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Observation estimate for kinetic transport
equation by diffusion approximation

Claude Bardos*, Kim Dang Phung!

Abstract

We study the unique continuation property for the neutron transport equa-
tion and for a simplified model of the Fokker-Planck equation in a bounded
domain with absorbing boundary condition. An observation estimate is de-
rived. It depends on the smallness of the mean free path and the frequency
of the velocity average of the initial data. The proof relies on the well known
diffusion approximation under convenience scaling and on basic properties of
this diffusion. Eventually we propose a direct proof for the observation at one
time of parabolic equations. It is based on the analysis of the heat kernel.

1 Introduction

This article is devoted to the question of unique continuation for linear kinetic
transport equation with a scattering operator in the diffusive limit. Let {2 be a
bounded open subset of R4, d> 1, with boundary 9 of class C2. Consider in
{(x,v) € QxS¥7 1} x R/ the transport equation in the v direction with a scattering
operator S and absorbing boundary condition

8tf—|—%v~Vf+gZS(f):O in Q x S41 x (0, +o0)
f=0 on (09 x S x (0,+00) , (1.1)
f(',',O) = fO € Lz(Q X Sdil) )

where € € (0, 1] is a small parameter and a € L™ () is a scattering opacity sat-

isfying 0 < cpin < a(x) < Cpaz < 00. Here, V. = V, and (89 X Sd_l)i =

{(z,v) € 9Q x S 1;v - i, < 0} where i, is the unit outward normal field at = € 0.
Two standard examples of scattering operators S are the following:
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e The neutron scattering operator:
1

S:f—(f}where <f><.§lf,t):— f(x,v,t)dv.
S Jsa-a
e The Fokker-Planck scattering operator:
1
S = —ﬁASdfl f where Aga-1 is the Laplace-Beltrami operator on S

Let w be a nonempty open subset of ). Suppose we observe the solution f
at time 7" > 0 and on w, i.e. f ("E>va)|(;p,v)ewad—l is known. A classical inverse
problem consists to recover at least one solution, and in particular its initial data,
which fits the observation on w x S47! x {T'}. Our problem of unique continua-
tion is: With how many initial data, the corresponding solution achieves the given
observation f (ZL‘,’U,T)|(LU) coxsd—1- Here € is a small parameter and it is natural
to focus on the limit solution. This is the diffusion approximation saying that the
solution f converges to a solution of a parabolic equation when € tends to 0 (see
[B],[DL],[LK],[BR],[BGPS],[BSS],[BBGS]). In this framework, two remarks are in

order:

e For our scattering operator, there holds

1
”f - <f>HL2(Q><Sd—1><R:r) < 6\/20—'|’f0HL2(QXSd—1) .

For the operator of neutron transport, one uses a standard energy method
by multiplying both sides of the first line of (1.1) by f and integrating over
Q x S x (0,7). For the Fokker-Planck scattering operator, one combines
the standard energy method as above and Poincaré inequality
1f— <f>||L2(Q><Sd*1><Rj)
< \/% Hde_lf”LQ(Qde—lij) < 6\/201m”f0HL2(Q><Sd—1) .

e In the sense of distributions in €2, for any ¢t > 0, the average of f solves the
following parabolic equation

0.(f) 1V - (197) "
=V (o0 V(- () + V- (L) '

Indeed, multiply by 21} the equation 0, f + lv -Vf+ %Sf = 0 and take the
€ €
average over St using 9,(f) + l(v -Vf) =0, (v-VSf) = (v-Vf) and
€
(v(v-V(f))) = £V(f), one obtains for any ¢ > 0 and any ¢ € C§° (Q)
1 1 1
Jotnedsss [ 29 Vedot [ L0V = () + @A) Viodo =0
Q Qd Qd

Moreover, we prove that the boundary condition on (f) is small in some ad-
equate norm with respect to €. In the sequel, any estimates will be explicit
with respect to e.



Backward uniqueness for parabolic equation has a long history (see [DJP],[V]).
Lions and Malgrange [LM] used the method of Carleman estimates. Later, Bardos
and Tartar [BT] gave some improvements by using the log convexity method of
Agmon and Nirenberg. More recently, motivated by control theory and inverse
problems (see [I],[P]), Carleman estimates became an important tool to achieve
an observability inequality (see [FI],[FZ],[FG],[LRL],[LeRR],[LRR]). In [PW], the
desired observability inequality is deduced from the observation estimate at one
point in time which is obtained by studying the frequency function in the spirit of log
convexity method. In particular, one can quantify the following unique continuation
property (see [EFV],[PWa)): If u (z,t) = e®uq (z) with ug € L> () and u (-, T) =0
on w, then ug = 0.

Our main result below involves the regularity of the nonzero initial data fy mea-
sured in term of two quantities. Let p > 2,

N L e W (V5]
R[] P (o) o

Observe in particular that F is the most natural evaluation of the frequency of the
velocity average of the initial data.

Theorem 1.1 Suppose that a € C?(Q) and fo € L (Q x S with M, + F <
+oo for some p > 2. Then the unique solution f of (1.1) satisfies for any T > 0

(1 e (1 + T MDY ()l gaiay < D10 (T o,
p-1 a1
with C, = (%) i (%) * and o (fo, T)=c (1 + % + TIF) where ¢ only depends on
(Q,w,d,a).

By a direct application of our main result, we have:

Corollary 1.2 Let a € C?(Q) and fo € L (Q x S¥Y) with M, + F < 400
for some p > 2. Suppose that fo > 0. Then there is ¢g € (0,1) depending on
(M, F,Q,w,d,p,T,a) such that if f(-,-,T) =0 on w x S for some € < €, then
fo = 0

This paper is organized as follows: The proof of the main result is given in
the next section. It requires two important results: an approximation diffusion
convergence of the average of f; an observation estimate at one point in time for
the diffusion equation with homogeneous Dirichlet boundary condition. In Section
3, we prove the approximation theorem stated in Section 2. In Section 4, a direct
proof of the observation inequality at one point in time for parabolic equations is
proposed. Finally, in an appendix, we prove a backward estimate for the diffusion
equation and a trace estimate for the kinetic transport equation.



