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Abstract

Motivated by applications to vortex rings, we study the Cauchy problem for the three-
dimensional axisymmetric Navier-Stokes equations without swirl, using scale invariant func-
tion spaces. If the axisymmetric vorticity wy is integrable with respect to the two-dimensional
measure dr dz, where (7,6, z) denote the cylindrical coordinates in R?, we show the existence
of a unique global solution, which converges to zero in L' norm as t — oco. The proof of
local well-posedness follows exactly the same lines as in the two-dimensional case, and our
approach emphasizes the similarity between both situations. The solutions we construct
have infinite energy in general, so that energy dissipation cannot be invoked to control the
long-time behavior. We also treat the more general case where the initial vorticity is a finite
measure whose atomic part is small enough compared to viscosity. Such data include point
masses, which correspond to vortex filaments in the three-dimensional picture.

1 Introduction

Among all three-dimensional incompressible flows, azisymmetric flows without swirl form a par-
ticular class that is relatively simple to study and yet contains interesting examples, such as
circular vortex filaments or toroidal vortex rings. For the evolutions defined by both the Euler
and the Navier-Stokes equations, global well-posedness in that class was established almost fifty
years ago by Ladyzhenskaya [17] and Ukhovksii & Yudovich [23]. In the viscous case, the original
approach of [17, 23] applies to velocity fields in the Sobolev space H?(R?), see [18], but it is
possible to obtain the same conclusions under the weaker assumption that the initial velocity
belongs to H'/2(R3) [1]. In all these works, global existence for arbitrary large data is shown by
combining the standard energy estimate, which holds for general solutions of the Navier-Stokes
equations, with a priori bounds on the vorticity that are specific to the axisymmetric case.

In this paper, we revisit the Cauchy problem for the axisymmetric Navier-Stokes equations
(without swirl) for the following reasons. First, motivated by a future study of vortex filaments,
we wish to formulate a global well-posedness result involving scale invariant function spaces
only. As was already mentioned, all previous works deal with finite energy solutions, and energy
is not a scale invariant quantity for three-dimensional viscous flows. In particular, the long-
time behavior of axisymmetric solutions has not been studied in terms of scale invariant norms.

*This paper is dedicated to Prof. Denis Serre on the occasion of his sixtieth birthday.



Our second motivation is to emphasize the analogy between the axisymmetric case and the
two-dimensional situation where the velocity field is planar and depends on two variables only.
Indeed, we shall see that, if appropriate function spaces are used, local existence of solutions can
be established in the axisymmetric case using literally the same proof as in the two-dimensional
situation, which has been studied by many authors [3, 11, 14]. However, significant differences
appear when one considers a priori estimates and long-time asymptotics.

To formulate our results, we introduce some notation. The time evolution of viscous incom-
pressible flows is described by the Navier-Stokes equations

u+ (u-V)u = Au—Vp, divu = 0, (1)

where u = u(x,t) € R? denotes the velocity field and p = p(x,t) € R the pressure field. For
simplicity, we assume throughout this paper that the kinematic viscosity and the fluid density
are both equal to 1. We restrict ourselves to axisymmetric solutions without swirl for which the
velocity field has the following particular form :

u(z,t) = up(r,z,t)e, +uy(r,z, t)e, . (2)

Here (r,0, z) are the usual cylindrical coordinates in R3, defined by = = (rcos#,rsiné, z) for
any x € R?, and e, ey, e, denote the unit vectors in the radial, toroidal, and vertical directions,
respectively :

cos —sinf 0
e = | sinf | eg = | cosb | , e.= (0] . (3)
0 0 1

We emphasize that the “swirl” u - ep is assumed to vanish identically. This means that the
velocity field (2) is not only invariant under rotations about the vertical axis, but also under
reflections by any plane containing the vertical axis.

A direct calculation shows that the vorticity w = curlu associated with the velocity field (2)
is purely toroidal :

w(r, z,t) = wy(r,z,t)eq , where wg = d,u, — Opu, . (4)

The flow is entirely determined by the single quantity wy, because the velocity field u can be
reconstructed by solving the linear elliptic system

1
Oruy + ;ur +0u, =0 s 0. up — Opu, = we (5)

in the half space Q = {(r,2) € R?|r > 0, z € R}, with boundary conditions u, = 9,u, = 0
at r = 0. System (5) is the differential formulation of the axisymmetric Biot-Savart law, which
will be studied in more detail in Section 2 below.

The evolution equation for wy reads

Oywy + u - Vwy — ﬁwg = Awy — w_g , (6)
T T

where u -V = 4,0, + 1,0, and A = 9? + %& + 0% denotes the Laplace operator in cylindrical
coordinates. Equation (6) is considered in the half-plane Q with homogeneous Dirichlet condition
at the boundary r = 0. As was already observed in [17, 23], it is useful to consider also the

related quantity

W@(T, 2, t)

n(rvzvt) - f ’ (7)



which satisfies the advection-diffusion equation
2
O +u -V = An+ =0, (8)

with homogeneous Neumann condition at the boundary » = 0. Systems (6) and (8) are, of course,
perfectly equivalent. In what follows we find it more convenient to work with the axisymmetric
vorticity equation (6), at least to prove local existence of solutions, but equation (8) will be
useful to derive a priori estimates and to study the long-time behavior.

Throughout this paper, to emphasize the similarity with the two-dimensional case, we equip
the half-plane Q = {(r,2) € R?|r > 0, z € R} with the two-dimensional measure drdz, as
opposed to the 3D measure r dr dz which could appear more natural for axisymmetric problems.
Thus, given any p € [1,00), we denote by LP(2) the space of measurable functions wy : 2 — R
for which the following norm is finite:

1/p
uweumz(/ﬂ \w9<r,z>rpdrdz) C 1<pen.

The space L*(£2) is defined similarly. Sometimes, however, it is more convenient to use the 3D
measure 7 dr dz, and the corresponding spaces are then denoted by LP(R?) to avoid confusion.
For instance, we define

1/p
|rnuLp<Ra>:(/Q \n(r,zwprdmz) L 1<p<oo.

We are now in position to state our first main result.

Theorem 1.1 For any initial data wy € L' (), the azisymmetric vorticity equation (6) has a
unique global mild solution

wy € C%([0,00), L1(2)) N C%((0,00), L=(2)) - (9)

The solution satisfies |lwy(t)|| 1) < llwollr1(q) for all t >0, and

lim ¢ wp(t) | oy = 0. for 1<p<oo, (10)
t—0
lim 75 lwp ()| oy = 0, for 1<p<oo. (11)
t—o00

If, in addition, the axisymmetric vorticity is non-negative and has finite impulse :

I = /rQwo(r, z)drdz < oo, (12)
Q
then
im Pup(rVE VL) = — et () eQ (13)
tll}’got (A)@(T' 72’ I - 16ﬁ bl bl bl

1
where convergence holds in LP() for 1 < p < oo. In particular ||we(t)|zr) = Ot **7) as
t — oo in that case.

Remark 1.2 A mild solution of (6) on Ry = [0,00) is a solution of the associated integral
equation, namely Eq. (49) below. As will be verified in Section 4, both sides of (49) are well-
defined if wy satisfies (9) and (10). In the uniqueness claim, we only assume that wy satisfies
(9) and is a mild solution of (6) for strictly positive times. The proof then shows that (10)
automatically holds.



The statement of Theorem 1.1 has several aspects, and it is worth discussing them separately.
The local well-posedness claim is certainly not surprising, because the class of initial data we
consider is covered by at least two existence results in the literature. Indeed, if wp € L'(€2), it
is easy to verify that the vorticity w = wgeg belongs to the Morrey space M3/2 (R3) defined by
the norm 1

lcollags> = sup sup — w(a)|dz
z€R3 R>0 B(z,R)
where B(z, R) C R? denotes the ball of radius R > 0 centered at z € R3. In addition w can be
approximated in M 3/ 2(R3) by smooth and compactly supported functions. As was proved by
Giga & Miyakawa [12], the Navier-Stokes equations in R? thus have a unique local solution with
initial vorticity w, which is even global in time if the norm ||w||,;3/2 is sufficiently small. On the
other hand, under the same assumption on the vorticity, one can show that the velocity field u
given by the Biot-Savart law in R3 belongs to the space BMO™(R?) defined by the norm

1/2
1 R?
|lullgyo-1 = sup sup <@/ / et B u)? dtdm) ,
z€R3 R>0 B(z,R) Jo

where e'® denotes the heat semigroup in R3. In fact u can be approximated by smooth and
compactly supported functions in BMO~1(R3), so that v € VMO ~!(R3). Thus we can also
invoke the celebrated result by Koch & Tataru [16] to obtain the existence of a unique local
solution to the Navier-Stokes equation in R3, which is again global in time if the norm ||ul|gypo-1
is sufficiently small. In contrast to the general results in [12, 16], the approach we follow to solve
the Cauchy problem for Eq. (6) uses specific features of the axisymmetric case. As we shall see
in Section 4, it is elementary and completely parallel to the two-dimensional situation which
was studied e.g. in [3, 7].

