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Abstract

In this paper we prove a central limit theorem for some probability measures defined as
asymtotic densities of integer sets defined via sum-of-digit-function. To any integer a we can
associate a measure on Z called p, such that, for any d, pu.(d) is the asymptotic density of
the set of integers n such that s2(n+ a) — s2(n) = d where s2(n) is the number of digits “1”
in the binary expansion of n. We express this probability measure as a product of matrices.
Then we take a sequence of integers (ax (n))nen via a balanced Bernoulli process. We prove
that, for almost every sequence, and after renormalization by the typical variance, we have a
central limit theorem by computing all the moments and proving that they converge towards
the moments of the normal law N (0, 1).

1 Introduction

1.1 Background

In this paper we study some properties of sets defined via sum-of-digit function in base 2. Namely,
for a given integer a, we study the asymptotic density of set of integers such that the difference
of 1 in their binary expansion before and after addition with a is a given integer. More precisely,
we define:

m

Vn €N, sa(n) = an
k=0
where .
n= Z nk2k,
k=0
and

1
Va €N, Vd € Z, po(d) = lim N#{n < N | s2(n+a) — sa(n) = d}.

N—4oc0

This can be linked with correlation functions that are studied in [1] for instance, or with
properties of sum-of-digit functions have been extensively studied in, for instance [5] or, more
recently, in [8]. We can also quote [10] for the links between THUE-MORSE sequence and the
sum-of-digits function in base 2.

More precisely, we are interested in normality properties of such sets and we give in this paper
a central limit theorem for a random.. This kind of properties have raised a considerable interest
in number theory. We can quote [4, 6, 11] for some of these normality properties for g-additive
functions.



In [9], we were interested in those densities of sets and more precisely in their asymptotic
properties as a grew bigger. The methods for computing those densities were essentially com-
binatorial. In this paper, we are closer to dynamical systems as we study a random product of
matrices.

1.2 Results

Definition 1.1. Let n € N. There exists a unique smallest m € N and a unique sequence
{no, ...;nm} € {0,1}" such that:
m
n = Z ng - 2k,
k=0

Denote n, = npy...no.
Definition 1.2. Define the sum-of-digits function in base 2 so, as:

SQZN—> N

where n, = np,...ng.

We are interested in the following equation with parameters a € N, d € Z and unknown
n € N
s2(n+a) — s2(n) =d.

More precisely, we wish to understand the asymptotic densities of the following sets:
Eaa:={neN|s2(n+a)—s2n) =d}.

In [9], we prove the following:
Proposition 1.3. For any a € N, d € Z, there exists a finite set of words Pg q := {w1,...,wx} C
{0,1}* such that:

Sa,d = U [wz]
ie{l,...,k}

where [w] is the set of integers n such that n, ends with w.
Remark 1.4. Remark that P, 4 is finite and, possibly, empty (whenever d > ss(a) actually).

From Proposition 1.3, it is clear that the densities of the sets &, 4 exist. This was known
since [1]. In this way we define the main object of our study:

Definition 1.5. Let us define, for any a € N, the probability measure p, by:

<N _ _
Vd €7, pg(d) := Nl_ig_loo#{n_ | SQ(n; a) — sa2(n) d}.

We are interested in asymtotic properties of the measures u, as a goes to infinity in a certain
sense. Namely, we define the following quantity:

Definition 1.6. Let a € N. define the quantity:

I(a) := # {occurences of “01” in a_}



We recall two theorems from [9]:
Theorem 1.7. There exists a constant C > 0 such that, for any a € N:
liallz < C - 1a)=H/2.

Theorem 1.8. For any a € N, the probability measure p, has mean 0 and its variance is bounded

by:
l(a) =1 < Var(u,) < 4l(a) + 2.