2 Proof of main Theorem 1.1

The main task in the proof of Theorem 1.1 consists on the two following propositions.
Below we denote by u € C([0,T],L*(2)) N L?(0,T; H} (Q)) any solution of the
diffusion equation

1 1

with a € C? (ﬁ) and 0 < ¢pin < a (2) < Cae < 00.

Proposition 2.1 There are C > 0 and p € (0,1) such that any solution u €
C([0,T],L2(Q)) N L2 (0,T; H} () of (2.1) satisfies

/Q\u(:c,T)\Qda:S (Ceg/wm(:c,T)\Qda:)l_u (/Q |u(a:,0)|2dx)u .

Here C' and p only depend on (a,Q,w,d).

As an immediate application, combining with the following backward estimate
for diffusion equation

lu(-0)12
T ()
o2

[ (-5 0)[ 2y < ce O (Tl 2y s (2.2)

we have:

Corollary 2.2 For any nonzerou € C ([0,T], L*(Q))NL? (0,T; H} (Q)) solution of
(2.1), one has
c<1+%+Tuu("0)”L2<n)

002 _ >
ot (0}l 2y < € 1) u () o

where C only depends on (a,Q,w,d).

Proposition 2.3 Assume fy € L*(Q x S for some p > 2 and consider u €
C(0,T; HY(Q)) solution of (2.1) with initial data u (-,0) = (fo), then for any T > 0
and any x € C§° (w), the solution f of (1.1) satisfies

Ix (=t —u(,T)) HHA(Q) < % (1 + TPT_PICp) C|l foll 2raxsa-1)

1

where C), = (;;_1>W (l)% and C > 0 only depends on (2,d,a, x).

-2 p
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The proof of Proposition 2.1 and Proposition 2.3 is given in section 4 and section
3 respectively.

In one hand, since u (+,0) = (fo), we have by Corollary 2.2

2
L 02 )

C( tr o >
[(fodllr2@) <€ e/ xu (Tl 2y -

On the other hand, by regularizing effect, we have

1/2 1/2
| xu (-,T)||L2(Q) <lIxu ('7T)||H/—1(Q) [ xu ('7T)||]1{5(Q)
1/2 1/2
< C x5 T 52200y (U4 i) 1Koty

Therefore, the two above facts yield

LI

il <) (I (0 7 = ) iy + I o)

2
1450017 2 g

C<1+1+T ) 3
<e T H(fo)ll?;—l(ﬂ) (6% (1 + TPQ_PICP> ||f0||L2p(QXSd71) + HX<f>\t:T HH*l(Q))

where in the last line we used Proposition 2.3. This completes the proof.

3 Estimates for diffusion approximation
Below we give precise error estimates for the diffusion approximation.

Theorem 3.1 Let a € C* (ﬁ) such that 0 < cpin < a(x) < Cpae < 00. Assume
fo € L?(Q x S1) for some p > 2 and consider u € C (0, T; H}(Q)) solution of
(2.1) with initial data w(-,0) = (fo), then for any T > 0, the solution f of (1.1)
satisfies

[P = = D)oy I = oy < € (14T Gy ) Clfollaanaesir

1
where C), = (”—_1> i <%) " and C' > 0 only depends on (Q,d) and (Comin, Cmaz, || Vall.)-

In the literature, there are at least two ways to get diffusion approximation
estimates:

- Use a Hilbert expansion: The solution f of the transport problem can be
formally written as f = fy + ef1 + €2fo + ... and we substitute this expansion into
the governing equations in order to prove existence of fy, f1, fa,.... Next we set

5



F = f — (fo+€ef1) and check that it solves a transport problem for which energy
method can be used. This way requires well-prepared initial data that is fo = (fo)
to avoid initial layers.

- Use moment method: The zeroth and first moments of f are respectively (f)
and (vf). First, we check that f — (f) is small in some adequate norm with respect
to €. Next by computing the zeroth and first moments of the equation solved by f
(as it was done in the introduction), we derive that (f) solves a parabolic problem
for which energy method can be used. This way and a new e uniform estimate on
the trace (see Proposition 3.2 below) give Theorem 3.1. Notice that since only the
average of f, is involved, the proof requires no analysis of the initial layer near ¢ = 0.

Proposition 3.2 If fo € L*(Q xS for some p > 2, then the solution f of (1.1)

satisfies
p=1 1
Hf”L2<8Q><Sd*1><(O,T)) <CT = €2pCp”fOHL2P(Q><Sd—1)
ST
where C), = (;’%) ’ (%) " and C > 0 only depends on (2,d).

Proposition 3.2 is proved in Appendix. The proof of Theorem 3.1 starts as follows.
Let w. = (f) — u where u solves

du— iV - (1Vu) =0 in Q x (0, 4+00) ,
u=0 on 0N x (0,400) ,
u(-0) = (fo) € L*(9) .

