & > 0. For all

In>0:
mien = -0 (")

For all k,n > O:
L(Hg(—=X))(n+1) = Hi(0) + ...+ Hi(—n)

:(—1)’{”:(”2_1)

1=0

= (-1)* nil (‘2)

J=k

n+k
= (=" (k + 1>
= —Hp11(=(n+1)).

Second step. Let us prove that L((X + 1)) C (X + 1). For all £ > 2, let us put Hx(—X) =
X(X 4+ 1)Li(X); (Lg(X))k>2 is a basis of K|X], which implies that (Hy(—X))x>2 is a basis of
(X(X +1)), and that (X + 1) U (Hx(—X))k>2 is a basis of (X +1). First:

X(X -1
(-1 XX+

2 2

if k> 2, by the first step, L(Hi(—X)) = —Hp11(—X) € (X + 1).

L(X +1)=L(H{(X) + Hy(X)) = Hy(X) + Hi(X) = € (X +1);

Last step. We can replace P by P, and we now assume that P € P(n). There is nothing to
prove if n = 0,1. Let us assume the result at all rank < n. Then, by the second step and the
induction hypothesis:

ehqu (—1) =L Z ehTLP\[n]\OJ(X)
0£0€Top(P) IX=—1

=L Z ehr| By, 01 (X)

0 # O € Top(P)
Pjin)\o discrete

|X=—1

=L Z ehrLP‘JJ(X)

[n]#£JCmin(P) IX=—1
=L Y ehrp,J(X)

JCmin(P) IX=—1
o 3w

JCmin(P) IX=—1
= L((1+ X))

—_—
e(X+1)
= 0.
For the fourth equality, note that P is not discrete, so min(P) # P. ]
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Corollary 34 The character a is invertible in Mgp. We denote its inverse by B. For any
quasi-poset P:
— (—1)eP)+ce(P) Hp )

Proof. As «,, =1 for all n, « is invertible by proposition 11. We can restrict ourselves to
posets. A connected poset ) is discrete if, and only if, ) = .. Let P be a connected poset. If
P =., then:

axfB(.)=a, x5, =1.

If not, then:

Hp/~ cl(~
0= —chrr(=1) = 3 G Sam (-1
~<P '

_ HP/~ l(P/~)+1
— E _ M 1
S c(p/ N)!( ) “PI~

=Y Bpjeap)n

~<P

= B * a(P).
So B* a(P) =0 =ep(P). Hence, S is the inverse in Mgy, of a. O

4.3 Duality principle

Proposition 35 Let v € K, non-zero. There exists a unique Hopf algebra morphism ¢, :
Hap — K[X] such that for any quasi-poset P:

¢ (P)(—v) = eB(P).

This morphism is given by:

¢AP»:«4kamp<§>.

14

Proof. Unicity. Let ¢ be such a morphism. There exists a character v € Mgp such that
¢ = ¢g < 7. for any quasi-poset P:

S(P)(=v) = > Apyu(=0) " ypy L = ep(P).
~<P

Let us consider the map A*) : Hqp — K, which associates to any finite quasi-poset P the scalar

Ap(—v)P). This is obviously a character of Hqp. As )\Eyn) = (—v) # 0 for all n, by lemma 11
M) is invertible in Mgp; moreover, AW sy = ¢, so v is the (unique) inverse of A in Mgp.

Existence. For all non-zero scalar 7, let us consider the following Hopf algebra isomorphisms:

0. - K[X] — K[X] g - Hap — Hap
1 P(X) — P(nX), n P — PP

Let ¢ = 6,-10ehrof’ ;. By composition, ¢ is a Hopf algebra morphism and for any quasi-poset
P:
X
oP) = ()" Vet ().

14

Hence, if P is a quasi-poset:

(_1)CI(P)(_1)cl(P) =1= 6B(P) if P is discrete,

P(P)(=A) = (_1)Cl(P)ehrP(_1) - {0 = ep(P) otherwise.
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So such a ¢ exists. O

Remark. Such a morphism does not exist if v = 0. Indeed, for any non-empty poset P, if
¢ : Hqp — K[X] is a Hopf algebra morphism, ¢(.)(0) = eg(x]j0 ¢(-) = €a(.) =0 # ep(.).