This last theorem raises the question of finding a equivalence for the variance of the probability
measure (,. We do this in the generic case for the balanced Bernoulli measure. More precisely,
we have the following central limit theorem:

Theorem 1.9. Let X = (X, )nen € {0,1}Y be a generic sequence for the balanced Bernoulli
measure. Define the sequence (ax(n)),cy in the following way:

aX(n) = ZXk . 2k.
k=0

For any n € N, let fiq, (n) € I (\/gZ) defined by

2, - n
Vd € \/;Za Hax(n) = Max(n) ( §d) .

weak

Then
Hax(n)

n—-+o0o

where
v: R — R
t — Le%ltz
Noz

Remark 1.10. An equivalent formulation, with the same notations, is:

< x} = &(x)

sa(m + a) — s2(m)
N

where @ is the repartition function of the normal law N (0, 1).

n—+0o0o0 N—4o00

1
Ve eR, lim lim N#{mg]\ﬂ

Finally we wish to state CUSICK’s conjecture: Let s2(n) denote, for any integer n, the number
of 1 in the binary expansion of n and define:

. 1
Va €N, 74 := Nl_lgrloo N#{” SN | s2(n+a) > sz(n)}.
The conjecture consists of two parts:
1
Va € Na Ya Z 5

and

linjnf 2 =5

This question arose as CUSICK was working on a similar combinatorial conjecture in [3]|. For
recent advances on this, one can look at [13] and [7]. In particular, the main theorem of this
paper has for immediate corrolary that % is an accumulation point for the sequence (V4 )qen-

Moreover, the proof of our theorem answers a question left open in [7] since it states that the
difference sa(n + a) — s(n) is “usually normally distributed with mean zero and variance %”
where |a|2 denotes the length of a in base 2.



1.3 Outline of the paper

The goal of this paper is to demonstrate Theorem 1.9 by a moments method. Namely, given a
sequence of probability measures, we prove the weak convergence towards the normal law A/(0, 1)
by proving that all the moments of this sequence converge towards the moments of the normal
law.

This article is organised as follows:

Section 2 deals with the measures p, that we already studied in [9]. We recall some of their
properties (and most importantly a recurrence relation between them) and write them as a finite
product of matrices whose coefficients are operators on I*(Z). This is a convenient form for our
study since it allows to compute the Fourier transforms of these measures explicitly.

Section 3 is devoted to the proof of Theorem 1.9. It is divided in the following way:

In Subsection 3.1, we explicit this Fourier transform and give its Taylor expansion around 0
at order 2. This is what we need in order to compute the variance of u,. We also mention that
the characteristic function can be written as a product of matrices, which is the form that will
be studied throughout the article.

Subsection 3.2 is devoted to the computation of the variance of u,. First we do this in the
general case and give an explicit formula depending only on the binary decomposition of a. We
remark that this expression depends on some correlations of sequences in {0, 1}M.

Then, in Subsection 3.3, we want to compute the “generic” behaviour of y, (meaning for a
a whose binary expansion is given by a balanced Bernoulli sequence). For this, we use a result

in [2] to estimate the correlation terms. It appears that in the generic case, the variance is
lal2

approximately 52 (where |a|s is the length of a,. So we know that in order to get a central limit

theorem, we have to renormalize u, by the squareroot of its variancen namely %

In Subsection 3.4, since we have to compute all the moments, we need to know all the
coefficients in the Taylor expansion of the characteristic function but in the general case this
proves to be too hard a task. Hence we wish to understand how “big” the different terms are in
order to know which one will be killed by the renormalization and which one will contribute.

Finally, in Subsection 3.5, we show that the moments converge towards the moments of the
normal law. Thanks to the study of the contributions from the previous section, we are limited to
actually computing the terms that have a chance to contribute. Some elementary linear algebra

and the study of the correlations appearing in Section 3.2 are the essential tools for this.

1.4 Acknowledgement

We wish to thank Christian Mauduit and Joél Rivat for their interest in this problem and for
sharing their knowledge in the historical and scientific background of this question. Of course we
have to thank Alexander Bufetov for his precious help regarding the moments method, especially
for giving the reference needed. We also would like to thank Thomas Stoll for mentionning
Cusick’s Conjecture. Finally, we thank Lukas Spiegelhofer for making us aware of the works in
[7].

2 Measures u, on Z

Let us start by remarking the following:

Remark 2.1. Let a € N and d € Z.

