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Central Limit Theorem for probability measures defined
by sum-of-digits function in base 2

Jordan Emme and Pascal Hubert

Abstract

In this paper we prove a central limit theorem for some probability measures defined as
asymptotic densities of integer sets defined via sum-of-digit-function. To any non-negative
integer a we can associate a measure on Z called pq such that, for any d, pa(d) is the
asymptotic density of the set of non-negative integers n such that s2(n + a) — s2(n) = d
where s2(n) is the number of digits “1” in the binary expansion of n. We express this
probability measure as a product of matrices whose coefficients are operators of I*(Z). Then
we take a sequence of integers (ax (n))nen defined via a balanced Bernoulli sequence X. We
prove that, for almost every sequence, and after renormalization by the typical variance, we
have a central limit theorem by computing all the moments and proving that they converge
towards the moments of the normal law N (0, 1).

1 Introduction

1.1 Background

In this paper we study some properties of sets defined via sum-of-digit function in base 2. Namely,
for a given integer a, we study the asymptotic density of set of integers such that the difference
of 1 in their binary expansion before and after addition with a is a given integer. More precisely,
we define:

m
Vn €N, sa(n) = an
k=0

where

m

n= Z nka,

k=0

and

1
Va e N, Vd € Z, pq(d) = Nlim N#{n < N | s2(n+a) — sa(n) = d}.

—+o0

This can be linked with correlation functions that are studied in [1] for instance, or with
properties of sum-of-digit functions which have been extensively studied in, for instance [5] or,
more recently, in [8]. We can also quote [10] for the links between Thue-Morse sequence and the
sum-of-digits function in base 2. The type of questions answered in this article also share some
similarity with [13] and [12].

More precisely, we are interested in normality properties of such sets and we give in this
paper a central limit theorem for a random a. This kind of properties have raised a considerable
interest in number theory. We can quote [4, 6, 11] for some of these normality properties for
g-additive functions.



In [9], we were interested in those densities of sets and more precisely in their asymptotic
properties as a goes to infinity. The methods for computing those densities were essentially
combinatorial. In this paper, we are closer to dynamical systems as we study a random product
of matrices.

1.2 Results

Definition 1.1. Let n € N. There exists a unique smallest m € N and a unique sequence
{no, ...,nm} € {0,1}™ such that:
m
n= Z ng - 2k
k=0

Denote n, = np...ng. the word ( n) is an element of the free monoid {0, 1}*.
-2

Definition 1.2. Define the sum-of-digits function in base 2 s, as:

S9! N — N
m
n E ng
k=0
where n, = ny...no.

We are interested in the following equation with parameters a € N, d € Z and unknown
n € N:
s2(n+a) — s2(n) = d.

More precisely, we wish to understand the asymptotic densities of the following sets:
Eoa:={neN|sa(n+a)—sz(n)=d}.

In [9], we prove the following:
Proposition 1.3. For any a € N, d € Z, there exists a finite set of words Py q := {w1,...,w} C
{0,1}* such that:

Sa,d = U [wz]
ie{l,...,k}

where [w] is the set of integers n such that n, ends with w.
Remark 1.4. Remark that P, 4 is finite and, possibly, empty (whenever d > s2(a) actually).

From Proposition 1.3, it is clear that the densities of the sets &, 4 exist. This was known
since [1]. In this way we define the main object of our study:

Definition 1.5. Let us define, for any a € N, the probability measure p, by:

<N _ iy
Vd € 7, pia(d) = Jim #{n <N | 82(n];[|— a) = s2(n) =d}

Remark 1.6. Remark that in order to get a probability measure, we cannot exchange the roles
of d and a. Indeed, one can check that for any d, the sequence (p1q(d)),cy is not even in I*(N).

We are interested in asymtotic properties of the measures p, as a goes to infinity in a certain
sense. Namely, we define the following quantity:



Definition 1.7. Let a € N. define the quantity:
I(a) := # {occurences of “01” in a_ }
We recall two theorems from [9]:

Theorem 1.8. There exists a constant C > 0 such that, for any a € N:
ltallz < C - 1(a)~/4.

