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LOWER BOUNDS FOR THE DYADIC HILBERT TRANSFORM

PHILIPPE JAMING, ELODIE POZZI, AND BRETT D. WICK

ABsTRACT. In this paper, we seek lower bounds of the dyadic Hilbert transform (Haar shift) of the
form |[ILf|| 2z = C(L, K)|[ fll12(;) where I and K are two dyadic intervals and f supported in 1.
If I C K such bounds exist while in the other cases K C I and K NI = () such bounds are only
available under additional constraints on the derivative of f. In the later case, we establish a bound
of the form [[IILf|| 2z > C(I, K)|(f);| where (f); is the mean of f over /. This sheds new light on
the similar problem for the usual Hilbert transform.

Résumeé Dans cet article, nous établissons des bornes pour la transformée de Hilbert dyadique (Haar
shift) de la forme [[IILf| 2 ) = C(1, K)|[ |l 2(;) oit I et K sont des intervalles dyadiques et f est &
support dans I. Si I C K de telles bornes existent sans condition supplémentaire sur f alors que dans
les cas K C I et KNI = () une telle borne n’existe que si on impose une condition sur la dérivée de f.
Dans le dernier cas nous établissons une borne de la forme [[ILf||,2 ) > C(L, K)|(f);] ot (f); est
la moyenne de f sur I. Ce travail permet ainsi une meilleure compréhension du probléme similaire
pour la transformée de Hilbert sur R.

1. INTRODUCTION

The aim of this paper is to establish lower bounds on the dyadic Hilbert transform (Haar shift) in
the spirit of those that are known for the usual Hilbert transform.

The Hilbert transform is one of the most ubiquitous and important operators in harmonic analysis.
It can can be defined on L?(R) as the Fourier multiplier ﬁ\f(g) = —i sgn(f)f(é) which shows that
H : L?*(R) — L?(R) is a unitary bijection. Alternatively, the Hilbert transform is defined via

Hf(x)= lp.v. )
m RT—Y

While boundedness of this operator is by now rather well understood, obtaining lower bounds for the
truncated Hilbert transform is still an ongoing task. More precisely, we are looking for bounds of the
form ||1xH |l 2r) 2 I fll[2(r) (for some set K C R and f satisfying some additional constraint).
Without additional constraints, such an inequality can of course not hold and a first restriction one
usually imposes is that f is supported in some interval I. Before describing existing literature, let us
first motivate the question.

The most well known application of the Hilbert transform comes from complex analysis. Indeed,
if F'is a reasonably decaying holomorphic function on the upper half-plane, then its boundary value
f satisfies H f = —if. In particular, its real and imaginary parts are connected via Im (f) = HR(f)
and R(f) = —HIm (f). Conversely, if f is a reasonable real valued function, say f € L?(R) with
supp f C I, I some interval, then f := f + iH f is the boundary value of a holomorphic function in

the upper half-plane. The question we are asking is whether the knowledge of Im (f) on some interval

dy.
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>
LK) ™

K determines f stably. In other words, we are looking for an inequality of the form HIm ( f )‘

A,
L2(I)

An other instance of the Hilbert transform is in the inversion formula of the Radon Transform.
Recall from [Na, Chapter II] that the Radon transform of a function f € S(R?) is defined by

Rf(H,s):/ f(x)dz, 6eSlsecR
(z,0)=s

while the inversion formula reads
1
f@) = 5= [ HIORI0.9]0,(2.6)) do(6)
7y St

where the Hilbert transform acts in the s-variable. In practice, Rf(6,s) can only be measured for s
in a given interval K which may differ from the relevant interval for f. This is a second (and main)
motivation for establishing lower bounds on the Hilbert transform which should lead to estimates of
stable invertibility of the restricted view Radon transform. The introduction of [CNDK] provides nice
insight on this issue.