Poa,a = {w0 | w € Py} U{wl | w € Pyq}



and
P2a+1,d - {wo | w e Pa7d71} U {wl | w e Pa“rl,d*'rl} .

For more details about this remark we refer the reader to [9].
From this we deduce the following:

Proposition 2.2. For any a € N:
H2a = Ha
and

1 1
f2a+1(d) = EMa(d -1+ §Ma+1(d +1).

Remark 2.3. Notice that a probability measure on Z is, in particular, an element of [1(Z). In all
that follows, for simplicity of writing, we will always identify a measure on Z with its associated
sequence in [1(Z). In particular, we see y, both as a measure and as an element of [1(Z). Let us
define the shift S on I1(Z).

S: Nz — 1M(7)
@n)pez H (Tn+1)pez-

Then, the identities of Proposition 2.2 can be written:

H2a = Ha
and

1 .- 1
H2a+1 = 55 1(/%) + as(ﬂa)

Example 2.4. It is easy to see that pug = dp. Then, either by standard computation or using
Proposition 2.2, one obtains:
1

nez
n<l

Proposition 2.5. For any a € N,

_ . Ho
to = (Id 0) Agy - Ao, \Au, (M) ,

where the sequence a, = ay...ap and

Id 0 1g-1 1Llg
Ay = ( _ ) 5 A = (2 2 ) )
07 \dst 1s ! 0 Id

Proof. Suffice to remark that for any a € N,

ofz)=()

Ha+1 H2a+1

A < Ha > _ (,u2a+1>
Ha+1 H2a+2

with Proposition 2.2. O

and

Notice that this proposition is a much clearer version of Theorem 1.2.1 in [9]



3 Central limit theorem

3.1 Characteristic function

Let a € N with @, = ay...ap. The characteristic function of u,, noted e is defined in the
standard way:

VO € [0,27), [1,(0) = Z e 1, (d)
d€Z

where 1.0 1_—if
R 1 0 3 pe” ge”
Vo e [0727r), AO(G) = (lew 1 —i@) y A1(9) = (28 261 ) .

e
2 2
By Proposition 2.5, the characteristic function f, : [0,27) — C given by:

— _ A A A ﬁ\(e)
0 €[0,27), fia(0) = (1 0) Aag A, A, ﬁg(@))'

A quick computation yields

voe0.2m), ho(0) =1, m)=5——5

and so,

A R 1
VO € [0,27), 7ia(0) = (1 0) Aao---AanlAan( 0 )

2—e—10

Let us now define the matices playing a role in the Taylor expansion of ji, near 0.

1/0 0 1/0 0
>7 O[()i(l _1>7 ﬂo§<1 1)5
1/1 -1 1/1 1
) @=3(9) =30 o)

N 1
Aj((g) =1I; + i@aj — 592ﬁj + 0(93)

el i ] N es)

Indeed, we have:

with j € {0,1}.
And notice that the Taylor expansion near 0 of 6 — % is:
i0

e
— =10 3.
— 6%+ 0(6°)

3.2 Computation of the variance

Define the variance of pg:

Var(,ua) = Z Ma(d)dQ'

deZ

Theorem 3.1. For any a € N with a, = ay,...ag, denote, for any j € {0,...,n}, bj = (=1)%T1.
The variance of u, is given by the following:

—1 n
n -+ 3 1 1 bk+1bi < bk+1 bZ
Var(pa) = 9 on+tl +bo — 9 Z ok+1—i + Z ok+2 + Z on+1—i’
0<i<k<n-—1 k=0 1=0



Proof. Notice that the variance is given by:

Var(pig) = (1 0) (Bag + TaoBay + - + Lag =+ Lan_ Bay) G) + (1 0)Isy--1Ia, ((2)) :

Since «; (1) =0 and J; (i) = (1)

We now apply a change of basis to simultanously trigonalise the matrices Iy and I;.
Let us note )
(1 1 I AT
r=(4 1) P30 )
and compute
. 7 -1 1 G ry -1 % 0
Vj € {0, 1}, Ij = PIJP = 0 i y ﬂj = Pﬂjp = 7(71)j+1 0
2

