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Eshelby inclusions in granular matter: theory and simulations

Sean McNamara, Jérôme Crassous, and Axelle Amon
Université de Rennes 1, Institut de Physique de Rennes (UMR UR1-CNRS 6251),

Bât. 11A, Campus de Beaulieu, F-35042 Rennes, France
(Dated: August 26, 2016)

We present a numerical implementation of an active inclusion in a granular material submitted to
a biaxial test. We discuss the dependence of the response to this perturbation on two parameters:
the intra-granular friction coefficient on one hand, the degree of the loading on the other hand. We
compare the numerical results to theoretical predictions taking into account the change of volume
of the inclusion as well as the anisotropy of the elastic matrix.

PACS numbers: 62.20.F-,83.80.Fg,62.20.D-

I. INTRODUCTION

Despite decades of intensive research [1–4], the me-
chanics leading to strain localization in soils are not well
identified. For geo-mechanicians, strain localization is
the result of mechanical instabilities [2–4]. When the
stress exceeds a threshold (i.e. given by Mohr-Coulomb
criterium for the stress component ratio), the material
fails. Before such failure, soils flow plastically [1, 3, 4],
but the link between this plastic flow and failure is quite
unclear [4]. Recent approaches to describe the rheology
of granular materials propose non-local constitutive rela-
tions inspired by models coming from soft glassy materi-
als [5, 6] and introducing a new variable to describe the
local state of the material (the fluidity). The physical in-
terpretation of this fluidity is still unclear and debated [6]
Metallic glasses are another example of materials

where plastic flow occurs before strain localization. It has
been suggested that for these amorphous materials [7, 8],
the macroscopic plasticity is the result of numerous el-
ementary plastic events. An elementary event may be
viewed as a small and local reorganization at the molec-
ular scale. Such events have been found in numerical sim-
ulations [9–11]. This description in term of elementary
plastic events seems also relevant for soft glassy materials
(such as dense emulsions or foams) or compressed gran-
ular materials [10]. Such elementary events have been
indeed reported in some experimental studies [12–15, 21].
A very important consequence of those elementary

plastic events is that they are able to interact mechani-
cally. Indeed, when they occur, they redistribute stress in
the material [16]. For an elastic material, this redistribu-
tion is long-ranged and anisotropic, so that it may trigger
other rearrangements further in the material along pref-
erential directions. This coupling between plastic events
is believed to be at the origin of formation of spatial het-
erogeneities [17–20] (such as shear band) at the macro-
scopic scale.
Consequently a good understanding of the stress redis-

tribution around a single event is needed. It is a subject
that has been already deeply studied, especially numer-
ically [10, 11, 22], while experimental proofs of this re-
distribution are scarce [12, 15, 24]. Those studies show
that the stress redistribution around a local event may be

well described using a computation done by Eshelby [25]
where an inclusion embedded in an elastic matrix spon-
taneously changes shape. The analytical solutions ob-
tained from such a calculation provide a good description
of the stress field measured numerically around plastic
events, i.e. a quadrupolar stress redistribution. Using
this theoretical representation of plastic events as Es-
helby inclusions and considering the coupling between
several events, predictions of the yield strain can be ob-
tained [26, 27], as well as of the inclination of shear
bands [24, 29]. Active rearrangements have also been
studied numerically in order to investigate the dynam-
ics of the response of the material to a local rearrange-
ment [30] as well as the correlation between this elastic
response and the subsequent plastic events [31].

It has to be noted that most of the numerical studies
discussed above have been done in Lennard-Jones glasses
for which a domain of truly elastic response exists. So, an
elastic response of the matrix surrounding a small plastic
event is not a surprise. For materials which do not be-
have as perfectly elastically, the pertinency of Eshelby’s
calculation can be questioned. Wu et al. show that
the stress relaxation in liquid at times shorter than the
Maxwell relaxation time may be described accordingly to
Eshelby’s stress tensors [32]. The fourfold pattern char-
acteristic of Eshelby’s stress tensors has observed in re-
cent numerical studies of granular flows at constant vol-
ume [33]. Also, fluctuations of strains are observed exper-
imentally [24] with inclinations related to the maximum
of the deviatoric part of Eshelby’s stress tensors. Similar
oriented patterns were observed in numerical studies of
compressed granular material [34], although the author
does not link them to the Eshelby’s tensors.

The aim of this study is to show that the stress redistri-
bution due to a local reorganization in a granular mate-
rial may be unambiguously described using the Eshelby
formalism. For this, we focus on a realistic situation,
where the granular material evolves at fixed pressure,
allowing compaction or dilatation. We implement in a
discrete element numerical model of a bidimensional fric-
tional granular assembly an active inclusion with a new
procedure very close to the spirit of the demonstration
of Eshelby. We show that the observed response of the
granular assembly corresponds to the one expected for



2

an elastic material [25]. We study specifically the role of
two parameters on the response of the system: the value
of the friction coefficient, which governs the prevalency
of sliding contacts in the system, and the loading state
of the sample, i.e. its proximity to failure.
This study is organized in the following way:
In section II we explain the mode of loading of the ma-

terial, which consists in a biaxial test, and we describe
the preparation of the numerical experiments. We also
describe the typical response obtained during the loading
of the material. In section III, we give an overview of the
principle of the calculation of Eshelby and we discuss our
method of generating an Eshelby-type inclusion in our
simulations. In section IV, we describe the stress field
observed around an active inclusion at different stages of
the loading and for different values of the friction coeffi-
cient. In section V we measure the angular distribution
of the anisotropic response and we present the results of
the evolution of the inclination of the maximum of the
stress distribution as a function of the volumetric strain.
We discuss the modification of the response of the system
when the amount of plasticity in the granular matrix in-
creases, either because of decreasing friction or because
the system is closer to failure.