Theorem 1.9. For any a € N, the probability measure p, has mean 0 and its variance is bounded

by:
la) — 1< Var(ue) < 4i(a) + 2.
This last theorem raises the question of whether the ratio % converges as [(a) goes to
infinity. We do this in the generic case for the balanced Bernoulli measure. More precisely, we
have the following central limit theorem:

Theorem 1.10. Let X = (X,)nen € {0,1}Y be a generic sequence for the balanced Bernoulli
measure. Define the sequence (ax(n)),cy in the following way:

aX(n) = ZXk . 2k.
k=0

For anyn € N, let fiqy (n) € I (\/gZ) defined by

2, - n
Vd € \/;Za Hax(n) = Max(n) ( §d) :

Then
~ weak
Hax(n) n~>+>oo 2
where
v: R — R
1 2
t — —Tﬂe 2

Remark 1.11. An equivalent formulation, with the same notations, is:

Vr e R, lim lim %# {m§ N | 52(m+ax(nﬁ))—52(m) Sz} = ®o(x)

n—+0o0 N ——+oo 5

where ® is the repartition function of the normal law N(0, 1).

Finally we wish to state CUSICK’s conjecture.
Define the following quantity:

1
= i — <N > .
Va €N, cq N—1>I-I|-100N#{n_ | s2(n+a) > sa(n)}

The conjecture consists of two parts:

1
VGJGN,Cazi



and 1

liminfe¢, = =.

a— 400 2

This question arose as CUSICK was working on a similar combinatorial conjecture in [3]. For

recent advances on this, one can look at [15] and [7]. In particular, the main theorem of this
paper has for immediate corollary that % is an accumulation point for the sequence (cq)aen-

Moreover, the proof of our theorem answers a question left open in [7] since it states that the

|a|2 9

difference sy(n + a) — s(n) is “usually normally distributed with mean zero and variance 52
where |a|2 denotes the length of a in base 2.

1.3 Outline of the paper

The goal of this paper is to demonstrate Theorem 1.10 by a moments method. Namely, given a
sequence of probability measures, we prove the weak convergence towards the normal law A/(0, 1)
by proving that all the moments of this sequence converge towards the moments of the normal
law.

This article is organised as follows:

Section 2 deals with the measures p, that we already studied in [9]. We recall some of their
properties (and most importantly a recurrence relation between them) and write them as a finite
product of matrices whose coefficients are operators on I*(Z). This is a convenient form for our
study since it allows to compute the Fourier transforms of these measures explicitly.

Section 3 is devoted to the proof of Theorem 1.10. It is divided in the following way:

In Subsection 3.1, we explicit this Fourier transform and give its Taylor expansion around 0
at order 2. This is what we need in order to compute the variance of u,. We also mention that
the characteristic function can be written as a product of matrices, which is the form that will
be studied throughout the article.

Subsection 3.2 is devoted to the computation of the variance of y,. First we do this in the
general case and give an explicit formula depending only on the binary decomposition of a. We
remark that this expression depends on some correlations of sequences in {0, 1}V,

Then, in Subsection 3.3, we want to compute the “generic” behaviour of y, (meaning for a
a whose binary expansion is given by a balanced Bernoulli sequence). For this, we use a result

in [2] to estimate the correlation terms. It appears that in the generic case, the variance is
lal2

approximately ‘52 (where |als is the length of a_. So we know that in order to get a central limit
pp Y 3 g 2 g

theorem, we have to renormalize p, by the squareroot of its variance namely %

In Subsection 3.5, since we have to compute all the moments, we need to know all the
coefficients in the Taylor expansion of the characteristic function but it seems difficult to give
their expression in the general case. Hence we wish to understand how “big” the different terms are
in order to know which one will be killed by the renormalization and which one will contribute.
To that end, we classify the terms in the Taylor expansion and we bound them using some
algebraic properties of the matrices involved in this computation. This in turn gives bounds on
the moments.