The assertion of global well-posedness in Theorem 1.1 is also quite natural in view of the
historical results by Ladyzhenskaya [17] and Ukhovkii & Yudovich [23]. Asin [17, 23] we use the
structure of equation (8) to derive a priori estimates on the quantity n in LP(R?), for 1 < p < oo.
However, since the solutions we consider do not have finite energy in general, we cannot apply
the classical energy estimate to obtain a uniform bound on the velocity field in L?(R3). Instead
we prove that any solution of (6) with initial data wy € L*(Q) satisfies lwo ()1 @) < llwollzr (o)
for all t > 0 and

sup tllws ()l L) < C(llwollLiey) » (14)

where C(s) = O(s) as s — 0. This new a priori estimate is scale invariant, and implies that all
solutions of (6) with initial data in L!(2) are global. Using the axisymmetric Biot-Savart law,
we also deduce the following optimal bound on the velocity field :

sup /2 ut) || () < C(llwollri(y) - (15)

Our last comment on Theorem 1.1 concerns the long-time behavior, which differs significantly
from what happens in the two-dimensional case. In the latter situation, the L' norm of the
vorticity is non-increasing in time, but does not converge to zero in general (in particular, it is
constant for solutions with a definite sign). The long-time behavior is described by self-similar
solutions, called Oseen vortices, which have a nonzero total circulation [8, 9]. In contrast, the
axisymmetric vorticity wg vanishes on the boundary of the half-plane €2, so that the L' norm
is strictly decreasing for all nontrivial solutions. As we shall see in Section 6, this implies that
|wo ()21 () — O when ¢ — oo, as asserted in (11). In other words, the long-time behavior of
the axisymmetric vorticity is trivial when measured in scale invariant function spaces. More



can be said when the initial data have a definite sign and a finite impulse, given by (12). In
that case, the axisymmetric vorticity wy inherits the same properties for all positive times and
converges as t — 00 to a self-similar solution of the linearized equation (35), whose profile is
explicitly determined in (13).

As in the two-dimensional case, it is possible to extend the local existence claim in Theo-
rem 1.1 to a larger class of initial data, so as to include finite measures as initial vorticities. Let
M(Q) denote the set of all real-valued finite measures on the half-plane Q, equipped with the
total variation norm

Il = suw{ [ odufo € o). ol <1} . forwe @),

where Cy(Q2) is the set of all real-valued continuous functions on € that vanish at infinity and
on the boundary 99Q. If u € M(Q) is absolutely continuous with respect to Lebesgue’s measure,
then p = wydrdz for some wy € L'(Q), and ||ullyy = |jwgllr1()- More generally, one can
decompose any p € M(Q) as pt = fige + fise + fpp, Where piqc is absolutely continuous with
respect to Lebesgue’s measure, fi,, is a countable collection of Dirac masses, and us. has no
atoms but is supported on a set of zero Lebesgue measure. In the original three-dimensional
picture, each Dirac mass in the atomic part y,, corresponds to a circular vortex filament, whereas
vortex sheets are included in the singularly continuous part pgc.

The proof of Theorem 1.1 can be adapted to initial vorticities in M(2), and gives the
following statement, which is our second main result.

Theorem 1.3 There exist positive constants € and C' such that, for any initial data wy € M(2)
with ||(wo)pplltv < €, the azisymmetric vorticity equation (6) has a unique global mild solution
wy € CO((0,00), L1(Q) N L>=(2)) satisfying

limsup [lwy (t)|| 21 () < o0, limSUPt1/4Hw0(t)HL4/3(Q) < Ce, (16)
t—0 t—0

and such that wy(t) — wo as t — 0. Moreover, the asymptotic estimates for t — oo given in
Theorem 1.1 hold without change.

Observe that we now have a limitation on the size of the data, which however only affects the
atomic part of the initial vorticity. This technical restriction inevitably occurs if local existence
is established using a fixed point argument in scale invariant spaces, as we do in Section 4.
In the two-dimensional case, early results by Giga, Miyakawa, & Osada [11] and by Kato [14]
had a similar limitation, which was then relaxed in [9, 6] using completely different techniques.
In the axisymmetric situation, existence of a global solution to (6) with a large Dirac mass as
initial vorticity has recently been established by Feng and Sverdk [5], using an approximation
argument, but uniqueness is still under investigation. For a general initial vorticity wg € M(Q),
both existence and uniqueness are open.

Even if we restrict ourselves to initial vorticities with a small atomic part, the uniqueness
claim in Theorem 1.3 is probably not optimal. Indeed, although the solutions we construct satisfy
both estimates in (16), we believe that uniqueness should hold (as in the two-dimensional case)
under the sole assumptions that wy(t) is uniformly bounded in L'(f2) for t > 0 and converges
weakly to the initial vorticity wg as t — 0. However, technical difficulties arise when adapting
the two-dimensional proof to the axisymmetric case, and for the moment we need an additional
assumption, such as the second estimate in (16), to obtain uniqueness. We hope to clarify that
question in a future work.



Remark 1.4 It is interesting to ask whether our results can be extended to the case where a
non-zero axisymmetric forcing is included in the Navier-Stokes equations. For example, one can
add a forcing term f = f(r,z,t) to the right-hand side of equation (6). If f is “sufficiently
reqular” and decays “sufficiently fast” as r + |z| +t — oo, our results remain true, with quite
straightforward modifications of the proofs. However, if we wish to obtain results under optimal,
scale invariant assumptions such as

//\f(r,z,t)]drdzdt<oo,
0o Jo

non-trivial modifications seem to be needed. We thank the anonymous referee for raising this
interesting point, which we plan to address in a future work.

The rest of this paper is organized as follows. In Section 2, which is devoted to the ax-
isymmetric Biot-Savart law, we estimate various norms of the velocity field u in terms of the
axisymmetric vorticity wy. In Section 3, we show that the semigroup generated by the lineariza-
tion of (6) about the origin satisfies the same LP — LY estimates as the two-dimensional heat
kernel. After these preliminaries, we prove the local existence claims in Theorems 1.1 and 1.3
in Sections 4.1 and 4.2, respectively. Global existence follows from a priori estimates which are
established in Section 5. Finally, the long-time behavior is investigated in Section 6. We prove
that all solutions of (6) converge to zero in L'(2), and we also compute the leading term in the
long-time asymptotics for vorticities with a definite sign and a finite impulse.

Acknowledgements. This project started during visits of the first named author to the
University of Minnesota, whose hospitality is gratefully acknowledged. Our research was sup-
ported in part by grants DMS 1362467 and DMS 1159376 from the National Science Foundation
(V.S.), and by the grant “Dyficolti” ANR~13-BS01-0003-01 from the French Ministry of Research
(Th.G.).

2 The axisymmetric Biot-Savart law

In this section, we assume that the axisymmetric vorticity wy : @ — R is given, and we study
the properties of the velocity field u = (u,,u.) satisfying the linear elliptic system (5). The
divergence-free condition 0, (ru,) + 0,(ru,) = 0 implies that there exists a function ¢ :  — R

such that
10y 1 8_¢

Up = ——— U, = — )
" roz’ z r Or

As 0,u, — Oru, = wy, the azisymmetric stream function 1 satisfies the following linear elliptic
equation in the half-space :

(17)

0%+ 0,0~ 2 = ey (18)

Boundary conditions for (18) are determined by observing that, for a smooth axisymmetric
vector field u : R — R3 with divu = 0, the stream function defined by (17) satisfies the
asymptotic expansion

U(r,z) = o+ re(z) + 0"y, asr—0, (19)

see [19] for an extensive discussion of these regularity issues. Without loss of generality, we
can assume that the constant ¢y in (19) is equal to zero, in which case we conclude that

¥(0,2) = 0-(0,2) = 0.



The solution of (18) with these boundary conditions is well known, see e.g. [5]. If we assume
that the vorticity wg decays sufficiently fast at infinity, we have the explicit representation

W(r,2) = %/Q\/ﬁF<(’"_f)2+(z_2)2>we(f,z)dfdz, (20)

rr

where the function F': (0,00) — R is defined by

cos ¢ do B /2 cos(2¢) do¢
)1/2—/0 ( 5>0. (21)

F(s) = '
) /0 (2(1—cos @) + s sin? ¢ + s/4)

Useful properties of F' are collected in the following lemma, whose proof can be found in [22,
Section 19].

/2 °

Lemma 2.1 The function F : (0,00) — R defined by (21) is decreasing and satisfies the asymp-

totic expansions :

. 8 1 y 1 1

i) F(s) = log(ﬁ) -2+ O(slog ;) and F'(s) = ~%s + O(log g) as s — 0;
T 3

g 1 1
ii) F(s) = QST/2+O(@> and F'(s) = ~ 152 —|—(9(S7/2> as s — 0.

Remark 2.2 It follows in particular from Lemma 2.1 that the maps s — s*F(s) and s
sPF'(s) are bounded if 0 < o < 3/2 and 1 < B < 5/2. These observations will be constantly
used in the subsequent proofs.

