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CLASSIFICATION OF RANDOM TIMES AND APPLICATIONS

ANNA AKSAMIT, TAHIR CHOULLI AND MONIQUE JEANBLANC

ABSTRACT. The paper gathers together ideas related to thin random time, i.e., random
time whose graph is contained in a thin set. The concept naturally completes the studies of
random times and progressive enlargement of filtrations. We develop classification and (x)-
decomposition of random times, which is analogous to the decomposition of a stopping time
into totally inaccessible and accessible parts, and we show applications to the hypothesis

(H'), honest times and informational drift via entropy.

1. INTRODUCTION

The paper develops ideas related to thin random times. The concept naturally fits and
completes the studies of random times and progressive enlargement of filtrations. A random
time defined on a filtered probability space (£2,G,F,P) is simply a random variable with
values in [0, oo]. In the literature of enlargement of filtration, it is common to assume that a
given random time 7 avoids all F-stopping times, i.e., P(7 = T < o0) = 0 for any F-stopping
time T'. Here, we take a closer look at this condition and make it a starting point to define
two classes of random times. We come up with strict random times which basically satisfy
avoidance condition and thin random times which satisfy counter property, i.e., they are
fully built of F-stopping times. The notion of thin random time was mentioned, but not
developed, for the first time in Dellacherie and Meyer [10] under the name variable aléatoire
arlequine referring to the costume of the Harlequin which is made of patches of different
colors.

We begin, in Section 2, with defining and studying (x)-decomposition of a random time
into strict and thin parts. The (x)-decomposition is congruent with the decomposition of a
stopping time into totally inaccessible and accessible parts. Our study strongly relies on the
notion of dual optional projection, we make use of other processes linked to general theory
of stochastic processes, in particular, to enlargement of filtration theory. The main result,
stated in Theorem 2.4, says that any random time can be (x)-decomposed and gives strict

and thin random time characterisations in terms of its dual optional projection.
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In Section 3 we relate to progressive enlargement of filtration and the hypothesis (H’).

For a random time 7, F” is the filtration ' progressively enlarged with 7, i.e.,

(1.1) F] = ﬂ (FsVo(rAs)) forany t.
s>t

The hypothesis (H') holds for (F,F7) if any F-martingale is an F™-semimartingale. The main
result here is Theorem 3.1 where we establish the hypothesis (#') for thin random times.
It extends previous results by Jeulin [17] which deal with countably valued random times.
Instead of countably many real values we chose countably many F-stopping times which
are already captured in reference filtration F. We may see Theorem 3.1 as an alternative
direction of development of the result by Jacod (see [17, Theorem 3,2] and [21]) on the
hypothesis (#') in initial enlargement with atomic o-field to the direction based on density
hypothesis in progressive setting (initial times from [15]).

Honest times are important and a well studied class of random times; roughly speaking
they are last passage times and we refer to them in Section 4. Adopting the notion of
jumping filtration from Jacod and Skorokhod [14] we show in Theorem 4.8 that such a
filtration can only support honest times which are thin. That includes compound Poisson
process filtration. In [14] the link between jumping filtration and finite variation martingales
is established; problems related to purely discontinuous martingale filtrations are treated in
Hannig [12]. In Section 4 we also exploit two examples of thin honest times: last passage
time at a barrier a of a Compound Poisson process and an example based on Brownian
motion local time approximation. Some auxiliary results on honest times are collected in
Appendix B.

The additional information carried by enlarged filtration and its measurement was stud-
ied by several authors. Already in Meyer [21] and Yor [25], the question on stability of
martingale spaces with respect to initial enlargement with atomic o-field was asked. From
more recent studies, generalizing and applying previous results in different contexts, we refer
the reader to [3, 4, 5, 6]. Here we define the entropy of a thin random time by (5.2) and we
prove in Theorem 5.2 that its finiteness is enough for stability of some martingale spaces in
progressive setting. Theorem 5.2 reveals that the notion of the entropy of thin random time
is a correct one and is an answer to the question asked in [21] about additional knowledge
associated with a partition and disclosed in progressive manner:

Un probleme voisin, mais plus intéressant peut-étre, consiste a mesurer le bouleversement
produit, sur un systéme probabiliste, non pas en forcant des connaissances a ['instant 0,
mais en les forcant progressivement dans le systéme.