Finally, in Subsection 3.6, we show that the moments converge towards the moments of the
normal law. Thanks to the study of the contributions from the previous section, we are limited to
actually computing the terms that have a chance to contribute. Some elementary linear algebra
and the study of the correlations appearing in Section 3.2 are the essential tools for this.

We would like to underline the fact that the way we compute the moments limits gives a
bound on the speed of convergence of the moments. However, this speed is dependant on the
order of the moment and thus gives no clue as to the speed of convergence of the measures
towards the normal law. This could be further studied along with a local limit theorem.
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2 Measures u, on Z

Let us start by remarking the following:

Remark 2.1. Let a € N and d € Z.
Poa,a = {wO | w e 'Payd} U {wl | w e Paﬁd}
and
Poat+1,d = {’LUO | w e Pa,d—l} U {wl | w e 7),1.:,_1,,1_,_1}.
For more details about this remark we refer the reader to [9].
From this we deduce the following:
Proposition 2.2. For any a € N:
H2a = Ha

and

1 1
fiza+1(d) = EMa(d -1+ §Ma+1(d +1).

Remark 2.3. Notice that a probability measure on Z is, in particular, an element of [1(Z). In all
that follows, for simplicity of writing, we will always identify a measure on Z with its associated
sequence in [1(Z). In particular, we see y, both as a measure and as an element of [1(Z). Let us
define the shift S on [1(Z).

S ll(Z) — ll(Z)
(xn)nez = (szrl)neZ'

Then, the identities of Proposition 2.2 can be written:

H2a = Ha

and

1 1
H2a+1 = 55 Y(pa) + §S(Ha+1)-

Example 2.4. It is easy to see that pug = dg. Then, either by standard computation or using
Proposition 2.2, one obtains:
1

nez
n<l1



Proposition 2.5. For any a € N,

pa = (Id 0) Agy---Ag, ,Aa, (“O>,

where the sequence a, = ay...ap and

Id 0 i5-1 1sg
() (5 8)
07 \4st 1S ! 0 Id

Proof. Suffice to remark that for any a € N,
AO Ha _ H2a
Ha+1 H2a+1
Al Ha — H2a+1
Ha+1 H2a-+2

with Proposition 2.2. O

and

Notice that this proposition is a clearer version of Theorem 1.2.1 in [9].

3 Central limit theorem

3.1 Characteristic function

Let a € N with a, = a,...ap. The characteristic function of p,, denoted Itg is defined in the
standard way:

V0 € [0,27), fa(6) = 3 ¢ pua(d)
deZ

By Proposition 2.2, the characteristic function fi, : [0,27) — C is given by:
V0 € [0,27), fa(0) = (1 0) Auy--- A, , A, <uo(9)>

where Lo 1
A 1 0 A e’ e "
V@ S [0,27'('), AO(G) = (%ew %e_i‘g) 5 A1(9) = (20 2 1 ) .
Indeed, from the recurrence relations in Proposition 2.2, one has

V6 € [0,27), fi2a(6) = Fa(0)

and

V0 € 10,2m), fizar1(6) = e *1a(0) + € *Tas1(0).

These recurrence relations on the characteristic function justify its writting as a product of
matrices.
A quick computation yields

ei@

v9e0.2m), ho(0) =1, ) =5——5



and so,

N N N 1
Vo € [0,27), 11a(0) = (1 0) Agy - Aa, 1 Aa, ( et ) .

2—e— 10

Let us now define the matrices playing a role in the Taylor expansion of fi, near 0.