()= #()-() 0o

With this change of basis, the variance becomes:

. NG -~ - (2
Var(ue) = (3 —1) (5% + Loy Bay + o+ 1oy ---Ian,lﬁan) (0) +(3 —3%) 1oy 1, (2) :
Notice now that for any k € {0,...n}:
T T 1 ]'C_ bi17i
Ll() . le — (0 szizw )
2k+1
so, for any k € {0,..n — 1}:

~ ~ ~ 1 brt1 k b;
I, 1o, 8 _ (35 Xicez= 0
ao apPakt1 — b1

T ok+2 0

hence we get

1 0 n=1 /1 bry1 7'6_ -béﬂ' 0 9
- 0 (4 (-1 )0
2

ok+2

SO

n—1 k b, n
1 1—bpy1 i e b; 1
Var(,ua) = (% _%) <<_b0) + ( k— bk+01 2 + 1 + Z 2n+1—i - 2n+1
k

okt2 i—0

which yields the result:

—1 n
n+3 1 1 bes1bi < bupt1 b;
Var(pa) = 9 ontl +bo — 9 Z ok+1—i + Z ok+2 + Z on+1—i’
0<i<k<n-—1 k=0 1=0



3.3 Generic case of the variance
In all that follows, we use the following notations:

e X denotes a sequence in {0, 1} (and we endow the set {0, 1} with the balanced Bernoulli
probability measure.

n
e For any sequence X, define ax(n) = Z X - 2k
k=0

e As in Theorem 3.1, for any X € {0, 1}, define the sequence (bj)jen by bj = (—1)%i+1,
We wish to prove the following:

Proposition 3.2. For almost every X € {0,1}"

n
Var(piax (n))

In order to prove this proposition, we first need a technical lemma:
Lemma 3.3. Let X € {0,1}" and define the quantity:

M
E bk+dy bk+dy
=1

where the mazimum is taken on all D = (dy,ds) and M such that M + ds < n.
For almost every X € {0,1}" and for every e there exists n. x such that:

Cs,n, = max ,
M,D

Vn > Ne, X, |C2,n| < TL%—’_&

Proof. In [2], the following quantity is studied:

M

Z bitdy - + bktd,,
k=1

)

Cin ((bi)ieqo,...ny) = max

where the maximum is taken on all D = (ds, ..., d,,) and M such that M + d,,, < n.
So we have:

Cam = Co ((bi)icfo,...n}) -
From (2.32) and (2.33) in [2], we know that, for any [ > 1:

E (Cz ((bi)ie{o,...,n})ﬂ) < 5ntt(4).

CQZ 441 l
E( 2, >§5n (41)

n(3+e)2l nt+e)2l

Let € > 0,

and
Sptti(ant  5(41)!

n(%_,_g)zl T p2el-4°

Now, if [ is big enough, then 2¢l — 4 > 2 and thus the series

(ot
- n(z+e)2



converges.
21

. c3, .8, Can .5,
By Borel-Cantelli lemma, —225 =% 0 and thus —= 2% 0. Hence, for almost every
n(Z2T9% nstoo n(2T9) notoo

X, Elns,Xa Vn > Ne, X,
CQ,n

n(%"‘a)

<1

and thus )
|Cn1j| < TL§+8

for n big enough.

Let us now prove Porposition 3.2.

Proof of Proposition 8.2. Note that, with Theorem 3.1, for any n,

—1 n
n+3 1 1 bes1bi = bri1 b;
Var(fax (m) = 5 onri T bo — 9 Z oktii T Z okta T Z ont1—i-
0<i<k<n-—1 k=0 i=0

where the b; are random variables which can take value in {—1, 1} with probability % The only
thing to prove in order to get the result is that:

1 .
lim — | > brerbi )

n—oo N 2k+1*1
0<i<k<n—1
since it is obvious that:
1 /(3 1 b
lim — [ = — ——= +by — k+1 =
n—o0 1, 2 2n+1 2k+2 2n+1 7
k=0
br+1b;
Let us estimate Z 2]]::71
0<i<k<n—1
-1 k
brpibi s br+1bs
Z okti—i Z Z ok+1—i
0<i<k<n—1 k=0 i=0
n 1 n
S IEH
J=1 " k=j

br-+1bi —~ [Conl
Z 2k+1—i SZ 27

0<i<k<n—1 j=1

3
S
ol
+
)

which ends the proof.