Corollary 36 1. (Duality principle). For any quasi-poset P:
ehr$f (X)) = (=1)*Pehrp(—X).
2. For any quasi-poset P, afi" = (=1) P+ p,
3. o’ gs invertible in Mqp. We denote by 35" its inverse. For any quasi-poset P:

str _ MP
@_dwr

Proof. We can restrict ourselves to posets.

1. It is enough to prove that ehrs'" = ¢_4, that is to say ehr$i"(1) = 0 if P is not discrete
and 1 otherwise. Let P € P(n). There exists a unique map f from [n] to [1]. If P is not discrete,
¢ L3 (1), so ehr§i™(1) = 0. If P is discrete, f € L (1), so ehr§i"™(1) = 1.

2. and 3. Immediate consequences of the first point. ]

Proposition 37 The following map is a Hopf algebra automorphism:

(Hap,m,A) —  (Hgp,m, A)
P — Y P/~.

~<aP
Its inverse 1is:
. (Haqp,m, A)  — (Hqp,m, A)
0 P — (-1)PN(—1)HIP) ~
~<P
Moreover:
ehr" 0 § = ehr, ehr o071 = ehr®?.

Proof. Let ¢ be the character of Hqp which sends any quasi-poset to 1. Then 6 = Id < ¢;
moreover, ¢ is invertible in Mgp by lemma 11, so 6 is a Hopf algebra automorphism. For any
quasi-poset P:

((l)y=1=ehrp(1) = Z 'MP#QHN = Z By ap|. = B % a(P),
c(P/ ~)! i

~<aP ’ ~<aP

so ¢ = 3% x a; hence, its inverse is 5 * o', and for any quasi-poset P:

str(py — 1 cl(~)+ce(P) HP/~ str
5*04 ( ) N;_—;( ) Cl(P/ N)!aP|N

= (—1)*Pehrpr (1)
_ (_ 1)cc(P)+cl(P) ehTStr(l)
(_1)cc(P)+cl(P) ]

Hence:

971(P) =Id + (B« OéStT)(P) _ Z(_l)CC(P\N)Jrcl(P\N)P/ ~— Z(_l)cl(NHcl(P)P/ ~
~aP ~<aP
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Moreover:

ehr*'" 0 § = (¢g + ") o (Id < 1)
= ((¢o ) o Id) + 1
~ (b0 a™)
= ¢ + (0" % 1)

— (bO — (astr */Bstr *a)

=¢o ¢«
= ehr.
Examples.
0(.) = 07 () =,
(1) = 1+ .o, O~ 1) =1 —.,,
O(V)= V +21, + .3, 0 V)=V —21, +.5,
O(A)= A +212 4.4, 0N V)= A —212 4.5,
o=V 41, 412 + .., O V)=V -1, —12 4.,

4.4 A link with Bernoulli numbers

For any k € N, let ¢, be the corolla quasi-poset with k leaves: ¢, = ([k + 1], <, ), with 1 <,

SLE+1:

3
2 3 2 4
Co = e1, c =11, o ="V", cs="Vi

_ 1

B proposition 31, A., = = Moreover:

Lo, ={f:[k+1] —= N | f(1) < f(2),.... f(k+ 1)},
Lgh ={f [k +1] — N[ f(1) < f(2),..., f(k + 1)},

so, for all n > 1:

Eh?“StT(TL) _ (n - 1)k 4+ ...+ 1k — Sk(n)a

Ck

where Si(X) is the unique polynomial such that for all n > 1, Sg(n) = 1% +... 4+ (n — 1)¥

str

consequence, aS" is equal to the k-th Bernoulli number b.

Let ~ «cj,. As the equivalence classes of ~ are connected:
e The equivalence class of the minimal element of ¢; contains i leaves, 0 < i < k.

e The other equivalence classes are formed by a unique leaf.

Hence:
"k
L
ol = Y- (§) il Lo
=0
where ¢; ;_; is the quasi poset on [k + 1] such that:
1N ;k : “‘Nc;,k— 1+ 1 Sclk i—|—2,...k¢—|—1.
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Hence, by theorem 32:

We recover in this way Faulhaber’s formula. For all n > 1, ehre, (n) = n* 4+ ...+ 1% and the
duality principle gives, for all n > 1:

(=18 (—n) = 1" 4+ ...+ nF = Si(n) + n".