II. GEOMETRY AND PREPARATION OF THE

NUMERICAL EXPERIMENT

In this section, we present the discrete element nu-
merical simulations and explain the method of prepara-
tion of the samples. We consider a bidimensional sam-
ple submitted to a biaxial test. This classical configu-
ration [35] consists in submitting a granular sample to
well-controlled stress conditions without control of the
volume. Experimentally, a uniaxial compression is ex-
erted along one direction while a confining pressure is
imposed on the lateral side of the granular sample. Those
kind of tests are classically used in soil mechanics to study
the strain-stress properties of granular materials [35]. For
large enough initial volume fraction, localization of the
deformation is observed above a threshold [36], with the
formation of shear bands. Concerning the volumetric
strain, still for initial volume fraction larger than a crit-
ical value, some compaction is observed at the begin-
ning of the loading, followed by dilatancy at larger strain.
Those kinds of test are unusual for physicists who prefer
to work at constant volume and uncontrolled pressure, in
order to study the behavior of a sample at a given volume
fraction [37]. Yet, confining pressure controlled set-ups
are the most natural configurations when trying to under-
stand real life granular mechanical behavior. Because we
are interested in this kind of configuration, we will give
special care to local change of volume in the following.
As a matter of fact dilatancy and plastic deformation are
closely linked in granular materials.
In Sec. II A and II B, we discuss the numerical setup

and test procedure. In Sec. II C we describe general prop-
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FIG. 1: Set up for the numerical simulations. N grains are
contained within four walls: the bottom and left walls are
fixed, the upper wall moves downward with constant velocity.
The right wall is mobile, and subjected to a constant pressure
p0. Throughout the paper, the coordinate axes x and y are
oriented as shown.

erties of our biaxial tests.

A. Numerical Setup

We perform numerical simulations of a two-
dimensional biaxial test. The boundary conditions
are sketched in Fig. 1. N grains of total mass M0 are
confined by four perpendicular walls. The left and
bottom walls are fixed and motionless. The top wall
moves downward with a constant velocity. These three
walls can be considered to be of infinite mass, for their
positions are not modified by the forces exerted by the
grains. The right wall, however, is mobile, with a mass
of M0/100. It is kept in place by a constant pressure p0.
The grains are polydisperse disks (rmax/rmin = 1.5) of

uniform (two-dimensional) mass density ρ0. The quanti-
ties M0, ρ0, and p0 establish the system of units. Thus
length is measured in units of L0 =

√

M0/ρ0, time

in units of T0 =
√

M0/p0, and velocity in units of

V0 =
√

p0/ρ0.
The grains interact via traditional linear, damped

springs in the normal and tangential directions (normal
spring constant kN = 2000p0, tangential spring constant
kT = kN/2). Weak linear damping is also included in
these interactions. The grains also have a (microscopic)
friction ratio µm: the tangential force may not exceed
µm times the normal force. A weak rolling resistance is
added so that all vibration modes will be damped. Fi-
nally, a weak gravitational force is added to gently push
“rattlers” against the granular skeleton.
All four walls are frictionless, exerting only normal

forces. The mobile wall has the same stiffness as the
grains, but the three walls of infinite mass are soft (spring

constant kwall = kN/
√
N) and dissipative. This novel
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FIG. 2: Stress strain curves for the simulations analyzed in
this paper.

boundary conditions efficiently removes vibrational en-
ergy from the system without resorting to global damp-
ing [38].

B. Test procedure

The simulations presented below are done with N =
256× 256 = 65536 grains. The initial state is formed by
compressing a granular gas without friction (i.e. we set
µm = 0), yielding a relatively high density. Then, at the
beginning of the test, friction is turned on (i.e. we set
µm to its final value), and the velocity of the top wall
is set to 2× 10−5H0/T0, where H0 ≈ 1.1L0 is the initial
height of the system. We checked that decreasing further
the velocity do not change the results of the simulation.
As the simulation proceeds, the entire state of the sys-
tem (particle positions and velocities, contact forces) are
recorded at strain increments of ∆εyy = 10−5, where the
deformation εyy is defined in II C

C. Global properties

In Fig. 2, we show the stress-strain curve for the simu-
lations studied in this paper. The stress is deduced from
the force exerted by the grains on the upper (constant ve-
locity) wall. The strain is usually deduced in simulations
from the position of this wall, but that does not work
in this situation due to the softness of the wall. Indeed,
more than half of the apparent deformation can occur at
the wall, and not within the packing. Instead, we return
to the definition of strain: εyy = ∂uy/∂y, where uy is the
y-component of the displacement of a material point rel-
ative to a reference state. We therefore calculate the dis-
placement of each grain, and accumulate N pairs (y, uy),
and then do a linear regression and take the slope of as
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FIG. 3: Volumetric strain εxx + εyy for the tests studied in
this paper.

∆εyy, the deformation from the reference state. At the
beginning of the simulation, the initial condition is the
reference state, but each time the deformation increases
by 10−5, the reference state is updated. The total de-
formation, averaged over the full sample, is εyy in Fig. 2
and in the rest of the paper.
Fig. 2 shows that we can control the peak stress by

changing the friction ratio µm. For µm = 0.2 and
µm = 0.6, we obtain results similar to those obtained ex-
perimentally or in other numerical experiments. When
µm = 2, the peak stress exceeds 10 times the confin-
ing pressure. This quite high value do not correspond
to experimental values of grain-grain friction coefficients.
However, it is an interesting limit case for theoretical rea-
sons.
In Fig. 3, we show the volumetric strain εxx+ εyy dur-

ing the tests. (The strain component εxx is determined in
the same way as εyy strain component.) This result is in
agreement with the experimental observations in biaxial
and triaxial tests: the loading curve presents a maximum
and the volumetric strain first decreases before continu-
ously increasing.