It turns out that the relative position of the intervals I and K plays a central role here and we
distinguish four cases:

e Covering. When K D I the inversion is stable and an explicit inversion formula is known [Tr]|.

e Interior problem. When K C I, stable reconstruction is no longer possible. This case, known
as the interior problem in tomography has been extensively studied (see e.g. [CNDK, Ka2,
KKW, KCND, YYW]).

e Gap. When I N K = (), the singular value decomposition of the underlying operator has
been given in [Kal| and this case was further studied by Alaifari, Pierce, and Steinerberger
in [APS]. It turns out that oscillations of f imply instabilities of the problem. The main
result of [APS] is that there exists constants ¢, co depending only on I, K such that, for every
feHY ),

! 2
IH fll L2(x) = c1exp _cl||f\|7L(1) 1l 2y
12 )
Moreover, the authors conjecture that || f'[|;2(;) may be replaced by |[f'[| 1)
e Overlap. When INK # () and I N(R\ K) # 0, a pointwise stability estimate has been
shown in [DNCK] while the spectral properties of the underlying operator are the subject of
[AK, ADK].

Most proofs go through spectral theory. More precisely, the strategy of proof is the same as for the
similar problem for the Fourier transform. Recall that in their seminal work on time-band limiting,
Landau, Pollak, Slepian found a differential operator that commutes with the “time-band” limiting
operator (see [Sl] for an overview of the theory and further references). The spectral properties of
this differential operator are relatively easy to study and the spectral properties of the “time-band”
limiting operator then follow. The counter-part of this strategy is that it relies on a “happy accident”
(as termed by Slepian) that does not shed light on the geometric/analytic features at play in the
Hilbert transform. Therefore, no hint towards lower bounds for more general Calderon-Zygmund
operators, nor towards the conjecture in [APS] is obtained through that approach.
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Our aim here is precisely to shed new light on lower bounds for the truncated Hilbert transform.
To do so, we follow the current paradigm in harmonic analysis by replacing the Hilbert transform by
its dyadic version (Haar shift) which serves at first as a toy model. We then study the gap, covering
and interior problems for the Haar shift.

To be more precise, let D be the set of dyadic intervals. To a dyadic interval I, we associate the
Haar function iy = |I|~Y/2(1;, — 1;_) where I are the sons of I and |I| its the length. The dyadic
Hilbert transform (Haar shift) is defined by

ULf =Y (f hr)hy

1eD

where IITh = 2*1/2(h1+ —hr_) (see the beginning of the next section for more details). One can define
a similar transform for generalized dyadic intervals obtained by dilating and properly translating D.
It turns out that the usual Hilbert transform is the average over a suitable family of generalized
dyadic intervals of the corresponding Haar shifts, see [Pet2, Petl, Hy|. This approach has been very
successful for upper bounds but it seems much less adapted to lower bounds; though we point to two
cases in [NV, NRVV] where lower estimates for the martingale transforms are obtained and provide
related lower estimates for the Hilbert transform.

Nevertheless, the Haar shift shares many common features with the continuous Hilbert transform,
and this is why we here establish lower bounds for this transform. We hope those lower bounds
give some insight on the problem of establishing lower bounds for the truncated Hilbert transform.
However, our results depend heavily on the particular structure of the Haar shift we consider. It
would be interesting and probably challenging to extend our computations to general shifts and in
particular to Haar multipliers of fixed sign pattern. Since we are dealing with a very particular Haar
shift we are able to obtain precise formulas and estimates by direct computations, see e.g. equation
(3.3) below. It would be interesting to establish similar formulas for general dyadic shifts as defined
in [Hy2|.

The main result we obtain is the following:

Theorem. Let I, K be two dyadic intervals. Then

1
(1) Covering. If I C K then || 1xIIf|, > §||fH2 for every f € L?(R) with supp f C I.