By (1.2) and a density argument, w, solves for any ¢ > 0 and any ¢ € Hj ()
1 1
/ Qwepdr + — / Vw, - —Vdzx
Q d Q a

—— [l VG Veds e [

Q

1 (3.1)
(VO f) - Echdx

with boundary condition w, = (f) on 9Q x R} and initial data w,(-,0) = 0. We

choose .
1 1 B
o= (a7 (7)) o

By integrations by parts, the identity (3.1) becomes:

1d [1 2

R QE\Vw\dejLH%V~ (%V)@
—— [ (D30upda
- f (00 V(= (1)~ Viode

—e/(v@,j} : 1V(pda: :
o a

L2(Q)

(3.2)

6



First, the contribution of the boundary data is estimate: One has, by a classical

trace theorem
1 1
- [0 touste < il lagmaeny |7 (29) ¢

12(9)
where the constant C; depends on ||Val|
Secondly, the contribution of the term

[ @ v =5V

is estimated: By integration by parts and using V¢ = 9,91, on 0f), one has
1 1 1
[V = o Vede == [ (=)0 V (0029 ) dudo
Q a ‘Sl | Joxsat a

(0 )" (] = () Ouspdods

1S97Y Jaaxsd-1

which implies

1
/Q (0(0-V(f =) —Vede < Collf = (Dlliz(axsn) [V (V) @]l )
+Cl”fHL2(anSd 1 HV (4 )SOHLZ(Q
with some constant C; > 0 depending on ||Val|

1
Thirdly, the contribution of the term e / (VO f) - —Vpdx is estimated: From the
a

. . . Q
identities

/(v@tﬂ : chpdx
9

1 1
— fv-=Vodrdv — fu- —V (€0yp) dxdudt

d 1
|Sd 1 Cgl OxSd-1 Cll |Sd1 1| QxSd—1 .
- |Sd g d_/ o, JU g Vedady = e 1|/Q o U= D0 2V (cOp) dud

N (edwe) = (=1 - (V)T (= (- Vf) — edyu)

we see that

e/(v@tf> : %V(pda:

Y1 a

= WE% /ngd1 fu- %V(pdxdv
. T ((—év- (lv))l -V (f - <f>)>> dudv

S91 Joxga- a
! (
_6— —_
S Josa-1
d

1 1
fu- vadﬂfdv +C Hf - <f>||i2(gxgd—l) +€eC ||VU||i2(Q)

< €—
= IS dt Jogans

7



Combining the three above contributions with (3.2), one obtains

2

d

d 1 2 2
= < eC— fu- EVSOdiUdU +eC HVUHLQ(Q)

LQ(Q) dt QXSd71

+C (1fa(omess ) + I = (DIa(anaiy) -

1
\V@\ dx + HV (EV) ©

Integrating the above over (0,7), we observe with ¢ = (—3V - (éV))fl w, and
we = (f) — u that

[|we(-, T)||§J—1(Q) + HwEHi?(QX(O,T))

<eC (‘ fe=r HiQ(QXSd—l) + [luj=r ”%Q(Q) + ”fOHi?(Qde*1) - HuOH%Q(Q)>
+e2C ||vu||iQ(Q><(O7T))
+C (I it + 17 = sty )

Next, we use the trace estimate in Proposition 3.2,

/ \f (z,v,T)|? dedv+ mm/ / HIF d;z:dvdt</ | fol? dzdv
QxSd-1 QxSd-1 Qxsd-1

and
JNICSSIRE < [P a

) =) (Dl -re) + I8 = vl g oimy)
< VeC ”fOHLQ(QXSd*l) + e T 2 C,C| fol L2 (xsa-y -

to get that

This completes the proof.

4 Observation estimates for diffusion equation

In this section, we establish an observation estimate at one point in time for parabolic
equations (see Theorem 4.1 below). Such estimate is an interpolation inequality.
Holder type inequalities of such form already appear in [LR] for elliptic operators
by Carleman inequalities. It applies to the observability for the heat equation in
manifold and to the sum of eigenfunctions estimate of Lebeau-Robbiano. On the
other hand, for parabolic operators, Escauriaza, Fernandez and Vessella proved such
interpolation estimate far from the boundary by some adequate Carleman estimates
[EFV]. Here our approach is completely new and uses properties of the heat kernel
with a parametrix of order 0.



Theorem 4.1 Let Q be a bounded open set in R™, n > 1, either convex or C?
and connected. Let w be a nonempty open subset of 2, and T' > 0. Let A be a
n X n symmetric positive-definite matriz with C* (Q x [0, T]) coefficients such that

A(-,T) € C*(Q). There are ¢ >0 and p € (0,1) such that any solution to
Ou—V - (AVu) =0 inQx(0,7) ,

u=20 on 092 x (0,T)
u<70) GLQ (Q) ’

/Q\u(:c,T)\2d:c < (c/w|u(x,T)\2dx)1H (/Q |u (,0) d:c)u .

Moreover, when A is time-independent, then ¢ = Ce7 where C and w only depend

on (A, Q w,n).

satisfies

Clearly, Proposition 2.1 is a direct application of Theorem 4.1. The proof of
Theorem 4.1 uses covering argument and propagation of interpolation inequalities
along a chain of balls (also called propagation of smallness): First we extend A (-,T)
to a C? function on R™ denoted Ap. Next, for each z, € R" there are a neighborhood
of zp and a function x + d (x, () on which the following four properties hold:

1. % |x — x| < d(z,20) < C'|x — 20| for some C' > 1 depending on (zg, A7) ;
2. x— d*(z,x0) is C*;

3. Ap (z)Vd (z,z0) - Vd (z,20) =1 ;

4. YAz (z) V2d? (z,30) = I, + O (d (z,20))

2

Here V? denotes the Hessian matrix and d (z,z) is the geodesic distance con-
necting x to xg. The proof of the above properties for d (x, zg) is a consequence of
Gauss’s lemma for C? metrics (see [IM, page 7]).

Now we are able to define the ball of center z( and radius R as B = {x;d (x,z0) < R}.
We will choose 2y € € in order that one of the two following assumptions hold: (i)
B, C Q for any r € (0, R]; (ii) B, NN # 0 and AVd? - v > 0 on 9Q N By for any
r € [Ro, R| where Ry > 0. Here v is the unit outward normal vector to 92 N Bg.

The case (i) deals with the propagation in the interior domain by a chain of balls
strictly included in 2. The analysis near the boundary 02 requires the assumptions
of (i1).

However when €2 C R” is a convex domain or a star-shaped domain with respect
to zo € €2, we only need to propagate the estimate in the interior domain.