III. ESHELBY’S INCLUSION: THEORY AND

NUMERICAL IMPLEMENTATION

In this part we present our method for implementing
an active inclusion in a granular material. Active inclu-
sions in numerical simulation have been considered re-
cently [30, 31] in two-dimensional Lennard-Jones glasses
by imposing displacements on the particles forming the
inclusion. This approach amounts to imposing a strain
on the inclusion. Here we propose a new procedure to
implement an active inclusion where a stress is imposed.
We do this for two reasons. First of all, we are deal-
ing with granular materials, where changes of volume are
very important. Thus we want to leave the inclusion free
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to choose the volume it wants. Second, the stress we
impose appears at the beginning of the Eshelby’s calcu-
lation [25]. We will explain this more precisely below.
Eshelby gave a general method based on the linear su-

perposition of small deformation elasticity to solve a class
of problems implicating an inclusion in an elastic ma-
trix. He also gives analytical solutions of several typical
problems. In the following, we will use the solution of
this problem: consider a small part of an infinite elastic
matrix which we will call the inclusion. Suppose that
this inclusion has a spontaneous change of shape. The
Eshelby solution of interest for us gives the stress field
distribution in the matrix due to that local event when
the unconstrained spontaneous change of shape of the
inclusion is known.
The coordinate system used in the following is given

in Fig. 1. For the vector positions, we use the polar

coodinates ~r = r~n = r

(

cos θ
sin θ

)

. The origin is taken at

the center of the inclusion. In all the considered cases, the
imposed stress at the boundaries corresponds to biaxial
stress-imposed configuration:

σ∞ =

(

σ∞
xx 0
0 σ∞

yy

)

with σ∞
xx and σ∞

yy < 0, and σ∞
xx − σ∞

yy > 0.

In this theoretical section, we first recall the general
principle of Eshelby’s calculation. In the second part, we
give the general form of the analytical solution far from
the inclusion. In the last part our method of generat-
ing Eshelby-type inclusion in the numerical simulation is
described.

A. Principle of the calculation

Consider an inclusion, within an infinite elastic matrix,
which undergoes a spontaneous change of shape. If it
had not been inside a matrix, this change of shape would
correspond to the homogeneous strain tensor e∗ij . The
elastic stress field associated to this strain tensor is σ∗

ij =
λe∗kkδij +2µe∗ij, λ and µ being the Lamé coefficients [39].
As the inclusion is in a matrix, its change of shape will

interact with the elastic surrounding medium, leading to
a displacement field ũi(~r) in the matrix, generated by the
rearrangement and given in 2D by:

ũi(~r) =

∫

C

G2D
ij (~r − ~r′)σ∗

jkdc
′
k (1)

where the integral covers the inclusion contour C,
G2D

ij (~r − ~r′) is the bidimensional Green function giving
the displacement response awaited at ~r from a ponctual

unitary force exerted in ~r′ belonging to the contour on
an element dc′k [25, 39].
The following part discusses the far-field redistributed

deviatoric stress for e∗ij coaxial with the loading σ∞
ij .

Complete solutions (with near-field terms) of the pre-
vious equations in the case of an elliptical inclusion can
be found in [29].

B. Coaxial solutions

The displacement field in the matrix far from the in-
clusion can be approximated by (see Appendix A):

ũi(~r) =
S

2πr

λ+ µ

λ+ 2µ
e∗jkg

2D
ijk(~n) (2)

where S is the area of the inclusion. The function g2Dijk(~n)

depends only on the direction ~n (see Eq. A3). The ex-
plicit determination of the solution depends on the ex-
pression of e∗ij . In the present study, we restrict to the
case of strain tensors characterizing the plastic rearrange-
ment coaxial to the uniform imposed stress tensor σ∞,
i.e.:

e
∗ =

(

e∗xx 0
0 e∗yy

)

(3)

The geometry of the loading motivates this hypothesis.
Furthermore, Dasgupta et al. [26, 27] have shown that
this orientation minimizes the energy of interaction be-
tween the external strain field and the inclusion at high
enough strain. The components of the strain tensor ẽ

induced by the rearrangement in the surrounding matrix
can then be computed explicitly (see Appendix A).
In a biaxial experiment, the crucial quantity which

characterizes the shear and which governs the response of
the material is the deviatoric stress σxx−σyy. The signif-
icant component of the stress redistribution to determine
is thus the redistributed deviatoric stress σ̃xx−σ̃yy, which
will add to the imposed stress field and will thus modify
locally the total deviatoric stress. Here, we obtain from
(2) (see Appendix A):

σ̃xx − σ̃yy ∝ S

πr2
λ+ µ

λ+ 2µ
f(θ) (4)

with

f(θ) = −(e∗xx + e∗yy) cos(2θ)− (e∗xx − e∗yy) cos(4θ) (5)

This function has a quadrupolar part which originates
from the shear part of the strain: (e∗xx− e∗yy) and a bipo-
lar part due to the volumetric strain (e∗xx + e∗yy). The
function f(θ) is independent of the elasticity coefficients
because we are in two dimensions. In three dimension the
corresponding function depends on the Poisson’s ratio.
Figure 4(a) (resp. (b)) shows polar representations of

the function f(θ) in a contracting (resp. dilating) case.
We observe a dominant quadrupolar response with an
increase of the deviatoric stress along directions close to
45◦ from the principal stresses (red curve of Fig. 4). The
change of volume induces a small modification of this
inclination as well as an asymmetry in the negative part
of deviatoric stress redistribution (blue curves of Fig. 4).
This negative contribution counteract the macroscopic
loading σ∞

xx − σ∞
yy.
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FIG. 4: Polar representation of the function f(θ) (Eq. 5). (a)
Contractant event: e∗xx = .3 and e∗yy = −.7. (b) Dilatant
event: e∗xx = .7 and e∗yy = −.3.