(2) Gap. If IN K = (), then no estimate of the form ||1ILf||, > || ||, holds for every f € L*(R)
with supp f C I. But
—either I ¢ 2M~1 2M] and K C [0,2~2] for some integer M, then 111 f = 0 for every
f € L?(R) with supp f C I
— or for every 0 < n < 1, there exists C = C(I,K,n) such that ||1xILLf|, > C|f|, for
every f € L*(R) of the form f = fol; with fo € WY2(R) and ||| follz2(ry < 270l foll 21y
(3) Interior problem. If K C I, then no estimate of the form ||[1xIIf|, 2 || fl|, holds for every
f € L*(R) with supp f C I. But |11 f|, > |1k f|, for every f € L*(R) with supp f C I.

Note that the fact that we assume that both I, K are dyadic implies that the overlapping case does
not occur here. In the Gap case, we actually show that 1xIIIf = C(I, K) / f(z)dx. Therefore, if

I
f has zero mean, then its Haar shift is zero outside its support. This is a major difference with the
Hilbert transform which only has extra decay in that case. As a consequence, one can not recover
functions with zero-mean from their Haar shift outside the support. To avoid this situation, one may



4 PHILIPPE JAMING, ELODIE POZZI, AND BRETT D. WICK

use the Poincaré-Wirtinger inequality to control the mean of f by its L?-norm when f has small
derivative.

In Section 2 we collect basic facts and notation and Sections 3, 4, and 5 are then devoted each to
one of the cases that arise in our main theorem.

2. NOTATIONS AND COMPUTATIONS OF INTEREST

In this paper, all functions will be in L?(R). We write

1fllz2 = </ If(:v)|2dfﬂ>1/2 (L9 Z/Rf(sv)g(:v)dfC

For I an interval of finite length |I| and f € L? (R we write

o= fpoae
for the mean of f over I.

Let D denote the collection of dyadic intervals on R, namely the intervals of the form D =
{[2k¢,2%(¢ + 1)) : k,£ € Z}. For I = [2¥¢,2%(¢ + 1)), we denote the children of I by I_ = [2~¢,2F(¢ +
1/2)) = [2"7126,2571(20+1)) € D and Iy = [25(€+1/2),28(0+1)) = [271(20+1),28 (20 +2)) € D.
The parent of I, denoted I, is the unique interval in D such that I = I ; <(r) With e(I) € {£1}.

We will frequently use the following computations: If £ € D, then

1 1 — 1
2.1 = 9=k _ —
@1 2 Tt T

LED,LOL
while for L C K € D
1 1 |L]
(2.2) Yo == <1 )
repeerex L LA IK]
These results follows from the fact that for every k > 1 there is a unique L D £ with |L| = 2¥|£].
For I € D, we denote by h; the corresponding Haar function,
—1; +1;,
VI
Note that, if K € D is such that K C Iy then h; is constant on K. Then, denoting by ¢(K) the
center of K, hi(K) = hi(c(K)) = E(I—\/‘%) where (I, K) € {£1}. Also, h; has mean zero so that
(17,hr) 2 = 0 and, more generally, if I C J, (17,hr);2 = 0.
Recall that {h; : I € D} is an orthonormal basis of L2(R). In particular, if f € L?(R) and I € D,

we write f(I) = (/, hr) ;2 so that
F=> F)hs

1€D

=>_ f(g(d).

1eD

hy =

and, for f,g € L*(R),
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Further, when f € L?(R) is supported on an interval I € D, then it is simpler to write

(2.3) F=Orir+ > f(Dhy
JCI
from which it follows that
L2
(2.4) 1A = (30 + 3 |F)
Jc1
since 17 and hj are orthogonal when J C I. On the other hand
(2.5) 1 =Y (A hp)pphn =Y (g h)phy =11 hr(I)hy,
LeD L1 LI

since (17,hr) 2 = /hL(x) dz =0 when L C I.

I

Let IIT denote the dyadic Hilbert transform (the Haar shift) which is the bounded linear operator

on L?(R) defined by
hr, —h
Mlh; = ==
V2

Note that IIIh; is supported on I. It is easily seen that (IIThr,IIlh ) 2 = &7 s so that IIT is a unitary
transform.

We will now make a few simple observations.