3.4 Upper bounds of the moments of i, ()

We now want to have bound on the moments of order I € N. Let us first remark that the only
matrices appearing in the Taylor expansion of A;(0) are I;, o; and f3;. Indeed:

“+o0
Ai(0)=> 0T, ;,
7=0

where (1) (1)
1) —1)94
T Tiojr1 = 70—
(25)! AT 25+ 1)

Remark 3.4. Notice that the following relations hold:
1 1 1 1 1 0
w()=20)=0) = ()==()-)

1 1
IOO(O = Ilao = 5(10, Ioa1 = 11041 = 5(11.

Let us insist on the fact that these relations are crucial for our proof.

Tio=1;, T2 = Bi,

and

Let un now introduce the following norm on 2 x 2 matrices:

M| = max (|M;1|+ [M,;2])
i€{1,2}

which is induced by || - ||; on R?.
Notice that this defines a submultiplicative norm. Moreover,

Holl = 1]l = llewoll = llaall = 1Boll = 81l = 1.

Our goal is to compute all the moments of the probability measure (i, () in the generic
case as n goes to infinity. To that end, we arrange the terms appearing in the computation into
different “types”. A type is a couple (a?, %) where p, g are non negative integers. They indicate
the number of matrices of o and 8 appearing in the term. For instance, a term:

M=1I,---1

aio—laaio Iai0+1 T Iail—laail Iai1+1 T Iaig—lﬁaig Iai2+1 T 'Ian,
is of type (a2, 3!).The order of appearance of the o and 3 does not have any influence on the

type, so that

Iy -1

aig—1%as, Iai0+1 ce Iailflﬂail Iai1+1 e 'Iai271aai2 Iai2+1 oAy,

is also of type (a2, 31).
Let us denote by ]:((Zzzﬁq) the set of all terms of type (a”, 37) in the expansion of f, (n)-
This notation is introduced to ease the writing of the previous formulas as well as for handling
terms with the same behaviour together. For instance, the formula for the variance becomes:

Var (paymy) = (1 0) Y MG)+(1 0) > MG)+(1 0) Loy -+ I, (g)

(n) (n)
]Me]:(cﬂ,g()) ]Me]:(ao,ﬂl)

10



Now notice that for any 2 x 2 matrix M,

1
<
so in order to estimate terms of a given type, suffices to understand:

o M.

™
MEF (b gay

Definition 3.5. We say that a type (aP, 89) contributes with weight at most k if:

Y M|l = 0"

(n)
Me]—‘(apﬂq)

Lemma 3.6. For any pair of nonnegative integers (p, q), the type (aP, 8) contributes with weight
at most q.

Proof. We prove this lemma by induction on p.

n 1 . n
First notice that #.F(ag gay = (n + ) Notice also that for any M € .F(ag gay> M| <1
: q :

since || - || is submultiplicative. This implies that the type (a°, 37) contributes with weight g.
Now let us assume that the type (a®, 57) contributes with weight ¢ for a given p and let us

prove that the type (a?!, 37) has same weight. Now let us partition f((:,))ﬂ gay- Fix k < g and

let us estimate terms that can be written MBa;la;,, - La; 1 Qasy Laig+1 - Laiy—1Ba;, =+ Bas,

where M € FU~1

(ar,B1-k=1)"
n—k—1
E E E ||Mﬂajlaj+1 e IaigflaaiolaioJfl o 'I‘”'lflﬂail a .ﬂaik |
J=p+a—Fk preFU-1 J+1<io<...<ix<n