5 Noncommutative version

5.1 Reminders on packed words

Let us recall the construction of the Hopf algebra of packed words WQSym [14, 15].
Definition 38 Let w = x1...x, be a word which letters are positive integers.
1. We shall say that w is a packed word if there exists an integer k such that {x1,...,x,} = [k].

The set of packed words of length n is denoted by PW (n); the set of all packed words is
denoted by PW.

2. There exists a unique increasing bijection f: {x1,...,xn} — [k] for a well-chosen k. We
denote by Pack(w) the packed word f(x1)... f(xr). Note that w is packed if, and only if,
w = Pack(w).

3. Let I CN. Let iy < ... <1y be the indices i such that x; € I. We denote by wy the word

Ty ...xl-p.

As a vector space, WQSym is generated by the set PW. The product is given by:

Yu € PW(k), Yo € PW(I), uw = > w.

w=r1...T5+ EPW (k+I),
Pack(z1...x)=u,
Pack(xg41...Tpy1)=0

The unit is the empty word 1. The coproduct is given by:
max(w)

YVw € PW, A(w) = Z wyy,. k) @ Pack(Wipi1,. max(w)})-
k=0
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For example:

(11).(11) = (1111) 4 (1122) + (2211),

(11).(12) = (1112) 4 (1123) + (2212) + (2213) + (3312),

(11).(21) = (1121) 4 (1132) + (2231) + (3321),

(12).(11) = (1211) 4 (1222) + (1233) + (1322) + (2311),

(12).(12) = (1212) 4 (1213) 4 (1223) + (1234) + (1323) + (1324)
+ (1423) + (2312) + (2313) + (2314) + (2413) + (3412),

(12).(21) = (1221) + (1231) + (1232) + (1243) + (1332) + (1342)
+ (1432) + (2321) + (2331) + (2341) + (2431) + (3421),

A(111) = (111) @ 1+ (111) ® 1,

A(212) = (212) @ 1+ (1) ® (11) + 1 @ (212),

A(312) = 312) @ 1+ (1) ® (21) + (12) ® (1) + 1 ® (312).
5.2 Hopf algebra morphisms in WQSym

Proposition 39 The two following maps are surjective Hopf algebra morphisms:

(Hqp,m,A) — WQSym

EHR:{ P — 3w
weWp

(Hqe,m,A) — WQSym

EHRS“’:{ P — Y w
weWstr

Proof. Let P € QP(k), Q € QP(l), and w be a packed word of length k + [. Then:
e w e Wpq if, and only if, Pack(w; ... wy) € Wp and Pack(wgy1 ... wity) € Wog.

o w e Wy if, and only if, Pack(w; ... wy) € W and Pack(wy1 ... wy11) € W™
This implies that :

EHR(PQ)= FEHR(P)EHR(Q),
Let P € QP(n). We consider the two sets:

EHR*"(PQ) = EHR*"(P)EHR*"(Q).

A= {(w,k) | w e Wp,0 < k < max(w)},
B ={(0,w1,w2) | O € Top(P), w1 € Wegek(Pu0)> W2 € Wpack(Po)}-
We define a bijection between A and B by F(w, k) = (O, w;,ws), where:
e O=w't{k+1,..., max(w)}).
e wi = Pack(wg . xy)

® wz = PGCk(w{k+1,...,max(w)})'
Then:

AoEHR(P)= Y Pack(wy, ) ® Pack(wii1,. max(w)})
(w,k)eA

(O, w1,w2)EB
— (EHR @ EHR) o A(P).

w1 ® wo
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So EHR is a Hopf algebra morphism. In the same way, EH R is a Hopf algebra morphism.

Let w be a packed word of length n. We define a quasi-poset structure on [n] by i <p j if,
and only if, w; < w;. Then Wi = {w}, so EHR*"(P) = w: EHR®" is surjective. If w’ € Wp,
then max(w’) < max(w) with equality if, and only if, w = w’. Hence:

EHR(P) = w + words w' with max(w") < max(w).

