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Coupling of a two phase gas liquid compositional
3D Darcy flow with a 1D compositional free gas
flow

K. Brenner, R. Masson, L. Trenty, Y. Zhang

Abstract A model coupling a three dimensional gas liquid compositional Darcy
flow and a one dimensional compositional free gas flow is presented. The coupling
conditions at the interface between the gallery and the porous media account for the
molar normal fluxes continuity for each component, the gas liquid thermodynami-
cal equilibrium, the gas pressure continuity and the gas and liquid molar fractions
continuity. This model is applied to the simulation of the mass exchanges at the
interface between the repository and the ventilation excavated gallery in a nuclear
waste geological repository. The convergence of the Vertex Approximate Gradient
discretization is analysed for a simplified model coupling the Richards approxima-
tion in the porous media and the gas pressure equation in the gallery.

1 Model

Let ω and S⊂ ω be two simply connected domains of R2 and Ω = (0,L)× (ω \S)
be the cylindrical domain defining the porous media. The excavated gallery corre-
sponds to the domain (0,L)× S and it is assumed that the free flow in the gallery
depends only on the x coordinate along the gallery and on the time t. Let us denote
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by Γ = (0,L)× ∂S the interface between the gallery and the porous media and by
ΓD = ((0,L)×∂ω)∪ ({0}× (ω \S))∪ ({L}× (ω \S)) the remaining boundaries of
Ω .

Let α = g, l denote the gas and liquid phases assumed to be both defined by
a mixture of components i ∈ C among which the water component denoted by e
which can vaporize in the gas phase, and a set of gaseous components j ∈ C \ {e}
which can dissolve in the liquid phase. For the sake of simplicity, the model will
be assumed to be isothermal with a fixed temperature T . We will denote by cα =(

cα
i , i ∈ C

)
the vector of molar fractions of the components in the phase α = g, l

with ∑i∈C cα
i = 1, and by Pg and Pl the two phase pressures. The mass densities

of the phases are denoted by ρα(Pα ,cα) and the molar densities by ζ α(Pα ,cα),
α ∈P . They are related by ρα(Pα ,cα) =

(
∑
i∈C

cα
i Mi

)
ζ

α(Pα ,cα), where Mi, i ∈ C

are the molar masses of the components. For the sake of simplicity, it is assumed
that the liquid molar density ζ l is constant as well as the viscosities µα , α = g, l.

The two phase Darcy’s laws are characterized by the relative permeability func-
tions kα

r (x,Sα), for both phases α = g, l, and by the capillary pressure function
Pc(x,Sl), where Sα ,α = l,g denote the saturations of the phases with Sg +Sl = 1.

Each component i∈C is assumed to be at thermodynamical equilibrium between
both phases which is characterized by the equality of its fugacities f α

i , α = g, l
if both phases are present. The fugacities of the components in the gas phase are
given by Dalton’s law for an ideal mixture of perfect gas f g

i = cg
i Pg, i ∈ C . The

fugacities of the components in the liquid phase are given by Henry’s law for
the dissolution of the gaseous components in the liquid phase f l

j = cl
jH j(T ), j ∈

C \ {e}, and by Raoult-Kelvin’s law for the water component in the liquid phase

f l
e = cl

ePsat(T )exp
(
−(Pg−Pl)

ζ lRT

)
, where Psat(T ) is the vapor pressure of the pure water.

Following [3], the gas liquid Darcy flow formulation uses both phase pressures Pg

and Pl and the component fugacities f = ( fi, i∈C ) as set of primary unknowns. For
this set of unknowns, the component molar fractions of an absent phase are extended
by those at equilibrium with the present phase leading to define cα

i ( f ,Pg,Pl), α =
g, l, i ∈ C by cl

e =
fe

Psat (T )
exp
(
(Pg−Pl)

ζ lRT

)
, cl

j =
f j

H j(T )
, j ∈ C \{e}

cg
e =

fe
Pg , cg

j =
f j
Pg , j ∈ C \{e}.