C. Generating numerically an Eshelby inclusion

A careful reading of Sec. III A, especially of Eq. (1),
shows that the stress redistribution due to the inclusion
is obtained by integrating Green function for stress over
the boundary of the inclusion. In the simulations, there-
fore, we will define a small inclusion, and then modify
the stress at the boundary. But since the simulation is
discrete, we must apply this stress in a discrete way.
We specify a perturbing stress σ∗, and not a perturb-

ing strain e
∗ because in Eshelby’s calculation, it is the

stress that is propagated into the material [see Eq. (1)].
The perturbing stress is obtained from the perturbing
strain, using the elastic coefficients. In our case, the elas-
tic coefficients are not known, so that a more direct com-
parison can be obtained by directly imposing a stress.
Let us suppose that we want to estimate the stress in

some region V. We have [28]

σ =
1

S

∑

α∈A

Fα ⊗ rα, (6)

where S = |V| is the area (in two-dimensions) of the re-
gion where we calculate the stress. The variable α labels
the contacts and A is the set of contacts with at least
one grain within V. (A grain is in V if its center is in V).
The force between the grains is Fα, rα is a vector along
which the force is transmitted inside V, and ⊗ indicates
a tensor (dyadic) product.
Some contacts in A have both grains in V while others

have only one – see Fig. 5. Let B be the set of all contacts
with two grains in V while C = A\B is the set of all
contacts with one grain in V. The vector rα depends on
whether the contact α is in B or C. If α ∈ B (both grains
in V), then rα = xjα − xiα , where iα, jα label the two
particles participating in contact α. On the other hand,
if α ∈ C, then rα = x

◦
α − xiα , where x

◦
α is the point

where the line of centers crosses the boundary of V. We
can therefore rewrite Eq. (6) as

σ =
1

S

∑

α∈B

Fα⊗(xjα −xiα)+
1

S

∑

α∈C

Fα⊗(x◦
α−xiα). (7)

FIG. 5: Two contacts inside the region V where the stress
is being calculated. Upper contact (α = 1): both grains lie
within V, r1 is the line of centers. Lower contact (α = 2):
only one grain lies within V, r2 extends from this grain, along
the line of centers, to the boundary of V.

Instead of a sum over contacts, we can now write the
stress as a sum over grains. We must define two new
sets: let G be the set of all grains whose centers are in
V, and let Ai be the set of all contacts involving grain i.
Then we have

σ =
1

S

∑

i∈G

[

∑

α∈Ai

χiαFα

]

⊗ xi +
1

S

∑

α∈C

Fα ⊗ x
◦
α. (8)

Here, χiα = ±1, depending on whether we have i = iα
or i = jα.
Now the sum in brackets in Eq. (8) vanishes when the

grains are in equilibrium, for it is simply the sum of forces
exerted on grain i. The first term of Eq. (8) thus vanishes,
leaving only those contacts that cross the boundary:

σ =
1

S

∑

α∈C

Fα ⊗ x
◦
α. (9)

This equation tells us that the stress inside a region is
determined just by the contacts that span the boundary.
Up to now, we have been considering these equations

from a diagnostic point of view, that is, the contact forces
and grain positions are extracted from numerical data,
and then the stress tensor is calculated in view of passing
over to a continuum description. Now we will take a
different perspective: the stress tensor on the left hand
side is a perturbing stress that we want to apply inside V,
while the forces on the right hand side are modifications
of the contact forces that we will introduce in order to
apply that stress. Accordingly, we now write

σ
∗ =

1

S

∑

α∈C

F
∗
α ⊗ x

◦
α. (10)
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where we have written a star next to the stress tensor [as
in Eq. (1)], and next to the forces, to indicate this new
perspective.
Our method for generating an active inclusion consists

of first choosing the stress σ
∗, and then choosing forces

F
∗
α so that Eq. (10) holds. The forces can then be added

directly to the simuation.
We emphasize that our method begins with σ

∗, that
appears in Eq. (1), at the beginning of Eshelby’s calcu-
tion. The alternative of imposing displacements [30, 31]
corresponds to imposing ũi inside the inclusion. But Es-
helby’s calculation does not begin with ũi, but rather
with σ

∗ (or e∗ if the elastic moduli are known).
Now let us return to the description of our method and

consider the special case where V is a circle of radius R
(S = πR2), as shown in Fig. 5. The points x

◦
α are all

located on the circle. Placing the origin at the center of
the circle, their coordinates can be written in terms of

the R and the unit vector nα =

(

cos θα
sin θα

)

. We have

σ
∗ =

1

πR

∑

α∈C

F
∗
α ⊗ nα (11)

When we specify σ
∗, Eq. (11) contains four equations

and 2|C| unknowns because each F
∗
α is unknown and

contains two components. The volume V is chosen to
approximate the circular inclusion of the Eshelby calcu-
lation, and therefore must be larger than the grain size,
leading to |C| ≫ 1. Thus the system (11) is always
under-determined. To add extra conditions, we mini-
mize

∑

α∈C
|F∗

α|2. The meaning of this condition is that
we look for the microscopic force distribution obeying
Eq. (11) which disturbs the medium as little as possi-
ble. We therefore use Lagrange multipliers to minimize
∑

α∈C
|F∗

α|2 subject to the condition in Eq. (11). We thus
minimize

L =
∑

α∈C

|F∗
α|2 − λ :

[

πRσ
∗ −

∑

α∈C

F
∗
α ⊗ nα

]

. (12)

Here, λ is matrix of Lagrange multipliers, and the two
points signify a total contraction between two matrices
(A : B = AijBij).
Differentiating Eq. (12) by the forces, we get

F
∗
α =

1

2
λnα. (13)

The Lagrange multipliers can be found by putting the
forces in to the conditions Eq. (10):

2πrσ∗ = λ

(

A C
C B

)

. (14)

where A =
∑

α∈C
cos2 θα, B =

∑

α∈C
sin2 θα, C =

∑

α∈C
cos θα sin θα.

Before passing on to the results, we remark that a pair
of grains can be considered as a contact in the set C

even if the two grains are not touching. In that case the
contact force vanishes, but that contact can be used to
apply the perturbing stress.

IV. RESULTS OF THE NUMERICAL

EXPERIMENT

In this section we study the response of the granular
material to a provoked Eshelby inclusion.