(aP,pa—k—1)
-1

n—=k
< > > Do IMBaday a0y
Jj=p+q

—k (G-1) JH1<io< .. <ig<n
MEZ (op pa-r-1) ’ *

n—k—1
< Z Z ||M|| Z ||Iaj+1 .”Iaio—laaion
Jj=pt+q—

k (G-1) jH1<ip<...<ix<n
ME]:(ap,Bq—k—l) 0

n—k—1
cq—k—1
by dg ) E C.j E ||Llj+1 o .Iaio—laaio ”
v induction 5 40—k j+1<io<...<ip<n
n—k—1

< Ont—Fk-1 Z Z ||Iaj+1 T Iaio*la‘“o H

j=pta—k j+1<io<...<ip<n
q—k E
<Cn o = Taiy—1 Qay,

J+1<ip<...<ip<n

—k(n—1J
= ont k( k ) Z ||Iaj+1'nlai0*1aai0||

j+1<io<n

11



and with Remark3.4,

—k(n—1J
o k< k ) Z Mo+ dasy -1 0asg

j+1<io<n
1
< Cnt g ——
- 2t0—J
j+1<io<n
< Cnf.

The same can be done for terms of the form May; 14, ., - ~Iai071aai0 Iaioﬂ . ~Iai1,1ﬁai1 . 'ﬂaik_

where M € f((i;,lﬁ)q,k,l). Hence:

> |IM| < 2¢Cnf,
JVIEJ-‘((ZT))+1’L3(I)

which proves the lemma O

3.5 Computing all the moments
Let us write the expansion of [i,:
N
_ *mi(a) .
fa(0) = > L0k + o(0)
k=0

where

mi(a) = 3 pa(d)dt

deZ

is the moment of order & of the probability measure u, (indeed, recall that p, is centered).
Now let us renormalize fi, (). From Proposition 3.2, we know that we have to look at

Pax (n) € IR (\/gZ) defined by:

2 - n
Vd € \/;27 Fax(n)(d) = fay(n) < §d> :

Now notice that the characteristic function of fi, (n) in 6 is actually:

N Fmy(ax(n
B (@9) =y Ao gy g,

k=0

Hence, for any n € N, the moments of order k of the probality measure fi, (n), denoted by
i (ax (n)), ave:

- V2kmi(ax(n

n(ax (n)) = #

n2
and thus, we wish to understand, if it exists, for any integer k,
NGE
lim —mk(ax(n)).

n—-+0oo n

12



Lemma 3.7. For almost every sequence X € {0,1}N, for any k € N:

. _ (2K
ol Mzl (n) = ogy

and
lim mogt1(ax(n)) =0

n—-+o0o

which are the moments of the normal law N(0,1).

Proof. Let us remark right away that for a moment of order 2k+ 1, the type of terms which could
contribute the most is (al, Bk). With Lemma 3.6, this type has weight at most k. Moreover,
there is always a finite number of types contributing to a moment. Hence max11(ax(n)) = O(n*)
and thus:

V22 Himggy i (ax (n))

lim S =0.
2

n—-+o0o n

or, equivalently,

Jm ok (ax (7)) = 0.

Next, we consider the even moments.

For a moment mog, from Lemma 3.6, the only type potentially contributing to the limit is
(a®, 8%). More precisely we have:

i BT - (G) () 000 x ()

(n)
AJE]:(aU,BK‘)

hence . (ax(n) (
. 28mar(ax (n . 2k)! 1
e = e (0 5 M),
ME]—'((:'O,B,C)

In short, we must show that:

Z 1 nk k
(1 0) M 1 =ﬁ+o(n ),
(n)
IV[EF(@",B’V)

so that
2Pmor(ax(n))  (2k)!

lim =
n—-+oo nk 2k k!

which is the moment of order 2k of the normal law N (0, 1).
Let Di(n) = {(d1,..,dr) | 0 < dy < ... < di. < n}. For d € Di(n), denote Iy =

fao “Jag, 1 Bag, a1 Bay, (this is just a matrix M € .F((Zg,ﬁk) after the change of basis

described in the proof of Theorem 3.1). Let us prove by induction on k that:
1
==+Aq O
frnd 2k
= (75 )
with Ay and By satisfying:

