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WILF CLASSIFICATION OF TRIPLES OF 4-LETTER PATTERNS I

DAVID CALLAN, TOUFIK MANSOUR, AND MARK SHATTUCK

ABSTRACT. This is the first of two papers in which we determine all 242 Wilf classes of triples of
4-letter patterns by showing that there are 32 non-singleton Wilf classes. There are 317 symmetry
classes of triples of 4-letter patterns and after computer calculation of initial terms, the problem
reduces to showing that counting sequences that appear to be the same (agree in the first 16
terms) are in fact identical. This amounts to counting avoiders for 107 representative triples.
The insertion encoding algorithm (INSENC) applies to many of them and some others have
been previously counted. Thus there remain 36 triples. In this paper, we find the generating
function for the first 18 of these triples and in a second paper, we treat the other 18. The
generating function turns out to be algebraic in each case. Our methods are both combinatorial
and analytic, including decompositions by left-right maxima and by initial letters. Sometimes
this leads to an algebraic equation for the generating function, sometimes to a functional equation
or a multi-index recurrence that succumbs to the kernel method. A bijection is used in one of
the cases (Case 50).

Keywords: pattern avoidance, Wilf-equivalence, kernel method, insertion encoding algorithm

1. INTRODUCTION

In recent decades pattern avoidance has received a lot of attention. It has a prehistory in the work
of MacMahon [10] and Knuth [6] but the paper that really sparked the current interest is by Simion
and Schmidt [12]. They thoroughly analyzed 3-letter patterns, including a bijection between 123-
and 132-avoiding permutations, thereby explaining the first (nontrivial) instance of what is, in
modern terminology, a Wilf class. Since then the problem has been addressed on several other
discrete structures, such as compositions, k-ary words, and set partitions; see, e.g., the texts [4,11]
and references contained therein.

Permutations avoiding a single 4-letter pattern have been well studied (see, e.g., [14,15,17]). There
are 56 symmetry classes of pairs of 4-letter patterns, for all but 8 of which the avoiders have been
enumerated [1]. Le [9] established that these 56 symmetry classes form 38 distinct Wilf classes.
Vatter [16] showed that of these 38, 12 can be enumerated with regular insertion encodings (the
INSENC algorithm). Some of these generating functions were computed by hand by Kremer and
Shiu [7].

Much less is known about larger sets/longer patterns. Here, we consider the 317 symmetry classes
of triples of 4-letter patterns and determine their Wilf classes. First, we used the software of
Kuszmaul [8] to compute the initial terms {|S,(T)[}16, for a choice of T in each of the 317
symmetry classes. These results are available for reference in Table 2 in the Appendix of the arXiv
full length version [3] of the paper. There are 242 distinct 16-term sequences among the 317, giving
a lower bound of 242 on the number of Wilf classes. We will show that whenever two sequences
in Table 2 [3] agree in the first 16 terms, they are in fact identical, and so 242 is also an upper
1
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bound. To do so, we find the generating function for every triple whose 16-term counting sequence
is repeated in Table 2 [3]. Thirty-eight of them can be found by INSENC; some others have already
been counted and are referenced in Table 1 of the arXiv version [3].

There remain 36 triples to enumerate with 15 distinct counting sequences (cases). In this paper,
we treat the first 9 cases (numbered 50, 55, 166, 171, 174, 177, 191, 196, 201, where the numbering
is taken from the full table of 242 counting sequences [3]). These 9 cases cover 18 of the 36 triples.
Table 1 is a compendium of the results. The second paper will treat the remaining 18 triples.

Summarizing, there are 242 Wilf classes of triples of 4-letter patterns, of which 210 are singleton
(trivial) and 32 contain more than one symmetry class (nontrivial). Enumeration of the trivial
Wilf classes will be treated in a forthcoming paper.

Theorem 1 (Main Theorem). There are exactly 242 Wilf classes (32 nontrivial Wilf classes)
of triples of 4-letter patterns in permutations.

Table 1: Nontrivial Wilf classes of three 4-letter patterns up to Case 201,
numbering taken from Table 2 [3].

Start of Table
No. | T >onso [Sn(T)]a™ Reference
2 3 a 5 [§]
6 {1432,2134,3412}, {1234,1432,3412} | 1=6z+16z —2(21’“_;3%“” —8u’ 42 INSENC
50 | {2143,3412,2341}, {2143,2341,4231} | 1 6041322 11254504 Thm. 3. 4. 5
{3412,1432,1243} (—=2)2(1—22)(1 -3z +2?) T
55 | {1342,3124,4213}, {1234,2143,4123} | 1 6041222 8234321 o° INSENC
{1324,2143,2341} (1—=)(1-3z+22)2 Thm. 8
1—5z48z2 —b5x° 43z
56 | {1342,2143,4123}, {1432,3412,4123} (1_95;”2(1%””330; _“;3)4 ] INSENC
78 | {1324,1342,4312}, {1234,2413,3412} 1*8“2?;_;)‘;25_*22‘)*; —14z” INSENC
1—8z+25z2 —37z° 427z> — 92"
94 | {1432,2134,4132}, {1234,1432,4132} <1f3xi§;)(1f§>2(1;2x>% INSENC
1—7x+17x% —15x° 44 —22°
108 | {1432,3124,4123}, {1324,1432,4123} 9“(1729;2)(173:“2;)2 z INSENC
1—4ax+4z% —325 +
112 | {1243,1432,2134}, {1432,3142,4123} (171112;1174%2’;2) _ INSENC
126 | {2431,4213,1324}, {3142,4123,1234} 1—”;51};)2—(122’;;;12332—2W INSENC
1—8z+24x2 —33z° 422z~ — 72"
127 | {1342,2413,4312}, {1243,2341,2413} Sot2de —S5o +8%0 Ts INSENC
(1—x)?>(1—3z+z2)
129 | {1432,2413,3124}, {1432,2143,3124} IS TS TS P s INSENC
157 | {1324,1342,4213}, {1432,3124,4132} “;fl(;;)ffj;;ﬁx;)“; ) INSENC
1—92+30z2 —44z° 4 27z* — 72"
166 | {3412,3142,1243}, {3412,3142,1324} ot i0e —ds 4270 FF Thm. 10, 12
(1—3z+z~)
170 | {3142,4231,4321}, {1234,1243,2413} (=nl0—g(—ime57) INSENC
1—4z+5z2°—a°+(1—4ax+3z°—z°)/1—4z
171 | {3124,1342,4123}, {1342,1324,4123} (=5 (20 Ty T42) Thm. 13, 17
173 | {1342,1423,4213}, {1423,2341,2431} l_g;ff;ciz_ = +§iﬁ_$5 INSENC
174 | {1432,3412,3421}, {1342,3412,4312} INSENC
1—6x+10z2 —3z% +z*
{2134,2341,2413}, {1342,3142,4312} | =5 =0 ooy Thm. 18, INSENC
{2143,2314,2341}, {2143,2314,2431} Thm. 20, 21
177 | {2143,2341,2413}, {2143,2341 3241} | Jteadela’ Thm. 22, 23
191 | {1342,2134,2413}, {1324,1432,3124} | (1-2)(1—22)(1—32) Thm. 24, INSENC
{1423,2134,2413}, {3142,4132,4321} | 1-7=+1622—14z% 4321 INSENC
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Continuation of Table 1
No. | T >0 [Sn(T)|2™ Reference
196 | {1342,3142,4213}, {1324,1432,2134} 1—5ot722 423 INSENC
{2143,2431,3241}, {1342,3142,4123} | 1-6z+1122 9254221 Thm. 25, 27
201 | {3142,1324,1243}, {1342,1423,2314} %C(zﬁ Thm. 28, 31
End of Table

2. PRELIMINARIES AND NOTATION

We say a permutation is standard if its support set is an initial segment of the positive integers,
and for a permutation 7 whose support is any set of positive integers, St(r) denotes the standard
permutation obtained by replacing the smallest entry of 7 by 1, the next smallest by 2, and so on.
As usual, a standard permutation w avoids a standard permutation 7 if there is no subsequence p
of 7 for which St(p) = 7. In this context, 7 is called a pattern, and for a list T' of patterns, S,,(T)
denotes the set of permutations of [n] = {1,2,...,n} that avoid all the patterns in 7.

A permutation has an obvious representation as a matrix diagram,

matrix diagram of the permutation 312

and it will often be convenient to use such diagrams where shaded areas always indicate regions
that contain no entries (blank regions may generally contain entries but in a few cases, as noted
and clear from the context, they don’t).

The eight symmetries of a square, generated by rotation and reflection, partition patterns and sets
of patterns into symmetry classes on each of which the counting sequence for avoiders is obviously
constant. Thus if 7 avoids 7 then, for example, 7—! avoids 7~! since inversion corresponds to
flipping the matrix diagram across a diagonal. It sometimes happens (and remarkably often) that
different symmetry classes have the same counting sequence, and all symmetry classes with a given
counting sequence form a Wilf class. Thus Wilf classes correspond to counting sequences.

Throughout, C(x) = 1=vl-de w denotes the generating function for the Catalan numbers C,, :=
%4_1(2:) = (>") — (,>")- Asis well known [2], C(z) is the generating function for (S, (m)|)n>0
where 7 is any one of the six 3-letter patterns. Occasionally, we need the generating function for

avoiders of a 3-letter and a 4-letter pattern; see [2] for a comprehensive list.

A permutation 7w expressed as m = i Wion@ .o (™) where iy < iy < --+ < iy, and 1; >
max(ﬂ'(j)) for 1 < j < m is said to have m left-right mazima (at i1,isa,...,%4y). Given nonempty
sets of numbers S and T, we will write S < T to mean max(S) < min(7T") (with the inequality
vacuously holding if S or T is empty). In this context, we will often denote singleton sets simply
by the element in question. Also, for a number k, S — k means the set {s — k: s € S}.

Our approach is ultimately recursive. In each case, we examine the structure of an avoider, usually
by splitting the class of avoiders under consideration into subclasses according to a judicious choice
of parameters which may involve, for example, left-right maxima, initial letters, positions of given
letters, and whether resulting subpermutations are empty or not. The choice is made so that each
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member of a subclass can be decomposed into independent parts. The generating function for
the subclass (a summand of the full generating function) is then the product of the generating
functions for the parts, and we speak of the “contribution” of the various parts to the generating
function for that subclass. From the structure, we are able to find an equation for the generating
function Fr(x) := >, < [Sn(T)|2", where T is the triple under consideration. This equation is
often algebraic and, if linear or quadratic, as it is in all cases treated here, easy to solve explicitly
once found. It also often comes in the form of a functional equation requiring the kernel method
(see, e.g., [5] for an exposition). For one of the triples in Case 50, an explicit bijection is found
which establishes the result. In every case, the generating function turns out to be algebraic.