(1) If K is any dyadic interval than the function 1xIIhy, is supported on K N L. In particular,
if L C K, 1 0hy, = Ihy,.

- K, L
(2) If L 2 K, then the function 1xIIlh;, = e(K, L)

VIL|
1x Ay, = Whr(K)1g where again A (K) = IHhL(c(K)).
Indeed, K = I?s(K) C L thus I?E(K) C L4 but then

1x where e(K,L) € {£1}. We will write

hr hr,(K)
1gllh, = +1— = +—2—~1
K L K \/5 \/5 K
which is of the desired form. K\
(3) If L = K, then K = L_() and 1gIIhy, = al \/)5 K
When f € L?(R) is supported in I € D, from the decomposition (2.3), we obtain
(2:6) 1HIf = (f); LT + ) f()1xIIThy.
JCI

On the other hand, from the decomposition (2.5), we have that for any I, K € D:
Il = 1] hp(1)Ihy,

LI

thus

(2.7) 101y = |11 hp(I) 1Ty,
LI

We can now prove the following
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Lemma 2.1. For I € D, 171111 = \/mh].
Proof. Let K = IL. We want to prove that
1, 101 = +1;,.
From (2.7), we deduce that

LIy = (1] | > hp (1) (K) | 1.
LI

since L D K for any I C L. Observe that the sign of iz (I)IIThy(K), I C L, only depends on the

—1
position of K regarding I or I . Indeed, if we have K = I_ and I C L_ then hy (I)IlIlh(K) = 7]

with hy(I) = _]L\ = —IIh(K) since K = I_ C (L_)_. On the other hand, if K =1_and I C L

then hL(I)HIhL(K) =

‘ —

-1 1
— with hp(I) = —— = —HIhy(K) since K C I_ C (Ly)—. Similar

L] VIL|

arguments lead to hr(I)IIAL(K) = i when K =1, and I C L_ and when K =1, and I C L.

Thus, we obtain

1
101, = e(K,I)|I| Zm 1k
=)
=1
= e(K,I) | Zk— 1k
2811
Lk=1
= €(K,I)1K
as announced. O

Our aim is to obtain lower bounds of ||1xIIf||, when f € L?(R) is supported in I € D. This
requires an understanding of 1xII11; in the three cases K C I, I C K and K N1 = ().

3. FIRST CcASE: I C K

This is the “easy” and most favorable case:

Theorem 3.1. Let [ C K € D. Then, for every f € L*(R) supported in I,
3 1]
2 2
s > (1= o) 1A
Proof. According to (2.7) we have

(3.1) 1llf = (f); 1kl + ) f(J) 1Ty
JCI

= (f) gl + > f(J)IMAy.
JCI
Indeed, notice that in (3.1), J C I C K so that IITh; is supported in J C K and 1x11h; = IIh;.
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Now we further have that:

1xIIf|[7. = (LgILf, 1IIf),.

= <(f>1 1Ty 4+ f()Ihy, (f) 1T+ f(J)IUhJ>
L2

JcIl JcIl

P AL + <m (z fww) m (z f<J>hJ)>
JCI JcIl L2

(3.2) +2(f); Y (UL, Mhy) 2 f ().

JCI

But, as III is unitary, (II1;,Ihy) ;> = (17,hy);2 = 0 since J C I. Further, using again that III is
unitary and that the {h;}’s are orthonormal,

(o) m{gpon),

Therefore (3.2) reduces to

JcI JcI

= > _IfP

JCI

<Z Fhy Y f(J)hJ>
L2

LTI f][72 = ()7 11T ][72 + > |f ()]
JCI

As 1L |2, < UL |22 = |1, we get

) [|1gI1_1|2, |15 11|25
(3.3) IS > L2 [ (1) ]+ Z f(J 7L”f”L2

1] 2 1

It remains to estimate ||1xIT1||3, from below. Recall form (2.7) that

’—}’1K1U1I = > h(M1gIlhy, = [ Y+ >+ Y | hp(D)1gIIhy

L21 IDK L=k KDL2I
e(K)h (I
(3.4) = | D ho(DIIh(K) 1K+%fw+ > hp (I,
DK 2 KOLDI

with the three observations made on 1 IITh;,. Now notice that the three terms in (3.4) are orthogonal.
Indeed, if L C K then hx and Ilhp are supported in K and have mean 0. Therefore, they are
orthogonal to 1x. Further, V2I1h; = hp, —hr_ and Ly C K thus hr, is orthogonal to hg.
Moreover,