9



If further A = I,,, then d(z,z¢) = |r — x| and it is well defined for any x € .
From [PW] such observation at one point in time implies the observability for the
heat equation which from [AEWZ] is equivalent to the sum of eigenfunctions estimate
of Lebeau-Robbiano type. Eventually a careful evaluation of the constants gives the
following estimates (whose proof is omitted).

Theorem 4.2 Suppose that Q0 C R™ is a conver domain or a star-shaped domain
with respect to xo € 0 such that {x;|r —xo| <1} € Q for some r > 0. Then for
any ug € L* (), T >0, (a;);5; €R, p>1, ¢ €(0,1), one has

1 1 c .1 T

TA ¢ 1 tA

P el A [T Y
0
and )

1 1

Z |ai‘2 S r2n(l+e) vk ;€ (:L’) dx

pi<p |lz=aol<r | ;< p

where C' > 0 s a constant only depending on (z—:,n,max{|x — x| € ﬁ}) Here
(i, €;) denotes the eigenbasis of the Laplace operator with Dirichlet boundary con-
dition.

In the next subsection, we state some preliminary lemmas and corollaries. In
subsection 4.2, we prove Theorem 4.1. Subsection 4.3 is devoted to the proof of the
preliminary results.

4.1 Preliminary results

In this subsection we present some lemmas and corollaries which will be used for
the proof of Theorem 4.1.

The following lemma allows to solve differential inequalities and makes appear

the Holder type of inequality in Theorem 4.1.

Lemma 4.3 Let T > 0, A\ > 0 and Fy, F, € C°([0,T]). Consider two positive
functions y, N € C* ([0, T]) such that

2 O+N 00| < (20 ) v+ RO
14 Cy

M@g(?:;7+q)N@+5@

10



where Cy, C7 > 0. Then for any 0 <ty <ty <tz <T, one has

T — 4y 4+ A\ 2C00+M)
y (1) Sy<t3>y<t1>Me4D( 1 )

T—t3+ A
where
/ T —t+\) 1+C°dt ts
i and D = M (ty — t1) | C1 + sup \F1\+/ |Fy|dt ) .
/ £ 4 AT dt o !
—t+

Corollary 4.4 Under the assumptions of Lemma 1, for any A > 0 and ¢ > 1 such
that (A < T/4, one has

y (T — E)\)HMZ <y(T)y(T - Qg)\)Me ePe (20 + 1)200(1+M[)

t3
where Dy = T M, <01 + sup |F]| +/ \F2|dt>, M, < eClT% if Co > 0 and
t1 —\3

[t1,t3]

M < eCITln(Z+1 fC — 0

Proof .- Apply Lemma 4.3 with t3 =T, to = T — (X, t; = T — 20\, with (A < T'/4.
Here when Cy > 0

T etcl
dt
/T_& (T—t+ N e ()T =1 o ((+ 1)

M, = —— e < -~ G S 1_(2)00 for ¢ > 1
/ ——dt (2e+1) 3
r—oox (T —t+ )T
And when Cy =0
/T etCI i@t
o (T—t+XN) In(£+41) In(/+1)
¢ / T=A etC @t - In (2;:11) = ¢ In2 or
7oy (T —1t+A)

The following lemma establishes the differential inequalities associated to parabolic
equations in any open set 1 C R™:

11



Lemma 4.5 For any & € C* (Q x [0,T]), z € H' (0, T; H} (9)), one has
Ld
%dt
=5 / 12|* (8,& + V - (AVE) 4+ AVE - VE) ebda + / 2 (0,2 — V- (AVz2)) édx
9 9
and for some C' only depending on (A, 0, A, 0, A)

/\z\Qegdij/AVz-Vzegdx
9 9

J / AVz-Vzelder -2 / AV2EAV 2 - Vzetda / (AVz - V2) (AVE - v) ebdx
s + 29

—ZJ9 <
di /|z\265d:c /|Z|2€£dl’ /\z|265da:
9 9

9
/ 0,2 — V- (AV2) | eSda / (14 |VE|) |Vz|? efdx
) +C 39

|2 efda 2| eSda
9 9
AVz - Vz (0, +V - (AVE) + AVE - VE) ebda

+ A
/|Z|26£dl‘
9
/AVz - Vzetdx / 1212 (0,6 + V - (AVE) + AVE - VE) ebda
9 « L9

/|Z‘2€§dl’ /|Z|2€§dl’
9 9

+

Corollary 4.6 Let R > 0 be sufficiently small and = € H' (0, T; H} (Q N Bg)) with
Br = {x;d (x,z0) < R}. Introduce fort € (0,T], Pz =0,z —V - (AV2),
d2(ac,ac0)

1 _ A @eg)
Crlot) = e T Ve e B

and

/ A(z,t)Vz(x,t) - Vz(x,t) Gy (x,t) de

N)\ (t) —
/mB 12 (2, 8)° Gy (2,1) dz:

whenever/ |z (z,t)|” dx # 0. Then, the following two properties hold:
QNBg
i) For some Cy > 0,

1
‘_i/ |2 (x,1)]> Gy (2, t) dz + Ny, (t)/ |z (z,1)]* Gy (2,t) dz
2dt QOBR QOBR

Co ,
= (m - Cl) fQﬂBR |z (2, t)|” Gy (z,t) do

+ |2 (z,t) Pz (x,t)| Gy (z,t) do .