By a triangular argument, FH R is surjective. U
Examples.
EHR(.1) = (1), EHR'(.,) = (1),
EHR(11) = (12) + (11), EHR"(13) = (12),
EHR(13) = (21) + (11), EHR"(13) = (21),
FEHR(.1.2) = (12) 4+ (21) + (11), EHR(.1.5) = (12) + (21) + (11),
EHR(.1,2) = (11), EHR™(.,,2) = (11).

Proposition 40 The following map is a Hopf algebra automorphism:

(HQp,m,A) — (HQP,m,A)
P — Y P/~.
~aP

Its tnverse is:

(Hqp,m,A) — (Hqep,m,A)
(_)—1 . P Z cl(P )+cl(~ )P/N
~<P

Moreover, EHR*" 0 © = EHR and EHR o ©~! = EHR*".

Proof. The monoid Mgy acts on the set Fyqp—#qp, and © = Id < ¢, where ¢ is the charac-
ter defined in the proof of proposition 37. So © is an automorphism, and its inverse is Id « /*7 1.

Let us prove that:
We = Z Wstr
~<P
Let w € Wg; we define an equivalence ~, by & ~y, y if w(z) = w(y) and = and y are in the same
connected component of w~!(w(z)). By definition, the equivalence classes of ~,, are connected.
If £ ~p/e, ¥, there exists o1, ..., og, 2}, y1,¥1 - - -, Y1, y; such that:

/ /
T<pT1~y T Sp ... Spxf~w T <P Y,

Y<py1 ~w ¥ <p ... <p Yy ~wy <p .

As w e Wp, w(z) < w(z1) = w(z)) < ... < w(rg) = w(zy) < w(y); by symmetry, w(z) =
w(z1) = ... = w(z),) = w(y) = i. Moreover, as the equivalence classes of ~,, are connected,
and y are in the same connected component of w=1(7), S0 T ~y y: ~y <P,

If v <pyorxn~yy, then w(z) < w(q). By transitive closure, if z <p,. y, then w(z) <
w(y), so w € Wp/.,,. Moreover, if w(i) # w(j), we do not have z ~y, y, so w € Wf;.t/er.

Let us assume that ~ <P and let w € Wl . If z <p v, then z <p/~ Y, S0 w(z) < w(Y):

P/~
W, C We.
Let us assume that w € W;’;" , with ~ <«P. If z ~ y, then w(z) = w(y) = i and x and

y are in the same connected component of P| ~, so are in the the same connected component
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of w(i): @ ~y y. If 2 ~y ¥y, then w(z) = w(y) = i and there exists 1,2 ..., T, 2} with
’U)(Cﬂl) = w(m’l) =...= w(xk) = w(x;g) = ¢ such that:

r<pxi>pzi<p...>px, <puy.

Asw € W;?TN, T ~p/ 1, TL NP/ Ty Ty ~p/a Yo SO T ~py s as ~ <P, x ~ y. Finally,

=Y.

We obtain that:

EHR(P)= Y w=Y»_ > w=Y» EHR"(P/~)=EHR"(O(P)).

weWp ~<P wGWSt/TN ~<P

So Ehrst" o ©® = EHR. g

Examples. If {i,j} = {1,2} and {a,b,c} = {1,2,3}:

O(1) =1, O (1) =1,
(1) =1 +..,, o l(t)y=1 —..,,
OCN ) ="V + 18+ 10+ eane, O VL) ="V — 15 — e+ vane,
LN, )=, A I b, OGN )= No — 1o — 120 4+ 0y,
odb)y =1 +1ve 41t +eue, o tth)=1i —1he — 1o, 4.

Proposition 41 Let us consider the following map:

[ WQSym — K[X]
' wePW — Hmax(w)(X)'

This is a surjective Hopf algebra morphism, making the following diagram commuting:

Hqp
y i@ EHR
Hap () Hap = WQSym
g |ehr e
/ H
Hap —= K[X]
Proof. Let P € QP. Then:
ehr(|P]) = tWp(k = Y Hyuw)(X)= > H(w)=HoEHR(P).
weWp weWp

So ehro || = H o EHR. Similarly, ehrs" o || = H o EHRS'".