1

1
V2K 2VIK

e(K)h (1) '
V2
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and, as Il is unitary, the II1Ah}’s are orthonormal. Therefore
2

[EFRuis N 1]
TL = |[I||K]| ZhL YAy (K) +m+|f| Z | (D)
L2K KDL2I
s 1
> 1K +I> 7k
KDL2I
Now this last quantity is = =1 3 | hen K = I and (2.2) shows that it is 1 3 || hen K D I,
A —=1l-—-—w = W - W
duanbity 15 o 1|K]| 41K|
which completes the proof. U

4. SECOND CASE: INK =)
Suppose that K,I € D are such that K NI = (). First observe that

1IIf = <f>I 11017 + Z f(J)lKH_IhJ
JCI
= (f); 11y
with the last equality following since I11h; is supported on J C I and that INK = () andso JNK =0
as well. Thus, we have that

1151111 ]|7
11 TILF|[7 - —TL( rLE

Remark. From this, it is obvious that a lower bound of the form ||1xIIIf||2, > C'||f[|3> = (f)3 1] +

L2
YoJct ‘ f )‘ cannot hold without further assumptions on f. For instance, if f has mean 0 then
1 I f = 0. One may also restrict attention to non-negative functions in which case the mean would

not be zero. However, Z ‘f([
JCI

still not obtain a bound of the form HlKIHfH%Q >C HfH%Q

One way to overcome this is to ask for a restriction on the oscillations of f. For example, when
f is in the Sobolev space W12(I) and f’ its derivative. We extend both f and f’ by 0 outside the
interval I (so that f’ needs not be the distributional derivative of f over R). Alternatively, f' may
be defined as the derivative of the Fourier series of f and extended by 0 outside I, see below. By
Poincaré-Wirtinger (see e.g. [Da, Chap 4] or [ABM, Chap 5]) we have that:

2
)| may still be arbitrarily large compared to (f)7|I| so that we would

@) 17 = (P ilary < S o
Now, suppose that the norm of the derivative is controlled relatlve to the norm of the function:
12) sy < T, o<y <,
then we will have that:
Iflzey < IF = () Lol + 12 ()]
< lfllaq + 12 1),
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which upon rearrangement will give

ICHT = @ =) I

In other words, function satisfying (4.1) are small zero-mean perturbations of constants. For instance,
with I = [0,1], let (ax)rez\ oy be a sequence such that o? := 2 k40 k%|ax|? < +oo, and ag = 7 We
may then define f(t) = ., are?® ™ on [0, 1] where the series converges uniformly and extend f by
0 outside [0,1]. On [0,1] the weak derivative of f is given by f/(t) = Y, 2ikma,e**™ where the
sum of the series is taken in the L?([0, 1]) sense (and needs not be extended outside [0, 1]). It follows
that f satisfies (4.2).

One can replace the Poincaré-Wirtinger inequality by versions where one tests the LP norm of the
derivative and the L? norm of the function. For such inequalities, we refer to [ABM, Chap 5.

. 151001 . . .
We now turn to computing a lower bound of w First, 111 is supported in I so that

11101 = 0 if K € R* and I ¢ RT. We will therefore assume that I, K C RT, the case I, K C R™
then follows from the fact that III is “odd”, thus 1I1; = —1_ g II11_;.