1 O 1/0 O 1/0 0
Io( %>, 0405<1 _1>7 ﬂo§<1 1),
1 -1 1/1 1

N A

N 1
A;(0) =1I; +iba; — 592ﬁj + 0(93)

N[

O NI
= ol
N———

Q

=

|
N =

Indeed, we have:

with j € {0,1}.
Notice that the Taylor expansion near 0 of 6 — % is:

e71'0—179%0(93)
2—e 0 '

3.2 Computation of the variance

Define the variance of pg:

Var(pa) = Z f1a(d)d®.

deZ

Theorem 3.1. For any a € N with a, = ay,...ag, denote, for any j € {0,...,n}, bj = (=1)%T1.
The variance of ug is given by the following:

n+3 1 1 & el b+tibi 2 br + by
Var(pa) = 9  ontl 9 ZZ 9i + Z ok+1
=1 k=0 k=0

Proof. Notice that the variance is given by:

Var(pig) = (1 0) (Bag + TaoBay + - + oo+ Lan_, Bay) G) + (1 0)Isy--1Ia, ((2)) :

1 1 1
Since o <1) =0 and J; <1> = <1> and since the variance is given by the quadratic coefficient

in the Taylor expansion of the characteristic function.
We now apply a change of basis to simultanously trigonalize the matrices Iy and I;.

Let us note )
(1 1 a1/ -
P (1) =5 )

. 7 1 1 o 7 1 % 0
V_] S {0,1}, Ij = PIjP_ = 0 i s Bj = PﬁjP_ = 7(71)j+1
2

and compute




()= () #0)-6) 0o

1
With this change of basis, the variance becomes:
Vi —(r _1N(F 473 T o B ) (B) 4 (2 )T T (2
ar(ﬂa) (2 2) /Bao + 00/801 + + ao an—1Han 0 2 2 ag Qn 2 .
Notice now that for any k € {0,...n}:
~ ~ k b
Ia() o Iak = (1 szo 2k+17')
0 DLE=
so, for any k € {0,..n — 1}:
~ ~ o~ 1 bk+1 k b 0
Iao ' Iakﬂak+1 (2 2 _%1?0 e 0)
2k+2
hence we get
1 u b
1 n— 1 brt1 i
5 0 5 — - 0 2
1 1 -
Var(‘ua) = (§ _5) _%_0 0> + 2 2 ; 2k+1—1 <0>
2 k=0 bk 0
2k+2
1 i bi 2
1 1 =
+(§ 75) i=0 QT—H ' ( )
0 on+1
o)
1 ~ b;
1 — [1-0b —— b 1
_ (1 1 +1 - i
Val“(ﬂa) o (5 _5) (—bo) + ; 2k+1 ’ +1+ Z on+1—i - on+1
k=0 bk i=0
2k+2
which yields:
-1 n
n+3 1 by 1 bes1bi < bpt1 b;
Var(pa) = 9 on+tl + 9 9 Z ok+1—i + Z ok+2 + Z on+1—i
0<i<k<n-—1 k=0 i=0
and so . .
Var(ua) = 5 ontl 9 Z oktii T Z okl T Z on+1—i
0<i<k<n-—1 k=0 i=0
which can be written
n+3 1 1 bes1bi = b + b_i
Var(ua) = 9  on+l 9 Z ok+1—i + Z k+1
0<i<k<n-—1 k=0
or even: _
n+3 1 I = o= bpyibe <= b+ byp
Var(pa) = ==~ 5o — 520 g T et
i=1 k=0 k=



3.3 Generic case of the variance
In all that follows, we use the following notations:

e X denotes a sequence in {0, 1} (and we endow the set {0, 1} with the balanced Bernoulli
probability measure.

e For any sequence X, define ax(n) = Z X - 2k

e As in Theorem 3.1, for any X € {0, 1}V, define the sequence (05) jen by bj = (= )X+t
We wish to prove the following:
Proposition 3.2. For almost every X € {0,1}"

n
Var(piax (n))

—)002

In order to prove this proposition, we first need a technical lemma:
Lemma 3.3. Let X € {0,1}" and define the quantity:

M
E bk+dy bk+dy
=1

Cs,n, = max ,
M,D

where the mazimum is taken on all D = (dy,d2) and M such that M + ds < n.
For almost every X € {0,1}" and for every e there exists n. x such that:

Vn > Ne, X, |C2,n| < TL%—’_&

Proof. In [2], the following quantity is studied:

Cm ((bi)ie{o VVVVV = max Zbk+d1 X ... X bk—i—dm

)

where the maximum is taken on all D = (ds, ...,d,,) and M such that M +d,,, < n.
So we have:

Cam = Co ((bi)icfo,...n}) -
From (2.32) and (2.33) in [2], we know that, for any [ > 1:

E (Cz ((bi)ie{o,...,n})ﬂ) < 5ntt(4).