Let us prove that H is a Hopf algebra morphism. Let wi,ws € WQSym. There exists
x1, 22 € Hqp, such that w; = EHR(z1) and wy = EHR(x2). Then:
=Ho EHR($1$2)
= ehr(|z122])
= ehr(|z1])ehr(|z2])
= Ho EHR(x1)H o EHR(x2)
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Let w € WQSym. There exists € Hqp such that w = FHR(z).

AoH(w)=AoHoFEHR(z)
=(H® H)o(FHR® EHR) o A(x)
=(H® H)oAo EHR(x)
=(H® H) o A(w).

So H is a Hopf algebra morphism. O

5.3 Compatibility with the other product and coproduct
Theorem 42 We define a second coproduct 6 on WQSym.:

Vw € PW, §(w) = Z (0 ow)® (Tow),
(o,7)EAW

where Ay, is the set of pairs of packed words (o,7) of length max(w) such that:
e 0 is non-decreasing.
o If1<i<j<max(w) and (i) = o(j), then 7(i) < 7(j).

Then (WQSym, m, 8) is a bialgebra and EHR®" is a bialgebra morphism from (Hqp,m,d) to
(WQSym, m, ).

Proof. Let us prove that o FEHR*'" = (FHR*"" @ EHR*'") 0 §. Let P € QP. We consider
the two following sets:

A = {(N7w17w2) ‘N <]P7 w1 (= W;t/T‘N’wQ c W;t\?’/‘\/}’
B={(w,0,7) |we W (0,7) € Ay}

Let (~,wy,wy) € A. We put I, = w;*(p) for all 1 < p < max(wi), and wgp) the standard-
ization of the restriction of wa to I,. We define w by:
(p) (2)

w(z) = ws (z) +maxw; +...+ maxwf_)l if7 € I,

Let us prove that w € W', If 2 <p y, then z <p,. y, so p = wi(z) < wa(y) = q.
o If p < g, then w(z) < w(y).

e If p = ¢, then wy(z) = we(y) and, as z <p y, x and y are in the same connected component
of w™l(p). So x ~y, ¥y, that is to say z ~ y as wy € Wf;.t/rN, and x <p|. y, which implies
that we(x) < wy(y) and finally w(z) < w(y).

Let us assume that moreover w(z) = w(y). Then p = ¢ and necessarily, wa(x) = wa(y). As
wy € W]‘f-,t‘i, X ~pjn Y, SO T ~p Y.

If w(z) = w(y), then by definition of w, wi(z) = wi(y). So there exists a unique o :
[max(w)] — [max(wi)], such that wy = o ow. If w(z) < w(y), then, by construction of w,
wi(x) < wi(y): o is non-decreasing.

There exists a unique 7 : [max(w)] — [max(wz)], such that wy = 700. As Pack(w;,) =
Pack((wz)|,) for all p, T is increasing on I),.

To any (~,w1,ws) € A, we associate (w,o0,7) = F(~,w;,ws) € B, such that wy = g o7,
wg = T o0, and ~=n~so,. This defines a map F : A — B.
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Let (w,0,7) € B. We put G(w,0,7) = (~,0,7) = (~gow,0 0w, 7 ow). If z <p y, then
w(z) < w(y), so wi(x) = cow(r) < oow(y) = wi(y). If moreover wi(x) = wi(y), then as

x <py, x and y are in the same connected component of wl_l(wl (X)), SO T~y Yy Wy € W;’;”N.

If v <p. y, then x ~y, y and x <p y, so wi(x) = wi(y) and wir) < w(y). By hypothesis
on 7, Tow(z) < Tow(y), so wy(x) < wa(y). If moreover wa(x) = wa(y), by hypothesis on 7,

w(z) = w(y). Aswe W, & ~py, 50z ~pj. y: wy € W,

We defined in this way a map G : B — A. If (~,wy,wq) € A:
Go F(~,wi,ws) = G(w,0,T) = (~gow,T 0w, T ow) = (~y,, w1, ws) = (~, wy,ws).
So GoF =1Idy. If (w,0,7) € B:
FoG(w,0,7) = F(~gow,0 0w, Tow) = (w,0,7).
So Go F =1Idg: F and G are inverse bijections.