1
Jim e > Al =o.
dEDk(n)

13



and

1
Jim e > [Bal=0.
dEDk(n)

The case of k =1 is treated in Lemma 3.3. Let us assume this is true up to an integer k.
Let d € Dgy1(n). For clarity in the fomulas, let us write d = (dy...,dg—1,5,1) and d' =
(dl, ey dk_l,j) € Dk(n)

g =TTy, Loy, B

Now compute:
-1

b
1 i
~ ~  ~ s = -0
Iosr Loy B = 2 i;l ol—i
— 35 0
and by induction hypothesis,
1
55 + Ad/ 0
;) = 2k
= (75,0 0)
Thus
-1 -1
b; Ag b;
1 1 1 7
eI — 3r0 Z 9l—i + 5 Aarby Z ol—i 0
i=j+1 i=j+1
g = ’ =1 ’
1 7
e B Y o o
i=j+1

and we have to prove the following:
Claim:

-1
b; Ay b;
=i + > Agby E — 0.

=i | nsoco

1 1 -1
s D DR U IDY

d€Dyy1(n) i=j+1 i=j+1
Proof of the claim:

e First,we have:

1 -1 b n—=k n 1 -1 b,
3 K3

PRI = LD DD DD R LD

d€Dr41(n) i=j+1 j=k 0<d1<...<dp_1<jl=j+1 i=j+1

n—k n 1 -1 bi
S”HZ Z Q_kbl Z ol—i

j=k l=j+1 i=j+1

14



n -1
b
and notice that Z b Z 21—11 < Cy,p, so, for n big enough, according to Lemma 3.3:
I=j+1| i=j+1

n -1

= 1 b
K Z Z ?bllz 9l—i

j=k l=j+1 i=j+1
k—1 n—Fk
n 1.¢
< 2k an
j=k
nktite
T
e Also,
Ay " | Ay Ay
S - T e T B
d€Dyy1(n) d’'€Dy(n) I=k d’€Dy(n)
and, by induction,
n—l>r—|r-loo nk 2 |
d’GDk(n)
hence 4
. 1 dr
dmowm Y50
d€Dk+1(n)
e Finally:

-1 -1

bi n—=k n bz
D, |Aab ) o J_Zk 2. D ek Y 5

d€Dj4+1(n) i=j+1 0<d1<...<dp_1<jl=5+1 i=j+1
n—k n -1

b;

< E g |[Aar g by E -

2l—z
j=k 0<d1<...<dp_1<j I=j+1 i=j+1

and, as in the study of the first term, using Lemma 3.3, for n big enough:

n—Fk n -1

b;
)R DD DA U=
=k 0<di<...<dp_1<j l=j+1| i=j+1

n—=k
ST e

j=k 0<d1<...<dp-1<J

1
< n§+€ E |Ad’|
d/E'Dk(n)
< nk+%+€

by induction hypothesis.
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In the end,

-1
1 b;
D DN L > - Aab Y g =0
d€Dj4+1(n) 1=7+1 i=j+1
And the same goes for proving that:
-1
1 1 b;
w2 [pBe=Bab 3 o) 2 0
d€Dy41(n) i=j+1
Hence,
10 M DNonp -1 II 2
( ) Z 1 _(2 2) Z il
MeF(") i) d€Dy(n)
1
- fea- X om
dEDk(n) dEDk(n)
1
S TID VTR S
dEDk(n) dEDk(n) dEDk(n)
=() > - Y on
de€Dy(n) d€Dy(n)
L D M TR S
dEDk(n) dEDk(n)
and since 1
lim — Z |Aql =0
n o] k
el " dEDk(n)
and 1
i or 2 1B =0,
dEDk(n)
we have that: .
1 _ n k
(o 2 M(l) n e 2R T O
IVE}-;"‘)’ 8k)
which yields:
lim 2Fmap(ax (n)) ~ (2k)!
n—+oo nk o2kl

O

Hence the moments of the probability measure fi, () converge towards the moments of the
normal law N (0, 1), which prove the Central Limit Theorem 1.9 by [12].
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