. cs', <5n4+l(41)l
n3te2l | = p(G+e)2l

sSnAtl(4nt  5(4l)!

n(%_,_g)zl T p2el-4°

Let € > 0,

and

Now, if [ is big enough, then 2¢l — 4 > 2 and thus the series



converges.
21

By Borel-Cantelli lemma, # 2% 0 and thus Cf’" 25 0. Hence:

n(§+5)2l n—-+o00 n(3+e) nstoo
Cy

a.e.X, I x,Vn>n.x, —— <1
n(§+€)

and thus .
|Cg7n| < n5+5

for n big enough.

Let us now prove Proposition 3.2.

Proof of Proposition 3.2. Note that, with Theorem 3.1, for any n,

n n—i
1

n+3 1 brtibe = br — bp_p
Var(pe) = —— = 5o =52 D o T ot
1=1 k=0 k=0

where the b; are random variables which can take value in {—1, 1} with probability % The only
thing to prove in order to get the result is that:

nh_?go . (zn: nzz bk-l—zbk)

i=1 k=0

since it is obvious that:

13 1 bk — b
A — (5 T on+1 + okt 1 ) =0.
k=0

n n—it

br+ib
Let us estimate Z Z k“ “ktiTh

i=1 k=0
With Lemma 3.3, for any € > 0, for any n big enough:

n i

;g k+z k < ; 22171
n n%Jrs
si; 5
< nite

which ends the proof.

3.4 Another proof for the typical variance

Notice that we could also do things differently in order to compute the typical variance without
Lemma 3.3. Another way to write the variance, for any integer a is the following:

10



n n—i
1

n—+3 bk 1bk bk +bn—k
Var(m)szW*—ZZ 5 Z s

i=1 k=0 =0
+3 1 n n—i ) nb+bn_
JT‘W"@;O Z 9)12_:0%

where
oi(a) = # {occurrences of Owl in g, | |w| =i — 1}+# {occurrences of lw0 in g, | jw|=i—1}.

Hence

n+3 1 1 ({=n— z—l—l - (a by + bp—k
i) = T2 - gl -} (S a3 e ) 4 3 b

k=0

n+3 1 1 1 —i oi(a) " by + bk
Tﬁi(mm 27”,25*22 % )*;T
= 2n+1+ 221

Now, notice that for any (b,),, oy € {—1, 1}

1 no o 1n i nbk+bn—k_
nllﬁ?oog< on+1 522_ ok+1 )—0;

and that, having (Xy), oy @ sequence of independant variables indentically distributed with the
balance Bernoulli measure P, the law of large number yields:

PU;) =1
Vi e N\{0}, 3 c {0,1}", { and
VX € U, limy, 4 oo M _

N .

1€N\{0}

o=

Define

Let us now prove that for every X € U,

o Lnailox(m) 1
1 - AN
i 52

It is easy to see that this limit exists (for any ¢ < n, o;(ax(n)) < n) so let us denote it by I. Let
us write the following equality for any n € N and any N < n:

1 & o ax 1 aX - oi(ax(n))
;Z E; +E 2 T

1=N+1

and so, for any n € N and any N < n:

11



1Nazaxn 1 oilax(n 1Nazaxn 1 oilax(n
Lghalox(n)) 1§ alex) 1 oiextn) 1 > (ax(m)
i=1 i=1 i=1 i=N+1
lean 1 oilax(n lean "1
1§ alox(o)) 1§ adexo) 1 ¢ <;<>)+;_Z
i=1 i=1 i=1 i=N+1

1o 1 1o 1

N <<y S

2221_ _QZWJFQN
This being true for all N, we have that:

V a n
VX €U, lim M:L

n—+o0 n 2

Remark 3.4. One can also notice, even if it is not the goal of our paper, that by doing exactly
the same proof for a non balanced Bernoulli measure (p,1 — p), one can prove that there exists

aset U C {0,1}V of full measure such that:

~ V
VX €U, lim w

n—-+o0o n

= 2p(1 —p).