A. Generation of a response to an Eshelby

inclusion

We compute the response to an Eshelby inclusion in
the following way. We first perform a compression of
the granular material as described in IIA up to a given
deformation. We then identify a small circle region of
radius R = L0/80 (approximately 6 grain radii) at the
center of the sample. This small circle is the region V

discussed above. For a region two times larger, the results
presented below are unchanged. We also tested R =
L0/160, and the main effect seems to be to rotate the
far-field response by of order 10◦. If R is reduced another
factor of two, there are not enough contacts to apply the
perturbuation.
We then perform two simulations. In the first simula-

tion, we simply continue the biaxial test without adding
the perturbing force. The second simulation has exactly
the same duration as the first, except that the perturbing
forces are gradually “turned on” over a time long enough
to avoid the generation of shock waves.
Then the stress σi on each grain i is calculated as a

sum over that grain’s contacts. Using the notation of the
previous section,

σi =
1

πr2i

∑

α∈Ai

χiα (Fα ⊗ rα)
ri
|rα|

. (15)

where ri is the radius of grain i. This is an application of
Eq. (6) to a single grain. The last factor arises because
only part of the line joining the centers is inside the grain.
Since we have two simulations, each grain has two

stress values. Let σ
(0)
i be the stress on grain i in the

unperturbed simulation, and σ
(1)
i be the stress in the

perturbed simulation. We then calculate

σ̃i = σ
(1)
i − σ

(0)
i . (16)

Using this method, we calculate a perturbation stress for
each grain that we can then use to visualize the effect of
the inclusion.

B. Description of the stress response

We now focus on the spatial distribution of σ̃yy,i−σ̃xx,i

inside the granular sample. In Fig. 6, we show the change
in deviatoric stress σ̃yy,i− σ̃xx,i. The map is obtained by
shading each grain accordingly to the value of the devi-
atoric stress. The perturbing stress applied in Fig. 6 is
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beginning maximum density maximum stress

εyy = 0.001% εyy = 0.505% εyy = 0.900%

εyy = 0.001% εyy = 0.239% εyy = 0.405%

εyy = 0.001% εyy = 0.142% εyy = 0.404%

FIG. 6: Examples of generated Eshelbies, N = 256 × 256 grains. Top row: µm = 2, middle row: µm = 0.6, bottom row
µm = 0.2. σ

∗ is coaxial with the load; white grains correspond to a reduction in deviatoric stress. The value of the global
strain is given under each panel.

σ
∗ = α∗p0

(

1 0
0 −1

)

. Here, α∗ is a dimensionless num-

ber that measures the strength of the perturbation with
respect to the confining pressure p0. Throughout this pa-
per, α∗ = 10−2. Some tests (not shown) were done with
α∗ = 10−3, and the resulting response is simply divided
by 10, indicating that we obtain a linear response.

We considered the biaxial tests of Figs. 2 et 3. For

each test, the stress response at three instants are shown:
one at the beginning of the test, one near the maximum
density (minimum of the curves shown in Fig. 3), and
one near the maximum load.

At the beginning of the test, all three tests show a clear,
four-lobed pattern characteristic of the Eshelby stress
tensor. The dark, maximum stress lobes are oriented at
45◦ from the horizontal. After this initial loading, in the
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FIG. 7: An estimate of the angular dependence of the per-
turbation stress f(θ). The stress on grains is averaged over
radial bins and then rescaled to esimate f(θ). This example
is for µm = 0.6, εyy = 10−5.

case of µm = 2 simulation, the Eshelby pattern remains
when the axial strain increases, but the angle of the bands
increases. Meanwhile, the other two tests (µm = 0.2 and
0.6) show a quite different behavior: the band angle re-
mains near 45◦, but the texture of the image becomes
much more grainy. We will discuss and interpret those
different behaviors in section V.

C. Characterization of the angular response

We obtain quantitative information from Fig. 6 about
the function f(θ). We divide the grains into classes ac-
cording to their distance r from the center of V, and
then into subclasses according to their angle θ. An av-
erage value of ∆σi is calculated for each subclass. Then
this average is multiplied by the r2. This allow us to
test the 1/r2 scaling of the redistributed stress. The
resulting function for different classes of r is shown in
Fig. 7. We observe a good collapse close to the perturba-
tion (r ≤ 0.35L0) showing that the far field approxima-
tion (leading to keep only the order 1/r2 for the stress
field) is sufficient to capture the radial response. Only
the curves corresponding to the largest r differs signifi-
cantly from the others, certainly because sampled region
approaches the boundary of the simulation. (The simula-
tion is approximately square with side length a bit larger
than 1.1L0.)
The scaling in Fig. 7 is based on Eq. (4). This equation

shows that the stress response should be proportional to
S/r2, where S is the area of the inclusion (S = πR2 in
our case). Dividing by R2/r2 removes this dependence.
Futhermore, the response is proportional to the perturb-
ing stress, so we divide by σ∗ yielding a function f(θ) of
order unity.

We want to identify the position of the maxima of f(θ).

0 0.2 0.4 0.6 0.8
strain ε

yy
 (%)

42

44

46

48

50

52

54

56

58

θ 
(d

eg
re

es
)

µ
m

=2

µ
m

=0.6

µ
m

=0.2

FIG. 8: Angle of diagonal bands for simulations with different
friction coefficients. For each value of the strain, four angles
are averaged together to obtain a mean. The error bars give
an idea of the scatter of the different angles measured. The
horizontal line indicates an angle of 45◦.

To this end, we consider the grains with 0.1 < r/L0 <
0.3, and sort them into classes according to their angle θ,
and calculate the average change in stress in each class
to obtain an estimate of f(θ). This function is then ap-
proximated by a Fourier series

f(θ) ≈ a0 +

n
∑

k=1

ak sinkθ +

n
∑

k=1

bk cos kθ, (17)

with n = 8. The maxima of this Fourier series are iden-
tified as the angle of the diagonal bands of the Eshelby.
We study the band angle as a function of loading. As

the loading increases, a new problem appears: the pack-
ing becomes fragile, and the inclusion can trigger other
events throughout the packing that swamp the change
in stress caused directly by the inclusion. To get around
this problem, we search for times where the packing is
relatively stable (absence of kinetic energy peaks), and
furthermore, we reduce the strain rate by a factor of 100,
so that we will have time to “turn on” the forces in the
inclusion.
In Fig. 8, we show the angle found in this way for the

three biaxial tests of Figs. 2 and 3. For each strain value,
there are four angles, one for each of the diagonal bands
giving its angle relative to the horizontal. These angles
are averaged together to obtain a point on the graph.
The error bars estimate the scatter of the points; they
show the uncertainty of the mean. We observe that at
the beginning of the loading all the angles are close to
45◦ but with some fluctuations around this value. When
the loading increase, the departure from 45◦ becomes im-
portant. We will further discuss this figure in the next
section.
To conclude, the mental construction of Eshelby under-

lying his computation can be implemented in a numerical
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simulation of dry frictional disks. In spite of the discrete
nature of the material, the continuum mechanics solu-
tions are clearly relevant as the observed response is very
similar to the one predicted analytically. This picture
is modified when the granular material if further loaded
and the friction coefficient decreased.