Furthermore, in several cases, especially those where recurrences are made use of, we have in fact
counted members of the avoidance class in question according to the distribution of one or more
statistics, specific to the class, and have assumed particular values of the parameters to obtain
the avoidance result. In some of these cases, to aid in solving the recurrence, certain auxiliary
arrays related to the statistic are introduced. This leads to systems of linear functional equations
to which we apply the kernel method, adapted for a system. See, for example, the proof below
of the second symmetry class in Case 171. Also, in instances where the kernel method is used,
it is usually possible (if desired) to solve the functional equation in its full generality yielding a
polynomial generalization of the avoidance result. In other cases, one may extend the result by
counting members of the class in question having a fixed number of left-right maxima. We refer
the reader to the discussion following the proof of the first triple in Case 50 below.

We now proceed to the proofs for the 9 cases listed in the Introduction.

3. PROOFS

3.1. Case 50. The three representative triples T are:
{2143, 2341, 3412} (Theorem 3)
{2143, 2341, 4231} (Theorem 4)
{2143, 2341, 3421} (Theorem 5)

In order to deal with this case, we define the following two generating functions for each triple 7"
Hp(x) is the generating function for T-avoiders with first letter n — 1 and Jp(x) is the generating
function for T-avoiders with second letter n.

Lemma 2. For each triple T in Case 50, Hy = Jr.

Proof. For each pattern in Case 50, its matrix diagram is invariant under the involution “flip in

the diagonal line y = —a”. Consequently, the set of T-avoiders is invariant under this flip. But the
flip interchanges the permutations whose first letter is n — 1 and the permutations whose second
letter is n. g

Theorem 3. Let T = {2143,2341,3412}. Then

1—6z+ 1322 — 1123 + 5a*
(1—2)2(1 —22)(1 — 3z +a2)’

FT($) =
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Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) = 1 and G1(z) = xFr(x). For Gy, (x) with m > 2, we first need an equation for Jr(z).
Consider a permutation 7 = inn’ € S,,(T) counted by Jr. Clearly, the contribution for the case
it =n—11is given by % If i = 1 # n—1, the contribution is #?(Fr(z) —1). Otherwise, n > 4 and
1 < i< n—1and m can be written as inf3’(n—1)5"” with at least one of 3/, 8” nonempty. Consider
three cases: (1) 4’ is empty, (2) 8" is empty, (3) neither of ', 8” is empty. In each of cases 1
and 2, the map “delete n — 1 and standardize” is a bijection to the one-size-smaller permutations
counted by Jr that do not start with a 1. Hence, in each of these cases, the contribution is
z(Jr(z) —2?Fr(z)). In case 3, 7\{n— 1} must have the formn—2nn—-3n—-4 ...21 withn—4
positions available for n — 1, namely, immediately before 1,2,...,n — 4. Hence the contribution in
this case is 2°/(1 — z)2.

Adding all the contributions, and solving for Jr(z), yields

23(1 — 2+ 2?)
1 J =2’F _—
(1) r(r) = Fr(e) + a5
Now let m > 2 and let us write an equation for G,,(z). Let 7 = iy7Mign® .. .i, 7™ € S, (T)
with exactly m left-right maxima. By considering the cases where 7(1) is not empty or where 7(1)
is empty and 7(?) either has a letter smaller than i, or it doesn’t (see the next figure), we obtain

# 0 #10

g2 (HT(x) - 1_) 22 (Jr(z) — 22F(x)) 2Gom1(z)
2
(2) G () = 2™ 2 (HT(x) . Z) + 2™ % (Jr(z) — 2°Pr(z)) + 2Gm-1(z)
for m > 2. By summing (2) over m > 2 and using the expressions for Go(z) and G(z), we obtain
(3) Fr(z) =1+ ﬁ (Hr(z) — 2%/(1 — 2) + Jr(z) + 2(1 — 20)Fr(a)) .
Eliminating Jr = Hr from (1) and (3) gives the desired expression for Fr. O

It is possible to generalize the preceding result as follows. Define the generating function G(z, q) =
Gr(z,q) = 3,50 Gm(x)q™, where T' = {2143, 2341, 3412}. Multiplying both sides of (2) by ¢,
and summing over m > 2, implies

2

G(z,q) — 1 — zqFp(x) q (QJT(I) — 2*Fr(x) —

1—x

g ) +2q(G(z,q) — 1).
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Solving for G(z, ¢) then yields

223¢(1 — o + 22 x?
G(z,q) =1+ (17%(1)2 (xFT(x) + a Q(:c)Q(l — 293)) 1 qz>
2q(1 — 6z + 1322 — 112% + 52 — 2q(1 — 8x + 2022 — 1923 + 102* — 22°))
(1—2)2(1 — 2q)%(1 — 22)(1 — 3z + x?) '
Taking ¢ = 1 in the last formula, and simplifying, recovers Theorem 3:
1—6x+ 1322 — 1123 + 524
(1—2)2(1 —22)(1 — 3z +22)’
Extracting the coefficient of ¢™ from G(z,q) implies that the generating function G, (z) for the

number of T-avoiders having exactly m left-right maxima is given by

G () 2™ (1 — 8x + 2022 — 1923 4+ 102* — 22°) + ma™TH(2 — Tz + 822 — 523 + 22%) -
x) = m > 1.
" (1—2)2(1 — 22)(1 — 3z + 22) ’ -

Note that taking m = 1 in the last equation gives back the obvious formula Gy (z) = zFr(z).

=1+

GT(I, 1) = FT(x) =

Remark: A comparable formula for Gr(x,¢) may be obtained in a similar fashion for other T in
subsequent cases where left-right maxima are made use of in counting the avoiders in question.

We now turn our attention to the case when T' = {2143, 2341,4231}.

Theorem 4. Let T = {2143,2341,4231}. Then

1 —6x+ 1322 — 1123 + 5zt
(1—2)2(1 —22)(1 — 3z +a2)’

FT($) =

Proof. The proof follows along the lines of Theorem 3. Let G,,(z) be the generating function for
T-avoiders with m left-right maxima. Clearly, Go(x) =1 and G1(z) = 2K, where

1—2x
K= S,(231,2143)|2" = —————
5 5o 2t = 2

(see [13, Seq. A001519]).

To write an equation for Hr(z), we consider 7 = (n — l)a'nn” € S, (T). If n'7” is empty, then
the contribution is 2. Otherwise, we consider the following two cases:

e the letter n — 2 belongs to #’, which implies that 7 = (n — 1)§'(n — 2)8"na”. If "7 is
empty, we get a contribution of 23 K by deleting the letters n — 1, n— 2, n from «. If "7"
is nonempty, then 8’ < B”7" and we get a contribution of = (Hr(z) — z?).

e the letter n— 2 belongs to #”, which implies 7 = (n—1)7'nf’ (n—2)p". If 8" is not empty,
then #'nf =12 jn(j4+1)(j+2) - - -i’ where 5" is a permutation of i’ +1,...,n—3, so we

d?d

have a contribution of W(K —1). If 8” is empty, then 7 is an increasing subsequence,
say ™ = jijo---jq with j; < jo < .-+ < jq. If d = 0, then the contribution is 23K,
otherwise 7 can be written as m = (n — 1)j1ja - - - janf’(n — 2) with d > 1. Since 7 avoids
2341 and 4231, we have 7 = (n — 1)12--- (d — 1)jqnpM 3 (n — 2), where 74683 is a
permutation of d,d +1,...,n — 3 and V) < j; < B®. By considering whether ) is
empty or not, we get 2?3 K + %(K —1). By summing over d > 1, it follows that the

contribution in this case is given by %K + ﬁ(K —1).
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Thus, Hr(z) = 2% + 2°K + 12 (Hr(x) — 2%) + 75 (K — 1) + 2°K + £ K + 25 (K — 1),
which implies

(1 — 3z + 322 + 23)2?

(1-22)(1—-3z+a2)

Hr(x) =

Now, we are ready to write an equation for G,,(z), where m > 2. Using the same decomposition
as in the proof of Theorem 3, we obtain

Gm(r) = 2™ 2(Hp(x) —2°K) + 2™ 2(Jr(z) — 22 K) + 2G 1 (z)
20" 2 (Hy(x) — 22 K) + Gy ().
Summing over m > 2, we find Y, o, Gn(z) = (2Hr(z) — 2*(1 + 2)K)/(1 — z)?. Using the

expressions for Go(z) and Gy (z), it is seen that Fr(z) = > m>0 Gm(z) simplifies to the desired
expression. 0

Theorem 5. There is a bijection between the set of {2143,2341,3412}-avoiders and the set of
{2143,2341, 3421} -avoiders.

Proof. Let A, and B, denote the subsets of S,, whose members avoid the patterns in the sets
{2143,2341, 3412} and {2143,2341, 3421}, respectively. We will define a bijection f from A, to
B,, as follows. If n < 3, we may clearly take f to be the identity, so assume n > 4. Given
T =mm Ty € Ay, let a = 71 denote the first letter of w. If @ = 1 so that w has the form 17/,
define f recursively by f(7) = 1@ f(n' —1). (Here, ® is the direct sum, thus 132® 123 = 132456.)
Henceforth, assume a > 1. We consider cases according to descending values of the position j of n
in 7.

If j = n so that 7 has the form 7'n, define f, again recursively, by f(7) = f(7')n.

If 3 < j <n—1, then 7 has the form af'ng"” with §’ and " nonempty. We claim (i) a = n — 1,
(ii) B’ avoids 231, and (iii) 8" is decreasing. To establish the claims, we need a preliminary result.

Lemma 6. Ifm € A,, has > 3 left-right maxima and 1 is not its first letter, then n is its last letter.

Proof. Suppose i1 = a,12,...,%i, = n are the left-right maxima of 7 with m > 3, so that all other
entries of 7 lie in the rectangles R, R3, ..., R, and S1,S2 shown in the figure.
im
3
R
12 R3
. Ro
i1
Sl S2

An entry x € Sy implies iisi3x is a forbidden 2341. Hence S = ) and so 1 € S;. Now = € R,
implies 41 14,,2 is a forbidden 2143. Hence, R,, = 0 and 4,, = n is the last letter in 7. [l

Corollary 7. If m € A, and 1 is not its first letter and n is not its last letter, then ™ has at most
two left-right mazxima. O
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Now, if claim (i) fails, a < n — 2. Since n is not the last letter of 7, Corollary 7 implies that a and
n are the only two left-right maxima of m. Consequently, n — 1 occurs after n and, since j > 3,
there is a letter < a before n. But then azn(n — 1) is a forbidden 2143.

If (ii) fails and edb is a 231 in ', take any « € 8”. If > ¢, then cbnx is a forbidden 2143, while
if £ < ¢, then cdnz is a forbidden 2341.

If (iii) fails, there are letters z < y in 3”. But then (n — 1)nzy is a forbidden 3412.

It follows from (ii) that the initial segment af8'n of = avoids 3421, since 3421 contains the pattern
231. Define f(m) = af'nr(8"), where r() denotes the reverse of a permutation 3. It is clear that
f(m) also avoids 3421 and so is in B,,.