We obtain:

(EHR™ @ EHR™)o6(P)= > wi @wy

(Nywl 7w2)€A

= g cowWRTow
(w,o,7)EB

= ) 6w

weW gt

=00 EHR"(P).
So EHR®' is compatible with §.

As EH R is compatible with the product m and the coproduct 6, Ker(EH R*') is a biideal
of (Hqp,m,d), and (WQSym,m, d) is identified with the quotient Hqp/Ker(EHR®'), so is a
bialgebra. O

Examples.

(11; +(12) + (21)) + (11) ® (12),
((11) + (12) + (21)) + (11) ® (21).

This coproduct § on WQSym is the internal coproduct of [15], dual to the product of the
Solomon-Tits algebra.

Remarks.

1. The counit of (WQSym,m,d) is given by:

{1ifw:(1...1),

eg(w) =
B(w) 0 otherwise.

2. There is no coproduct & on WQSym such that (FHR® FHR) o6 = ¢’ o EHR. Indeed,
if ¢ is any coproduct on WQSym, for x = 1? + 1} —.1.0 — o1 2

§' o EHR(z) = 6'(0) = 0,
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but:

(EHR ® EHR) o §(z)
:(EHR®EHR)(( %+I%_~102)®~102 +01,2®( %+I%_~102_01,2))
= (11) ® (11).

Proposition 43 H : (WQSym, m, ) — (K[X],m,?) is a bialgebra morphism.
Proof. Let w be a packed word. We denote k = max(w). Let a,b € N.

(H ® H) o (5(?1})(0,, b) - Z Hmax(aow) (a)Hmax(Tow) (b)
(o,7)EAW

- 2 () Coten) - (oran)

o : [k] = [l], non-decreasing

- = (O6)-()

i1+ ti =k

As this is true for any a,b € N, (H ® H) o §(w) = o H. O

Corollary 44 ehrs'™ is the unique map from Hqp to K[X| such that both ehrs* : (Hgp, m, A) —
(K[X],m,A) and ehrs" : (Hqp, m,8) — (K[X],m,d) are bialgebra morphisms.

Proof. We have a commutative diagram of surjective morphisms:

Hqp wTVVQSym

T

Hap —27= K[X]

= str

As the arrows EHR®", = and H are compatible with J, necessarily the arrow ehrs" also is.

Let us consider an algebra morphism ¢ : Hqp — K[X], compatible with both bialgebra
structures. There exists f € Mqp, such that ¢ = ¢y < f. Putting g = 85" % f, we obtain that
J =ehr*™ + g. For any & € Hqp, denoting by €’ the counit of (K[X],m,d) and using Sweedler’s
notation for ¢:

ep(r) =& o p(a) = ' (¢(z)g(?)) = ' 0 $(2V)g(2®)) = ep(2V)g(2?) = g(2).

S« ep = ehr®'". 0

So g =¢ep, and ¢ = ehr
Definition 45 Let w = w; ... w; and w' = w] ... w; be two packed words. We put:

wlw =w ... w,(w] +max(w))... (w] + max(w)),
w@®w =w ... wp(w] + max(w) —1)... (w] + max(w) — 1),

wiw' =w v +wew.

These three products are extended to WQSym by bilinearity.
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Proposition 46 For all x,y € Hqp:
EHR (z | y) = EHR*" () | EHR*"(y), EHR(x | y) = EHR(z)4 EHR(y).
Proof. Let P € QP (k) and Q € QP(l). If w = w; ... wyy; is a packed word of length &k + I:

t t t
weWplg = wi...wg € Lp"  wip1 .. wpyy € LG wi, ooy wp < Wiy, -+ - Wit

str

= w=wp | wg, with wp € W wg € W,
So W]‘E'Z"Q =W | W™, and:
EHR"™(P | Q)= > wp | wg = EHR*"(P) | EHR"(Q).
wpEW T woEWE
If w=w;...wgy is a packed word of length k + I:

weWpg<wi...wx € Lp,Wiy1... Wi € Lo, w1, ..., Wk < Why1, ... Wi
— w=(wp wg, with wp € Wp,wg € Wp)
or w= (wp ® wg, with wp € Wp,wg € Wp).