In Section 6 we collect in Theorems 6.2 and 6.3 the results concerning the hypothesis (')
and entropy for more general progressive enlargement of filtration. In contrary to previous
results, adding several members of a partition at the same time is allowed in this case.

IFor the reader’s convenience we provide an English translation:
A similar problem, but perhaps of more interest, consists in measuring the resulting perturbation, in a
probabilistic system, not by requiring knowledge at the instant 0, but by adding them progressively to the

system.



CLASSIFICATION OF RANDOM TIMES AND APPLICATIONS 3

For any cadlag process X we will denote by X _ the left-continuous version of X, by AX
the jump of X and by X, the limit lim, ,, X; if it exists. The process X is said to be
increasing if for almost all w it satisfies X;(w) > X, (w) for all t > s. The random variable

is said to be positive if it has values in [0, 00).

2. THE (%)-DECOMPOSITION

Let (2,G,F,P) be a filtered probability space, where F := (F;);>o denotes a filtration
satisfying the usual conditions, and such that F,, C G. Consider a random time 7, i.e.,
a random variable with values in [0,00]. Note that a random time 7 is not necessarily
Foo-measurable. For a random time 7 we denote by [7] its graph.

The following definition contains the leading idea of the paper. It discriminates two classes

of random times using a criterion based on F-stopping times.

Definition 2.1. A random time 7 is called

(a) a strict random time if [T] N [T] = 0 for any F-stopping time T, i.e., if it avoids all
F-stopping times.

(b) a thin random time if its graph [7] is contained in a thin set, i.e., if there exists a
sequence of F-stopping times (T,)22, with disjoint graphs such that [7] C U, [T.]. We say
that such a sequence (T,), exhausts the thin random time 7 or that (T,,), is an exhausting
sequence of the thin random time T.

Note that a thin random time 7 is built of F-stopping times, i.e., 7 = ocollg, + >, T 1c,
where (T,), is an exhausting sequence for 7, and

(2.1) Co:={r=00} and C,:={r=1T,<o0} for n>1
We denote by 2" the cadlag F-martingale with terminal value P(C,,|F.,), namely
(2.2) 2 = P(C,|F).

Let us also remark that an exhausting sequence (7},),, of a thin random time is not unique.
The straightforward observation that the two classes of random times have trivial inter-
section is stated in the following lemma.

Lemma 2.2. A random time T belongs to the class of strict random times and to the class
of thin random times if and only if T = oo.

The main concept of this section, the (x)-decomposition, is presented in the next defi-
nition. It is followed by the result stating the existence of such a decomposition for any

random time and some equivalent characterisations of two classes of random times.

Definition 2.3. Consider a random time 7. A pair of random times (11,7) is called a

(x)-decomposition of T if 71 is a strict random time, To is a thin random time, and

T=T1 N\Ty 71V Ty = 0.
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Before presenting Theorem 2.4 let us recall, following [17], some useful processes associated
with 7. For the process A := I, o[, we denote by AP its F-dual predictable projection and
by A° its F-dual optional projection (see Appendix A). By the abuse of language, A° is
also called the dual optional projection of the random time 7. We also define two F-
supermartingales Z and 7 as optional projections of process 1 — A_ and 1 — A respectively,

ie.,
Zt = []1[[0,7.]]:|

Since the dual optional projection A° will play a crucial role in the paper, we recall two

P(r > t|F) and Z,:= ° [nw]t = P(r > t|F,).

t pu—
equalities where it appears:

(2.3) A’=m—Z7 and AA°=7-7,
where m is a BMO F-martingale. Furthermore, Z=27_+Am.

Theorem 2.4. (a) Any random time T has a (x)-decomposition (11, Ty) which is unique on
the set {T < oco}.

(b) A random time is a strict random time if and only if its dual optional projection is a
continuous process.

(c) A random time is a thin random time if and only if its dual optional projection is a pure

Jump process.