If 7 = 2 so that 7 begins an - - -, we introduce the condition
(4) a+ 1 # m, and the successor and predecessor of a+ 1 in w are both < a,

and consider two cases.

e Condition (4) holds. Here, 2 < a < n — 2 and 7 must have the form ad/f'(a + 1)5"a”
with 8/ = (a—1)(a—2)---(b+1) and 8”7 = b(b—1)---1 for some b € [a — 2|, where
o starts with n and is decreasing, and o’ is increasing, possibly empty. Conversely, one
may verify that a permutation with a decomposition of this form belongs to A,. Define

f(m) = aad'r(B")(a+ 1)r(8")".
e Condition (4) fails. Here, m must have the form aa’ o’ with 8 = (a—1)(a—2) - -- 1 (hence,
nonempty), where o’ starts with n and is decreasing, and «” is increasing, possibly empty.
Define f(7) = acd/r(B)a”.
Finally, if j = 1 so that = = nz’, define f recursively by f(7) =nf(n’).

The mapping f preserves left-right maxima and their positions. The reader may check that f is
reversible and is a bijection from A, to B,. O
3.2. Case 55.

Theorem 8. Let T = {1324,2143,2341}. Then

Fp(r) = 1—6x+ 1222 — 823 + 3% — 2P
ne (1—z)(1— 3z + 22)2

Proof. Let ar(n;iy,ia,...,is) be the number of permutations iyig---ism € S,(T"). The initial
conditions ar(n;n) = ar(n;n—1) = ar(n—1) and ar(n; 1) = |Sp—1(213,2341)| easily follow from
the definitions. It is well known that |S,,—1(213,2341)| = Fb,—3 (F), is the nth Fibonacci number
defined by F,, = F,,_1 + F,,_2, with Fy =0 and Fy = 1).

Now let 2 < ¢ <n—2 and let us focus on the second letter of . Clearly, ar(n;i,n) = ar(n — 1;1),
and also ar(n;i,j) =0forall j =i+2,i+3,...,n—1. Note that any permutation 7 = i(i+1)7’ €
Sn(T) can be written as 7 = i(i + 1)7”" (i + 2)( + 3) -+ - m, so ar(n;i,i + 1) = |S;-1(132,2341)]
and it is also known that |S;_1(132,2341)] = Fy_35. A permutation 7 = ijn’ € S,(T) with
n—2>1i>j>1satisfiest =ijn’(j+2)---(i—1)(¢+1)(¢+2)---n, where 7’ is a permutation of
1,2,...,5— 1,7+ 1 that avoids 132 and 2341, and so ar(n;i,j) = |S;(132,2341)| = F5;_;. Hence

ar(n;i) = F1 + F3 + F5s + -+ + Fy—3 + Fo—3 + ar(n — 1;19),
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which, by the fact that Fy 4+ F5 + F5 + - -+ + F5;_3 = F5;_o, implies for 2 < ¢ < n — 2 that

ar(n;i) —ar(n —1;i) = Fai—1.

By summing both sides of the last equation over i = 2,3, ..., n— 2 and using the initial conditions,
we obtain for n > 3,
n—2
ar(n) —ar(n —1) =2ar(n — 1) —ar(n —2) + Fop—3 — Fop_5 + Z Fyi
i=2

=2ar(n—1)—ar(n —2) + Fop—3 — Fop_5+ Fapy — 1
= 2aT(n — ].) — aT(n — 2) +2F5,_4 — 1.
It is routine to solve this difference equation for the generating function Fr(x) using

1—2x
S Fyat = — 2
= 1-3z+=zx

3.3. Case 166. The two representative triples T are:
{1243,3142,3412} (Theorem 10)
{1324,3142,3412} (Theorem 12)

3.3.1. T ={1243,3142,3412}. Let b,(¢) = |Sr(n;i,n)| and by, (4, j) = |S7(n;i,n, 5)| so that by, ()
and by, (i, 7) count T-avoiders for which the second letter is n by first letter, 4, and third letter, j.
We first obtain a recurrence for by, (4, ).

Note that when the second letter is n, the conditions ¢ = 1 and j € [2,n — 2] force the last
entry to be n — 1 or 2 for else a forbidden pattern will be present. Deleting this entry gives
contributions of b,—1(1,5), bp—1(1,5 — 1) to b,(1,5) according as the last entry is n — 1 or 2.
Clearly, b,(1,n — 1) = b,—1(1). Hence, for i = 1, we have the following table of recursive values
for b,(1,7):

J ‘ €[2,n—2] n—1

ba(1.) | bao1(L.3) + bur(Lj = 1) bua(D)
Similarly, the conditions 2 < i <n —2 and j € [i + 1,n — 2] force the last entry to be n — 1 or
1 and deleting it gives contributions of b,,—1(4,5), bn—1(i — 1,5 — 1) according as the last entry is

n —1or 1. Hence, for 2 < i < n — 2, we have the table (the straightforward verification of entries
other than j € [i + 1,n — 2] is left to the reader):

J He[l,i—2]‘ i—1 ‘ cli+1,n—2| ‘nfl
baid) || 0 | bucili— 1) | (i) +bacali— 1 — 1) | buca ()

Lastly, for i = n — 1, by(n — 1) = 1 because 7 = (n — 1)na’ € S,,(T) implies 7 = (n — 1)n(n —
2)(n —3)---1.

The table for i = 1 yields by (1) = 3725 bu(1,5) = X025 (ba-1(1,5) + ba-1(1,5 — 1)) + bu(L,n —
1) = 3bp—1(1) — bp—2(1) for n > 4. Together with the initial conditions by = b3 = 1, this
recurrence implies that b, (1) = Fy,_5 for n > 2, where F,, is the nth Fibonacci number (defined

by F,, = F,—1 + F,_» for all n, with F; =0 and F; = 1).
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Lemma 9. Let b, = Z?;ll |ST(n;i,n)|. Then the generating function for the sequence b, is given
by

2?(1 — 5z + T2% — 23)
=2 baa" = (1-3z+22)(1—32)1—2a)
n>2 =3z +2?)(1 = 32)(1 — )

Proof. Clearly, b, = Zn_l b (7). Using the preceding results, we have

=1
n—3 n—2
n—2bn 1+Zzb Z] +Zb 1]
=2 j=i+1
n—4 n—3 n—3 n—2 n—2
=21+ D> baca (i) + DY baaling) Zb(lj)
=1 j=i+1 1=2 j=i+1

- 2bn71 + bnfl - 2bn72 + bnfl - bn72 + F2n77 - F2n77
= 4bn—1 —3bp_2 + F2n—87

with b1 = 0, b = 1 and b3 = 2. Hence, by using the fact that Zn24 Fo,_gx™ = %, we

. _ z2(1—5z+7z%—2%)
obtain B(x) = TSt an (130 (-7)- O

Theorem 10. We have

1 — 92 + 3022 — 4423 4 27z* — 72

Frlo) = = a1 - se + 2P

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) = 1 and Gi(x) = zFr(x). Now let us write an equation for G,,(x) with m = 2. Let
m =ir'nr” € S, (T) with two left-right maxima. If 7 = i(i — 1) - - - ¢’n7”, then the contribution is
B(z)/(1—x) (see Lemma 9). Otherwise, 7 = in'nn” where 7’ is a permutation on {¢’,4'+1,...,i—1}
that avoids T' and has at least one ascent. Since 7 avoids 1243, 7" = (' — 1)---21. Thus, the
contribution is given by *— (FT( ) —1/(1 —x)). Hence,

Golz) = ——B(x) + IQZ (FT(:C)— ! )

1—x

Now let us write an equation for G,, (x) withm > 3. Let 7 = iyr() - - i, n(™) € S, (T) with exactly
m left-right maxima, i1,%s, . ..,4m. Since 7 avoids 1243, we have that 7® ... (™) are all < iy. If
71 has an ascent, then 7)) > 7(2) > ... > 70 and 7(V) avoids T and 73 - .. 7(™) = (' —1)..-1
with ¢/ the minimal letter of 7(1). Thus, the contribution is given by # (Fr(z)—1/(1—2)).

From now, we can assume that 7() = (i —1)--- (i + 1)i’. Let s € {2,3,...,m} be the minimal
number such that 7(¥) contains a letter from the set [i” — 1]. We have the following cases:

e 5 =2: Here 7/ ...7(m) = (¥ —1)...21, where 7/(?) is the subsequence of all letter
of 7 that are smaller than #. Hence, by the definition of B(x) (see Lemma 9), we
get a contribution of W (B(x) —2®K(x)), where K(2) = Y, 5 9n(132,3412)[2" =

=20 (see [13, Seq. A001519)),
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e s=3,4,....m—1: Here 7 > 70 > ... > 7661 5 4 > 70) > 7+ 5 o005 70m) apd
) opm) = (" —1)--.21 and 7). 7D = (3 — 1) -+ (iy +2)(iy + 1), where i} is
the minimal letter of 7(2). Moreover, 7(?) avoids 132 and 3412. Thus, the contribution is
given by %K(x)

e s=m. Here? =1land 7® > 73 > ... > 70" >4 and 7). 76D = (4] — 1) -+ (i1 +
2)(i1 + 1) and 7 avoids 132 and 3412, where 4} is the minimal letter of 7(?). Thus, the
contribution is given by uf—ZZ)mK ().

By the preceding cases, we obtain for m > 3,

Gnw) = o (Prla) - e (B~ *K ()
m E Aoyt T T ) T gy W TR
m+1 m K
Since Fr(z) = 3,50 Gm(x), we have
™ 1
F =1 F —8B F _
o) = L aPrle) + 7B + 3 e () - )
I.m72 5 - merl
B(x) —x*K K
F Y e BE) K@) + 3 m = 3 K@)
m>3 m>4
Im
K
) T k@
m>3
After several algebraic operations, and solving for Fir(x), we complete the proof. O

3.3.2. T ={1324,3142,3412}. Let b,(i,7) = |Sr(n;i,n,7)|.- Then, in analogy with the previous
subsection,

bn(iaj):F2n72j73a 2§Z+1<]§n72a
with by (i + 1,4) = by (i, 5 + 1) = by (i,n — 1) = bp_1 (i) and by(n — 2,n — 1) = 1.

i=1
22(1 — 5x + 72?2 — 23)
(1-3z+22)(1-3z)(1—x)

Lemma 11. Let b, (i) = [Sr(n;i,n)|, by = S0, by(i), and B(x) = > n>obna™. Then

B(z) =

Proof. From the preceding results, we have
n—4
by =3b,_1 — 1+ Z Fyj_1(n—3—3j),

j=1
with by = 1. Thus,
b —bn—1=3bp_1 —3bp_2+ F1+Fs+ -+ Fop_o,
which, by the fact that Fy} + F3 + - - - + F5,_11 = Fb,_g, implies
by, = 4bp—1 — 3br—2 + Fop_s,

with by = 1 and b3 = 2. This is the same recurrence as in Lemma, 9. O
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Theorem 12. We have
Fp(x) = 1 — 92 + 3022 — 44x° 4 27z* — 72
T T A = 30) (1 — 2)(1 — 3z + 22)2

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(z) = 1 and Gy(x) = xFp(z). By using similar arguments as in the proof of Theorem 10, we
obtain that (see Lemma 11) Ga(z) = K (z)B(x).