Combining (17) and (20), we obtain explicit formulas for the axisymmetric Biot-Savart law :

up(r,z) = /QGT(’I“,Z,’F,E)WQ(’F,Z)d’FdZ, uy(r,z) = /QGZ(T,z,f,Z)we(f,Z)dde, (22)

where
D O e 2_(r—f)2+(z—2)2
GT(T,Z,T’,Z) = —;WF(g ), § = o 5 (23)
N S e 1 72 2 2 1t (2
G.(r,2,7,z) = ;mF(ﬁ )+E—r3/2 <F(§ ) —28°F (€ )) : (24)

Our first result gives elementary estimates for the axisymmetric Biot-Savart law in usual
Lebesgue spaces. We emphasize the striking similarity with the corresponding bounds for the
two-dimensional Biot-Savart law in the plane R?, see e.g. [8, Lemma 2.1].

Proposition 2.3 The following properties hold for the velocity field u defined from the vorticity

wy via the axisymmetric Biot-Savart law (22).

i) Assume that 1 <p <2 < q < oo and % = % — 2. Ifwg € LP(Q), then u € LI1(Q)? and
lullLa) < Cllwoll ey - (25)

i) If 1 <p <2< q<ooandwy € LP(Q) N LIQ), then u € L=(N)? and

ag —0 2
lullz) < CllwsllZo oy Iwellpatoy »  where o = 5 -— € (0,1) . (26)



Proof. Both assertions follow from the basic estimate

c
((r =72+ (z— 2)2)

which holds for all (r,z) € Q and all (7, z) € Q. At a heuristic level, estimate (27) follows quite
naturally from the scaling properties of G,(r, z,7,z) and G,(r, z,7, z) if we observe that these
functions behave for (r, z) close to (7, z) like the two-dimensional velocity field generated by a
Dirac mass located at (7, z) in R?. To prove (27) rigorously, we first bound the radial component
G,. We distinguish two cases:

a) If 7 < 2r, we use the fact that £2F”(£2) is bounded, and obtain the estimate

|GT(T’Za’F’ Z)| + |GZ(T’ Zafa Z)| S

(27)

o ‘2—2’ rr
<
‘GT(T,Z,T,Z)’ <C r3/2 F1/2 (r — 77)2 + (Z — 2)2
7172 |z — Z| C

T1/2 (T‘ - 77)2 + (Z — 2)2 - ((T _ F)2 N (Z B Z)2)1/2 )
because 7/r <2 and |z — 2| < ((r — 7)* + (2 — 2)2)1/2.
b) If 7 > 2r, observing that ¢&3F’(¢?) is bounded, we deduce
|z — 2| r3/2 73/2
r3/2 F1/2 ((T 24 (2 — 2)2)3/2
7|z — Z| C

((r =72+ (z — 2)2)*? : (r=m2+(z—2?2)""

|Gy (r,2,7,2)] < C

=C

because 7 < 2(F — 1) < 2((r — ) + (z — 2)2)1/2. This proves estimate (27) for G,.

Similar calculations give the same bound for the second component G, too. Indeed, the first
term in the right-hand side of (24) can be estimated exactly as above, using the obvious fact
that [r—7] < ((r—7)%+ (2 — 2)2)1/2. The second term involves the quantity F/(£2) — 262 F7(£?),
which is bounded by C¢~1 in case a) and by C¢~3 in case b). This concludes the proof of (27).

Now, since the integral kernel G = (G,,G,) in (22) satisfies the same bound as the two-
dimensional Biot-Savart kernel in R?, properties i) and ii) in Proposition 2.3 can be established
exactly as in the 2D case. Estimate (25) thus follows from the Hardy-Littlewood-Sobolev in-
equality, and the bound (26) can be proved by splitting the integration domain and applying
Holder’s inequality, see e.g. [8, Lemma 2.1]. O

The proof of Proposition 2.3 shows that the axisymmetric Biot-Savart law (22) has the same
properties as the usual Biot-Savart law in the whole plane R2. In fact, it is possible to obtain
in the axisymmetric situation weighted inequalities (involving powers of the distance r to the
vertical axis) which have no analogue in the 2D case. As an example, we state here an interesting
extension of estimate (25).

Proposition 2.4 Let o, € [0,2] be such that 0 <  — a < 1, and assume that p,q € (1,00)
satisfy
1 1 14+a-p

q p 2
If rPwy € LP(Q), then r®u € LI(Q)? and we have the bound

I7%ull ey < CllirPwollr(y - (28)

8



Proof. As in the proof of Proposition 2.3, all we need is to establish the pointwise estimate

(G2, 2) 164,27, 2)]) < = —|—C(z—2)2))\ , (20)

for some A € (0,1). Indeed, once (29) is known, the bound (28) follows immediately from the
Hardy-Littlewood-Sobolev inequality if ¢~ = p~! + X\ — 1. To prove (29), we proceed as before
and distinguish three regions: a) 7/2 <r < 27; b) r > 27; ¢) ¥ > 2r. In each region, we bound
the quantities F’(£2) and F(£2) —2£2F'(€2) appropriately using Remark 2.2. These calculations
shows that inequality (29) holds with A = (14 8 — «)/2 if and only if the exponents «, [ satisfy
0 <a< g <2 Since we need A < 1 we assume in addition that 8 — o < 1. The details are
straightforward and can be left to the reader. O

Remarks 2.5
1. Similarly, one can establish a weighted analogue of inequality (26).

2. If u is replaced by u,, inequality (28) holds for all a, 8 € [—1,2] such that 0 < f — a < 1.

3. If we take o = 1/q and B = 1/p, so that % = % — %, inequality (28) is equivalent to

[ullLags) < Cllwllirs)

which is well known for the three-dimensional Biot-Savart law, see e.g. [10, Lemma 2.1].
Finally, we prove other weighted inequalities, which are similar to those considered in [5].

Proposition 2.6 The following estimates hold :

lull o) < Cllrwsll i, llwo /Il g (30)
Uy 1/3 2/3
r llLe() < CHWGHLI(Q) HWG/THLOO(Q) . (31)

Proof. Estimate (30) is stated in [5] in the slightly weaker form

1/4
LY(Q

1/4

1/2
lull ey < Cllwalfitgy sl ity e /712 g -

but the proof given there actually yields the stronger bound (30), which can be compared with
(26) in the case p = 1, ¢ = oo. To prove (31), we follow the same approach as in [5]. Using
translation and scaling invariance, it is sufficient to show that the quantity

Uy

r=1,2=0 = u(1,0) = /Q 1/2 FI( wp(r, z)drdz (32)

r r r

is bounded by CngHlL/lg(Q) ng/rHi{i(Q). We decompose Q = I} U Iy, where

1
11:{(T,Z)€Q‘§§T§2,—1§Z§1}, IQZQ\Il
When integrating over the first region I;, we use the fact that |F'(s)] < Cs~! and r ~ 1. We
thus obtain

|wa(r, 2)|
n((r—1)%2+ 22)1/2

2]

—_— drdz .
Il(r_1)2+22 n

\u&l)(l,O)\ < C lwo(r, 2)|drdz < C



As in [5], or in part ii) or Proposition 2.3, we deduce that

1/2
W (L,0)] < Cllwnll¥2, lwoll¥2 1y < Cllwsll iy leon/rI22 s, - (33)

In the complementary region, we use the optimal bound |F’(s)| < C's~%/2? and we observe that,
if (r,2) € Iy, then (r — 1)? + 22 > O(r? + 22) for some C > 0. We thus have

|2 r?
L ((r—1)2+ 22)5/2

|wo(r, 2)]
5, 2422

(1,0 < C lwe(r, z)|drdz < C drdz .

Fix any R > 0 and denote Qg = {(r,2) € Q|p < R}, where p = (r? + 2%)//2. Extending the
integration domain from Iy to Q2 = Qr U (Q\ Qr), we compute

|wa(r, 2)| drds 4+ C |wa(r, 2)|

op P oAQr P

1
CHW@/THLOO(Q)/ ~drdz+CR™? lwe(r, 2)| dr dz
Qr P O2N\Qr

CR|lwo /|10y + CR™?|lwpll 1 ()

|u ( 0] <C drdz

IN

IN

Optimizing over R > 0 gives the bound |u£~2)(1, 0)] < CngH}.J/lg(Q) ||we/r\|i/j,(m, which together
with (33) implies (31). O

Remark 2.7 Estimate (31) can also be obtained by observing that

Uy 2] 1/3

1.
:

Lo (RR3)

W
<c|?

; (34)

Lo°(R3) L31(R3) — H r L1 (®3)

where L31(R3) denotes the Lorentz space. The first inequality in (34) is proved in [2, Proposi-

tion 4.1], and the second one follows by real interpolation.

3 The semigroup associated with the linearized equation
This section is devoted to the study of the linearized vorticity equation (6):
Oy = (2402 + 20, — 3 )w (35)
two r P r T 7"2 0
which is considered in the half-plane Q = {(r,z)|r > 0, z € R}, with homogeneous Dirichlet
condition at the boundary r = 0. Given initial data wy € L'(£2), we denote by wy(t) = S(t)wo

the solution of (35) at time ¢ > 0.