V. DISCUSSION

In this part we discuss the departure from the
quadrupolar response observed in Figure 6 either due to
the value of the friction coefficient or to the loading of the
material. As shown in the previous part, for an isotrop-
ically slightly pre-compressed granular material (initial
preparation), the response of the material to a localized
shear event is compatible with an elastic response (first
column of Fig. 6). This picture is modified in two differ-
ent ways when the material is submitted to an increasing
deviatoric stress depending on the value of the friction
coefficient. We discuss the different kind of departures
from this ideal response in the following.

A. Beginning of the loading

As can be seen on the first column of figure 6, at the
very beginning of the loading the response is very close
to the theoretical prediction recalled in section III B and
in Figure 4. Quantitatively, as discussed in the preced-
ing section, the radial response is in 1/r2 and the angu-
lar response is dominated by a quadrupolar dependence
(Figure 7), with a maximum stress redistribution close
to 45◦. The direct observation of the stress fields shown
in figure 6 shows nevertheless some differences with the
response of a continuous material: we can observe that a
filamentary pattern underly the smooth response. Conse-
quently, the observed stress redistribution is also compat-
ible with a description of the granular material in term of
force chains. The observed striations could indeed indi-
cate that stress is concentrated on grains in force chains.
Nevertheless, on a large scale, a smooth quadrupolar re-
sponse is observed.
As the loading increases, two different behaviors are

observed. For µm = 2 (top row), the texture of the pat-
terns remains the same, but the angles depart signifi-
cantly from 45◦. For µm = 0.6 and µm = 0.2, the angles
remain close to 45◦, but the texture changes significantly.
We now discuss these changes.

B. Further loading: High value of µm

When the friction coefficient is artificially high to pre-
vent sliding contacts (upper line of Figure 6), we observe
a clear modification of the angles characterizing the stress
resdistribution. Meanwhile, the increase in the fluctua-
tions is much smaller than for the smaller friction coeffi-

cients. A change of inclination can still be interpreted in
an Eshelby picture and we will discuss two possible ori-
gins in the following: the effect of the volumetric strain
and the effect of anisotropical elasticity.

1. Polar response and volumetric strain

As discussed in section III B, the quadrupolar response
due to the shear part of the rearrangement is modified
by the volumetric contribution. To make explicit this
dependence, we study the polar function f(θ) of Eq. 5.
The minima of the function are obtained for θ = 0◦[90◦]
and the maxima for

cos 2θE =
1

4

e∗xx + e∗yy
e∗yy − e∗xx

(18)

For the isovolumic case (e∗xx + e∗yy = 0), we obtain θE =
45◦[90◦].
Our active inclusions correspond to an imposed trace-

less stress tensor Trace(σ∗) = 0. If the inclusion is made
of an isotropic elastic material, the associated strain ten-
sor will also be traceless. But the loading process intro-
duces anisotropy into the contact network and thus into
the elastic constants, as will be discussed in the next sec-
tion. In such cases, Trace(e∗) may be non-zero.
If we suppose that the inclusion changes its volume,

a reasonable hypothesis is that e∗xx > 0 and e∗yy < 0,
i.e. that the local deformation follows the overall macro-
scopic deformation. We then obtain for the range of
possible values θE ∈ [ 12acos

(

1
4

)

; 1
2acos

(

− 1
4

)

], i.e. θE ∈
[37.8◦; 52.2◦]. The values greater than 45◦ correspond to
e∗xx + e∗yy > 0, i.e. to dilating plastic events, while the
values lesser than 45◦ correspond to contracting plastic
events. Those two cases are shown on Fig. 4: the angle
of the positive part of the deviatoric stress redistribu-
tion is indeed smaller than 45◦ in the case of a contract-
ing event (Fig. 4(a)) and larger in the case of a dilating
one (Fig. 4(b)). The range of possible angles found here
correspond to the direction of the maximum of the redis-
tributed deviatoric stress from a single Eshelby inclusion.
It differs from the range obtained in [29], where the range
of directions of coupled Eshelby inclusion is determined
by minimizing the elastic energy of interaction between
the inclusions.
The result of this calculation is that only small depar-

ture from 45◦ can be explained by non-isovolumic trans-
formation. It could for example explain the fluctuations
measured in Figure 8 for µm = 0.2 and µm = 0.6 but not
the large increase observed in the µm = 2 case.

2. Anisotropy of the elastic matrix

In this part, we will neglect possible change of volume
of the inclusion (Trace(e∗) = 0) but we will consider the
Eshelby problem in the case of anisotropic elasticity. In-
deed, the loading process may induce some anisotropy
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FIG. 9: Harmonic components obtained from the fits obtained
using equation 17. (a) µm = 2, (b) µm = 0.6 and (c) µm =
0.2.

of the elasticity of the material [40, 41]. The computa-
tion of the Green’s function in an anisotropic material
is done in Appendix B. Equation B1 shows that in the
case of an orthorhombic bidimensional material with a
small anisotropy, terms in 2θ and 6θ appear. On the
contrary, change of volume of the inclusion do not gener-
ate 6θ terms. So the presence of 6θ terms in f(θ) may be
viewed as an indication of anisotropic elasticity. This can
be checked by the Fourier analysis done in section IVC
(fit of the measured response by equation 17). The dif-
ferent components of the fit are shown in Figure 9. We
observe that indeed the 6θ component is the second most
important harmonic in the case of µm = 2. This supports
the hypothesis that the observed modification of the an-
gle is due to the effect of material anisotropy, and not to

volume change of the inclusion.
This effect is less clear for µm = 0.6 and µm = 0.2

where the second dominant harmonic is 2θ which can
originate both from volumetric effects and anisotropical
effects. In fact, for those values of µm, the principal ef-
fect of the loading is not modification of the angles (that
fluctuate close to 45◦ - see Figure 8) but rather the in-
crease of fluctuations (see Figure 6) as will be discussed
in the next part.