Now let us write an equation for G, (z) with m > 3. Let 7 = iye() ---i,,7(™) € S, (T) with
exactly m left-right maxima. Since 7 avoids 1324, we have that i; > 7() > ... > g(m=1) Tet
5€1{2,3,...,m—1} (maybe s does not exist) be the minimal number such that 7(*) # (). We have
the following cases:

e s=23...,m—1: Here 7® = 73 = ... = 766=1 = ) and there is no letter in 7™
between is_1 and i5. Thus, the contribution is given by %Gmﬂ_s(ac).

e s does not exist. Here 7(2) = 7(® = ... = z(m=1) = ). So there two cases, either (™)
contains a letter from the set {i; + 1,...,4m—1 — 1} or not. If yes, then 7™ can be

written as 7™ = 7' (i 1 — 1)+ (im—2 + 2) (o + 1) -+ (i3 — 1) --- 21 with 7/ and 7(V)
avoiding 132 and 3412. Thus, the contribution is given by £ (1/(1 — z)™~2 — 1)K ().
Otherwise, 7™ does not contain any letter from the set {in+1,...,4m—1 — 1}, which

yields a contribution of xm’QGQ(I).

Combining the previous cases, we obtain

m

Gn(@) = 2™ 2Ga(@) + {— (1/(1 = 2)" 7 = DK () + ) %Gmﬂfs(:c).

Since Frr(z) = 3_,,50 Gm(2), we have

]. Zm m—2 2
Fr(z) =1+ aFr(v) + 7——K(2)B() + > (/=) - K ()
m>3
22
Solving for Fr(x) and using Lemma 11, we complete the proof. O

3.4. Case 171. The two representative triples T are:
{1423,2314,2341} (Theorem 13)
{1324,1342,4123} (Theorem 17)

3.4.1. T ={1423,2314,2341}.
Theorem 13. Let T = {1423,2314,2341}. Then

Fr(r) = 1—dz+52% — 2% + (1 — 4o + 322 — 2°)y/1 — 4x
T T 0 — (1 =3z +22)(1 — 22 + VI — da)
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Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,

Go(x) = 1 and Gy (z) = xFr(x). Next, we consider m > 3. If 7 = i;7(1) - - -,,,7("™) avoids T then
70 <« 7@ <.« gm=2) o pm=1); o (m)

and 7(1) avoids 231 and 1423 (due to the presence of i,,), 7)) = (ij41 — 1)+ (i; + 2)(i; + 1) for
7=2,3,...,m—2 and

b ) = (i1 = 1) L (g — 1) - (i1 + D)L= 1) (ipa + 1)

These results are explained in the next figure, where entries are decreasing as indicated by arrows
to avoid 1423, and other shaded regions are empty to avoid the indicated pattern.

im

T —1 \
N

1 2314

N

2341
o

There are m left-right maxima and m regions containing arrows (to be filled with an arbitrary
number of “balls”), and the generating function K := > ,[S,(231,1423)[2" for {231,1423}-

avoiders is 1_1?;242,2 [13, Seq. A001519]. Hence, for m > 3,

Gm(z) = ufin;)ml(.

Now we find an explicit formula for Ga(z). In order to do that, we define the following notation.
Let gr(z) denote the generating function for T-avoiders in S, with two left-right maxima and
leftmost letter n —1 —k, 0 < k <n — 2. Let g;(x) to be the generating function for T-avoiders
with two left-right maxima (n — 1 — k)n in the two leftmost positions.

First, we find an equation for gi(z). Let m = (n—1—k)n'nz” € S, (T) with two left-right maxima
and leftmost letter n — 1 — k. If «’ is empty, then the contribution is g} (x). Otherwise, since 7’
avoids 2314, 7’ has the form §'d 8" where 8’ < 8" < d. If B’ is empty, then the contribution is
T ijo gk+;(x), upon considering deletion of n — 1 — k. If £’ is not empty, then 7 has the form

n—1-k)p'dd—-1)---dnn—1)--(n—k)n—-2-k)---(d+1)(d —1)---(d" + 1),

for some d’, where d” is the largest letter of 3. The contributions are z**2 for {n — k — 1,n —
k43
k,...,n}, z for d, 1/(1 — z)? for the 3 decreasing sequences, and K — 1 for ', hence %
altogether. By combining all the contributions, we obtain
l‘k+3 (K _ 1)
gi(z) = gr(x) + 2 ) grtj(x) + ———5—
e

for k > 1, with initial condition go(z) = z(Fr(z) — 1) (delete n — 1, which can play no role in a
forbidden pattern).
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Define the generating function G(z,u) = Y, gr(z)u*. Note that G(z,1) = Ga(z) since Ga(z) =
> k>0 9k(x). The preceding recurrence for gi(x) can now be written as

(5)

G(z,u) = G'(w,u) + o(Fr(z) — 1) — 2 Fr(z) + —— ztu(K —1)

[ (G G w) +

where G'(z,u) = ;5 gy (z)u”.

Next, let us write an equation for g; (x). So suppose 7 = (n—1—k)nn’ € S,,(T) has two left-right
maxima. Clearly, g)(z) = 2?Fr(x) (delete the first two letters, n — 1 and n). For k > 1, 7 can be
written as 7 = (n—1—k)nf'(n—1)8". If 8’ is empty, then the contribution is given by xg)_,(x).
Otherwise, similar to the g case, 8’ has the form v'dy” where v/ < 4" < d, and by considering
whether ' is empty or not, we obtain the contribution 22 ijo Jr—14;5(x)+ % Combining
all the previous cases yields

:L'k+3 o
j=0

for k > 1, with g{(z) = 22 Fr(z). Multiply by v* and sum over k > 0 to obtain

2 4

Ty (G(ac, 1) — uG(x,u)) + Ty

(6) G'(w,u) = 2uC (@, u) +2° Fr(e) + +— (=2 (- zu)

(K —1).

Solving (6) for G'(x,u), and substituting into (5), yields

1—u+ 2u? (1= 2)3 + au(2 — au)(2? — (1 —2)?))
Gla,u) = 11— 2301 —zu)

1—-u
rtu(2 — zu) K ~zu(l+z—au)
(1—2)3(1 — zu) 1—u

—2(1 — zu + 2%u)Fr(x) — G(z,1).
To solve the preceding functional equation, we apply the kernel method and take v = C(x), which
cancels out the G(z,u) term. A calculation, using the identity zC(z)? = C(x) — 1 to simplify the
result (best done by computer), now yields

(=14 (2 —2)C(x))
1+ 2C(x)

z (1 -5z +92% — 423 + 2* — 2°C(x))
(1-2)2(1-3z+2%) (1+2(1-C))

G(Zal) = T(x) -

Hence, since Fr(z) =3, .50 Gm(z) and Ga(z) = G(z,1), we obtain

Fr(z) =1+ 2Fr(z) + G(z, 1) + K
N T T O
which leads to

7 (x)_1—4x+5$2—x3+(1—4x+3x2—x3)\/1—4$
T (1 —3c+22)(1 -2+ I —dz)

as required. O
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3.4.2. T ={1324,1342,4123}. For this case, we define a(n;iy,is,...,ix) for n > k to be the
number of T-avoiding permutations of length n whose first k letters are 41,42, ...,i;. Let a(n) =
> a(n;i) for n > 1 and T;; be the subset of permutations enumerated by a(n;i,j). It is
convenient to consider separately the cases when either the second or third letter equals n. To
this end, let e(n;i) = a(n;i,n) for 1 < ¢ < n — 2 (with e(n;n — 1) defined to be zero) and
fn;i, ) = a(n;i,gyn) for 4 < i <n-—1and 1 < j <i—3. The arrays a(n;i,j), e(n;i) and
f(n;i,7) are determined recursively as follows.

Lemma 14. We have

w

() anyi,i—2)=a(n—2;i—2)+e(n—1;i—2)+ » aln—1;i—1,7), 3<i<m,
J

I
—

j—1
®)  a(niig)=fni,g)+» an—1i—1,0), 4<i<n—1 and 1<j<i-3,
=1

J
(9) a(n;n,j)zZa(n—l;n—l,é), 1<j<n-3,

=1
(10) e(n;i)ze(n—l;i)—i—Za(n—l;n—l,j), 1<i<n-3,

j=1

and
Jj—1

(11)  f(n;i,5) = f(n—154,5) + > _a(n —2n —2,0), 4<i<n—2 and 1<j<i-3,
=1

with e(n;n —2) = Cp—2 forn > 3 and f(n;n—1,5) = aln — Lin—1,7) for 1 < j < n—4.
Furthermore, we have a(n;i,j) =0 ifn>4and 1 <i<j—1<n-—1,a(n;i,i+1)=aln—1;7)
fl<i<n-—1,and a(n;i,i—1)=an—1;i—1) if2<i<n.

Proof. The formulas for a(n;i,i + 1) and a(n;i,i — 1), and for a(n;4,j) wheni < j—1<n—1,
follow from the definitions. In the remaining cases, let x denote the third letter of a T-avoiding
permutation. For (7), note that members of 7;;_2 when ¢ < n must have z = i — 1, x = n
or x < i — 2, lest there be an occurrence of 1324 or 1342. This is seen to give a(n — 2;i — 2),
e(n—1;1—2) and Z;j{ a(n —1;i— 1, 7) possibilities, respectively, which implies (7). Observe that
(7) also holds when i = n since e(n —1;n—2) = 0, by definition. For (8), note that members of 7; ;
where i <n and j <i—3 must have z = n or x < j (as ¢ = j+1 is not permitted due to 4123 and
j+2 <z <n-—1isnot due to 1324, 1342). In the second case, the letter j becomes extraneous
and thus may be deleted since i, x imposes a stricter requirement on later letters than does j,x
(with < j making j redundant with respect to 1324, 1342). Relation (8) then follows from the
definitions. For (9), note that members of 7, ; where j <n — 3 must have x =n—1orz < jin
order to avoid 4123, which accounts for the ¢ = j term and the remaining terms, respectively, in
the sum on the right-hand side.