Lemma 3.1 For any t > 0, the evolution operator S(t) associated with Eq. (35) is given by the
explicit formula

(S0)r) = 1 [ P (L) ep(-C I ez 9

where the function H : (0,4+00) — R is defined by

H(T) e_smf ‘ cos(2¢)de , T>0. (37)

7=
N T —7r/2
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Proof. If wy is a solution of (35), we observe that the vector valued function w = wyey satisfies
the usual heat equation d;w = Aw in the whole space R3. For any t > 0, we thus have the
solution formula

1 _lz—a? _ 3
w(z,t) = W/Rae - w(z,0)dz r €R”. (38)

Denoting = = (rcosf,rsinf, z) and & = (Fcosf,7sinf, z), we can write (38) in the form

—sin6 —sinf

1 [e'e) ™ —|2 _ _
wy(r, z,t) | cosh | = ——= / / / e~ wo(7,2) | cosf |rdfdzdr, (39)
0 (47Tt) / 0 JRJ—m 0

where

0—0

|t —Z|> = (r —7)? 4 (2 — 2)? + 4rF sin®

Now, if we integrate over the angle § in (39) and use the definition (37) of H, we see that (39)
is equivalent to wy(t) = S(t)wo with S(t) defined by (36). O

The function H cannot be expressed in terms of elementary functions, but all we need to
know is the behavior of H(7) as 7 — 0 and 7 — oo.

Lemma 3.2 The function H : (0,00) — R defined by (37) is smooth and satisfies the asymptotic
exTPansions :

i) Hir)=1— ?jf +O(2) and H'(7) = —3/4 + O(7) as © — 0;
. ml/? 1 , 3rl/2 1
ii) H(t) = 37 —i—(9<7_5/2> and H' (1) = ~ 352 + O(m) as T — 00.

2

sin“ ¢

Proof. Expansion ii) follows immediately from (37) if, in the expression e~~~ , we replace the
exponential function by its Taylor series at the origin. Expansion i) can be deduced from the
formula
2
_2 1 =272 da

1
1 [
H(r) = — -

which is obtained by substituting x = % in the integral (37). O
Remark 3.3 We belicve that the function H is decreasing, although we do not have a simple
proof. In what follows, we only use the fact that the maps T +— TH(7) and T — TP H'(1) are
bounded if 0 < o <3/2 and 0 < 5 < 5/2.

Let (S(t))s>0 be the family of linear operators defined by (36) for t > 0 and by S(0) = 1 (the
identity operator). By construction, we have the semigroup property: S(t; + t2) = S(t1)S(t2)
for all t1,to > 0. Further important properties are collected in the following proposition.

Proposition 3.4 The family (S(t))>0 defined by (36) is a strongly continuous semigroup of
bounded linear operators in LP(Q2) for any p € [1,00). Moreover, if 1 < p < q < oo, the
following estimates hold :
i) If wo € LP(QY), then
C
[S()wollLa) < = llwollzr) > t>0. (40)

tr a
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i) If f = (fr. f2) € LP(Q)?, then
C

15(t) dive fllza) < 7z Ifllzr(e) » t>0, (41)
t2"p g

where div, f = 0, f, + 0. f. denotes the two-dimensional divergence of f.

Proof. We claim that

%ﬂt?ﬁ_ﬁz (i)exp(_(r—ryi_t(z—z)?) - % (T—r)Q;(z—z)2) | )

T
for all (r,z) € Q, all (7,2) € Q, and all ¢ > 0. Indeed, since H is bounded, estimate (42) is
obvious when 7 < 2r. If 7 > 2r, we observe that 7'/2H(7) is bounded, so that

exp (—

71/2

r1/2

t Fl/2 pl/2 1/ 7 r— 7|
H(5) < Crm—am =Can < Cram

rv
where in the last inequality we used the fact that 7 < 2(F —r) = 2|r — 7. As ze~®"/4 < Ce=2"/5
for all x > 0, we conclude that (42) holds in all cases. This provides for the integral kernel
in (36) a pointwise upper bound in terms of the usual heat kernel in the whole plane R2, with
a diffusion coefficient equal to 5/4 instead of 1. Thus estimate (40) follows immediately from
Young’s inequality, as in the 2D case.

To prove (41), we assume that wg = div, f = 0, f, + 0. f., and we integrate by parts in (36)
to obtain the identity

_1/2 42 22
s v N0 = 1 [ T ew(-CEEE D g araz,

t t 1 r—7r t z—Z t
A, = —H’(—) - (— >H(—> A, = — H(-) .
T2 \rr o 2 rr) : 2t T

Proceeding as above and using Remark 3.3, it is straightforward to verify that

1 7l/2 (r=7)*+ (2—2)? C (r—7)2 + (2—2)?
g (g ) (4 A) < g e () @)

where

for all (r,z) € Q, all (7,z) € Q, and all ¢ > 0. Thus estimate (41) follows again from Young’s
inequality, as in the 2D case.

Finally, we show that the semigroup (S(t))¢>0 is strongly continuous in LP(2) if 1 < p < cc.
All we need to verify is the continuity at the origin. Given wg € LP(2), we denote by @y :
R? — R the function obtained by extending wy by zero outside €. Using the change of variables
F=r++tp, Z= 2+t in (36), we obtain the identity

(S(t)wo —wo) (ryz) = i/R? e_ﬂ%E U(r,z,p,(,t)dpd(

7

for all (r,z) € €2, where

Vip\1/2 t _ _
U(r,z,p,(,t) = <1+T) H<m) wo(r—i—\/Zp,z—l—\/ZC)—wo(r,z) )

By Minkowski’s integral inequality, we deduce that

1 702+CQ
IS0 —snlzry < = [ €T I9Cn Ol dpdd (44)

= 4r
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Now, the estimates we used in the proof of (42) show that

(1+Y02)" 2H<m) < O+ o)), (45)

whenever r > 0 and r + v/tp > 0. This immediately implies that

H\I]("'ap’gat)HLp(Q) < C(1+ |p|)Hw0HLP(Q) ’

for all (p,¢) € R? and all ¢+ > 0. Since the left-hand side of (45) converges to 1 as t — 0, and
since translations act continuously in LP(R?) for p < oo, it also follows from estimate (45) and
Lebesgue’s dominated convergence theorem that

||\Il(a ',paC,t)HLP(Q) — 0 ast—0 ,

for all (p,¢) € R%. Thus another application of Lebesgue’s theorem implies that the right-hand
side of (44) converges to zero as t — 0, which is the desired result. u

As in the previous section, it is possible to derive weighted estimates for the linear semigroup
(36). The proof of the following result is very similar to that of Propositions 2.4 and 3.4, and
can thus be left to the reader.

Proposition 3.5 Let 1 <p<g<oo and -1 <a<p<2. IfrPuwy e LP(Q)), then

C
T 1.5-a HTﬁWOHLP(Q) ) t>0. (46)
2

Ir*S®)wollo) = <
tr a

Moreover, if =1 < a < <1 and rPf € LP(Q)?, then

C

115 I Fliee) » t>0. (47)

*S(t) div, <
[r*S () divs fllzag) < I

Qe

4 Local existence of solutions

Equipped with the results of the previous sections, we now take up the proof of Theorems 1.1
and 1.3. In view of the divergence-free condition in (5), the evolution equation (6) for the
axisymmetric vorticity wg can be written in the equivalent form

1 1
. _ (a2 a2
Orwy + divi(uwy) = <(9,, +0; + ;ar - T—2>w9 , (48)
where div,(uwyg) = O (urwp) + 0 (uswy). Given initial data wp, the integral equation associated
with (48) is

t
wp(t) = S(t)wo — / S(t — s)divi(u(s)wy(s))ds , t>0, (49)

0

where S(t) denotes the linear semigroup defined in (36). In this section, our goal is to prove local
existence and uniqueness of solutions to (49) using a standard fixed point argument, in the spirit
of Kato [13]. For the sake of clarity, we first treat the case where wg € L!(€2), and then consider
the more complicated situation where wy is a finite measure with sufficiently small atomic part.
This will establish the local well-posedness claims in Theorems 1.1 and 1.3, respectively.
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4.1 Local existence when the initial vorticity is integrable

Proposition 4.1 For any initial data wo € L*(R), there exists T = T(wo) > 0 such that the
integral equation (49) has a unique solution

wp € CO([0,T], LY(Q)) N C°((0,T), L>=(Q)) . (50)

Moreover ||wg(t)|lL1) < llwolliq) for all t € [0,T], and estimate (10) holds. Finally, if

lwoll 1 () s small enough, the local existence time T > 0 can be taken arbitrarily large.

Proof. We follow the same approach as in the two-dimensional case, see e.g. [3, 7, 14]. Given
T > 0 we introduce the function space

Xr = {uwp € CO(0,T], L) | oLy < 00} (51)

equipped with the norm
lwpllxr = sup /4 |lwo(t)]| /3 -
0<t<T

For any t > 0, we denote wyiy(t) = S(t)wp, where S(t) is the linear semigroup (36). It then
follows from Proposition 3.4 that wy, € Xp for any 7' > 0. For later use, we define

C1(wo, T) = |lwiin|lx; = sup 751/4HS(75)W0HL4/3(Q) : (52)
0<t<T

In view of (40), there exists a universal constant Cy > 0 such that C1(wo, T') < Caflwol[£1(q) for
any T > 0. Moreover, since L'(Q) N LY3(Q) is dense in L'(Q), it also follows from (40) that
C1(wo, T) — 0 as T — 0, for any wy € LY(Q).