These two conditions are incompatible: in the first case,
max(wy ... wg) = min(wWg4q ... Wey) — 1,
whereas in the second case,
max(wy ... wg) = min(Wg4q - . - W)

So WpiQ = (WP + WQ) U (WP ® WQ), and:

EHR(PiQ): Z wpin—l—prBwQ
wpeWp,wqgeWg

— EHR(P) | EHR(Q)+ EHR(P) ® EHR(Q),

so EHR(P | Q) = EHR(P)4 EHR(Q). 0

Remark. As a consequence, (WQSym, |, A) and (WQSym, 4, A) are infinitesimal bialge-
bras [11], As (Hqp,,A) is [9, 10].
5.4 The non-commutative duality principle
Lemma 47 The following map is an involution and a Hopf algebra automorphism.:
WQSym — WQSym
®_q: w o — (—1)max(w) Z o ow.

o : [max(w)] — [l], non-decreasing

str

Proof. Using the surjective morphisms EH R and ehr!" taking the quotients of the
cointeracting bialgebras (Hqp,m,A) and (Hqp,m,d), we obtain that (WQSym,m,A) and
(K[X],m,d) are cointeracting bialgebras, with the coaction defined by:

p=UId® H)od: WQSym — WQSym ® K[X]

For any packed word w:

p(w) = Z ogow® Hmax(Pack(w‘(oow),l(l))) (X) s Hmax(Pack(w‘(oow),Hl)))(X)'

o : [k] = [l], non-decreasing
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Using proposition 4, for any A € K, considering the character:
[ KX] — K
on: P — P()),
we obtain an endomorphism ®) of (WQSym,m,A) defined by &) = Id « evy. if A # 0, &) is
invertible, of inverse ®,-1. For any packed word w, denoting by k its maximum:
(I))\(w) = Z Hmax(Pack(w‘(Uow)_l(l)))()‘) s Hmax(Pack(w‘(Uow)_l(l))) ()‘)U ow.
o : [k] = [l], non-decreasing

In particular, for A = —1, for any p € N:

@71(’“}) g Z (_1)max(Pack(w‘(Uow)—l(1)))+...+maX(Pack(w‘(Uow)—l(l)))o_ ow

o : [k] = [l], non-decreasing

= (_1)k Z oow.

o : [k] = [l], non-decreasing

Indeed, if z € (0 ow)™1(p) and y € (0 o w)~1(q), with p < ¢, then 0 o w(x) < oo x(y); as o is

non-decreasing, x < y. So there exists n; < no < ... < n; = k such that for all p, the values
taken by w on (o ow)~!(p) are ny_1 +1,...,n,. Hence, the values taken by Pack(w|(you)-1(p))
are 1,...,m, —np_1, sO:

max(Pack(W|(gow)-1(1))) +- - - +max(Pack(wgow)-1(1))) = n1+n2—ni+...+n—n_1 =n = k.
In particular, ®_; is an involution and a Hopf algebra automorphism of (WQSym, m,A). O
Theorem 48 For any quasi-poset P € QP :
EHR(P) = (-1)*®")&_, o ERH*"(P),  EHR*'(P)=(-1)""&_, 0 ERH(P).
Proof. We shall use the following involution and Hopf algebra automorphism:
. Hop — Haqp
' { peQP — (—1)4P)p.
Recall that the character ¢« of Hqp sends any P € QP to 1. By the duality principle:
Lo ¥(P) = (—1)4P) = (=1)P)ehr(P)(1) = ehr®"(~1) = ev_y o ehr*'"(P).

SotoW = ev_q o ehrs".