For (10), note that members of 7;,, where i <n —3 must have z =n—1, z < iorz =i+ 1.
The letter n may be deleted in the first case, while the ¢ may be deleted in the latter two (as
n,x imposes a stricter requirement on subsequent letters than i,2). Thus, there are e(n — 1;14),
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Z;;ll a(n — 1;n —1,7) and a(n — 1;n — 1,4) possibilities, respectively, which implies (10). That
e(n;n—2) = C,_q follows from the fact that members of 7,2, are synonymous with 123-avoiding
permutations of length n — 2 which are well known to be enumerated by C,,_o (note that n — 2 is
redundant due to n). Finally, to show (11), note that permutations counted by f(n;4,j) must have
fourth letter y equal n — 1 or less than j. If y = n — 1, then the letter n may be deleted and thus
there are f(n — 1;4, j) possibilities, by definition. If y < j, then n,y imposes a stricter requirement
on the remaining letters with respect to 4123 than does ¢,y or ¢, 7, with the ¢ and j also redundant
with respect to 1324 or 1342 due to y. Thus, both ¢ and j may be deleted in this case, yielding
Ze 1 a(n— 2;n— 2, /) possibilities, which implies (11). That f(n;n—1,j) = a(n—1;n—1, j) holds
for 1 < j < n — 4 since the letter n may be deleted in this case, which completes the proof. O

In order to solve the recurrences of the prior lemma, we introduce the following functions: a, (u) =
Yo a(nyi)u’ for n > 1, by ;(v) = 22;21 a(n;i,j)v? for 3 < i < n, by(u,v) = Z?:_f bp,i(v)u® for
n >3,
cn,i(v) =an —1;9) +a(n — 150 — 1) + by i (v), 1<i<n-1,

en(u,v) = 0 e i(0)ul for n > 2, e (u) = ZZ:IQ e(n;i)u’ for n > 3, fn.i(v) = Z;;‘i f(nyi, )0
for 4 <i<n-—1,and f,(u,v) = 22;41 fni(v)ut for n > 5.
By the definitions, we have

(12) an(u) = cp(u, 1) + en(u) + Cr_qu”, n> 1.
Assume by, 1(v) = by 2(v) = 0. By (7) and (8), we have for 3 <i<n—1,

bni(v) = (a(n — 237 —2) +bp_1i-1(1) +e(n — 157 — 2))0" "2 + f,:(v)

-1

+ivj2a(n—1;i—l,€)

<.
w
<

v )
+ m(bnq,iq(’v) — 0" 2b, 1 -1(1)).

Multiplying both sides of the last equation by u’, and summing over 3 < i < n — 1, yields
b (,v) = U (an_o(uv) + en_1(uv) — Cp_s(uv)"2) + ful(u,v)
(13) + (Vbp—1 (1, v) — bp—1(uv, 1)), n > 3.

U
1—w
By (7) and (9), we get

1
1—w
(bnfl,nfl(v) - vnilbnfl,nfl(]-))a n 2 3

bn,n(U) = (a(n —2in— 2) + bn—l,n—l(l))vn_Q + (bn—l,n—l(v) - 'Un_2bn—1,n—1(1))

1

—v

(14) =Cph_3v" 2+ :
By the definitions, we have

en(u,v) = an_1(u) + u(an_1(u) —a(n — ;0 — Du™ ) + by (u, v)
(15) = (u+ Dan_1(u) — Cp_2u” + by (u,v), n>2.
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Multiplying both sides of (10) by u!, and summing over 1 <1i < n — 3, gives

n—3 uj o un72
nl) = elnin— 20" 4 e i () + Y a(n— Lin— 1)) (7>
j=1

1—u
1
(16) = n72un72 + en*l(u) + m(bnfl,nfl(u) - Un72bn71,n71(]—)); n 2 3
By (11), we have
| i3 .
fni(0) = fao1.:(v) + T a(n —2;n —2,0) (v —vi72), 4<i<n-2,
(=1
with
n—4 . n—4
fn,nfl(v) = Zf(n;nf]-aj)vj = a(nf]-;n*]-aj)vj :bnfl,nfl(v)*cnfyuni:g; TLZE)
Jj=1 j=1
We then get
1 n—4 n—2
Sn(u,v) = frn—1(@)u" ™" = froi(u,v) + T D an—2m 2,00 > W
Lyt i=0+3
1 n—4 n—2
— 1 Za(n—Z;n—2,€) Z w2
U= i=0+3
uv _
= fn_l(u, ’U) —+ m(Uan_Q’n_Q(uv) — ’U,n an—Q,n—Q('U))
(17) e (?0®by_gna(uw) — (w0)" by gn_2(1)), n > 5.

(1 —uv)(1 —v)

Let C(z) = >_,50Cna". Define the generating functions a(z;u) = 3_, - an(u)z”, b(z;u,v) =

Y nsg bnlu,v)a™, e(Tu,v) = 32, 5o enlu,v)a", d(z;v) = 30, 53 bnn(v)2", e(Tyu) = 32, 553 en(u)z™,
and f(z;u,v) =32, 55 fa(u,v)2". By (15) at v = 1, we have

(18) c(x;u, 1) = x(u+ Da(z;u) + b(w; u, 1) — 22u?C(zu).

Rewriting recurrences (12)—(14), (16), and (17) in terms of generating functions, and applying (18)
to the relation obtained from (12), yields the following system of functional equations.

Lemma 15. We have

(19) (1 — 2(u+ 1))a(z;u) = zu(l — 2u)C(zu) + bz;u, 1) + e(z;w),
<1 - fﬁ”y) b(a;u,v) = f(23u,0) + zule(z; uv) — 2PuPvC(zuv) — %b(m; uv, 1)
(20) + 2u2a(z; wv),
(21) <1 -2 - U) d(z;v) = 2300 (zv) — %d(mv; 1),
(22) (1— 2)e(z;u) = 22(Clau) — 1) + (ud(z;u) — d(zu; 1))

u(l—u)
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and

IQU/U

T— w1 —v)
(u?v?d(z; uwv) — d(zuwv; 1)).

(1 — ) f(2;u,v) = zd(zu;v) — 23u?(C(zuv) — 1) + (u?d(z;uv) — d(zu;v))

x2u

23 -
(23) (1 —uv)(1 —v)
Note that the last three equations in the prior lemma are independent of the first two.

Lemma 16. We have
22v(1 — (1 — 2)C(zv))

(o) dfaz) = UL DCED),
ol 1) — 2?u(l — (1 — 2)C(zu))
and
— 62+ 92% — 223 — (1 - 32)(1 — 2)V/1 — 4z
(26) Flas) (1= a1 ) = TR =2 BSOS aVE SR
Proof. Replacing & with z/v in (21) gives
T z3 x
(27) (1 - m) d(z/v;v) = FC(I) - md(m; 1).
Applying the kernel method to (27), and taking v = 21_43” = C(lx), yields
=221~ ! 2(x) = 2(C(z) — 1) — 22C(2) = (x — 2*)C(x) —
il 1) = (1= 15 ) €M) = 2(Cla) = 1) = #*Cla) = (o~ #)C(a)
and thus
z3v(1 — v)C(zv T
d(z;v) = (117 . )700( ) _ T v(xv(l — zv)C(zv) — av)
(- (1— :E)C(:cv))

l—2z—-v
Formula (25) now follows from (24) and (22). By taking v — 1/v in (23), we obtain
(1 —a)f(z;1/v,0)

2

= zd(x/v;v) — 23 v*(C(x) — 1) + m(d(a@; 1)/v? — d(x/v;v))
B z? lim u?v?d(x; uv) — d(zuwv; 1)
v2(1 —v) u—=1/v 1—uv

= zd(x/v;v) — 23 v*(C(x) — 1) + (d(z;1)/v* — d(z/v;v))

(1-1/v)(1—-v)
N 2?(2d(z; 1) + ‘L d(z;w) w1 —2Ld(; 1))
v2(1 —v)
Substituting v = 1 — z in the last expression, and using (24), yields (26).

We can now determine the generating function Fp(x).
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Theorem 17. Let T = {1324, 1342,4123}. Then

Fr(x) 1-3z+2%2—2°—(1-2)3/1—4x
x) = . :
r 2x(1 — 4z + 422 — 23)

Proof. In the notation above, we seek to determine 1 + a(x;1). By (20) with v = 1/(1 — z) and
v =1—=z and by (19) with u = 1, we have
3 2

x x 1 x
flz;1/(1—2),1 —x) = *me(iﬂ; 1)+ mc(x) + mb(x; 1L,1) - ma(x; 1),
a(z;1) = %C(z) + mb(x; 1,1) + T we(:c; 1).

Substituting the expressions for e(z;1) and f(z;1/(1 — z),2) from the prior lemma, and then
solving the system that results for a(z; 1) and b(z; 1,1), we obtain

1 -5z + 922 — 92° + 22* — (1 — 2)3\/1 — 4z

-1) =
alz; 1) 2¢(1 — 4z + 42?2 — 23) ’
b:1,1) 1 — 8z + 2222 — 2323 + 50* — (1 — 62 + 1222 — 723 + 24)V/1 — 4z
- — :
T 2x(1 — 3z + 22?)
Hence,
1-3 23— (1—-2)3V1 -4
1+ a(z:1) = T+ T ( x) :U,
2x(1 — 4z + 422 — 23)
as desired. 0]

3.5. Case 174. The three representative triples T are:
{2134,2341,2413} (Theorem 18)

{2143,2314,2341} (Theorem 20)

{2143,2314,2431} (Theorem 21)

Theorem 18. Let T = {2134,2341,2413}. Then

1—6x + 1022 — 323 + 24
(1 -3z +22)(1 — 4z + 222)°

FT(I) =

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) =1 and G1(z) = zFr(x). Now let us write an equation for G, (x) with m > 2.

For m = 2, let m = in'nn” € S,,(T) with two left-right maxima, 7 and n, and consider cases on 1.
If i=n—1, then 7 — n'(n — 1)x” is a bijection to nonempty T-avoiders of length n — 1, giving a
contribution of z(Fr(x)—1). If 2 < ¢ <n—2and " has the form (n—1)(n—2)--- (i+1)7"”, then
7 — m'in' is a bijection to T-avoiders of length 7, giving a contribution of 2 /(1—x)(Fr(x)—1—x).

Lemma 19. If 7 = in'nn” € S, (T) has two left-right mazima, i < n — 2 and 7" does not have
the form (n—1)(n —2)---(i+ 1)7"’, then 7’ =0 and i = 1.
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Proof. Note first that all letters of [i + 1,n — 1] must occur prior to any letters of [i — 1] within 7"
in order to avoid 2413. By hypothesis, there exist a,b € ©” such that ¢ < a < b with a occurring
before b. If x € «’, then izab is a 2134. Hence, 7’ = (). If i > 1, then 1 occurs (i) before a or (ii)
after b. If (i), ilab is a 2134; if (ii), 4abl is a 2341, both forbidden. Hence, i = 1. a

By the lemma, the only remaining case is 7 = lnz” with n > 3 (since n = 2 falls under the case
i =n—1). Here, 7 — 7" is a bijection to T-avoiders of length n — 2, giving a contribution of
22(Pr(z) — 1). Summing all contributions, we find

X

Ga(z) = (FT(x)1)+962<FT(:c) ! >

1—x 1—2z

For m >3, let 7 = iy7™ -+ i, 7™ € S, (T) with m left-right maxima. Then 7! = 7(2) = ... =
7(m=2) — ( for else a 2134 is present; also am=1 > 4 (with 49 = 0) and am) > . 5 ora
2341 is present. Consequently, if there is no letter between i,,_3 and 4,,_2, then 7 has the form
12+ (m — 2)7" where 7’ is a permutation of m —1,m — 2,...,n with two left-right maxima that
avoids T, giving a contribution of ™ 2G5(x). On the other hand, if there is a letter between i,, 3
and 4,,_o, the reader may verify that m must have the form

7=12(m — 3)im—2im—10m-1—1)+ (im-2 + D)7 i (G — 1)+ (i1 + 1),
where 7/ is a nonempty permutation of 4,,_3 + 1,...,%,,_2 — 1 that avoids 213 and 2341. Here,
the contribution is (lﬁ—x)Q(K —1), where K = _ - [5,(213,2341)[2" = % (see [13, Seq.
A001519]). Hence, for m > 3,

xm

Gm(z) = 2™ *Ga(x) + m(

K-1).