QNBRr

12



i1) There are R >0, 0 < Cy < 1, Cy > 0 such that when AVd*-v > 0 on 9Q N Bg,
/ |Pz (x,t)|2G)\ (x,t) dx
QNBRr

/ = (e D)2 G (2. 1) da
QNBgr

d 1+ Cp
- < |-
2 (1) < (T_HA+01) Ny () +

Proof .- Apply Lemma 4.5 with ¥ = QN Br and

d* (x, ) n
— 2 —In(T—t+ )\ .
Tty 2nT—t+d

It remains to bound ;& + V- (AVE) + AVE-VE, —2AV?€AV2-Vz and |VE|. First,
one get

f(x7t> - -

d* (z,xg)
Cu, |VEPP < ApVE-VE= ——270
AT| g‘ > AT § f 4(T—t—|—)\)2
Next, V- (ArV¢) = i + A2l and
~ O(d(z,20))
O +V - (ArVE) + ArVE - VE = Z—

imply
0 +V - (AVE) + AVE - VE
= GUler)) 4 7. ((A— Ap) (Ar) " ApVE) + (A — Ar) VE - VE

T—

Old(z,70))
= T TOM)

where in the last equality we used ||A(-,t) — Ar|| < ||0;A| (T — ¢t + A). Finally, we

have
—2AV?*€AVz-Vz = T tH)ATVQdQAVz Vz+ (A— Ap)V2d?AVz - V2
=AVz-Vz (%jLO( )) .

One conclude by choosing R > 0 sufficiently small in order the constant Cj in
Corollary 4.6 satisfies 0 < Cy < 1.

Remark .- When A is time-independent, then C; = 0 in Corollary 4.6.

The following lemma will be used to deal with the delocalized terms.

Lemma 4.7 Let p € (0, R) and 0 < € < p/2. There are constants ¢y, ca,c3 > 0 only
depending on (p,e, A) such that for any T — 0 <t <T, one has

/ lu (z,0))* dz
Q < e%
/ u (x,t)]? da

QNB,

13




where

1 / |u(x,0)|2 dx
1
5= cln ees(1tr) __Jo with 0 < 6 < min (1,7/2) .
/ (2, T da
QOBP72E

The interested reader may wish here to compare this lemma with [EFV, Lemma

5).

4.2 Proof of Theorem 4.1

Let A > 0 and ¢ > 1 be such that (A < T/4. By Corollary 4.4 with y(t) =
/ |z (z, 1) Gy (x,t) dz, N (t) = Ny (t) given in Corollary 4.6,

/QmB |2 (z,t) (Opz (z,t) = V - (A(x,t) Vz (2,1)))| GA (2, t) dx

/ = (e D)2 G (2. 1) da

Fi(t) =

and

/mB |0z (x,t) =V - (A(z,t) Vz (z, 15))|2 G (z,t) d

By (t) =
/mB 2 (@ ) Gy (2, 1) da

knowing that N’ (t) < (2 + C1) N (t)+F (t) from Corollary 4.6, one can deduce

T—t+A )
ClT% and 0 < Oy < 1,
-(3

Y (T — f)\)lJer < y (T) y (T . ZEA)MZ (QE + 1)2CO(I+M[) GD[

the following interpolation inequality with M, < e

that is
—d?(x,20) 1+ M,
</ |z (z, T — E)\)\Qezmmdx)
QNBg
/2 2C0 (14+My) g —d(z,ag) ) M,
< (04 1) (26 + 1)2C0 4/ 1% (z,T)| erx(/ (2, 0)| d$)
Q

T QNBRr
TMZ</ ‘F2|dt+ sup ‘F1|+Cl)
Xe

T—20\ [T—20\,T]

14



From the definition of F7j,

Ixu| | -2AVx - Vu =V - (AVx) u| dx

/ |u|? da
QNBRr_2¢
(R—2¢)2 (R—¢)? c(2R—3¢)

Since el TN e WTH0 = ¢ AT < e~ for ¢ € [T — 2¢\, T) with ¢ > 1,
one has when t € [T — 20\, T

R—2e R—e /
|F1< )| < 64((T th))\)e 4((T tl)\) QN{R—e<d(z,x0)}

Ixu||—2AVx - Vu —V - (AVy) u|dx

/ ul? da
QOBR—QE

sup |Fi(t)] <e” B e i 200 <.

te[T—20\,T)

Fy ()] < e /m{ReSdmo)}

By Lemma 4.7 with p = R — 2¢,

Similarly, from the definition of Fj,

2
(R—2¢)2 R—¢)? /Qﬂ{R5<d(mm)}|_2AVX'VU_V'(AVX)U| dx
|F2< )| < 64(T A e AT—t+X) <d(z,z0

/ lul? da
QOBR—QE

|—2AVx - Vu — V - (AVx) u|* dx

/ ul? dz:
QOBR—QE

T
/ |F2<)|dt<66212” ced if 20\ < 0

T—2¢A

and then, when t € [T'— 2(A, T

‘5(%[_)\35) /S;ﬂ{RESd(:v,:vo)}

B ()] < e”

By Lemma 4.7 with p = R — 2¢,

where ¢ > 1 is a constant only dependent on (A, R,e). We conclude that for any
20\ < )
— 6c1 -
sup |Fy(t)] —i—/ |Fy (t)]dt < 2c¢ .
te[T—6,T) -0

Therefore there is ¢; := 223 ¢ (0,1) such that for any 20\ < ¢,0

6c1

—d2(z,zp) 1+ My
(/ \z(x,T—E)\)|Qe‘1(“mda:)
QNBg M,
—q2 T,z ¢
< CeHCOTM; (99 4 1)200(1+M4)+"/2/ 2 (2, T) P e~ da (/ IU($,0)|2d9€)
Q

- QNBgr

15



which implies

1+ M,
(/ |Z(.’L‘,T . g}\)|2 d.T) < 6(20+01)TM£ (2€+ 1)26‘0(1+Mz)+n/2 6—4(Zi21)>\(1+Ml)
QNBg

—d2(mx M,
/ 2 (2, T) e o da (/ \u<x,o>|2dx) '
QNBg Q

—d? (xx)

Now, we split / |z (z,T)|* e dx into two parts: For any 0 < r < R/2 such
QnB
that B, € 9, :
9 =d(@wq) 2 —r? 2
|z (x, T)|"e™ o dx < lu(x,T)|"de +eax | |u(z,0)|" dx .
QNBRr By Q

Consequently, we have

1+M[
(/ |z(x,T—£)\)|2dx)
QNBgr

M,
< €O (¢ 4 12000 HMI /2 g (100 / lu (w, T)[ de ( / IU(x,O)Ide)
By Q

1+Mg
e(2eHONTMy (97 4 1)2Co(L+Me)4n/2 o TR (M) 552 (/ |u(:p,0)|2d9€) .