(1)

The pressure of an absent phase is also extended by the buble (for gas) and by
the dew (for liquid) pressure leading to the equations ∑

i∈C
cα

i ( f ,Pg,Pl) = 1, α =

g, l. Finally, we define S l(x, .) as the inverse of the monotone graph extension of
the opposite of the capillary pressure −Pc(x, .). This leads to the following set of
equations in the porous media:
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φ∂t ∑

α∈P
ζ

α Sα cα
i +div

(
∑

α∈P
ζ

α cα
i Vα

)
= 0, i ∈ C ,

Vα =− kα
r (x,Sα )

µα K
(

∇Pα −ρα g
)
, α = g, l,

Sg +Sl = 1, Sl = S l(x,Pl−Pg), ∑
i∈C

cα
i ( f ,Pg,Pl) = 1, α = g, l.

(2)

In the gallery, the primary unknowns, depending only on the x coordinate along
the gallery and on the time t, are chosen to be the gas pressure p and the gas molar
fractions c = (ci, i∈C ). The set of equations is defined by the following no pressure
wave isothermal pipe flow model where α > 0, β > 0 are parameters for the pressure
drop along the gallery, n is the unit normal vector at Γ outward to Ω , and |S| is the
surface of the section S.

∂t

(
|S|ζ g(p)ci

)
+∂x

(
|S|ζ g(p)ciw

)
=
∫

∂S
∑

α=g,l
ζ

α cα
i Vα ·n ds,

∑
i∈C

ci = 1, (αw+β |w|w) =−∂x p.
(3)

At the interface Γ between the gallery and the porous media the coupling conditions
are an adaptation to a 1D model in the gallery of [4]. Compared with [4], the gas
pressure jump at the interface is neglected since a small flow rate between the porous
media and the gallery is assumed due to the low permeability of the storage. Hence
the coupling conditions account first for the continuity of the gas phase pressure
Pg = p. Second, we impose the continuity of the gas molar fractions cg = c, and
third the thermodynamical equilibrium fi = f l

i = f g
i = pci for all i ∈ C together

with ∑i∈C cl
i = 1 which provides the additional equation (using (1)):

Pg−Pl =−ζ
lRT ln

( fe

Psat(T )(1−∑ j∈C \{e}
f j

H j(T )
)

)
. (4)

2 Numerical test

Let ω and S be the disks of center 0 and radius respectively rω = 10 m and rS = 2
m. We consider a radial mesh of the domain (0,L)× (ω \ S), L = 100 m, expo-
nentially refined at the interface of the gallery Γ to account for the steep gradi-
ent of the capillary pressure. In addition to the water component e, we consider
the air gaseous component denoted by a with the Henry constant Ha = 6 109 Pa.
The gas molar density is given by ζ g = p

RT . The porous medium is initially sat-
urated by the liquid phase with imposed pressure Pl

init = 40 105 Pa and composi-
tion cl

a = 0,cl
e = 1. At the external boundary r = rω the water pressure is fixed to

Pl
0 = Pl

init , with an input composition cl
a = 0,cl

e = 1. On both sides x = 0 and x = L
of the porous media, zero flux boundary conditions are imposed. At the left side
of the gallery x = 0, we consider a given velocity w = w0 and an input relative
humidity Hr = Hr,0 = 0.5 with Hr =

ce p
Psat (T )

. The initial condition in the gallery
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Fig. 1 (x,r) cut of the storage and initial and boundary conditions of the test case.