3.5 Upper bounds of the moments of i, ()

We now want to have bound on the moments of order I € N. Let us first remark that the only
matrices appearing in the Taylor expansion of A;(0) are I;, o;; and f3;. Indeed:

—+oo
Ai(0)=> 0T, ;,
j=0

where _ )
(—1) (—1)i

Tio=1;, T2 = Wﬂi, Ti2j41 = 2+ 1)!%

Remark 3.5. Notice that the following relations hold:
1 1 1 1 1 0
w()=20)=0) = ()==()-)

and i
OéQIQ = a011 = 5(10, 041[0 = a1]1 = 5(11.

Let us insist on the fact that these relations are crucial for our proof.

12



Let us now introduce the following norm on 2 x 2 matrices:

M| = max (|M;1]+|M;2])
i€{1,2}

which is induced by || - ||; on R?.
Notice that this defines a submultiplicative norm. Moreover,

ol = 1]l = [lawoll = [leca |l = [|Boll = | Bal = 1.

Our goal is to compute all the moments of the probability measure fi, (n) in the generic
case as n goes to infinity. To that end, we arrange the terms appearing in the computation into
different “types”. A type is a couple (aP, 39) where p, ¢ are non negative integers. They indicate
the number of matrices of o and 3 appearing in the term. For instance, a term:

M=1p-1

aiy—1Xaq, I

aig41 " Iail—laail Iai1+1 e Iai271ﬂai2 Iai2+1 . Ian

is of type (a2, 3').The order of appearance of the o and 3 does not have any influence on the
type, so that

Loy - .Iaiofloéaio Iam*l T Iailflﬂail Ian*l o 'Iai2710‘ai2 Iai2+1 1o,

is also of type (a2, 81).

Let us denote by .7:((22 gy the set of all terms of type (a®, 57) in the expansion of [, (n).

This notation is introduced to ease the writing of the previous formulas as well as for handling
terms with the same behaviour together. For instance, the formula for the variance becomes:

1 1 0
Var (faym) =(1 0) > M (1) +(1 0 > M (1) + (1 0) Iy 1o, (2) _
MEF") 4o, MEF"y o1,

Now notice that for any 2 x 2 matrix M,

1
<
‘ (1 oM <1>‘ < |IM]
so in order to find an upper bound on terms of a given type, suffices to understand:

> M.

(n)
MG‘F(aP,Bq)

Definition 3.6. We say that a type (aF, 89) contributes with weight at most k if:
> IM|l=0(n")
MeF™)

(aP,pq)

Lemma 3.7. For any pair of nonnegative integers (p, q), the type (aP, 8) contributes with weight
at most q.

Proof. We prove this lemma by induction on p.
First notice that #]-"((ag oy = (n + > Notice also that for any M € f((ag oy 1Ml <1
: q :

since || - || is submultiplicative. This implies that the type (ao, ﬂq) contributes with weight g.

13



Now let us assume that the type (a®, 57) contributes with weight ¢ for a given p and let us

prove that the type (a?T!, 39) has same weight. Now let us partition }“((Zzﬂ pay- Fixk < g and let
us estimate terms that can be written Mo, Lo,y - Las, 1 Baiy Laiy 1 Laiy 1 Basy = Las, -1 Bas,

where M € F ((;2,7;3, Ky The sum of the norms of these terms is equal to:

Z Z |‘Maai01ai0+l e Iail—lﬂail o '/Baik ‘
pHq—k<ip<...<ip<n Me]:((:fp};l;—k)

< Z Z ||Maamlaio+1 T 'Iai171||

pHq—k<ip<...<ip<n (ig—1)
MEF(QP,BQ*’“)

< nk_l Z Z ||Maaiola¢0+1 ...Iail—lH

p+q—k<io<i1<n pre plio—1)