Now, choose ¢ > 1 in order that 4(Z1) (1+ M) < 7‘ (knowing that M, < e“'T G JE;))
3

for £ > 1 and Cy < 1). Therefore there is K > 1 such that for any A < 26
, K
/ (2, T — O da < Ken [ Ju(a, )P da </ u (x,0)|2dx)
ONBg-_. B, 0
L 14K
+Kesx </ \u(x,O)\Qd:U) .
0

But by Lemma 4.7 with p = R — 2¢, since (A < 6,

/|u(x,T)|2dxg/|u(a;,0)|2dx§e%/ u (z, T — 0\ da .
(9] Q QQBR—E

As a consequence, for any A < £360 one obtain

LK (1+K)cy r2 2 2 K
</ |u(x,T)|2dx) <e 7 Kes [ |u(z,T)de </ lu (z,0)] dx)
Q BT
(1+K)c1 L+K
+e Kesx / |u (z,0) | dx )

On the other hand, for any S (049, L) one has 1 < esx e4C49 And for any A > L 10

2
there holds 1 < esx e4T . Finally, there is K > 1 such that for any A > 0,

+K
(/ \u(x,T)|2d:c) ge%Keg \u ) da (/ |u (z,0)]? d;z:)
Q
tev KeTesr (/ u (z,0)[ dx)

16
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1+K

in order that

219K
/|u(x,T)|2da:§2Kelg(T lu (2, T))? d;z:) </\u:c0\ dx) :
Q B

Recall that by Lemma 4.7 with p = R — 2¢,

Kco
/ |u (x,0)|* dz
S 603(1+%) Q .

/ lu (z, T)|? dz:
QmBR—45

Finally, we obtain

1

oK R
/ (2, T) dz < K </ \u(x,O)\de) (eéf/ |u(a:,T)|2da:)
QNBR_4¢ Q By

for some positive constant K only depending on (Ar,e, R,r,n). By an adequate
covering of by balls Br_4. where xy and R are chosen such that AVd?-v > 0 on
0€) N Bg and by a propagation of smallness based on the previous estimate, we get
the desired observation inequality at one point in time for parabolic equations.

4.3 Proof of Lemma 4.3

We shall distinguish two cases: t € [ty,ts]; t € [ta,t3]. For t; <t < ty, we integrate
/
((T g\ etCy )) < (T — 1+ N e~ By (1) over (L, 15) to get

I —ty + )\) 1+Co —C (ta—t) /t2
_ e N (ty) — Fy(s)|ds < N (t) .
( T + \ ( 2) . | 2( )| = ( )

Then we solve 3 + 2« (t) y < 0 with

T—ty+ M\ Co t2
)= —""— GO N (1)) - —— —/ Fy|ds — F
a(t) (T—t—i—)\) e (t2) T—t+x . |F>|ds [fflg}‘ 1]

17



and integrate it over (¢y,ts) to obtain

BTty + A\ TP
2N (tg)/ (T—ilf—i——i_)\) 6_01(t2—t)dt
e 1

t2
oer 20t2=t) C1+/ |Fy| ds + sup |F|
8;; (%ﬂi) Ce t [t1,t2] .

| /\

/

For ty < ¢ < t3, we integrate <(T —t 4\ TN (t)) < (T —t+ N F ()
over (tq,t) to get

T —ty+ A\ T ts
N (t Secl(t*m) <72> (N t +/ F5 (s ds) .
(v —= () + [ 1P (o)

2

Then we solve 0 < 3/ + 2 (t) y with

T —ts+ A 1+Co C ts CO
t)=(+—— =) (N (¢t / Bld Fl+C)+7———
o= (Foms) SN [ IRl s |0 +

and integrate it over (o, t3) to obtain

o BT —ty+ A\ T
2<N <t2) + / |F2‘ ds + sup ‘F1| + Cl) / (T_if_i_)\) ecl(tftg)dt
y(ta) <e f2 [t2,ts] ta
T—tyi) ) 20
xy(ts) (F28)

Finally, combining the case t; <t <ty and the case to <t < t3, we have

M 2Co 2Co M
v(t) <y (M5) (Fe)  (Fan)
to t3
2M(t2—t1)/ \Fy| ds 2M(t2—t1)/ B ds
Xe t1 e t2
2M(t2—t1)< sup F1|+C1> 2M(t2—t1)< sup F1|+Cl>
xXe [t1,t2 e [t2,t3
with
/ t+)\ 1+Co dt
tCl
/ —t + )\ 1+Co dt

which is the desired estimate.
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4.4 Proof of Lemma 4.5

The aim of this section is to prove the differential inequalities for parabolic equations
stated in Lemma 4.5. For any 2 € H' (0,T; H} (9)), a weak solution of 9,z — V -
(AVz) = g with g € L* (Q x (0,T)), we apply the following formula

/atzgodx +/AV2 -Vodr = / AVz - vpdr + /ggodx
9 9 a9 9

with different functions ¢: ¢ = ze, p = 0,ze¢ and p = AVz - VEes. Here v is the
unit outward normal vector to Y and £ = & (z,t) is a sufficiently smooth function
which will be chosen later. When ¢ = ze®, we have

1 1
/AVz - Vzetdr = —/ Oz + AVz - VE — —g | zebdx + = /gzegda:
9 9 2 2 Jy

and

2dt/|2|2 5dx—/7928tze§d:p+ /|z| Oéedx
1
AVZ'VZng:L‘—/AVZ-szegdl‘+/g26§de‘+§/|Z|28t€6§d$
9 9

9
jAVZ Vzetdr — 1/AV( ) V§6£d$+/g26£dl‘+%/|Z|28t§6£dl‘
9 9 9

1
AVz - Vzetdr + 3 12|* (8i€ + V - (AVE) + AVE - V) éfdx + / gzesdr .
9 9 9

When ¢ = 0,z¢f, we have
/ |8tz|2 etdx + /AV,Z -0, Vzetdr + / AVz - VEOQzetdx = /g@tzegda:
9 9 0 0

which implies

1d
2dt

AVZ 6tVzegdx+;/AVz Vzo,éetdr
9

/|8 2)? gdx—/AVz Vf@tzegdx+/gatze§dx+ Q/AVZ V20, et dx
9

-]

+/(atz—g)Av,z-vgefdx+/|Av2-vg|265da;+
% [

AVz Vzetdr — —/@AV,Z Vzetdx

1
Oz + AVz - VE — 59| €

1
etdr + = / AV z - V20t da

2
eSdx .