is given by pinit = 105 Pa and Hr = Hr,0, and the pressure p = pinit is fixed at
the right side of the gallery (see Figure 1). The relative permeabilities and capil-
lary pressure are given by the Van-Genuchten laws with the parameters n = 1.54,
Sl

r = 0.01, Sg
r = 0, Pr = 2 106 Pa accounting for concrete rocktype with homoge-

neous isotropic permeability K = 10−18 m2 and porosity φ = 0.3. For the pressure
load we have taken α = 0 and β = 10−3 kg m−4. The simulation is run over a
period of 1500 days with an initial time step of 1 second and a maximum time
step of 10 days. The input velocity w0 is fixed to w0 = 1 m/s during the first 400
days, w0 = 0.01 m/s during the next 600 days, and w0 = 0 m/s during the last
500 days. In order to validate the simulation, an approximate stationary solution is
computed for each w0 assuming that we can neglect the dissolution of air, the grav-
ity, the pressure drop in the gallery, and that the longitudinal derivatives are small
compared with the radial derivatives in the porous media. Then, the stationary so-
lution ce(x),x ∈ (0,L) can be approximated by the solution of the following ODE
for w0 > 0: ζ gw0(1−ce,0)∂x

(
ce(x)

1−ce(x)

)
= 2

r2
S
VT (pc(ce(x))),x ∈ (0,L) with VT (pc) =

ζ lK
µ l log( rω

rS
)

(
Pl

0− pinit +
∫ pc

0 kl
r(S

l(−u))du
)
, and pc(ce) =−ζ lRT ln

(
pinit ce

Psat (T )

)
, using

the boundary condition ce(0) = ce,0 =
Hr,0Psat (T )

pinit
, and by Hr(x) = exp

(
Pl

0−pinit
ζ lRT

)
,

x∈ (0,L) for w0 = 0. In Figure 2, we plot the average relative humidity in the gallery
as well as the volume of gas in the porous medium function of time. Figure 3 plots
the stationary numerical solution obtained for the gas saturation at the interface and
in the porous media for each w0. At the opening of the gallery at t = 0, we observe
in Figure 2 an increase of Hr up to almost 1 in average in a few seconds due to a
large liquid flow rate at the interface. Then, the flow rate decreases and we observe a
drying of the gallery due to the ventilation at w0 = 1 m/s down to an average relative
humidity slightly above Hr,0 in a few days. Meanwhile the gas penetrate slowly into
the porous medium reaching a stationnary state with around 13.5 m3 of gas in say
400 days. When the input velocity is reduced to 0.01 m/s, we observe first a rapid
increase of Hr in say 1 day due to the reduced ventilation followed by a convergence
to a second stationnary state with Hr = 0.77 in average in the gallery and 12 m3 of
gas in the porous medium. When w0 is set to 0, Hr reaches a value above 1 corre-
sponding to Sl = 1 at the interface and the gas disappears from the porous medium
in around 100 days.

Figure 2 also compares the stationary numerical relative humidity obtained for
each w0 with its approximate “analytical” solution. A very good match is obtained.



Coupling gas liquid 3D Darcy and 1D free gas flows 5

Fig. 2 Average of the relative humidity in the gallery and volume of gas in the porous medium
function of time (left); stationary relative humidity for each w0 compared with its approximate
“analytical” solution (right).

Fig. 3 (x,r) cut of the stationary gas saturation at the interface (depending only on x for r ∈ (0,rS))
and in the porous medium (for r > rS) for w0 = 1 m/s (left), and w0 = 0.01 m/s (right). Only the
values above the threshold 10−3 are plotted.

3 Convergence analysis of a simplified model

We consider the following simplified model using the Richards approximation in the
porous medium and a single component equation in the gallery with linear pressure
drop 