Since Fr(z) = 3,50 Gm(z), we have

aar

with solution the stated Fr(x). O

Fr(z) =1+ aFp(x) — > —z—1)Pr(z) +z+1) +

Theorem 20. Let T = {2143,2314,2341}. Then

1— 62+ 1022 — 323 + 2*
(1 -3z +22)(1 — 4z + 222)°

FT(I) =

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) = 1 and G1(z) = xFr(z). Now let us write an equation for G,,(x) with m > 3. Suppose
7=iim® . i am e g, (T) with m > 3 left-right maxima i1, o, ..., %y,. Then, because 7 avoids
2314 and 2341,

7 <i<m® <ig <o <xm2 < o <™ ()

If 7 = ... = 70-D = ¢ and 719 # @ with j = 1,2,...,m — 2, then we have that 70U+ = ... =
7™ = (7 avoids 2143). So the contribution for each j = 1,2,...,m — 2 is 2™ (K — 1), where
K = 3,50 150(231,2143) 2" = 25225 (see [13, Seq. A001519)). If #() = ... = 7(m=2) — ¢,

then the contribution is given by 2™~ 2Gy(z). Thus,

Gm(z) = (m —2)2™(K — 1) + 2™ 3Gy (z), m > 3.
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It remains to find a formula for Ga(z). So suppose m = in'nn” and consider whether 7’ is empty
or not. If 7 = (), then m — in” is a bijection to nonempty T-avoiders, giving a contribution of
z(Fr(z) —1). If ' # 0, say © € 7, then ¢ = n — 1 because i < n — 1 implies izn(n — 1) is a
2143. So 7 has first letter n — 1 (contributes x(Fr(xz) — 1)) and second letter # n (hence, subtract
2% Fr(z)) for a net contribution of z(Fr(z) — 1 — 2Fp(x)). Thus,
Go(z) = z(Fr(z) — 1) + z(Fr(z) — 1 — zFr(z)) .

Since Fr(z) =), o Gm(x), we have
(K —1)

(1-=)* "
with solution the stated Fr(x). O

Eﬂ@:1+m%@ﬂﬁ%jcpﬂmf2fm%@»+

Theorem 21. Let T = {2143,2314,2431}. Then

1—6x+ 1022 — 323 + z*

0= i r 2l

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) = 1 and G1(z) = xFp(xz). Now let us write an equation for G,,(x) with m > 2. Suppose
7=iim® . i am e g, (T) with m > 2 left-right maxima i1, o, ..., %y,. Then, because 7 avoids
2314,

7 <ip<a® <ig<i<nam D g < gD g

If 7, ..., 7™ are all empty, the contribution is ™. Now suppose the 7’s are not all empty and
j is minimal such that 7() # (.

First, suppose j € [m — 1]. Then 7)) = ... = 7U=Y = § by supposition and 70+1) = ... =
7(m=1) = (to avoid 2143). Furthermore, 7,, > i;_1 (to avoid 2431) and 7, < i; (to avoid 2143).
Hence, m = 12+ (5 — 1)i;n@) (i; + 1)(i; +2) - -n 7™ So “delete 12---(j — 1) and (i; + 1)(i; +
2)---(n—1) and standardize” is a bijection to T-avoiders with second largest letter in first position
and largest letter not in second position, giving a contribution of 2™~ (Fr(z) — 1 — zFr(x)) as in
Theorem 20, for each j € [m — 1].

Next, suppose j = m so that 7 = i1ig - - - 4, 7™ with 7™ # (). Then, because 7 avoids 2431, =
has the form iqig - - - i, SR .. ) with B < iy < BB < iy < - < B < .. Let £ be the
minimal index such that 5©) is not empty, and say = € ). Then 5U) = ) for j > £ + 2 because
if y € U with j > £+ 2, then 1j_2i;_17y is a 2314. Furthermore, U+ s increasing, because
z >y in B implies igxzy is a 2143.

If U+ = (), we get a contribution of ™ (Fr(z) — 1) for each £ € [m).

If U+ £ (), then ) must avoid 231. So “delete the initial m letters (= the left-right maxima)
and standardize” is a bijection to pairs (7, y“+1)) with v() a nonempty {231, 2143 }-avoider and
A+1) an initial segment of the positive integers. Thus we get, for each ¢ € [m— 1], a contribution of
™I (K —1), where K =3 - ]5,(231,2143)[2" = (see [13, Seq. A001519]). Summing
all contributions, we have for m > 2,

1-2z
1-3z+22

m+1

Gm(z) =2+ (m—1)2™ " (Fr(z) — 1 —2Fr(z)) + ma™ (Pr(z) —1) + (m— 1) ({f —

x-1).
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Since F 1= Fr(z) =3_, .50 Gm(2), we find

x (2 — x)a? 3 x? 3
= 1)2( = (F—1)+ +

with solution the stated Fr(x). O

F=1+zF+ F—1—-zF)+

3.6. Case 177. The two representative triples T are:
{2143,2341,2413} (Theorem 22)

{2143,2341,3241} (Theorem 23)

Theorem 22. Let T = {2143,2341,2413}. Then

_ 1 —4x+ 322 — 28
1 —5x+ 622 — 323

FT($)

Proof. Let Gy, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) =1 and Gy (z) = 2Fr(z). Now let us write an equation for G, (x) with m > 2. So suppose
7 =i mWior@ ...j g(m) ¢ Sp(T) with m > 2 left-right maxima. We consider the following three
cases:

o (1) £ (). Here, the only letters occurring after i, that are > iy are is,...,0n (to avoid
2143) and no letter occurring after iz is < 4; (to avoid 2341). So 7 has the form ;7™ (i; +
Dy@ (i +2)---n with ¥ < ;. Thus, (i; +2) - --n contributes ™2 and deleting these
letters is a bijection to T-avoiders of length r for some r > 2 with first letter » — 1 and
second letter # r, contributing x(Fr — 1) — 2% Fr.

o 7 = and 7(® has a letter a < i;. Here, no non-left-right max letter occurring after is (if
present) is > 41 (2143) and, again, no letter occurring after is is < i1 (2341). Also, in 7o, all
letters > i1 occur before all letters < 41 (2413). So 7 has the form 41ioy )y (ig +1)---n
with v < iy < 4(®) < iy and, furthermore, v is decreasing because b < ¢ in 4(?) implies
i1bca is a 2341. So m = dyig(ia — 1)+ (i1 + 1)7(1)(2'2 +1)---n with vV a T-avoider of
length € [n — m], giving a contribution of {”_—x(FT () —1).

o 7)) =@ and 7 > 4;. This condition implies ¢; = 1 (obvious if m = 2 and because iigisl
would be a 2341 if m > 3), giving a contribution of G,,—1(z).

Summing the contributions, we have for m > 2,

m

Gm(z) = 2™ Y (Fr(z) — 1 — aFr(x)) + i—x(FT(x) — 1)+ 2Gp_1(2).

Since Fr(z) = 3,50 Gm(x), we find that

Fr(z) = 1+ 2Fp(z) + —— (Fr(z) — 1 — 2Fr(z)) +

1—» 5 (Fr(z) — 1) + z(Fr(z) - 1),

(1—=z)
which, by solving for Fr(z), completes the proof. O
Theorem 23. Let T = {2143,2341,3241}. Then

1 — 4z + 322 — 23

F = .
r(®) 1— 5z + 622 — 323
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Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) =1 and G1(z) = 2Fr(z). Now let us write an equation for Gy, (z) with m > 2. So suppose
7 =i mWion@ .. 4 g(m) ¢ Sp(T) with m > 2 left-right maxima. We consider the following three
cases:

o 7)) =£ (). Since T contains 2143 and 2341, = has the form ilﬂ(l)(il +1)7® (i14+2)--n
with v < iy, as in Theorem 22. Furthermore, 7(Y) < 42 for else i,i; +1 are the 3 and 4
of a 3241. Hence, if 7(1) is increasing, then 7(1) = 124 for some 7 > 1 and © — St(7?)

“mHFT(z). On the other hand, if
71 is not increasing, then 4(?) = () because b > a in 7() and ¢ € v implies baige is
a 2143. So, 7 — 7 is a bijection to non-identity T-avoiders, giving a contribution of
acm(FT(x) — ﬁ)

o 71 = @ and 7@ has a letter smaller than 71. Here 7 has the form iligﬂ(Q) (ia+1)---n
(to avoid 2143,2341) with 41 # 1, and 7 — i1m®@ is a bijection to T-avoiders of length > 2
with first letter # 1, giving a contribution of 2™~ (Fr(z) — 1 — 2Fr(z)).

e 7 =@ and 7® > i;. As in Theorem 22, i; = 1 and the contribution is 2Gp—1(x).

is a bijection to T-avoiders, giving a contribution of £—

Summing the contributions, we have for m > 2,

merl

Gnm(z) =

T IFT(:C) +z™ (FT(:L') —

Since Fr(z) = 3,50 Gm (), we find that

T ac) + 2™ (Fr(z) — 1 — 2Fp(2)) + 2Gm-1(2).

3 x? 1
Fr(z)=1+azFr(z)+ WFT(I) + T (FT(JU) -1 :c)
+ %(FT(-%) —1—aFp(z)) + z(Fr(z) — 1),
which, by solving for Fr(z), completes the proof. O

3.7. Case 191.
Theorem 24. Let T = {1342,2134,2413}. Then

(1—-2)1—22)(1—3z)
Fr(z) = .
T() = T T 607 140° 1 34

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(xz) =1 and G1(z) = zFr(x). Now let us write an equation for G, (x) with m > 2.

For m = 2, let 7 = in'nn” € S,,(T) with two left-right maxima. The entries after n and > ¢ all
precede entries < 7 or else ¢,n are the “2,4”of a 2413. Hence, m = in'nB'B"” with 8 > i > 3”.

If ©’ = 0 so that m = in’B8”, then 8" avoids 231 or ¢ would start a 1342. So 8’ avoids 2134 and 231
(which subsumes 2413), and 8" avoids T'. The generating function K (x) for {231, 2134}-avoiders

is K(x) =1+ % [13, Seq. A005183]. Thus the contribution is 22K (z) Fr(z).