(aP,pa—k)
k—1 }: }:
<n Haaiolaio+1 ...Iail—IH ”M”
—k<ig<i1 < (io—1)
prahsossn werly I,
k—1 .q—k
. dg . n g ||aaiOIai0+1 o Iail—l ||CZO
v induction p+a—k<io<ii<n
qg—1
<Cn E ||aai0 Ia¢0+1 o .Iail—l H
p+q—k<io<ii<n
and with Remark 3.5,
qg—1
<Cn E ||alli(,[a¢0+1 o .Iail—lll
ptq—k<ig<ii<n
1
< qu_l E P Er—
— 211—10—1
pta—k<io<i1<n
< 2Cni.
This computation being valid for any value of k, this yields:
E (1M < 2¢gCni,
(n)
MEF (a1 ga)
which proves the lemma. ([l

3.6 Computing all the moments

Let us write the expansion of [i,:

i)
fla(0) = 0" +o(0")

where

mi(a) = 3 pa(d)d

deZ
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is the moment of order k of the probability measure u, (indeed, recall that p, is centered).
Now let us renormalize fiq (n). From Proposition 3.2, we know that we have to look at

Frax (m) € 11 (\/gz) defined by:

2 - n
Vd € \/;Z Fax(n)(d) = fay(n) < §d> :

Now notice that the characteristic function of fi, (n) in 6 is actually:

flax ) W%@) -y R gy g,

k=0

Hence, for any n € N, the moments of order k& of the probality measure i, (n), denoted by
i (ax (n)), are:
~ V2kmy(ax(n))

my(ax(n)) 3

and thus, we wish to understand, if it exists, for any integer k,
V2km

lim —— X (kaX (n)) .
n—+oo n2

Lemma 3.8. For almost every sequence X € {0,1}Y, for any k € N:

o _(2k)!
ol maze(ax(n) = 5o

and

Jim g (ax () =0

which are the moments of the normal law N(0,1).

Proof. Remark that in this proof, we only consider terms of the following type:

(1o > MG)

(n)
MEF (.p pa)

since taking a term of degree greater than 0 in the Taylor expansion of Qfe;e,e will not contribute
because it involves terms of smaller types on £.

Let us remark right away that for a moment of order 2k + 1, the type of terms which could
contribute the most is (al, Bk). With Lemma 3.7, this type has weight at most k. Moreover,
there is always a finite number of types contributing to a moment. Hence map11(ax(n)) = O(n*)
and thus:

i Y 22 maky1(ax (n))
n—-4o0o n%;l

=0.

or, equivalently,

Jim mak+1(ax(n)) = 0.

Next, we consider the even moments.

15



For a moment mgy, from Lemma 3.7, the only type potentially contributing to the limit is
(ao, ﬂk). More precisely, in order to get that:

o _(2k)!
A e (ax (n) = G

one must show the following identity on limits (and prove that they exist):
. k k
. (zﬂ)kagk(ax(n)) L 2 -1 1
ngr-ir-loo nk(2k)! B ngr-ir-loo n 2 (1 0) Z M 1)’

(n)
IV[E‘F(@O,gk)

since the Taylor expansion of Aj near 0 is:

) 1
A;(0) =1I; +ibc; — 592@- +0(6%).
This equality is equivalent to:

i 2mek(ax(@) oo (2R) to > M<1>.

n——+oo nk n—-+oo nk

In short, we must show that:

1 nk k
(1 0) E M 1 :2k—k!+0(n ),
(n)
]ME]-‘(QO,B,C)

so that
lim 28mar(ax (n)) _ (2k)!
n—-+o0 nk 2k !
which is the moment of order 2k of the normal law N (0, 1).
Let Di(n) = {(d1,..,dr) | 0 < di < ... < dp. < n}. For d € Di(n), denote Iy =

fao “dag, 1 Bag, a1 Bay, (this is just a matrix M € .F((Zg,ﬁk) after the change of basis

described in the proof of Theorem 3.1). Let us prove by induction on k that:
1
=+Aq O
_ (2%
= (75, 0)