Proof. (a) It is enough to take 7, and 7, of the following form 7 = 7 o=y and T =
T{aAe>0}, Where 7¢ is the restriction of the random time 7 to the set C, defined as 7¢ =
Tl o+oollce. Properties of dual optional projection ensure that 7 and 7 satisfy the required
conditions. More precisely, the time 77 is a strict random time as, for any F-stopping time
T

P(r; =T < 00) = E [Lr—mniase—oy L(r<oo)]
=K [/ ﬂ{uT}m{AAgo}dAZ] =0.
0
and the time 7 is a thin random time as

[l =[FIn{ad’ >0t =[n{J L] c JIT]

n

where the sequence (7},),, exhausts the jumps of the cadlag process A?, ie., {AA° > 0} =

(b) Let T" be an F-stopping time. Since E(AA7l (7<) = P(1 = T < 00) and A° is an
increasing process we deduce that

P(r=T <o0) =0 ifandonlyif AALlLipcey =0 P-as..

Since {AA° > 0} is an optional set, optional section theorem [13, Theorem 4.7] implies
that {AA° > 0} is exhausted by disjoint graphs of F-stopping times. Thus, we conclude



CLASSIFICATION OF RANDOM TIMES AND APPLICATIONS 5

that 7 is a strict random time if and only if A° is continuous.

(c) For (T,,), a sequence of F-stopping times with disjoint graphs, we have
Y P(r =T, <o0)=> E(AA] Lz, <o)

Since E(A%2) = P(1 < o0), by definition of the dual optional projection and using the
fact that A° is an increasing process, we conclude that the sequence (7)), satisfies the
condition ) P(r =T, < 0o) = P(7 < 00) if and only if it satisfies the condition E(A2) =
> oo E(AAZ 147, <o0y). In other words, 7 is a thin random time if and only if A° is a pure
jump process. (]

For i € {1,2}, corresponding to the two (x)-parts of a random time, i.e., 77 and 75, we
define A" := 17, 0o Then AP and A% are respectively the F-dual predictable projection
and the F-dual optional projection of A*. Let us denote by Z¢ and Z° the supermartingales

associated with 7;. Then, the following relations hold.

Lemma 2.5. Let 7 be a random time and (11, 7o) its (x)-decomposition. Then, the super-

martingales Z and 7 can be decomposed in terms of the supermartingales Z', Z* and Zl,
7% as:

Z=7'+7"-1 and Z=2'+2%*-1.
Proof. The result follows from the property that 7, V 7 = oo. U

The next result gives the supermartingales Z and Z of a thin random time and their de-
compositions into F-martingale m and finite variation process A° in terms of the exhausting
sequence of 7 and of the associated F-martingales defined in (2.2).

Lemma 2.6. Let 7 be a thin random time with exhausting sequence (1y,)n>1 and (2"),>1 be
the family of F-martingales associated with T through (2.2). Then

(a) 2" >0 and z" >0 a.s. on C,, for each n,
(b) 1 —=Z, >0 a.s. on {1 < oo},

(©) Ze =¥, Lpsnyats Ze = 2, Mpery s A7 = X, sy 24, and mg = 32, 2,
Proof. (a) Define the F-stopping time
(2.4) R":=inf{t > 0: 2 =0}.

As 2" is a positive cadlag martingale, by [23, Proposition (3.4) p.70], it vanishes on [R", co.

Since 2" is bounded 27, exists and:
{R" < oo} = {irtlle’t1 =0} = {2, =0}.

Moreover, the equality 0 = E(22 1.0 —0y) = E(ll¢, Lizn —y) implies that C,,N{zZ = 0} = 0,
so as well C,, N {inf, z'! = 0} = (). We obtain that 2" > 0 and 2" > 0 a.s. on C,,.
(b) We have Z - 1rcoy = >, I¢, Zr, and, on {7, < oo}, we have

1— ZTn = P(T S Tn|an) Z ]P(T = Tn|an) = Z?wn.
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From part (a), this implies that 1 — Z, > 0 a.s. on {7 < o0}.
We omit the proof of (¢) as it is straightforward. O

The following result describes how, after a thin random time, the conditional expectations
with respect to elements of F7 can be expressed in terms of the conditional expectations
with respect to elements of F.