Let K A I denote the minimal dyadic interval that contains both K and I. Note that I, K # K A,
so that I and K belong to different dyadic children of K A I; for example if I C (K A I); then
K C (K AI)_ and a similar statement holdis when replacing the appropriate + and —. Let us now
split the identity (2.7) into three parts

151001
St = S (D ny,
] Y,

= Z + Z + Z hL(I)lKIHhL

LOKA  L=KAI KAIDLDI

(4.3) = Z hL(I)H_IhL(K) ].K—|—hK/\[(I)1K]_HhK/\[—|— Z hL(I)lKH_IhL
| LOKAI KAIDLDI

since we have that 1 I11h;, takes a constant value as described above when L 2 K A I and evaluating
the sums over the regions in question.

Let us now notice that LN K = () when I C L C K A I. Indeed, suppose this were not the case.
It is not possible that L C K since I C L C K, which contradicts that I N K = (). Thus we have
that I, K C L and hence K A I C L, contradicting that L C K A I, and so LN K = () as claimed. It
follows that the third term in (4.3) vanishes so that

110101
~m = Z h ()W, (K) | 1+ haear (1)1 hscnr
_LDK/\I
hicar(I)h "
> hp(DIIhy(K) 1K+€(K)M fKAT=K
_ | LOKAT ] V2
Z hL H_IhL ) 1x ifK/\I;I?
LLDKAI J
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which follows from the properties of 1 II1h; given above.
Thus, we have that:

( 2
1] : ~
—_ II[K[| > hp (DA (K) K AT if KNI =K
g1 gf[72 L2KAI
1] B 2
I [K[| > hp(DIIh(K) if KATDK.
LDOKAI

Remark. At this stage, we can observe that, when K A I C
15T 72 <1
1| =1

Indeed, we have that

1151111 ]|7 -
1]

IN

ITNEL D b (D] [T (K))
LOKAI
2

1 1
— 11K BT
EK: NV
2
-kl Y &
]

LOKANI

K]
|K AIP?
Here the last inequality follows since I, K C K A I, so ]I] K< SIK A

M
2\[(/\[]
[ETRIIVI

7] =%

~ 1
If K A1 = K, there is an extra term and we get - from which we deduce that

Note that, if K A I = I?, then we write K = K_ U Ky so that Ky Al = K and 1011 =
1x 11y + 1x, 11} is an orthogonal decomposition.

To give an estimation of {ZLDKM hy(I)Ihy, (K){2 when K AT D K, we use the following lemma.

Lemma 4.1. Let L) = £:= K AT and for k> 1, L*) = L=V Let £(K) be equal to 1 if K C L
and —1 if K C L_. Then, we have

7 K C (L)
: L ifK c(Ly)-
. _
(i) he(I)HIhe(K) L oyKC(L),
7 K C (L)
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(i) heon (DA (K) = 35

_1 j E(k_Q) — E(kfl)
(ili) and for k > 2, hpu (D) w (K) = {leﬁ ! +

1 o p(k—2) _ plk=1)
_W ’Lf»c( 2)—,67 .

Proof. Tt is enough to deal with the case K C L4 (i.e. ¢(K) = 1). Since IN K = () and by the

efinition of £, we have I C £L_ and hp = —=. Now, there are only two cases to consider for K:
defi fL have I C L d he(1 \/\%I N h 1 der for K
either K C (£4)4 and IIh(K) = ﬁ or K C (£4)- and IIhy(K) = ﬁ It follows that
— K cC(L
hE(I)HIhE(K) _ 1\E| ' ( +)+
Suppose first that £ = EE:). Then, we have I C L = ESE) and K C L, = (ﬁg}))_l’_ which implies that
. . 1
by (DU (K) = ozt with o () = kg (K) = \/w1<—1>| On the other hand, if £ = £V
then we have I C L = L7 an C Ly = (L27)4. We still obtain that h,q) 1) = =
h have I C £ = £ and K € £ = (£0)1. We still obtain that o) (1)) (K) =

VO
Let us prove property (iii) for k > 2. Suppose first that L£k=2) = Effl). When £*-1 = ng), we
have that I ¢ £*=1) = ng) and K C ngfl) = (ng))Jr which implies that A ) (1) 1A k) (K) = u:(—lk)\

with b (1) = Whg (K) = —rbss. And, when £679 = L™ we have that I ¢ £&=D = £*) and
K C Effl) = (»C(_k))Jr which implies that h @) (1)Ihw (K) = ﬁ with hp (1) = Mhpm) (K) =

\/ﬁ. One can easily deduce the case L2 = £% Y which leads to by (I A iy (K) = ﬁ
O

Let us now prove the first sub-case.