φ∂t(ζ
lS l(.,u))+div(ζ lVl) = 0,

∂t(|S|ζ g(p))+∂x(−
1
α
|S|ζ̃ g(p)∂x p) =

∫
∂S

ζ
lVl ·n ds,

Vl =−kα
r (.,S

l(.,u))
µ l K

(
∇u−Ml

ζ
lg
)
, p = g(γ(u)),

(5)

where γ denotes the trace operator from H1(Ω) to H1/2(Γ ). The only primary un-
known in the porous media is the liquid pressure denoted by u. The liquid mass
density is assumed to be fixed to Mlζ l where Ml is the molar mass of the liquid
phase. The thermodynamical equilibrium at the interface Γ is accounted for by the
relation p = g(γ(u)) with g ∈C1(R,R), 0 < c1 ≤ g′(q) ≤ c2 for all q ∈ R and for
given constants c1,c2. The function g is a regularization for large positive and neg-

ative u of p = Psat
ce

e
u

ζ l RT for given constants 1 ≥ ce > 0 and T > 0. The molar gas

density is set to ζ g(p) = p
RT and is truncated in the flux term such that ζ̃ g(p) is as-

sumed to be a non decreasing function in C1(R,R) bounded from below and above
by two strictly positive constants and with a bounded derivative.
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Let γe be the trace operator from H1(Ω) to H1/2(ΓD). We define the function
space V = {u ∈ H1(Ω) |γu ∈ H1(Γ ),∂sγu = 0}, where s denotes the curvilinear
coordinate along ∂S. Taking into account homogeneous Dirichlet boundary condi-
tions, its subspace is denoted by V 0 = {u ∈ V |γeu = 0, (γu)(0) = (γu)(L) = 0},
endowed with the norm ‖u‖2

V 0 =
∫

Ω
|∇u(x)|2dx+

∫ L
0 | d

dx γu(x)|2dx.

Let C (Ω × [0,Tf )) be the subspace of functions ϕ of C∞

(
Ω × [0,Tf ]

)
vanishing

at t = Tf and at ΓD and such that ∂sϕ = 0 on (0,L)×∂S. Given ū ∈V and uini ∈V ,
the variational formulation of the simplified coupled model amounts to find u with
u− ū ∈ L2

(
0,Tf ;V 0

)
such that for all ϕ ∈ C (Ω × [0,Tf )) one has



−
∫ Tf

0

∫
Ω

φ(x)ζ lS l(x,u(x, t))∂tϕ(x, t)dxdt−
∫

Ω

φζ
lS l(x,uini(x))ϕ(x,0)dx

−
∫ Tf

0

∫ L

0
|S|ζ g(g(γu)(x, t))∂tγϕ(x, t)dxdt−

∫ L

0
|S|ζ g(g(γ(uini))(x))γϕ(x,0)dx

+
∫ Tf

0

∫
Ω

ζ
l kl

r(x,S l(u(x, t)))
µ l K(∇u(x, t)−Ml

ζ
lg) ·∇ϕ(x, t)dxdt

+
∫ Tf

0

∫ L

0

1
α(x)

|S|ζ̃ g(g(γu)(x, t))∂xg(γu)(x, t)∂xγϕ(x, t)dxdt = 0.

(6)

We make the following additional assumptions on the data:

• It is assumed that kl
r(x,s) is a measurable function w.r.t. x and continuous w.r.t.

s, and such that 0 < kmin ≤ kl
r(x,s)≤ kmax for all (x,s) ∈Ω × [0,1].

• S l(x,u) ∈ [0,1] for all (x,u) ∈ Ω ×R with S l(x,u) = S l
j (u) for a.e. x ∈ Ω j

and all u ∈ R, where S l
j is a non decreasing Lipschitz continuous function with

constant LS and (Ω j) j∈J is a finite family of disjoint connected polyhedral open
sets such that

⋃
j∈J Ω j = Ω .

• The permeability tensor K is a measurable function on the space of symmetric
3 dimensional matrices such that there exist 0 < λmin ≤ λmax with λmin|ξ |2 ≤
(K(x)ξ ,ξ )≤ λmax|ξ |2 for all x ∈Ω .

• α ∈ L∞(0,L) is such that 0 < αmin ≤ α(x)≤ αmax for all x ∈ (0,L).
• The porosity φ belongs to L∞(Ω) with 0 < φmin ≤ φ(x)≤ φmax for all x ∈Ω .