C. Further loading: Low value of µm

For µm = 0.6 and µm = 0.2 at intermediate and large
values of the strain (lower right four panels in Fig. 6)
the filamentary striations visible in the other panels of
Fig. 6) are replaced by a grainy strongly fluctuating tex-
ture. In spite of this, the response at large scales remains
quadrupolar, with angles close to 45◦.

This change in texture cannot be described in the Es-
helby formalism, which supposes that the material is con-
tinuous. We do not think that this difference of texture
is due to the disorder of the contacts between grains, but
likely due to sliding contacts. Indeed, the µm = 0.2 and
µm = 0.6, there are many sliding contacts (up to 35%
and 15% of all contacts, respectively) but at µm = 2,
sliding contacts remain relatively rare (less than 2.5% of
all contacts).
The permanence of the quadrupolar structure at large

scale shows than an elastic description of a granular ma-
terial can co-exist with different mesoscopic behaviors:
either force chains (εyy = 10−5 or µm = 2) or sliding
contacts (large εyy and µm = 0.2, 0.6). When many con-
tacts are sliding, the granular matrix does not behave
as an elastic material. We then expect a stress redis-
tribution which differs from the elastic Eshelby response.
However, at large scales, we still see in Fig. 6 the Eshelby
structure which is a characteristic of the material elastic-
ity. It is unclear if it is possible to quantify objectively
such a separation of scales.

VI. CONCLUSION

In this paper, we considered the effect of a local trans-
formation on the mechanical stress distribution. For this,
we applied the theoretical construction proposed by Es-
helby to numerical simulations where extra forces are ap-
plied on some grains inside a granular material. In re-
sponse to this local applied stress, the material relaxes
stress at large distance. This stress relaxation may be,
at least in some cases, successfully described by a theory
where the granular material is treated as a continuous
and elastic material. The presence of disorder of contact
forces (such as the so called force-chains) does not disrupt
this elastic response, at least at the macroscopic scale. If
sliding contacts are supressed, we show that the material
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remains elastic at the macroscopic scale, even close to
failure, but the elastic coefficients become anisotropic.
Our numerical simulations are performed with beads

of finite stiffness. The ratio p0/kN = 5.10−4 between the
confining pressure and the contact stiffness, is the typi-
cal value of the relative deformations of the beads. It is
interesting to compare it to a real 3D experiment. If we
consider glass beads following Hertz law which are con-
fined under a pressure P = 100 kPa, we may estimate a
relative deformation of the beads of 3.10−4. So the value
of the relative deformation is of the same order of mag-
nitude as many biaxial compression experiments, such as
experiments where stress relaxations along preferential

directions are observed [23, 24].

Some departures from the elastic behavior are clearly
visible in our simulations. They may be linked to the
occurrence of sliding contacts. The departure from an
elastic response of the matrix is an interesting, but very
challenging, problem. We may expect that the granular
skeleton behaves elastically for deformations of the inclu-
sion which are smaller than some plasticity threshold εth.
The variation of εth with the microscopic friction coeffi-
cient µm, with the reduced stiffness of the beads p0/kN ,
and with the proximity of the material failure are still
unknown. This will be the subject of a future work.

Appendix A: Computation of the released stress

The bidimensional Green function is:

G
(2D)
ij (~r − ~r′) =

1

4πµ

λ+ µ

λ+ 2µ

[

−λ+ 3µ

λ+ µ
δij ln |~r − ~r′|+

(xi − x′
i)(xj − x′

j)

|~r − ~r′|2

]

(A1)

where ~r =

(

x
y

)

=

(

r cos θ
r sin θ

)

are the coordinates in the bidimensional plane.

The displacement field in the matrix can be obtained by integrating the Green function along the contour C of the
inclusion:

ũi(~r) =
1

4πµ

λ+ µ

λ+ 2µ

∮

C

[

−λ+ 3µ

λ+ µ
δij ln |~r − ~r′|+

(xi − x′
i)(xj − x′

j)

|~r − ~r′|2

]

σ∗
jkdc

′
k

=
σ∗
jk

4πµ

λ+ µ

λ+ 2µ

∫∫

S

[

λ+ 3µ

λ+ µ
nkδij + (−δiknj − δjkni + 2ninjnk)

]

dS′

|~r − ~r′|

Where ~n = ~r−~r′

|~r−~r′|
. Using σ∗

ij = λe∗llδij + 2µe∗ij one obtains:

ũi(~r) =
e∗jk
2π

λ+ µ

λ+ 2µ

∫∫

S

[

µ

λ+ µ
(δijnk + δiknj − δjkni) + 2ninjnk

]

dS′

|~r − ~r′|
(A2)

Consequently, far from the inclusion, we can write:

ũi(~r) =
S

2πr

λ+ µ

λ+ 2µ
e∗jkg

2D
ijk(~n) (A3)

with g2Dijk(~n) =
µ

λ+µ
(δijnk + δiknj − δjkni) + 2ninjnk.