If 7’ # (), then 3’ is decreasing (or ¢ max(n’) would start a 2134) and St(7'n8") is a T-avoider that

does not start with its max. Thus, by deleting i, we have a contribution of 2 (Fp(z)—1—azFrp(z)).

Hence,
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Now, suppose m > 3 and 7 avoids T" with m left-right maxima i; < i3 < --- < i,,. Then 7 has the
form shown in the figure below with shaded regions empty to avoid a pattern involving the gray

bullet as indicated, and entries in 8’ preceding entries in 8” to avoid 2413, and similarly for v/, ~".

im‘

ﬁ/

i1 ) A
7 2134 . ;
2034 | B ¥

We consider 4 cases according as 3, 8" are empty or not.

If 5/, 8" are both empty, then + avoids 231 (else i,,—1 is the “1” of a 1342) and v avoids T, giving
a contribution of ™K (z)Fr(x).

If 8 #0, 8" =0, then 8/ avoids 213 due to i,, (2134) and avoids 231 due to i,,—2 (1342). The
generating function L(xz) for {213, 231}-avoidersis L(z) = {=£ [12]. Also, 7 is decreasing (2134),
and v avoids T'. By deleting the left-right maxima and 4/, the contribution is £— (L(z)—1)Fr(x).

m
1—x

If B/ =0, 8" # 0, then 4 is decreasing once again and St(58” i,,y") avoids T and does not start
m—1

with its max. Deleting i1,...,%im—1 and 7/, the contribution is T— (Fr(z) — 1 — zFr(z)).

If 3’, 8" are both nonempty, then 8’ avoids 213 and 231, 4 is decreasing, and St(58” i,, v"') avoids T

and does not start with its max. Again deleting 41, ..., 4,1 and 7/, the contribution is ”1_;1 (L(x)—

1) (Fr(z) —1—aFp(x)).

Hence, for m > 3,

m m—1

T x(L(:c) —1)Fp(z) + 1=

Gu(x) =2 K(x)Fr(z) + L(z)(Fr(z) — 1 — zFr(z)).

Since Frr(z) = 3,50 Gm(x), we obtain

Pr(w) = 1+ Pr(x) + 2*K (2) Pr(z) + 1 L (Fr(z) - 1 - 2Pp(x))
z3 x> x2
+ T xK(x)FT(ac) + W(L(x) —1)Fr(z)+ = x)QL(x) (FT(ac) —1—aFp( ))
By solving for Fr(x), we complete the proof. O

3.8. Case 196. The two representative triples T are:
{2143,2431,3241} (Theorem 25)

{2413,2431,3214} (Theorem 27)

Theorem 25. Let T = {2143,2431,3241}. Then

1 — 5z + 722 — 42°

Fr(z) = .
() = e T 11 — 08 1 2t
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Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(z) =1 and G1(z) = «Fr(x). For m > 2, we need a simple lemma. Let S, ,, denote the set
of all permutations m = i Wigr@ . i 7(m) e S with m left-right maxima 41,19, ...,4,;, and
Ry, the subset that satisfy the condition (*) 7(Y) =@ and 7)< 4;_; for all j = 2,3,...,m. Let
Sn,m(T) and Ry, »,(T) have the obvious meaning.

Lemma 26. For m > 2, the map ¢ : i Wiy ---imﬂ'(m) — iy m@Diox (3 ---im_lﬂ(m) s a
bijection from Ry m t0 Sp—1,m—1. Furthermore, the restriction of ¢ to Ry m(T) is a bijection to
Sn—l,m—l(T)- O

Now suppose m € Sy, (T") with m > 2 and consider cases according as condition (*) holds or not.

If (*) holds, so that @ € Ry, ., (T), then the contribution is ©G,,—1(z), by the lemma. If (*) does
not hold, then there exists an index s € [m] such that 7(5) contains a letter between iy_1 and .
This imposes restrictions on 7 as illustrated:

im
Z, is+1 2143
2m)
ﬂ.(s+1)

-
isfl 68

i“" . 3241

2143 B
b

where dark bullets indicate mandatory entries, shaded regions are empty to avoid the pattern
involving a light bullet as indicated, blank regions are empty, and the §’s and 7’s are in the
displayed order to avoid 2431.

Thus, the contribution is 2™ 27::1 Ly s:s(x), where Ly, s.q(x) is the generating function for such
avoiders 7 (as illustrated) with 81 = --- = 8,4 = 0, 1 < d < s, when the left-right maxima
are understood to make no contribution, i.e., are weighted with 1 rather than z. Note the latter
condition on the f’s is vacuous—no restriction—when d = s. We need to introduce d because we
can get a recurrence for L,, .4 in terms of L, s.q—1 that will yield L,, s.s. To do so,let 2<d <s
and consider whether S;_411 is empty or not. If 8s_441 = 0, clearly the contribution is Ly, s;q—1(z).
If Bs_qq1 # O then, to avoid 2143, B; is increasing (could be empty) for s —d+2 <i < s—1
while S5 is increasing and nonempty. Moreover, also to avoid 2143 (but utilizing different letters),
7)) =@ foral j=s+1,s+2,...,m. There are d — 1 f’s required to be increasing and so the
contribution is (Fr(x) — I)W

Adding the two contributions, we have

x
(28) Lin,sa(z) = Lim,s;a—1(z) + (FPr(z) — 1) a_1 "

i-a)
To complete the recurrence, we need an expression for Ly, s.1(z). Here, 51, ..., 8s—1 are all empty.

Set r =m —s, M, = L, s;1(z) and relabel 5’s and 7’s so that the boxes not required to be empty
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for M, contain By # 0,71, ..., 7("). Now consider variable r. Clearly, My = Fr(z) — 1 and we
obtain a recurrence for M,., r > 1, conditioning on the first nonempty 7(%). If all 7’s are empty, the
contribution is Fr(z) — 1. Otherwise, let j € [r] be minimal with 7() # (. Then Sy is increasing
(b > a in By would make ba the 21 of a 2143) and the contribution is %= M, _; (because 7)) can
play the role of f). So M, = Fr(z) — 1+ &5 375 My, for v > 1, with Mo = Fr(z) — 1.

This recurrence has solution M, = Ilegx);l So L s1(x) = %, the initial condition for

recurrence (28), with solution

) = (20) =) (=g + (= gos 1)

Hence,

Gm(I) = xGm_l Lm,s;s
(

()
Fr(z) —1) ((1 ,i)sfl oz alc)m*S - 1) ’

(@) +a™ )
=2Gpo1(z) + 2™ Z
which implies

o (Fr(z) —1)(2(1 —2)'™ —ma — 2(1 — z)) .

Gm(x) =2Gpm_1(x) +

By summing over all m > 2 and using the initial condition Go(z) = 1 and G1(x) = zFr(z), we
obtain
(222 — 3z + 2)(Fr(x) — 1)a?
(1—-22)(1 — )2 ’
with solution the desired Fr. O

Fr(z)—1—aFp(z) =z(FPr(z) — 1) +

Theorem 27. Let T = {2413,2431,3214}. Then

_ 1—5x+ 722 — 423
T 1—6x 41122 — 923 + 224

FT(I)

Proof. Let a, = |S,(T)| and let a,(i1,12,...,is) denote the number of permutations iqig - - - ism €
Sn(T). We will obtain expressions for a,(i,j) and a,(i) and deduce a recurrence for a,,. Clearly,
an(1l) = an(n) = ap—1. For 2 <i < n—1, we have the following expressions for a, (i, j):

anfl(ii]') lfj:]-a

a(ij): aj—1 if2§j<i,
e an—1(i) ifj=i+1,
0 ifj>i+2.

For the first item, “delete 1 and standardize” is a bijection from T-avoiders that begin i1 to
one-size-smaller T-avoiders that begin ¢ — 1. For the second item, n occurs before 1 (3214) and
so m = ijn’'na’ 17", Also, #' > j (3214), #” < j (2431), #" < j (2413), and 7’ is increasing
(2431). These results imply that @ = ij(j +1)---7---n8 (where 7 indicates that i is missing) with
B € S;_1(T). The easy proofs of the last two items are left to the reader.
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Since a, = Y7 an(i) = an(1) + 7 > i1 an(i, §) + an(n), the preceding results yield

n—3 n—1
ap = Z(n —2—14)a; +2 Z an—1(%) + 2(ap—1 — an—2)
i=1 i=1
for n > 3, which implies
n—3

an =4ap_1 — 2652 + Z(n —2—1)a;,
i=1

with ag = a1 =1 and as = 2. Since Fr(z) = ano an,x™, the recurrence for a,, translates to

3

W(FT(I) - 1) )

with solution the desired Fr. O

Fr(z) —1—2—22* =4a(Fr(z) — 1 —z) — 22*(Fp(z) — 1) +

3.9. Case 201. The two representative triples T are:
{1243,1324,3142} (Theorem 28)
{1342,1423,2314} (Theorem 31)

3.9.1. T = {1243,1324, 3142},
Theorem 28. Let T = {1243,1324,3142}. Then

11— 3z +a?
o 1—=x

Fr(z) C3(x).

Proof. Let G, (x) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(x) = 1 and G1(z) = xFr(x). Now suppose m > 2 and m = 4371 -+ -i,,,7(™) avoids T. Then
{i2,i3,...,1m = n} are consecutive integers (a gap would give a 1324 or a 1243). We consider two
cases.

e iy = n —m+ 1, its maximum possible value. Here, 7)) > 7(®) > ... > 7(m) (to avoid
3142). Also, for j € [m — 1], 7 avoids 132 (or i;4; is the “4” of a 1324), and 7(™) avoids
T. Hence, the contribution is z™C(x)™ 1 Fr(z).

e i1 <n—m+ 1. Here, 71 and i3 are not consecutive and 7 has the form

n o

. i3
i [ J

i 1324 o

3142
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where the top shaded rectangle is empty (1324) and hence 7(™) contains i1 +1; the rectangle
below it is empty (3142); 7(1) is decreasing (or i, (i; + 1) would terminate a 1243) and
i1m has no gaps (else there exist a < b < i1 with a € 7 and b € 7™ and then 114970
is a 3142). Also, i1m(™) avoids T and does not start with its maximal letter. Hence, the

(Fr(z) —1—aFp(x)).

contribution is a:fi;

Combining the preceding cases gives Gy, (z) for m > 2, and by summing over all m > 0, we obtain
m—1

Fr(z)=1+ Z 2™ C(x)™  Pr(z) + Z 3107 = (Fr(z) —1—aFp(z)),

m2>1 m>2

which implies

x
FT(:L') =1+ CL’C(:L’)FT(IL') + m (FT(JJ) —1- :L'FT(JJ)),
with solution Frp(x) = 1—3z+a” , equivalent to the stated expression. O
() (1-o) (1-204 (22 —2)C(x) ) 4 P

3.9.2. T ={1342,1423,2314}. To enumerate the members of S, (T"), we consider the relative
positions of the letters n and n — 1 within a permutation. More precisely, given 1 < 4,7 < n with
i # 7, let a(n;i,j) denote the number of permutations # = myme - - -, € S, (T) such that m; = n
and 7 = n—1. If n > 2 and 1 < i < n, then let a(n;i) = X7, a(n;4,4), with a(1;1) = 1. The
array a(n;i,j) is determined by the following recurrence relations.