Vertex Approximate Gradient (VAG) discretization: We assume that ω and S
are polygonal domains of R2 and we consider a conforming polyhedral mesh of
the domain Ω . It is assumed that the intersection of the mesh with the boundary Γ

of the gallery is the tensor product of the 1D mesh of (0,L) defined by 0 = x0 <
x1 < · · · < xnx+1 = L by the 1D mesh of ∂S defined by the set of distinct points
s1,s2 · · · ,snS ,snS+1 = s1 of ∂S in cyclic order.

Let M denote the set of cells K, V the set of nodes s, E the set of edges e, and F
the set of faces σ , of the mesh. We denote by VK the set of nodes of the cell K ∈M ,
by Vσ the set of nodes and by Eσ the set of edges of the face σ ∈F . The set of
nodes of the mesh belonging to {xi}×∂S is denoted by Vi for all i = 0, · · · ,nx +1.

It is assumed for each face σ ∈F , that there exists a so-called “centre” of the
face xσ such that xσ = ∑s∈Vσ

βσ ,s xs, with ∑s∈Vσ
βσ ,s = 1, where βσ ,s ≥ 0 for all
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s∈ Vσ . The face σ is assumed to be star-shaped w.r.t. its centre xσ which means that
the face σ matches with the union of the triangles τσ ,e defined by the face centre xσ

and each of its edge e ∈ Eσ .
The previous discretization is denoted by D , and we define the discrete space

XD = {vK ∈ R,vs ∈ R,vi ∈ R,K ∈M ,s ∈ V , i = 0, · · · ,nx +1
|vs = vi for all s ∈ Vi, i = 0, · · · ,nx +1}, (7)

and its subspace with homogeneous Dirichlet boundary conditions on ΓD and at
x = 0, x = L

X0
D = {v ∈ XD |vs = 0 for all s ∈ VD},

where VD = V ∩Γ D are the Dirichlet boundary nodes.
Following [1], the extension of the VAG discretization to the coupled model (6) is

based on conforming Finite Element reconstructions of the gradient operators on Ω

and on (0,L), and on non conforming piecewise constant function reconstructions
on Ω and on (0,L).

For all σ ∈ F , let us first define the operator Iσ : XD → R such that Iσ (v) =
∑s∈Vσ

βσ ,svs, which is by definition of xσ a second order interpolation operator at
point xσ .

Let us introduce the tetrahedral sub-mesh T = {τK,σ ,e,e∈ Eσ ,σ ∈FK ,K ∈M }
of the mesh M , where τK,σ ,e is the tetrahedron defined by the cell center xK and the
triangle τσ ,e. For a given v ∈ XD , we define the function ΠT v ∈V as the continuous
piecewise affine function on each tetrahedron τ of T such that ΠT v(xK) = vK ,
ΠT v(s) = vs, and ΠT v(xσ ) = Iσ (v) for all K ∈M , s ∈ V , σ ∈F .

It is easily checked that ∂sγΠT v = 0 which shows that ΠT v ∈V for all v ∈ XD .
Then, the gradient operators are defined for all v ∈ XD by

∇Dv = ∇ΠT v and ∇x,Dv = ∂xγΠT v.

One can easily check that ∇x,Dv =
vi+1−vi
xi+1−xi

on (xi,xi+1) for all i = 0, · · · ,nx. For the
reconstructions of functions operators, we first set

ΠDv(x) = vK for all x ∈ K, K ∈M .

Next, let us define the points xi+ 1
2
=

xi+xi+1
2 , i = 1, · · · ,nx− 1, x 1

2
= 0, xnx+

1
2
= L,

we set
Πx,Dv(x) = vi for all x ∈ (xi− 1

2
,xi+ 1

2
), i = 1, · · · ,nx.