Given wp € X7 and p € [1,2), we define a map Fwy : (0,7] — LP(R2) in the following way :

(Fwp)(t) = /0 S(t —s)dive(u(s)wa(s))ds , 0<t<T, (53)

where it is understood that u(s) is the velocity field obtained from wy(s) via the axisymmetric
Biot-Savart law (22). Using estimate (41), Holder’s inequality, and the bound (25), we obtain
for t € (0,77

1-1 1-1 t C
5| (Feoo) (8) | omiey < £ /0 Ty el 0

3_1
t—s)2 v

_1 t c
< t! P/ ———l[us) @) lwo ()l pars o) ds
0 (t_s)Q P
Lt C
<t P/ ———— lws(5) 143y ds o
0 (t—s)2"»
t W 2
<ot [ O e gy < oy,
0 (t _ 8)5_5 s2

It is also straightforward to verify that the quantity (Fwy)(t) depends continuously on the time
parameter ¢ € (0,7 in the topology of LP(€2). Choosing p = 4/3, we deduce that Fwy € Xrp
and || Fwgllx, < Csllwel%, for some C3 > 0. More generally, we have the Lipschitz estimate

[Fws — Foollxy < Cs(llwollxr + ool xr) llwo — @l » (55)
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for all wy,wy € Xrp.

Now we consider the map G : Xy — Xp defined by Gwyg = win — Fwyg. We fix R > 0
such that 2C3R < 1, and denote by Bpg the closed ball of radius R centered at the origin in
Xr. If Ci(wo,T) < R/2, the estimates above show that G maps Bpr into Bgr and is a strict
contraction there, so that (by the Banach fixed point theorem) G has a unique fixed point wy
in Br. By construction, wy is a solution to the integral equation (49) in X7. The condition
C1(wo,T) < R/2 can be fulfilled in two different ways. If the initial data are small enough so
that Caflwoll 1) < /2, the existence time 7' > 0 can be chosen arbitrarily, and the fixed point
argument therefore establishes global existence for small data in L'(2). On the other hand, for
larger initial data wp, we can always choose T' > 0 small enough so that C(wo,T) < R/2, hence
we also have local existence for arbitrary data.

Remarks 4.2

1. For large data, the local existence time T > 0 given by the fixed point argument depends on
the initial data, and it is not possible to bound T' from below using the norm |lwollr1(qy only.
However, if wg € L' () N LP(Q) for some p > 1, then (by Proposition 3.4) an upper bound on
lwoll zr () provides a lower bound on the local existence time T.

2. For later use, we note that the fixed point argument also proves that the solution wy depends
continuously on the initial data. More precisely, if K C LY(Q) is any compact set, or any
sufficiently small neighborhood of a given point, we can take the same local existence time T > 0
for all initial data wg € K, and there exists C > 0 such that

sup |Jwe(t) — @o(t) L1 () + llws — @ollx, < Cllwo — @ollL1(q) (56)
te[0,7
for all wo, &0 € K, where wy, g € X7 denote the solutions corresponding to the initial data
wo, Wy, respectively.

To conclude the proof of Proposition 4.1, we establish a few additional properties of the local
solution wy € Xp. We first note that

. 1/4 . —
lio /4t (1) 2y = Jim [lwpllxe = 0 (57)

because, when T > 0 is small, the fixed point argument holds in the ball B with R = 2C (wg, T).
This proves (10) for p = 4/3. Next, using (54) with p = 1, we see that that the map ¢t — (Fwy)(t)
is continuous in the topology of L!(§2) and satisfies [(Fwo) ()11 ) < C’||we||§(T for all ¢ € (0, 7.
In view of (57), this implies that the map wy — wyn = —Fwy belongs to C°([0,77], L'(Q) and
vanishes at ¢ = 0. In particular, using Proposition 3.4, we conclude that wy € C°([0, T], L*(2)).
That [|wy(t)| 11 () is a non-increasing function of time is a well known fact, which will be dis-
cussed in Lemma 5.1 below. Finally, to prove that wy € C°((0, 7], LP(£2)) for any p € (1, 00] and
that (10) holds, we use a standard bootstrap argument which we explain in some detail because
it will be used again in Section 5. For p € (1,00] we define

it 1
My(T) = sup t'77[[S(t)woll o) »  and Np(T) = sup ¢ 7wp(t)|roiey - (58)
0<t<T 0<t<T

Then My,(T) — 0 as T'— 0, and we already know that N,(T') — 0 as T'— 0 for p = 4/3, hence
for all p € (1,4/3] by interpolation. To prove the same result for p > 4/3, we split the integral
in (49) in two parts and estimate the nonlinear term as follows :

2q1
s = ,
2—q

luwgllzr) < CllullLs)llwsllLe @)y < Cllwsllza @) llwell Lo @)
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Where§§q1<2,%§q2§oo,and%:q%—|—qi2—%. We thus obtain

t/2 [lwg(s)]124(
lws(®)lr@y < I1SEwollrey +C / FOn@) 44
0 (t—s)q P
t
LC l|wo(8) || ar (Q)IH":GI(S)IHL%(Q) ds | (59)
t/2 (t_s)ql a2 P

where the exponents p € [1,00], q,q1 € [4/3,2) and g2 € [4/3, 0] are assumed to satisfy

11
- <1, (60)
P

1
< < —
q1 q2

1
, and =
2

RN
|

NN
D=

Multiplying both sides of (59) by tl_% and taking the supremum over ¢ € (0,7] we obtain the
useful bound
Nyp(T) < Mp(T) + CpgNo(T)? + Cp g1, Ny (T)Ngy (T) (61)

where C) ; and C) 4, 4, are positive constants. If we choose ¢ = ¢1 = ¢2 = 4/3, we deduce from
(61) that N,(T) — 0 as T — 0 for any p < 2. Then, taking ¢ = 4/3 and ¢; = ¢2 sufficiently
close to 2, we obtain the same result for any p < co. Finally, choosing ¢ = 4/3, ¢; = 3/2, and
g2 = 4, we conclude from (61) that Noo(T') — 0 as T'— 0, which proves (10).

Our final task is to discuss the uniqueness of the solution to (49). We first observe that,
given wy € L'(), the solution wy € X7 given by the fixed point argument is, by construction,
the only solution of (49) in X7 satisfying (57). In fact, using a nice argument due to Brezis [4],
it is possible to prove uniqueness in a much larger class. Indeed, given any 7" > 0, assume that
wy € C°([0,T], L*(2)) N CO((0,T], L>=(Q)) is a mild solution of (48) on (0,7] in the following
sense :

t
wy(t) = S(t —to)we(to) — [ St —s)divi(u(s)wa(s))ds , O0<to<t<T. (62)
to
The set K = {wy(t) |t € [0,T]} is compact in L(2), hence the fixed point argument allows us to
construct a local solution in X for all initial data wy € K, with a common existence time T>0
(without loss of generality, we assume henceforth that 7 < T'/2). That solution is denoted by
Qp(t) = X(t)@ for t € [0,T]. By the observation above, for all ty € (0, 7] we have the relation

we(t) = (t —to)wa(to) ,  t € [to,to+ 1], (63)

because the left-hand side is a solution of (62) on the time interval [to, to + 7] and we obviously
have (t — t0)1/4\|w9(t)\|L4/3(Q) — 0 as t — tg, which is the analogue of condition (57). Now, for

any fixed t € (0,77, it follows from (56) that
[3(t — to)we(to) — X(t — to)we(0)|[L1(q) < Cllwa(to) —wa(0)| 1) — 0,

as to — 0, and it is also clear that [[X(t — to)ws(0) — X(t)we(0)|lr1() — 0 as tp — 0. Thus
taking the limit o — 0 in (63) we obtain the relation wy(t) = B(t)wg(0) for ¢t € [0,T], which
means that the solution wy we started with coincides on the time interval [0, 7] with the solution
constructed from the initial data wy(0) by the fixed point argument. O
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4.2 The case where the initial vorticity is a finite measure

We next consider the more general case where the initial vorticity wp in (49) is a finite measure
on 2, which is no longer absolutely continuous with respect to the Lebesgue measure dr dz. For
convenience we denote j1 = wp, and we recall the canonical decomposition jt = pige + fse + fipp
where fiq. is absolutely continuous with respect to Lebesgue’s measure, p,, is a (countable)
collection of point masses, and pg. is the “singularly continuous” part which has no atoms yet
is supported on a set of zero Lebesgue measure. We have fi4c L ftsc L pipp, which means that
the three measures are mutually singular. In particular, the total variation norm of p satisfies

lellew = lltacllev + [[sellev + HMPPHW .

The linear semigroup S(¢) acts on the measure p by the formula

somr2) = 7 [T ()en(-TEEE s e

T Amt qrt rT 4t

which generalizes (36), and we have the following estimates :

Proposition 4.3 Let i be a finite measure on §2. Then

1
supt' 3 [SOule) < Cllull . 1<p< o0, (63)
>
and )
. 1-1
L) = lmsup 3 [SOulr@) < Cllgplh . 1<p< 0. (66)
_)

Proof. Estimate (65) can be established as in Proposition 3.4, using the pointwise upper bound
(42). To prove (66) we proceed as in the two-dimensional case [7, 11], with minor modifications.
We know from (65) that L,(1) < C||p|/¢v, hence using the canonical decomposition we find

LP(:U') < Lp(ﬂac) + Lp(ﬂsc) + LP(MPP) < Lp(ﬂac) + LP(MSC) + CHMPPHW .