Lemma 4.2. We suppose that K, I C Ry, KNI =0. Let L= K A I and assume that £ = [0,2")
for some N € Z.

(1) Assume that I C Ly while K C L_. Then

1510012
(a) If K C L__ then 151111 = 0 thus % =0;
2
_ 21 1M1= []|K]
(b) If K C L_4 then 111 = iz 1x thus 7] =4 ToEh
1001))% |I||K
2) Assume that I C L_ while K C Li+. Then 1K|||11:iﬂ1;{thus 1 7 _ K]
* ]

N

Proof. Now let again £*) be defined by £ = £ and £*+) = E/(\k) Note that, as £ = [0,2N0),
L0 = £ED A K = Ly # L, we want to estimate

1
leLHlI = (Z hL(I)LHhL(K)> L= | Y hpw (DA (K) | 1k.
LoL k>0



12 PHILIPPE JAMING, ELODIE POZZI, AND BRETT D. WICK

Assume first that K € £__ and I C £, . Then, according to the previous lemma,
-1

1 .
hﬁ(o)(I)LHhL(o) (K) = — Whlle hﬁ(k)(I)LHhL(k) (K) = W

£]
for k > 1. The result follows immediately.
Assume now that K C (£_)y and I C £ . Then, according to the previous lemma again,
-1
h HIIIh K)=——
£ (DA gy (K) L]

for k£ > 0. The result again follows immediately.
Let us now assume that K C (£4)+ and I C £_. Then, according to the previous lemma,

+1
o (D)) (K) = izl
while
-1
h DIIIh K)=—+ d h DIIIh K)=—— k>2
o (DA o) (K) oz 2o (DA @) (K) L] >
and the result again follows immediately. O

Now if I C D, there exists My such that I C [0,2M°] but I ¢ [0,2M0~1]. In the case I = [0,2M0],
the previous lemma determines I111; on I¢. Otherwise I C [2M0~! 2M0] and the previous lemma
determines H1; on [0,2M0~1] and on [2M°, +00).

It remains to consider the case K, I such that KNI = () and K,I C [2M0*1, 2M0]. We keep the

—

same notation: £ = K A I for the first common ancestor of K and I, £(©) = £ and £#) = £*=1) for
k > 1. We further write £* = [0,2M°] the first common ancestor of K, I of the form [0,2"] so that
K AT C L% Let k* be defined by £* = L*7). Tt follows that 2Mo = |£*| = 2¥"|£| = 2¥"|K A I|. Now
1
leHllj = 1x Y hy(DIIhg(K)
LoL

= 1 | > h(DIhy(K)+ > hy(DIIhL(K)
LOoL* LCLCL*
= 1x Y h(D)hy(K).
LCLCL*
Indeed, if L = £+ = L&+ then £* -1 L'S{m so that, according to Lemma 4.1,

1

On the other hand, if L = £® for k > k* + 2, £F=2 c £%Y g6 that

1

hi(I)Ihy (K) = R

Therefore, Y hy(I)IIhL(K) = 0.
LOL*
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We now distinguish 2 cases. First assume that £ = £%. Then

1

1]

Applying Lemma 4.1 we get

—ﬁlK ifICcL K C(Ly)y
i1 — ﬁh( ifIcL ,Kc(Ly)
i —gil HIC Ly, K C (Lo

ﬁh( ifIcL ,Kc(L.)_

13

101y = 1g (hey (DWhgs (K) + hes (DT (K))