Let ρτ denote the insphere diameter of a given tetrahedron τ ∈T , hτ its diameter,
hT = maxτ∈T hτ , and θT = maxτ∈T

hτ

ρτ
and γM = maxK∈M Card(VK). For

N ∈ N∗, let us consider the time discretization t0 = 0 < t1 < · · · < tn−1 < tn · · · <
tN = Tf of the time interval [0,Tf ]. We denote the time steps by ∆ tn = tn− tn−1 for
all n = 1, · · · ,N. For v ∈ XD , and a function k ∈C0(R,R), we define k(v) ∈ XD as
follows: k(v)s = k(vs) for all s ∈ V , k(v)K = k(vK) for all K ∈M , and k(v)i = k(vi)
for all i = 0, · · · ,nx +1.
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Given u0
D ∈ XD and ūD ∈ XD , the discretization of the coupled model (6) looks

for un
D ∈ XD with un

D − ūD ∈ X0
D for all n = 1, · · · ,N such that for all vD ∈ X0

D

∫
Ω

φ(x)ζ l S
l(x,ΠDun

D (x))−S l(x,ΠDun−1
D (x))

∆ tn ΠDvD (x)dx

+
∫ L

0
|S|

ζ g(Πx,Dg(un
D )(x))−ζ g(Πx,Dg(un−1

D )(x))
∆ tn Πx,DvD (x)dx

+
∫

Ω

ζ
l kl

r(x,S l(x,ΠDun
D (x)))

µ l K(∇Dun
D (x)−Ml

ζ
lg) ·∇DvD (x)dx

+
∫ L

0

1
α(x)

|S|ζ̃ g(Πx,Dg(un
D )(x))∇x,Dg(un

D )(x)∇x,DvD (x)dx = 0.

(8)

Convergence analysis: Let us set XD ,∆ t = (XD )N , and for all vD = (vn
D )n=1,··· ,N ∈

XD ,∆ t let us define for all n = 1, · · · ,N, and for all (x, t) ∈ Ω × (tn−1, tn] the func-
tions ΠD ,∆ tvD (x, t) = ΠDvn

D (x), Πx,D ,∆ tvD (x, t) = Πx,Dvn
D (x), ΠT ,∆ tvD (x, t) =

ΠT vn
D (x). Let uD = (un

D )n=1,··· ,N , the given solution to (8), we also define the func-
tions Sl

D ,∆ t(x, t) = S l(x,ΠD ,∆ tuD (x, t)), px,D ,∆ t(x, t) = g(Πx,D ,∆ tuD (x, t)). Using
similar techniques as in [2], we can prove the following convergence theorem.

Theorem 1. Let D (m),∆ tn,(m),n = 1, · · · ,N(m), m ∈ N be a sequence of space time
discretizations such that there exist θ > 0, γ > 0 with θT (m) ≤ θ , γT (m) ≤ γ . It is as-
sumed that limm→+∞ hT (m) = 0, and that ∆ t(m) =maxn=1,··· ,N(m) ∆ tn,(m) tends to zero
when m → +∞, and that ‖ΠD(m)u0

D(m) − uini‖L2(Ω), ‖Πx,D(m)u0
D(m) − γuini‖L2(0,L),

‖ΠT (m) ūD(m) − ū‖V 0 , ‖ΠD(m) ūD(m) − ū‖L2(Ω), ‖Πx,D(m) ūD(m) − γ ū‖L2(0,L) tends to
zero when m → +∞. Then, there exist a subsequence of m ∈ N and a function
u ∈ L2(0,Tf ;V ) solution of (6) such that up to this subsequence Sl

D(m),∆ t(m) →
S l(.,u) strongly in L2(Ω×(0,Tf )), ΠD(m),∆ t(m)uD(m) ⇀ u weakly in L2(Ω×(0,Tf )),

and px,D(m),∆ t(m) → g(γ(u)) strongly in L2((0,L)× (0,Tf )).
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