Therefore, we only need to show that Ly(piac) = Lp(psc) = 0. In fact, it is sufficient to prove
that for p = 0o, because the result then follows for 1 < p < oo by interpolation.

From now on, we thus assume that p is a non-atomic finite measure on €2, and we denote by
|| the positive measure which represents the total variation of . Given any point & = (7, 2) € R?
and any radius § > 0, we define

B(¢,0) = {€eqllg-¢ <d},

where |¢ — €] is the Euclidean distance between & and . We claim that, for any € > 0, there
exists > 0 such that

zgglul(B(&&) <e. (67)

Indeed, if that property fails, there exist € > 0, a sequence (&,) of points of €2, and a sequence
(6y,) of positive real numbers such that d,, — 0 as n — oo and |u|(B(&,,0,)) > € for alln € N. Tt
is clear that the sequence (&,) is bounded, because |p| is a finite measure. Thus, after extracting
a subsequence, we can assume that &, converges as n — 0o to some point 5 = (7,2) € Q. For
any § > 0 we thus have |u|(B(£,0)) > e, since B(£,8) D B(&,,5,) when n is sufficiently large.

We conclude that B
ym(ﬂ B(§,5)> >e>0.
6>0

17



But this is impossible, because the intersection above is empty if ¢ € 99 and equal to the
singleton {£} if € € €, and we assumed that the measure p is non-atomic. Hence property
(67), which can be interpreted as a weak form of absolute continuity with respect to Lebesgue’s
measure, must hold.

Now, for any given t > 0, there exists £(¢) € §2 such that

[(SOWED)N = ISOulz~ @)

because the map & — (S(t)u)(€) is continuous and vanishes at infinity as well as on the boundary
). Using definition (64) and the pointwise estimate (42), we thus obtain

_le—Ew)? 5( )12 le=Ew)? s<t>\2

Sl < C / dlpl(e) + B )
&(t), 5) Q\B(&(t),0)

where € and § are as in (67). The first integral is bounded by C|u|(B(£(t),d)) < Ce, and the
second one by Ce=9°/(50)|,](Q). Tt follows that

Loo(p) = limsup ¢[|S@)pllp=@) < Ce,
t—0
and since € > 0 was arbitrary we conclude that L (x) = 0, which is the desired result. u

Proposition 4.4 There exist positive constants € and C such that, for any initial data wg €
M(Q) with ||(wo)pplltv < €, one can choose T'= T'(wg) > 0 such that the integral equation (62)
has a unique solution wy € C°((0,T], L' (Q) N L>®(2)) satisfying (16) and such that wy(t) — wo
as t — 0. Moreover, if ||wolltv s small enough, the local existence time T > 0 can be taken

arbitrarily large.

Proof. We briefly indicate how the proof of Proposition 4.1 has to be modified to handle the
case where u = wp € M(Q). We use exactly the same function space Xr defined in (51), and
observe that the fixed point argument works in the ball B C Xp provided Cy(u,T) < R/2,
where C1(p,T) is defined as in (52) and R > 0 satisfies 2C3R < 1 with C5 as in (55). From
(65) we know that Ci(u,T) < Csllplltv for any T > 0, hence we again obtain global existence
and uniqueness in By, if the initial vorticity is small enough so that Co||u||¢v < R/2. For larger
data, we can use (66) which gives

lm C1(p,T) = Lagz(p) < Calluppllev

for some positive constant Cy. Thus, if the atomic part of the initial vorticity is small enough
so that Cyl/ppplltv < R/2, we can take T' > 0 such that C(u,T") < R/2, and the fixed point
argument proves local existence and uniqueness in Bp. In contrast, if 4C3C4||pppllty > 1, it

is impossible to choose R > 0 and T" > 0 so that the fixed point argument works in the ball
Br C Xr, and the method above completely fails.

Assuming that the fixed point argument works in the ball B C Xp, we can establish
some additional properties of the solution wy € Bpr as in the case of integrable initial data.
For instance, it is straightforward to verify that wy — wi, € C°((0,7), L1(Q) N L*>(R)), where
wiin(t) = S(t)pu. However property (57) fails if j,, # 0, and we cannot argue as in Section 4.1
to show that [lwg(t) — wiin(t)| 11 () converges to zero as t — 0. To prove that, we first define

§ = limsup t"/*wp(t) — wiin(t) || a3 () = limsup ||lwp — wiim||x7 -
t—0 T—0
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Since wy — wiin = (Fwiin — Fwp) — Fwiin and ||wiin || x, + [|Jwellx, < 2R, we can use (55) to obtain
the estimate § < 2C3R6 + £43(p), where

. 1-1
6(p) = limsupt' | Fun(®ll@ . 1<p <00,
t—
As in the two-dimensional case [7, Section 2.3.4], a direct calculation, which exploits some
cancellations in the nonlinear term wj, () - Vwyin(t) for small times, reveals that ¢,(p¢) = 0 for
any p € [1,00]. This in turn implies that 6 = 0, since 2C3R < 1. Finally, using again the relation
wp — wiin = (Fwiin — Fwy) — Fwiin we conclude that

lir?_%lp |wo(t) — win(D)l[L1(@) < CRI+L1(n) = 0. (68)
It follows in particular from (68) that wg(t) — w as ¢ — 0, because we can use the explicit
formula (64) to verify that wyjy(t) — p as ¢ — 0. By construction wy is a solution of (49), hence
of (62), and both inequalities in (16) hold.

Finally, if wy € C°((0,T], L*(2) N L**(9)) is a mild solution on (0,7 satisfying (16) and
such that wy(t) — wp as t — 0, we can take the limit ¢ty — 0 in (62) and conclude that wy
satisfies (49), so that wy coincides with the solution constructed by the fixed point argument. [J

Remark 4.5 In Proposition 4.4 we only claim uniqueness of solutions under assumption (16),
which means (after restricting the existence time) that wy belongs to the ball Br C X1 where the
fixed point argument works. As in the two-dimensional case, one may conjecture that uniqueness
holds among all solutions wg € CO((0,T), L*(2) N L*°(Q)) such that |lwg(t)|| 1) is uniformly
bounded and wy(t) — p ast — 0. We hope to come back to that interesting question in a future
work.

Remark 4.6 The solutions constructed in Propositions 4.1 and 4.4 are in fact smooth for pos-
itive times, and satisfy the azisymmetric vorticity equation (48) in the classical sense. This
can be proved using standard smoothing properties of the Navier-Stokes equations that are not
specific to the axisymmetric case, see e.qg. [15] and Proposition 5.5 below.

5 A priori estimates and global existence

We continue the proof of Theorems 1.1 and 1.3 by showing that the local solutions constructed
in Sections 4.1 and 4.2 can be extended to global solutions for positive times. Since we are
not interested in the behavior for small times, we can assume without loss of generality that
the initial vorticity is integrable. Let thus wy € C°([0,T], L*(Q)) N C°((0,T], L=(R)) be a
solution of the integral equation (49), hence also of the differential equation (48), with initial
data wp € L'(Q2). Our goal here is to derive a priori estimates on various norms of wg.

Lemma 5.1 The solution of (49) satisfies ||wy(t)||11(q) < llwollr1(q) for allt € [0,T]. Moreover,
if wo # 0, the map t — ||wy(t)||11(q) is strictly decreasing.

Proof. We first assume that wy > 0 and wy # 0. By the strong maximum principle, the solution
wp(t) of (48) is strictly positive for ¢ € (0, 7). Integrating by parts and using the fact that wy(t)
satisfies the homogeneous Dirichlet boundary condition on 02, we easily find

d

— [ wy(r,z,t)drdz = —2/ Orwg(0,2,t)dz < 0, (69)
dt /g R
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where the last inequality follows from Hopf’s lemma. This proves the claim for positive solutions.
Note that, in deriving (69), we did not use the precise expression of the velocity field u in (48).
In the general case where wy can change sign, we decompose wy(t) = w, (t) —w, (t), where wét (t)
are defined as the solutions of the linear equations
. 1 1
&M;E + dlv*(uwét) = <(93 + 0% + ;& - T—2>wgt , (70)
with initial data wj (0) = max(4wp,0) > 0. Both equations in (70) involve the same velocity

field u, which is associated to the full solution wy via the axisymmetric Biot-Savart law (22).
The analogue of (69) holds for the solutions wj (¢) of (70), hence

lon®llay < [ (0 (r20) +05 (r2)) dr
< / <w;(r,z,0) —|—w(;(r,z,0)> drdz = |lwollL1(q) 0<t<T.
Q

For ¢ > 0, the second inequality is strict if either w, (0) or w, (0) is nonzero, and if both quantities
are nonzero the first inequality is also strict (by the strong maximum principle). If wy # 0, this
proves that the L' norm of the solution wy(t) is strictly decreasing at initial time, and a similar
argument shows that it is strictly decreasing over the whole interval [0, T]. O