Let us now assume that £ C £%. Then each L with £L C L C L* is of the form L = £W with

0 < k < k* and for each such k, there is an e = +1 such that hy (I)Ihr (K

*

Z akg
2| L]
k=0

1k

so that

2 2
LM [7e (AT K]
1] T\ 2Mo L2
We can now summarize the results of this section:

IS
1L

k=1

505k>

k*
15 _k 1K|K/\I|
> — | 1- 2 = —
- |ﬁ|< ,; > L] 2Mo

) = 2k|£| But then

Theorem 4.3. Letn > 0. Let I, K € D be such that I C R™ and let My be the smallest integer such

that I C [0,2M0]. Let fo € WY2(I) be such that I1foll 2y < 2mnll foll 2

of fo by 0. Then
(i) If K C R_ then 1xIIIf = 0.
(ii) If K C [2Motk oMotk+1] ¢pep
I||K
et > (1= )
(iii) If I C [2Mo=1 2Mo] then
(a) If K C [0,2M0=2] then 1xIILf = 0;
(b) If K C [2Mo=2 2Mo=1] then
I||K
s > (1= ) S
(c) K c [2Mo=1 9Mo) qnd KNI =0 then

|| KK A TP

2 2
1k IIf[|72 > (1 — 77)224—MOHfHL2

and let f be the extension

In all of the above cases, no estimate of the form |1 IILf||3, > C||f||32 can hold for all functions

f € L? with support in I.
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5. THIRD CASE: K C I

For K C I, we write write e(K,I) = +1if K C I and e(K,I) = —1 if K C I_. According to
Lemma 2.1, 1x1111; = (K, I)1k, in particular, ||[1xII1;]3, = |K]|.
From equation (2.6) and Lemma 2.1 we get that

100f = <f>]1KU_11]+ Z f(J)lKIlIhJ—FZ]?(J)lKIHhJ

KcJcl JCK
(5.1) = [(He®E D+ > F(J)Ihy(K) Ef R)hg + > F(J)IIhy.
Rcucr JCK

Let us denote by B the subspace Span {IIlh;,J C K} and Pg the orthogonal projection onto 5.
Observe that for J C K, (1gIIf, I1hy) = (11 f, IIIhy) = f(J). Therefore

(5.2) Pg(1xMIf) = Y (AgILf, ITh)IThy = Y f(J)IMIh,.
JCK JCK
Moreover, the h;’s being orthonormal and III being unitary,
(5.3) 1Ps(LIIf)72 = > (T
JCK
On the other hand, from (5.1) and (5.2), it follows that

(1= Po)(1ettty) = (et D)+ 30 Fmng (50| 1+ S R
KcJcr
But hx and 1x are orthogonal so that
2 ~ o~ 12
. (K)
G4) - P = (e D+ S FnSED |+‘ }

We can now prove the following:
Theorem 5.1. Let I, K € D be such that K C I. Then, for every f € L*(R
2 ~ o~ |2
2 _ J) ‘ ‘ Y
(55)  Ilfg = [(DeE D+ Y FU ﬂ K|+ ==+ Y |F)
Kcacr JCK

\_/
g
<
>
wn
=
5]
T
~
N
~

In particular,

: 1
(i) for every f € L*(R), [[LxILLf|7> > [I1x fII7> and |1ILf|[7. > §||1f<f\|%2-

(ii) If I D K, there exists no constant C = C(K, I) such that, for every f € L2(R) with supp f C
L 1] 2 = Clf 2

Proof. As |1xIILf|3, = ||Ps(1iIILf)||32 + ||(I — Ps)(1xIILf)||32, (5.5) is a direct combination of
(5.3) and (5.4). The inequalities (i) are direct consequences of (5.5).
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K, I
For the last part of the proposition, let f = —%11 + hr. Then f € L?*(R) is supported in
~ K, I
I'and f(J) =67 it J C I and (f)r = —L\/”T’). Further (5.5) shows that ||[1xIIf||;2 = 0 while
1£le = v2. O
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