Lemma 29. Ifn > 3, then

1—2
(29) a(niiyi—1)=a(n—1yi—1,i-2)+> an—1;i-1,j), 3<i<n,
j=2
and
n—1
(30) a(n;i,j)=a(n—Lii,j)+an—1Lii—1,j—1)+ Y an-1Lj—Lk), 2<i<j—2
k=j+1

Furthermore, we have a(n;i,1) = a(n — 1;i — 1) for 2 < i <mn, a(n;1,j) = a(n —1;5 — 1) for
2 <j<mn,aln;ig) =aln—1i—1,5) for 2 < j <i—2, and a(n;i,i + 1) = a(n — 1;i) for
1<i<n—1.

Proof. Throughout, let 7 = myme -7, € Sp(T) be of the form enumerated in the case under
consideration. The formulas for a(n;i,1) and a(n; 1, j) follow from the fact that an initial letter n—1
or n within a member of S, (T) may be safely deleted. To determine a(n;i,j) where 2 < j <i—2,
first note that within 7 € S,(7T) in this case, the letter n — 2 cannot go to the left of n — 1
(for if it did, then there would be an occurrence of 2314 of the form (n — 2)(n — 1)zn for some
x < n — 2). Furthermore, the letter n — 2 cannot go to the right of n, for otherwise there would
be an occurrence of 1342 of the form z(n — 1)n(n — 2) for some z < n — 2 (since j > 2 implies
n — 1 is not the first letter). Thus, n — 2 must go between n — 1 and n in this case. Note also
that min{m;41,mj49,...,m_1} > max{m,ma,...,mj—1} s0 as to avoid an occurrence of 2314 (of
the form z(n — 1)yn). Thus, 7 > 2 implies the section 7j41712 - m—1 is decreasing in order to
avoid 1423, whence 711 = n — 2. It follows that the letter n — 2 may be deleted, which implies
a(n;i,j) =a(n—1;i—1,7) if 1 < j <i— 1. Next, observe that a(n;i,i+ 1) = a(n — 1;4) since the
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letter n — 1 is extraneous in this case and may be deleted (as none of the patterns in 7' contain
“4” directly followed by “37).

We now show (29). Note that the letter n—2 in this case must occur to the left of n—1, for otherwise
there would be a 1342. If m; = n — 2, there are a(n — 1;4 — 1,4 — 2) possibilities as the letter n — 2
may be deleted since it cannot play the role of a “2” within a 2314. So suppose m; = n — 2 for some
2 < j <i—2. Then we must have min{nm; 1, m12,...,mi—2} > max{m, m2,...,mj_1} in order to
avoid 2314, with min{m,ma, ..., mj—1} > max{m 1, Tiy2,..., T} to avoid 1342. Since all of the
same restrictions on 7 are seen to apply if we delete n, it follows that there are 23;22 a(n—1;1—1,7)
possibilities if n — 2 does not start a permutation. Combining this case with the previous implies
formula (29).

Finally, to show (30), it is convenient to write 7 € S,,(T") enumerated by a(n;¢,j) when 1 <i < j—1
as T = wMw® ... w™ where w® for i < r denotes the sequence of letters of ™ between the i-th
and the (i + 1)-st left-right minimum, including the former but excluding the latter (with w(™
comprising all letters to the right of and including the rightmost left-right minimum). Observe
that n must be the final letter of some w(®. For if not, then j > i + 1 implies that there would
be an occurrence of 1423 of the form zny(n — 1), where z is a left-right minimum and y is not.
Then n — 2 must be the first letter of m or go to the right of n, for otherwise, # would contain an
occurrence of 2314 of the form z(n — 2)y(n — 1), where x is the first letter and y is the successor
of n (and hence a left-right minimum). If n — 2 is the first letter, then it is seen to be extraneous
(since n— 1 occurs to the right of n within ) and thus may be deleted, yielding a(n—1;i—1,5—1)
possibilities. If n — 2 occurs to the right of n, then it must also occur to the right of n — 1 in
order to avoid 1423. If 711 = n — 2, then it is seen that n — 2 may be deleted as there can be
no possible occurrence of a pattern in T involving both n — 2 and n — 1 in this case, whence there
are a(n — 1;14, j) possibilities. On the other hand, if 7, = n — 2 for some k > j 4 1, then the letter
n — 1, like n, must be the last letter of some w(® in order to avoid 1423.

We claim that the letter n may be deleted in this case. First note that ¢ > 1 implies n belongs to
the leftmost w® such that w® is not of length one (for otherwise, there would be an occurrence
of 2314, with n playing the role of the “4”). If s denotes the index of this w(®), then w(®) must be
of length two, for if not and w(®) contained a third letter, then 7 would contain 2314, as witnessed
by the subsequence xyz(n — 1), where x and z are the first letters of w® and wG*tY and y is
the second letter of w(®). It follows that the letters to the left of n within 7 form a decreasing
sequence. By similar reasoning, the letters between n and n — 1 are decreasing since 7 = n — 2 for
some k > j+ 1. Since min{m,mg, ..., mi—1} > max{m4+1, Tit2,...,mj_1} in order to avoid 1423, it
follows that the letters to the left of n — 1 excluding n form a decreasing sequence. From this, it is
seen that the letter n may be deleted, which gives ZZ;; 41 a(n—1;7—1, k) additional possibilities.
Combining this with the previous cases implies (30) and completes the proof. O

Define the functions b, ;(v) = Z?:HQ a(n;i,j)vd for 1 <i<n—2and ¢, (v) = 22;12 a(n;i, j)v’
for 3 < < n. Then recurrences (30) and (29) imply

(31) bp,i(v) = bp—1,;(v) + vbyp_1,-1(v) + Z bo—1,-1(1)v7, 2<i<n—-2,
j=it2
and

(32) Cni(V) = cp_1,i-1(v) + cn,lyi,l(l)vifl +aln—1;i—1,i—2)v" 1, 3<i<n.
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Let a,(u) = Y20, a(n; i)ul forn > 1, by (u,v) = S0 by s (0)ul for n > 4, ¢, (u,v) = S04 eni(v)ul
for n >3, and d,(u) = >, a(n;yi,i — 1)u’ for n > 2. Let a(n) = a,(1) for n > 1, with a(0) = 1.

By Lemma 29, we have

- n—1
Z (ny,i+ Du Za(n—l;i)uizan_l(u)—a(n—2)u, n>2,
=2 i=2
and
n n
Z (n;i,1)u Zan—lz—lu-uan 1(u), n > 2.
1=2 1=2

Thus, by the definitions, we have
(33)  an(u)=wula(n—1) —a(n —2)) + (1 + w)an—1(u) + bp(u, 1) + cp(u, 1), n>2

with a;(u) = wu, upon considering separately the cases of a(n;i,j) when ¢ = 1, j = 1 or both
ij> 1.
Note that by the definitions,
n n
bn,1(U)=Z (n;1,5)v Zan—lj—l) v(an—1(v) —a(n — 2)v), n > 3.
7j=3 7j=3
Multiplying both sides of (31) by u?, and summing over 2 < i < n — 2, then yields

n j—2
by (u,v) = bp—1(u, v) + wv(bp—1(u,v) + ubp_1,1(v)) + Z bo—1,—1(1)v? Zul
= i=2

= (14 uv)by_1(u,v) + u?v?(an_o(v) — a(n — 3)v)

(34) + s Y Wby (0,1) — bp_1(uv, 1)), >4
—u
Multiplying both sides of (32) by u!, and summing over 3 < i < n, gives
(35) en(u,v) = u(en_1(u,v) + cp_1(uv, 1) + dp—1(uv)), n > 3.

Finally, using recurrence (29) and noting a(n;2,1) = a(n — 2), we get
n
dn(u) = a(n — 2)u? + ud,_1(u) + Z cn—1,i—1(1)u
(36) =a(n —2)u® +ud,_1(u) + ucy_1(u, 1), n>2.

Define the generating functions a(z;u) = an1 an(w)z™, b(z;u,v) = 32,54 bn(u,v)2", e(x;u,v) =
> nss Cnlu,v)z™ and d(z;u) = 37, 5, dn(u)z". Rewriting recurrence (33)-(36) in terms of gener-
ating functions yields the following system of functlonal equations.

Lemma 30. We have
(37) (1—-2z—zu)a(r;u) = zu(l —2)(1 + a(z; 1)) + b(z;u, 1) + c(z; u, 1),

Y (u?b(z;v,1) — b(z;uv, 1)),

(38) (1 — 2z — zuv)b(x; u,v) = (zuv)?(a(z;v) — 2va(w; 1) — 2v)

(39) (1 — zu)e(z;u, v) = zu(e(z; uv, 1) + d(z; uv)),
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and
(40) (1 — zu)d(z;u) = 22u?(1 + a(z; 1)) + zuc(x; u, 1).

We can now determine the generating function Fp(x).

Theorem 31. Let T = {1342,1423,2314}. Then
1 -3z+ z?
B 11—z

Fr(z) C3(x).

Proof. In our present notation, we seek 1+ a(z;1). By taking u = v = 1 in (37), (39) and (40),
and then solving the resulting system for b(x;1,1), ¢(z;1,1) and d(x; 1), we obtain

(1—2)(1 =5z + 622 — 2%)a(z; 1) — 2(1 — 4o + 5a® — 23)

b(l‘;]_,].): 1— 37z + 22 )
23(1 + a(z; 1))
Al =g e
22(1 —2z)(1 + a(x; 1))
dlw;1) = 1— 3z + 2? '

Hence, equation (38) with v = 1 can be written as

(1 Lo ) b(a;u,1) = (zu)2((1 — 2)a(z; 1) — z)

1—u
2u? (1 —2)(1 - 52+ 622 — 23)a(z; 1) — (1 — 4o + 52% — 23)
1—u 1—3x+ 22 '
Applying the kernel method to this last equation, it is seen that taking u = C(z) cancels out the
left-hand side. This gives, after several algebraic operations, the formula

2(1 — 3z + 2?) _1-3z+a?
1-2)(1-3zx)+(1-2)2/1—42  1-=x
as desired. O

+

1+a(z;1) = C?(x),

Remark: From the formula for a(x;1), one can now determine b(x;1,1), as well as ¢(z;u, 1) and
d(z;u,1), by (39) and (40). This in turn allows one to find b(z;u, 1), by (38) at v = 1. By (37),
one then obtains a formula for 1 + a(x; u) which generalizes Fr(z) (reducing to it when u = 1).
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