Higher LP norms of the vorticity wg are more difficult to control, because the velocity field in
(48) does not satisfy div,u = 0. As in [17, 23|, we thus consider the related quantity n = wy/r,
which satisfies Eq. (8) with initial data ng = wo/r € L'(R3). Using the existence result in
Proposition 4.1 and the weighted estimates on the linear semigroup given in Proposition 3.5, it
is easy to verify that n € C°([0, T], L' (R3)) N C°((0,T], L>(R?)). Moreover, by Lemma 5.1, the
map t = [[n(t)]|L1(rsy = |lwe(t)|11(q) is decreasing for nonzero solutions. Since the advection
field u — (2/7)e, in (8) satisfies

2e,

div<u— —) = —2dive—r = —4nd—y < 0,
r r

a classical method due to Nash [20] gives the following a priori estimate :

Lemma 5.2 [5, Lemma 3.8] For any initial data ng € L'(R®), the solution of (8) satisfies,
for 1 <p < oo,
C
[ e g3y < JETT) ol sy,  0<t<T. (71)
2 P

Equivalently, the axisymmetric vorticity wy satisfies, for p € [1, 00], the weighted estimate

1 C
lre " wo(t) | Loy < pETTEY lwoll L) > 0<t<T. (72)
p

t2
Using (72), we now establish our main a priori estimate on the solutions of (6).
Proposition 5.3 Any solution wy € C°([0,T], L*(Q)) N C°((0,T], L>=(2)) of (49) with initial
data wo € LY(Q) satisfies, for all p € [1, 0],

Co(llwoll @)
lwo ()| Loy < == tlf” ,
P

0<t<T, (73)
where Cp(s) = O(s) as s — 0.
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Proof. We can assume without loss of generality that M := |wo|1(q) > 0. We know from
Lemma 5.1 that |lwy(t)|| 1) < M for ¢ € [0,T7], hence (73) holds for p = 1. To prove (73) for
p = 2, we compute

d [, 1

Urp
T ng drdz = —2/Q|Vwe|2drdz—i—/g(7 - ﬁ)wgdrdz. (74)

The celebrated Nash inequality [20] asserts that

1/2 1/2
/wgdrdz < C’(/ |we|drdz> </ |Vw|? drdz) < CM </ |Vwe|2drdz> .
Q Q Q Q

On the other hand, using estimate (72) with p = co and Proposition 2.6, we obtain

ur(t) 1/3 ng(t)H2/3 CM
< t AN < ==
= Hmm < Cllos®lioy |7 e, <
Thus, if we define
f(t):/c«Je(T,Z,t)Qd?”dz, 0<t<T,
Q

we deduce from (74) that f:[0,7] — R satisfies the differential inequality

F(t) < 3k S0P+

where K7, Ko are positive constants. If we set f(t) = t%g(t) with « = KoM, we see that (75)
reduces to the simpler differential inequality ¢/(t) < —KyM~2t%g(t)?, which can be integrated
of the time interval [to,t] C (0,7] to give the bound

KoM
t

ft), 0<t<T, (75)

1 1 Ky 1 1 +1 Ki 1 1 41 K, tatl
> —(t‘” — 1o ) > —<t0‘+ — 1o )

90 = g TP av1 Mot w0 MZatl’

We conclude that

a+1M*  KoM+1 M?

2 — — (0%
lwo(@)l[72) = f(E) = t%g(t) < R N

0<t<T,

which proves (73) for p = 2 (hence for 1 < p < 2 by interpolation). To reach the same conclusion
for higher values of p, we proceed exactly as in the proof of Proposition 4.1. Using the notations
(58), we know from Proposition 3.4 that M,(T) < C'M for any p € [1, cc|, and from the argument
above that N,(T') < C(M) for p € [1,2]. The relation (61) then shows that N,(T") < C(M) for
all p > 2, and a second iteration gives the desired result for p = 0o too. ]

Remark 5.4 Proposition 5.3 shows in particular that the LP norms of the vorticity wy(t) cannot
blow up in finite time. In view of Remark 4.2, this implies that all solutions constructed in
Sections 4.1 and 4.2 are global for positive times, and that the conclusions of Lemma 5.1 and
Proposition 5.3 hold for all t > 0.

With Proposition 5.3 at hand, it is straightforward to show that the solutions of the vorticity
equation (6) are smooth for positive times, and that estimates similar to (73) hold for the
derivatives too. For later use, we state the following result.
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Proposition 5.5 Under the assumptions of Proposition 5.3, we have for all p € [1,00] :

C
[Vwa ()l zr () < M , t>0, (76)

t2 »

where Cp(s) = O(s) as s — 0.

Proof. It is possible to prove estimate (76) by working directly on the integral representation
(49), but we find it easier to deduce it from Proposition 5.3 using general smoothing properties
of the Navier-Stokes equations. We know from (26) and (73) that the velocity field associated
with the solution wy of (48) satisfies, for any ¢y > 0,

C(M)
Vio
where M = |lwol 1) and C(s) = O(s) as s — 0. On the other hand, there exist positive

constants a and A such that the solution u(#) of the Navier-Stokes equations (1) in R? with data
u(ty) € L®(R3) at time ¢, satisfies

1/2 1/2
luto)llo=(@) < Cllwn(to)ll}iig, llwa(to) /2 gy < (77)

(t = to) [V2u(t) | e sy < Allulto)llpes) .  to <t <to+allulto)ll[%gs ,  (78)

see [15, Proposition 4.1]. Here V2u denotes the collection of all second-order derivatives of wu.
Since [u(to) ||z~ () = llu(to)l|ze(®rs), we can combine estimates (77), (78) by fixing ¢t > 0 and
choosing, for instance,
t20(M)*+a
T2 C(M?2+a’

so that tg < t < to + atoC(M) ™2 < to + al|lu(to) . We thus obtain

-2
HLOO(RS)

A CM) CM)
2 —
Hv u(t)HLOO(R3) < t—to \/% - $3/2 7 (79)

where C(s) = O(s) as s — 0. Using the pointwise estimate

1
[Vesg| < (9ol + 10| < € (192l +~ |2l

and the fact that 0,u, vanishes at r = 0, we see that (79) implies (76) with p = co. The case
p < oo easily follows by interpolation, in view of (73). O

6 Long-time behavior

In this final section, we study the long-time behavior of the solutions of the axisymmetric
vorticity equation (6) constructed in Sections 4 and 5. In particular we prove estimate (11),
and we obtain the asymptotic formula (13) in the particular case where the initial vorticity
has a definite sign and a finite impulse in the sense of (12). This will conclude the proof of
Theorems 1.1 and 1.3.
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6.1 Convergence to zero in scale invariant norms

Let wy € C°([0,00), L (2)) N CY((0,00), L>®(2)) be a global solution of the vorticity equation
(48), with initial data wo € L'(€2). We know from Lemma 5.1 that the L' norm [|wa(t)]|11(q) is
a decreasing function of time, and our goal here is to prove that this quantity actually converges
to zero as t — oo. We first show that wy(r, z,t) is essentially confined, for large times, in a ball

of radius O(v/t) in €.

Proposition 6.1 Letwy € L'(Q) and M = |jwo||;1. For any e > 0, there exist positive constants
Ks(e,wp) and K4(e, M) such that the solution of (48) with initial data wq satisfies, for allt > 0,

/ lwg(r, z,t)|drdz < e, where Q(t) = {(7’, z) €Q ‘ V12422 > K3 +K4\/E} . (80)
Q)

Proof. By the maximum principle, it is sufficient to establish (80) for positive solutions of (48)
(in the general case, the result follows by decomposing wy as in the proof of Lemma 5.1). We
thus assume that wg > 0 and that M = fQ wodrdz > 0. The only property of the velocity field
that will be used to obtain (80) is the a priori estimate (77).

We first prove confinement in the radial direction. For R > 0 and ¢ > 0, we define

F(R,1) = /: {/ng(r,z,t) dz} dr .

Then f(R,t) is a non-increasing function of R such that f(0,t) = [wg(t)||11(q) and f(R,t) — 0
as R — oo. Moreover, using (48), it is easy to verify that f satisfies the evolution equation

hf(R,t) = (912%f(R,t) + %8Rf(R,t) + /RUT(R,Z,t)wg(R,Z,t) dz , R>0. (81)

In view of (77), we have the estimate

/RUT(R, z,t)wp(R, z,t)dz < Ci/]\;) /Rwe(R, z,t)dz = —Cij\_j) Orf(R,t) , (82)

for some positive constant C'(M). Since g f < 0, we deduce from (81), (82) that

O(M)
\/g

Solving the differential inequality (83), with homogeneous Neumann boundary condition at
R = 0, is a straightforward task. For instance, if we extend f(-,¢) to the whole real line by
setting f(R,t) = f(0,t) for R < 0, the extension satisfies inequality (83) for all R € R. We
deduce that

8tf(R7 t) < 312%]0(]%, t) - aRf(R7 t) ) R>0. (83)

f(R,t) < g(R—2C(M)Vt,t), R>0, t>0,

where g is the solution of the heat equation 0;g = 3}23g on R with initial data g(R,0) = f(R,0).
Given any € > 0, we choose Ry > 0 large enough so that f(Rp,0) <e. If R > Ry we estimate

1 Ro C(R-m? 1 00 (R-r)?
g(R,t) = / e 4 f(r,0)dr+ / e 4 f(r,0)dr
—00 Ro

VAt VAt
(R—Rq)?
- e & /RO _(Ro4—r)2Md n € o _(RZT)Q d
_— e t r e T r
B VAt oo Vant JR,
_ (BR—Rq)?