1
59
912
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We compute /(@z — g) AVz - VéeSdr by taking ¢ = AVz - VEeé: One has with
9

standard summation notations and A = (A;;), . i<n

/(atz—g) Av,z-vgeﬁdx+/|Av2-vg|2(afdx
% [

— —/AVZ-V(AVz-vgeﬁ) dx+/ (AVz-v) (AVz - VE) eﬁdx+/|AVz-vg|Qefdx
[V,

oY
= —jAij&,;jz@miAkgﬁwz&xkfegdx - /AV2£AV,Z - Vzetdr
9
— f AV?2AVz - Vet da + / (AVz-v) (AVz - V&) etda .
9 oY

But by one integration by parts

— / AV?2AVz - Vetda
9
1 1
=3 / (AVz-Vz) (AVE - v) éfda + 3 / 0mzAl-j8xjzAM@mizamkfegd:c
9
1 1
+3 /) (AVz2-V2)V - (AVE) efdz + 3 / (AVz - V2) (AVE - €) éfda .
[V, [V

The homogeneous Dirichlet boundary condition on z implies Vz = vd,z on 09.
Therefore, one deduces

2

Ld AVz - Vzetdr :l/atAVz-Vzegdx—/ 8tz+AVz-V§—lg etdx
2dt [y 2 /g 9 2
— / AV2¢AV 2 - Vzetda
J
i
+3 / (AVz-V2) (0,6 + V- (AVE) + AVE - VE) ebda
9

1
_/19Al-jﬁm].z&mAkgﬁmzzﬁmkfegdx—|— 5/198”Al-jﬁxjzAM@mizﬁmkfeidx
2
eSda .

1 1
+= / (AVz-Vz) (AVE - v) éfdx + / =g
2 Joo 912

20



d [, AVz-Vzetdr

Now, we are able to compute —

a [ |2)? eSda

One has

/AVZ Vzetdr
9

/\z|2 gd:L’) —

= —2/AV2§AVz Vzeédx/m ﬁd:c+/ (AVz-Vz) (AVE - v 5dx/\z|

9, o9
—2/ egd:p/|z| etdx
9 9
AVz - Vzetdr (/ AVz - Vzetdr — /gzegd:c)
9 9 9
+/8tAVz~Vzegdx/|z\Qe§d:c
9 9
( Awﬁ 20y, AgeOy, 20, E€ d:c+2/a”AUa 2 A0, z@mlﬁeﬁdw) /|z\ dx
AVZ Vz) (0 + V- (AVE) + AVE - VE) £dyc/|z|
9

—/AVZ - Vzetda </ 12|* (0, + V - (AVE) 4+ AVE - V§) egd:p)
9
gd:zc/|z|

Notice that by Cauchy-Schwarz inequality, the contribution of the fourth and fifth
terms of the above becomes

Oz + AVz - VE — 59

+2 g

12
—/ Oz + AVz-VE— —g egd:p/ |2|? eéda
9 2 9
gzegdx)
2

9
/ Oz + AVz - Vf—lg egd:p/|z|2egdx
9

1 1
—/ Oz + AVz-VE — —g ) zefdx + = /gzegdx
9 2 2 Jy
1 1
—/ Oz + AVz-VE — ég zeSdx — 3 /gzegd:c
)

/ Oz + AVz - vg——g fdx/|z|2 efdx
[V,

2 2
</ (@z + AVz-VE — 1g) zegd:p) — <1 / gzefdx)
9 2 2 Jy

21
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9 9
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Therefore, one conclude that

<

i 9 i)
dt /|z\265d:c /|Z|2€£dl’ /\z|2egda:
9 9 9

lg|” efdx /&AVZ - Vzesdr

+ 9 + 9
/|Z|26§dl‘ /|Z|26§dl‘
9 9
_2/Aijﬁmjz@xiAM@”z@xkgegdx+/8”14”-8%,zAkg&Bizarkfeﬁdx
+ ) 39

/ AVz-Vzebdr -2 / AV €AV 2 - Vzetda / (AVz-Vz) (AVE - v) éfda
+ o9

2| efdx
9

/ AVz -V (€ + V - (AVE) + AVE - VE) édar
+ A
/|Z|26§dl‘
9
/AVz - Vzetdx / 1212 (8:€ + V - (AVE) + AVE - VE) ebda
9 « 9

/|Z‘2€£dl’ /‘Z|2€£dl’
9 9

4.5 Proof of Lemma 4.7

Let 0 < e < p/2and ¢ € C§° (B,) besuch that 0 < ¢ <1,¢ =1on{z;d(z,z9) < p—c}.
We multiply the equation dyu — V - (AVu) = 0 by ¢?ue~d@@0)*/h where h > 0 and
integrate over 2N B,. We get by one integration by parts

1d

2
—— |pu|? e~ @@ /h gy /

QNB,

AVu -V (¢2ue*d<m0>g/h) dr =0 .