For the particular case when e
∗ =

(

e∗xx 0
0 e∗yy

)

we have:

ũr(~r) =
S

2πr

λ+ µ

λ+ 2µ

[

λ+ 2µ

λ+ µ
(e∗xx − e∗yy) cos 2θ + (e∗xx + e∗yy)

]

ũθ(~r) =
S

2πr

λ+ µ

λ+ 2µ

[

− µ

λ+ µ
(e∗xx − e∗yy) sin 2θ

]

The components of the strain tensor in polar coordinates are then:

ẽrr =
S

2πr2
λ+ µ

λ+ 2µ

[

−λ+ 2µ

λ+ µ
(e∗xx − e∗yy) cos 2θ − (e∗xx + e∗yy)

]

ẽθθ =
S

2πr2
λ+ µ

λ+ 2µ

[

λ

λ+ µ
(e∗xx − e∗yy) cos 2θ + (e∗xx + e∗yy)

]

ẽrθ =
S

2πr2
λ+ µ

λ+ 2µ

[

−(e∗xx − e∗yy) sin 2θ
]
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using ẽxx − ẽyy = cos(2θ) (ẽrr − ẽθθ)− 2 sin(2θ)ẽrθ, we obtain for the deviatoric strain:

ẽxx − ẽyy =
S

πr2
λ+ µ

λ+ 2µ

[

−(e∗xx − e∗yy) cos 4θ − (e∗xx + e∗yy) cos 2θ
]

(A4)

Appendix B: Eshelby inclusion in an anisotropic material

We consider the case of an orthorhombic bidimensional material which free energy is of the form [39]:

F =
1

2
λxxxxe

2
xx +

1

2
λyyyye

2
yy + λxxyyexxeyy + 2λxyxye

2
xy

From the equilibrium equations ∂σik

∂xk
+ bi = 0, where bi is a body force, we can then deduce

λxxxx

∂2ux

∂x2
+ λxyxy

∂2ux

∂y2
+ (λxxyy + λxyxy)

∂2uy

∂x∂y
+ bx = 0

λyyyy

∂2uy

∂y2
+ λxyxy

∂2uy

∂x2
+ (λxxyy + λxyxy)

∂2ux

∂x∂y
+ by = 0

To find the Green’s function of this system, i.e. the solution of the system when bi = niδ(~r) where ~n is a vector of
unit norm, we work in the Fourier space. Noting the Fourier transform of the components of the Green tensor Gij ,
we obtain the following relations:

λxxxxq
2
xGxx + λxyxyq

2
yGxx + (λxxyy + λxyxy)qxqyGyx =

1

4π2

λxxxxq
2
xGxy + λxyxyq

2
yGxy + (λxxyy + λxyxy)qxqyGyy = 0

λyyyyq
2
yGyy + λxyxyq

2
xGyy + (λxxyy + λxyxy)qxqyGxy =

1

4π2

λyyyyq
2
yGyx + λxyxyq

2
xGyx + (λxxyy + λxyxy)qxqyGxx = 0

The components Gyx can be deduced from those relations. We compute them in the case of small anisotropy, i.e.
when λxxxx − λxxyy − 2λxyxy and λyyyy − λxxyy − 2λxyxy are small [39]. We then write:

λxxxx = λ+ 2µ− ǫ λyyyy = λ+ 2µ+ ǫ λxxyy = λ λxyxy = µ

with ǫ ≪ λ, µ. We obtain then

Gxx =
1

4π2µ

(

1

q2
− λ+ µ

λ+ 2µ

q2x
q4

)

[

1 +
ǫ

λ+ 2µ

q2x
q2

(

1 +
(λ+ µ)q2y

(λ+ µ)q2y + µq2

)]

Gyy =
1

4π2µ

(

1

q2
− λ+ µ

λ+ 2µ

q2y
q4

)[

1− ǫ

λ+ 2µ

q2y
q2

(

1 +
(λ+ µ)q2x

(λ+ µ)q2x + µq2

)

]

Gxy = Gyx = − 1

4π2µ

λ+ µ

λ+ 2µ

qxqy
q4

[

1 +
ǫ

λ+ 2µ

q2x − q2y
q2

]

We have ê∗il = 4π2SqkqlGijσ
∗
jk [16] with S the surface of the inclusion, from which we deduce:

êxx − êyy = −Sσ∗

µ

[

1− λ+ µ

λ+ 2µ

(q2x − q2y)
2

q4
+

ǫ

λ+ 2µ

(

q2x − q2y
q2

− λ+ µ

λ+ 2µ

(q2x − q2y)
3

q6

)]

(B1)

for σ∗ =

(

σ∗ 0
0 −σ∗

)

.

The first isotropical term on the right hand side of eq. B1 Fourier transform leads to a Dirac term in ~r = ~0. It is
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in fact due to the ponctual plastic event in the inclusion
and should be removed when computing the elastic re-

sponse [16]. The
(q2x−q2y)

2

q4
leads to a cos 4θ

r2
term in the real

space [16]. It differs from the usual form
q2xq

2

y

q4
obtained in

simple shear configuration because the pattern is rotate
of 45◦ in a biaxial loading compare to simple shear. We

thus recover the quadrupolar response for an isovolumic
inclusion in absence of anisotropy (ǫ = 0).

The term of order ǫ gives the modification of the
response due to the anisotropy of the matrix. From
symetry arguments, we see that those terms will give rise
in the real space to terms of the form cos 2θ

r2
and cos 6θ

r2
.
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[10] C. E. Maloney, & A. Lemâıtre, Phys. Rev. E 74, 016118

(2006).
[11] A. Tanguy, F. Leonforte, and J.-L. Barrat, Eur. Phys. J.

E 20, 355 (2006).
[12] P. Schall, D. A. Weitz, and F. Spaepen, Science 318,

1895 (2007).
[13] A. Amon, V. B. Nguyen, A. Bruand, J. Crassous, and E.

Clément, Phys. Rev. Lett. 108, 135502 (2012).
[14] K. E. Jensen, D. A. Weitz, and F. Spaepen, Phys. Rev.

E 90, 042305 (2014).
[15] Kenneth W. Desmond and Eric R. Weeks, Phys. Rev.

Lett. 115,098302 (2015).
[16] G. Picard, A. Ajdari, F. Lequeux, and L. Bocquet, Eur.

Phys. J. E 15, 371 (2004).
[17] A. Nicolas, J. Rottler, and J.-L. Barrat, European Phys-

ical Journal E 37,6 (2014).
[18] F. Puosi, J. Olivier, and K. Martens, Soft Matter 11,7639

(2015).
[19] J. Lin, E. Lerner, A. Rosso, M. Wyart, Proc. Nat. Acad.

Sci. Am. 111,14382 (2014).
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