IN

M e at + €.
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The right-hand side is smaller than 2¢ if R > Ry + 2v/tlog(M/e)'/?. Summarizing, we have
shown that f(R,t) < 2¢ provided R > Ry + Kv/t, with K = 2C(M) + 2log(M/e)'/?.

The argument is similar for the confinement in the vertical direction. For Z € R and t > 0,
we define

ho(Z1) = /ZOO {/Ooowg(r,z,t)dr} d:. ho(Z1) = /_i {/Ooowg(r,z,t)dr} ds .

Then Z +— h4(Z,t) is non-increasing, Z +— h_(Z,t) is non-decreasing, and we have the differ-
ential inequalities

C(M
Otha(Z,t) < 0%he(Z,t) T % dzh+(Z,t) ,
which allow us to compare hy(Z,t) with suitably translated solutions of the one-dimensional
heat equation. Proceeding as above, we find that, for any € > 0, there exist positive constants

Zy and K such that hy(Z,t) < 2eif Z > Zg+ K\/t, and h_(Z,t) < 2eif Z < —Zy— KV/t. Tt

follows that -
/ / wp(r,z,t)dzdz < 4e t>0.
0 |2|>Zo+ KVt
Combining this result with the previous estimate on f(R,t), we obtain (80). O

Proposition 6.2 For any initial data wy € L*(Q), the solution of the axisymmetric vorticity
equation (48) satisfies ||wg(t)| 1) — 0 ast — oo.

Proof. We know from Lemma 5.1 that [|wa(t)[|11(q) converges to some limit £ as ¢t — oo. To
prove that ¢ = 0, we use a standard rescaling argument. Let (A,)nen be an increasing sequence
of positive real numbers such that A\, — co as n — oo. We define for all n € N:

wn(r, 2,t) = A2 wa(Aum, Anz, A2 (14 1)), (r,z) e, t>0.

Denoting wy,(t) = wy(+,+,t), we claim that the sequence (wy,(0)),en is relatively compact in
LY(©). Indeed, by Proposition 6.1, for all € > 0 there exists a compact set Qg C 2 such that

sup/ |wy(r, 2,0)[drdz < €. (84)
neN Jo\Qo

In addition, Proposition 5.5 asserts that

sup || Vwn (0)|| oo () = sup A3 || Vwp(A2) | zoo() < 00 - (85)
neN neN

Combining (84), (85) and using the Riesz criterion [21, Theorem XIII.66], we obtain the desired
compactness. Thus, after extracting a subsequence, we can assume that wn(O) converges in
L'(Q) to some limit @, which satisfies @]l L1 () = ¢ because [|wn(0)|[1(q) = ||w0(A%)||L1(Q) —/
as n — oo.

Now, we fix t > 0, and repeating the procedure above we extract yet another subsequence so
that wy,(t) converges in L'(£2) to some limit @(¢). By construction, for each n € N, the function
wp(r, z,t) solves the vorticity equation (48) with initial data w,,(r,z,0). As in the proof of
Proposition 4.1, we thus denote wy,(t) = X(t)w,(0). Taking the limit n — oo and using the fact
that the solutions of (48) depend continuously on the initial data in L'(£2), see Remark 4.2.2,
we deduce that w(t) = X(t)w. But since [[w(t)| 1) = [[WlL1@) = £, we get a contradiction
with the strict decay of the L' norm established in Lemma 5.1, unless £ = 0. U
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Corollary 6.3 Under the assumptions of Proposition 6.2, we have

. 1-1
Jim ¢ 7 flwp(B)l| o) = 0, 1T<p<oo. (86)

Proof. Given any ¢y, > 0, we can apply Proposition 5.3 to the solution of (48) restricted to the
time interval [tg, 00). For any p € [1, 00|, we thus find

Cp(llw(to)ll 1))
(t—to)" »

|wo ()l Lr) < : t>tg,

hence )
imsup 1 e () vy < Colllio)lorcay) -
—00

Taking now the limit o — oo and using Proposition 6.2 together with the fact that Cp(s) = O(s)
as s — 0, we obtain (86). O

6.2 Asympotic behavior of positive solutions with finite impulse

We now consider the particular situation where the initial vorticity wg € L*(£2) is non-negative
and has a finite impulse. We denote

M = /wo(r, z)drdz , 7= /’I“QWQ(’I“, z)drdz . (87)
Q Q

As is well-known, the impulse Z is conserved for solutions of (48).

Lemma 6.4 For any non-negative solution of (48) in L*(Q) with finite impulse, we have

/r2w9(r,z,t) drdz = /7"2w0(7", z)drdz t>0.
Q Q

Proof. Using (48) we find by a direct calculation

d 1 1
T Qr2wo drdz = /97"2 ((93 +0; + ;ar - ﬁ)we drdz — /97’2 div, (uwp) dr dz

= 2/ ru,wp drdz .
Q

The last integral actually vanishes. Indeed, using the explicit formulas (22) and (23), we obtain

1 Z2—=Z .9 o o B
/Qrurwedrdz = _}/Q/QWF@ Jwo(T, Z)wg(r,z)drdzdrdz = 0,

because the integrand is odd with respect to the permutation (r,z) <+ (7, z). This gives the
desired result. O

Under the assumption that 7 < oo, one can obtain precise information on the long-time
behavior of the axisymmetric vorticity. We begin with the linear case:
Lemma 6.5 If wy € L'(Q) is non-negative and T < oo, one has
I r2+22

tli)rglotZ(S(t)wo)(r t,2\Vt) = Wre_T , (r,z) € Q, (88)

where convergence holds in LP(Q2) for 1 < p < oo.
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Proof. In view of the explicit formula (36), we have for all (r,z) € Q:

t2(S(t)wo ) (rVt, 2V/t) = é/ﬂ K<;/—f) exp(—%[(r—%f + (Z_%f]) wo(F, 2) dF dz |

where K(7) = 7%/2H(r) is uniformly bounded and converges to \/7/4 as 7 — 40o. The
pointwise result (88) thus follows from Lebesgue’s dominated convergence theorem. Convergence
in LP norms is easy to prove if wy has compact support in €2, and can be established in the general
case by an approximation argument. ]

It follows in particular from (88) that ||S(t)wol|rr() = O(tinF%) as t — oo. Our last result
is the extension of Lemma 6.5 to the nonlinear case.

Proposition 6.6 If wg € LY(Q) is non-negative and T < oo, the solution of (48) with initial
data wqo satisfies

Z _T2+z2

6/ ¢

where convergence holds in LP(Q2) for all p € [1,00]. Thus |lwe(t)||rr) = (’)(t_2+%) as t — oo.

tli)m t2we(rvt, 2Vt t) = (r,z) ey, (89)

Proof. We estimate the integral term in (49) in the following way. First, using (47) with a = 0
and 8 =1, we write

t/2 C
v < | 7 Tl rwos)l e ds-

H/Ot/2 S(t — s)dive(u(s)wy(s))ds

3/2 1/2 3/4 3/4 1/2
From (30) we have [[u] = [[rwg|l 1 < Cllrws|| 2 llwo/rll}% < Clall 3 lr2woll3h lwo /r][}2 , hence

using Lemmas 5.1 and 5.2 we obtain

M1/2 1'3/4 3/4
()= @ I (s) 1y < € =57 lwa(s)lI72"

where M, T are defined in (87). Similarly, we find

S(t —s)dive(u(s)wy(s))ds

t t
C
< S oo d
H o e = /t/ =) [w(s)] oo @) llws ()|l 1 () ds

where 12 +1/4
M7
()l e @y e (s) @) < € =7 lwa(s) 74" -

Thus it follows from (49) that

12 Jlwp (3)1[7)"
1/2 73/4 L1
leo®lx) < 15Ol o)+ COrM2T [T e as

5/4

t flwg ()14
CM1/221/4/ S CASATS A P 90
” o (t—s)172 5387 50)

Since [|S(t)woll 1) = O(t™') as t — oo by Lemma 6.5, the integral inequality (90) implies (by

a straightforward bootstrap argument) that [lwg(t)||11 ) = O(t™!) as t — co. In a similar way,
one can show that |lwa(?)||zr) = O(t=?t1/P) as t — oo for all p € [1,00].
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To prove (89), we fix ty > 1 and consider the integral equation (62) for ¢ > ¢y. If we bound the
nonlinear term exactly as in (90), using the additional information that ||we(t)|/11q) = O@™),
we obtain the estimate

C(M,T)
i

for some positive constant C(M,Z). We now rescale the solution wy(r, z,t) as in (89) and take
the limit as ¢ — oo. Using (91) and Lemma 6.5, we obtain

tllwg(t) — S(t — to)wa(to)ll 1) < (91)

C(M,T)
Vio
where ¢ : @ — R denotes the function defined by the expression in the right-hand side of (89).

If we take the limit o — oo in (92), we see that (89) holds if convergence is understood in L*(2).
A similar argument shows that convergence also holds LP(Q2) for all p € [1, o0]. O

limsup [[we(-VE, VE,1) — @111y < (92)
t—o0
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