But, AVu-V (aﬁ?ue*dQ/h) = [20uAV¢ - Vu + ¢?AVu - Vu + ¢?u (—20¥9) . AVy] e/,
Therefore, by Cauchy-Schwarz inequality, it follows that

14 |pul” e~ @0 gy / P*AV Y - Ve W@w0) /iy
23t Jors, s,
< P2 AV - Ve W0l hgy 4 — / AAV G - Ve uf e d@e0)/h gy
QNB, QNB,

1 Ad? >
+= / — AVd - Vd |pu|® e~ @m0 /hy
Q

2 Jors, M2
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Thus, with the fact that Ay (z) Vd (2, 2¢) - Vd (z,29) = 1, one get for some constant
CA >0
d

— |¢>u| A0 /gy P CA/ |¢U| d(@w0)*/h gy,
dt Jons, h? QnB,

o2
gcAeW/ u (o, 1) da
QNB,

Then we have,

2
/QB u (-, T) P10y < FrCaT—0 / (u (-, ) =0 gy
NBp

QNB,

2 2 T
il ) _(p—=¢) 2
+C yerzCall=t =55 / / |u|” dxds
t JonB,

which gives

2 20)2
/ lu (2, T)de < e CalT=0e 5 / u (z,£) | dar
QOBP725 QﬂBp

T
2 2 2
P —_4) _(p=e)® (p—2¢) 2
+C e Call =257 o5 / / |u|” dzds .
t Jons,

Let T/2 < T —6h <t <T,it yields

(p—2¢)2

2
/ lu(z, T)?de < eCTewCae / u (2, 1)) d
Qme_Qg QOBP

T
2 2 2
p< _(p—2)° (p—2¢) 2
+Cue T e e h / / |u|” dxds .
T—sh JQNB,

1 e(2p—3¢)
CA 2p2

that is 0Cy = %(”76)2;% € (0,1/8] in order that p26C4—(p — €)’+(p — 2¢)* < 0.
Therefore, we get

Choose
5 p—

(p—2)2+(p—2¢)?

/ lu(z, T)|de <e 2h / |u ()| dz
QOBP72E QﬂBp

T
—(p=)2+(p—2¢)2 2
+Cye 2h / / |u|” dzdt
T-sh JonB,

(p—e)2+(p—2¢)2

< e%/ lu (2, 1)) d
anB,
FCO e e /| z,0)[* dz

where in the last line we used dh <max(1,7/2). Now, choose h such that both
dh <max(1,7/2) and

— € 2e 1
(14 Cy) e e /|u (2,0)dz < = / lu (2, )| da .

QOBP 2
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With such choice, one has

1 )24 (p2e)2
O__)/ mugw%mgép)#2)/ lu (2, 1) da
€/ JonB, o QNB,

and moreover,

/ (2, 0) do < 7 / () do
Q QNB,

for any T/2 < T — éh <t <T. Such h exists by choosing
e(2p—3¢)/2

(1+CA)/ lu (,0)|* d
0
1

! / (2, T)|? da
€ QﬂBp_Qg

Clearly, dh < T'/2 and 6h < 1. We conclude that for any 7/2 <T -0 <t <T

h= with K = 66(2/:35) (F+1) )

In| K

2
/Q‘“(x’o)‘ dx 1 cCpde)(pm0)® 1
2 0

< e%a 2p

/ u(z,0)de
QNB,

with
0)? d
1 4p? 2 1) 1 £2(20-3e)2 /|u (z,
EZQT—L—#tﬂ+@Mﬁ%Aw 0
€2 (2p — 3¢) (o D) do

QOBP72E

This completes the proof.

Remark .- When A is time-independent, then C'y = 4max(1, |AV ¢ - V(b!\Loo(Q)).

Appendix

This appendix is devoted to the proof of Proposition 3.2 and of inequality (2.2).
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Trace estimate for f (proof of Proposition 3.2)
Denote (9 x Sd_l)Jr = {(z,v) € 9Q x ST L v -7, > 0}. First, multiplying both

sides of the first line of (1.1) by nf | f|"? and integrating over Q x S~ x (0,T), one
has the following a priori estimate for any n > 2

T 2
/ / v~ﬁx|f\”da:dvdt§e—/ | fol” dzdv .
0 (8Q><Sd*1)+ N Jaxsd-t

Secondly, one uses Holder inequality to get

T
/ / | f|? dedudt
90 xsd-1
_dadvdt dt
/ / Ty / / v - n$|f|pd:pdvdt
O xSd— 1 + U My O xSd— 1

dxd -1
/ #SCP for any p > 2.
(oaxsd-1) ( 2

— . ’U‘ﬁ$)ﬁ p_

But

Hence, as soon as p > 2, one get the desired estimate

p=1 1
Hf”L2<8Q><Sd*1><(O,T)) < CT % e Cy|l foll L2r (axsa-1y

p—1

where C), = (p 1) i <l>2lp and C > 0 only depends on (€2,d).

p—2 p

Backward estimate for diffusion equations (proof of (2.2))

Classical energy identities for our parabolic equation are:

2 J—
2dt/|u‘ d:z:+/ a|Vu\ de =0,

1d [ 1 , ,
—— [ — d dr =0
st | Vel o [z o,
where ¢ (-, 1) € Hj (Q) solves =V - (=V¢ (-, 1)) =u(-,t) in Q. Now, one can easily
1 /\u z,t)|* d
check with y (t) = / |V (z,t))*dr and N (t) =
a da(a) | s Ve w0l ds
da (x)
that .
sV )+ N(H)y(t) =0
N (t) <0.
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By solving such differential inequalities, one obtain

1 2 2T N(0 / 1 2
\Y% dr < o/ - v )| d
/Qda(x)| o (z,0)]"dr <e Qda(x)| o (x,T)|" dx

which implies

2
1017 2 g

5 < Cmaz Aol L 2
lw (T -1y < —€ [l (D) -1 () -
min

One conclude that

lu(-,0)112 4
T L2(9)
o2

[l (-, 0)l 2y < ce @ (T 2o -
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