Let P € QP. Recalling that if ~ <P, cl(P| ~) = cl(P):
§0U(P)=(-1)")>" P/ ~@P|~= > P/~ a(-1) M P| ~= (Id® T) 0 5(P).
~<P ~<P
SodoV¥ = (Id® ¥)od. Hence, for any z € Hqp:

EHRo U (z) = EHR™ o (Id < 1) o ¥(x)
= EHR*" (W (z)g)t 0 ¥(x);
= EHR*" (x0)10 ¥(x)
= EHR*" (z0)ev_y o ehr®" (x1)
= EHR*" (zM)ev_; o EHR*" (2%)
= FHR < ev_i(x)
= (Id + ev_1) o EHR®"(x)
=& _, 0o EHR*" (),
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where we denote §(z) = 2 @ 2? and p(z) = 20 ® #1. As ®_; and ¥ are involutions,
FEHR" oV =®_;0 EHR. O

In Ex(x]-k[x], putting ¢ = Id < evy, for any P € K[X], #»(P) = P(AX). Moreover, as H
is compatible with the coactions:

Ho®y=Ho(ld+ evy)=H «+ evy= (Id<+ evy)oH = ¢)oH,
SO:
ehroW=HoEHRoV=Ho®_ o FHR" = ¢_1 0 Ho EHR*" = ¢_; o ehr*"".

In other words, for any P € QP, (—1)Plehrp(X) = ehr$i™(—X): we recover the duality prin-
ciple.

We obtain the commutative diagram of Hopf algebra morphisms:

/HQP
o} el
EHRstr
Hqp — WQSym
G
U (]
Hap ==+ WQSme\pr
ehr
0
H \
] Hap ——= K[X]
¢£ ¢>—1£
Hap “ehr K[X]
Corollary 49 For all x,y € WQSym:
O_y(zly) =P 1(x)fP-1(y) O_y(zhy) = Pa(x) L P1(y).

Proof. If P,Q € QP, then cl(P | Q) = cl(P) + cl(Q), so:

V(P Q)= (—)HAP | Q=w(P) | ¥(Q).

Let z,y € WQSym. There exist 2/,y’ € Hqp, such that EHR*'"(2') = x and EHR*" (y) = y.
Hence, using the non-commutative duality principle:

®_y(z|y) = (EHR' (/) | EHR" (y))
=®_ 10 EHR (' | o)
=® o EHR o U(¥(2)) | ¥(y'))
= EHR(¥(z) | ¥(y))
=FEHRoU(2") 4 EHR o V(y)
=0 (P10 EHRo V()P _1(®_10 EHRo ¥(y'))
=& (EHR™ (/)4 ®_(EHR™ (/)
=®_1(x)4 21 (y).

As ®_; is an involution, we obtain the second point. ]
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5.5 Restriction to posets

In [9], the image of the restriction to Hp of the map from Hqp to WQSym defined by T-
partitions is a Hopf subalgebra isomorphic to the Hopf algebra of permutations FQSym [12, 7.
This is not the case here:

Proposition 50 FHR(Hp) = EHR" (Hp) = WQSym.
Proof. Let w be a packed word of length n. We define a poset P on [n] by:
Vi,j € [n], i <p jif (i = j) or(w(i) < w(j)).
Note that if ¢ <p j, then w(i) < w(j). If i <p j and j <p k, then:
e ifi=jor j =k, obviously i <p k.
e Otherwise, w(i) < w(j) and w(j) < w(k), so w(i) < w(k) and ¢ <p k.

Let us assume that i <p j and j <p i. Then w(i) < w(j) and w(j) < w(i), so w(i) = w(j). As
1 <pj,i=j. So P is indeed a poset.

Let w’ be a packed word of length n. Let us prove that w’ € W™ if, and only if, w < u/,
where < is the order on packed words of definition 23.

—>. Let us assume that w’ € W5 If w(i) < w(j), then i <p j, so w'(i) < w'(j). Moreover,
if w'(i) = w'(j), then i <p j, soi = j as P is a poset, and finally w(i) = w(j): contradiction.
So w'(i) < w'(j), we shows that w < w'.

<. Let us assume that w’ < w. If i <p j, then i = j or w(i) < w(j), so w'(i) = w'(j) or

w' (i) < w'(j). If, moreover, w'(i) = w'(j), then i = j; so w’ € Wi,

We obtain an element P € Hp such that:

EHR™" (P w'.
=D,

w<w’

As this holds for any w, by a triangularity argument, EH R (Hp) = WQSym. By the non-
commutative duality principle:

EHR(Hp) =®_10 EHR*" o U(Hp) = O_y 0o EHR*" (Hp) = &_,(WQSym) = WQSym,

as ®_1 is an automorphism of WQSym. O
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