1
i ge 2 d =0
dEDk(n)

with Ay and By satisfying:

and

1
Jim e > [Bal=0.
dEDk(n)

The case of k =1 is treated in Lemma 3.3. Let us assume this is true up to an integer k.
Let d € Dgy1(n). For clarity in the fomulas, let us write d = (dy...,dg—1,5,1) and d' =
(dl, ey dk_l,j) € Dk(n)

g =TTy, Loy, B

16



Now compute:
-1

b
1 i
Tojpy - Lo, Ba, = 2 i;ﬂ 21
— 5t 0
and by induction hypothesis,
1
= + Ad’ 0
— 2k
= (75 0)
Thus
-1 -1
b; Ad/ b;
Qk% - QL’Cbl Z 9l—i + — Aab Z 9l—i
Hd — i=j7+1 1 ) i=j+1
1 i
he B S o
i=j+1
and we have to prove the following:
Claim:
-1 -1
1 1 b; Ay
kTl Z _Q_kbl Z o Ty Aaby

d€Dk+1(n)
Proof of the claim:

e First,we have:

>

-1

%Z

0

n—k n 1 -1 b,
== ) Do |zt D g

d€Dg41(n) j=k 0<d1<...<dp_1<jl=j+1 i=j4+1
n—k n -1
k—1 1 bi
DI LDY
2k ol—i
j=k l=j+1 i=j+1

-1

and notice that Z b Z YR

I=j+1| i=j+1

n—k n 1 -1

_ b;
Ty ) 2Rl > o=

j=k l=j+1 i=j+1
e
1
+e
< ZW
nk+§+a
. S T
e Also,
Ag " | Ay
> |5 S <n ¥
d€Dr41(n) d' €Dy (n) I=k d'€Dy(n)

17

< (s, so, for n big enough, according to Lemma 3.3:

Ay




and, by induction,

1 Ay
Jim oe > |5 =0
d’GDk(n)
hence . 2
. dr
ngrfoo nk+1 Z ‘ 2 -
d€Dk+1(n)
e Finally:

-1 -1

bi n—=k n bz
D, |Aab ) o J_Zk 2. D ek Y 5

d€Dj4+1(n) i=j+1 0<di<...<dr—1<jl=75+1 i=j+1
n—k n -1
Z Z Z b
S |Ad/| bl -
ol—i
j=k 0<d:i<...<dp-1<j I=j+1 i=j+1

and, as in the study of the first term, using Lemma 3.3, for n big enough:

n—=k n -1

b;
)OI DD DA VDD =
=k 0<dy<...<dp_1<j l=j+1| i=j+1

—k
Y ke

J=k 0<d1<...<dp-1<j

1

<nzte N |Ag
d/E'Dk(n)

<nk+%+€

by induction hypothesis.

In the end,

1 1 <L b A =L ob

. 7 d’ (3

w2 |mh 2ogm ek ) g =0
d€Dyy1(n) i=j+1 i=j+1

And the same goes for proving that:

1 1 — b
ST 2L |gBe—Bab 3 55| S0

. n n— o0
d€Dy11(n) i=j+1

18



Hence,

Me}‘((:g sk deDy(n)
- Y dea- X om
d€Dy(n) deDy(n)
1
SDIE T MRTEE Sy
dEDk(n) dEDk(n) dEDk(n)
=() > - Y on
dEDk(n) deDy n)
I TR oy
dEDk(n) dEDk(n)
and since 1
Jim e > =0
dEDk(n)
and i
Jnor 2 IBad=o,
dEDk(n)
we have that:
10 m(Y) = 5 k
( ) Z 1 n_f_,_oo 2kk!+0(n )a
]be]-‘(("()) )

which yields:
2k 2k)!
o Zma(ax(m) _ @0
n—+00 nk 2k k)

O

Hence the moments of the probability measure fi, () converge towards the moments of the

normal law N(0, 1), which prove the Central Limit Theorem 1.10 by [14].
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