Lemma 2.7. Let 7 be a thin random time with ezhausting sequence (1),)n>1 and (2")p>1
be the family of F-martingales associated with T through (2.2). Then, for any G-measurable
integrable random variable X and s <t we have

E[X1¢,|F]

E [X[F ) Ls>nnc, = Lssmanc, o
t

Proof. Note that
= ﬂ}"u\/cr(C’nﬂ{Tn <s}, s<u, neN).

u>t

Thus, by Monotone Class Theorem, for each G € F/ there exists F' € F; such that
(2.5) GN{T, <s}nC,=Fn{T, <s}nC,.
Then, we have to show that

E [X1sryne, 2 | F ] = Lissmanc, B [X Lisstync, | F] -

For any G € F, we choose F' € F; satisfying (2.5), and we obtain

E [X1{smyncane zﬂ =E [X1{>nanc.nr E[Le, [ F]
E [I¢s>my0r E[lle, | F) E[X e, | F]
E [1{>nync.nr E[X e, | Fi]
E [1i>nync.ne E[X e, | Fi]

which ends the proof. O]

We end this subsection with a remark on the (x)-decomposition of a random time 7 as
an F7-stopping time, where F7 is the filtration F progressively enlarged with 7 as in (1.1).

Remark 2.8. We can also decompose the random time 15 into accessible and totally inac-

cessible parts. Then, we consider a decomposition of T onto three parts as:

_ i a
T1 = T{AA2=0}, T2 = T{AA2>0, AAP=0} and 15 = T{AA2>0, AAP>0}-

Then 11 A 74 is an F7-totally inaccessible part and 75 is an FT-accessible part of the F7-
stopping time 7. These types of results were already shown in [17, p.65] and [9]. We note
that T is an F™-predictable stopping time if and only if 7 is an F-predictable stopping time.
Moreover, a filtration F™ such that 13 the accessible thin part of T is not an F-stopping
time is not quasi-left continuous. The last observation provides a systemic way to construct

examples of non quasi-left continuous filtrations.
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3. THE HYPOTHESIS (H')

We exploit here the hypothesis (H') in progressive enlargement in the connection to the
(%)-decomposition of a random time. Let us first recall that hypothesis (H’) holds for (F,F)
if any F-martingale is an F7-semimartingale. First, in subsection 3.1, we examine the case

of thin random times. Then, in subsection 3.2, we work with general random times.

3.1. Thin random time. Before formulating the result of this subsection we must recall
a vital result by Jacod (see [17, Theorem 3,2] and [21]) on the hypothesis (H') in initial
enlargement with atomic o-field.

Let F¢ denote the initial enlargement of the filtration F with the atomic o-field C =
o(Cyn,n >0) with C), defined in (2.1), i.e.,

(3.1) Ff = )FVa(Cun>0).
s>t

In this case of enlargement, Jacod’s result says that the hypothesis (H’) holds for (F,F¢)
and the decomposition of any F-martingale X as an FC-semimartingale is

t
~ 1 n
(3.2) X=X + En ]10"/0 z” (X, z")s,

where X is an FClocal martingale and z" are given in (2.2).

Theorem 3.1. Let 7 be a thin random time. Then F C F™ C F¢ and the hypothesis
(H') is satisfied for (F,F7). Moreover, for each F™-predictable and bounded process G and
each F-local martingale Y the integral X := G -Y 1is an F™-semimartingale with canonical

decomposition

. tAT 1

S—

t
1
d(X,m),+ Y 1, /O Lo,y (X, 2")s

where X is an FT-local martingale.

Proof. The first part follows from Jacod’s result (3.2) and Stricker’s Theorem [22, Theorem
4, Chapter II] since F* C FC. Let H be an F™-predictable bounded process. Then, [17,
Lemma (4,4)] implies that

Hy = <y Jy + ]l{T<t}Kt(T) t>0

where J is an F-predictable bounded process and K : Ry x Q@ x Ry — R is P ® B(R,)-
measurable and bounded. Note that, since {t < 7} C {Z;— > 0}, J can be chosen to satisfy
Jy = Jillyz,_~oy. Since 7 is a thin random time, we can rewrite the process H as

Hy = Jlljgery + Z Lyr, < K(Th) e,

with C,, = {7 = T,,}. Note that each process K;' := llyp, ., K(T,) is F-predictable and
bounded and, since C,, C {2* > 0}, K™ can be chosen to satisfy Kj' = K{'ll.n »oy.
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Let X be an H! F-martingale. Then stochastic integrals .J- X and K- X are well defined
and each of them is H' F-martingale. For each n and for each bounded F-martingale N, by
integration by parts, we have that

(3-4) E ¢, Noo] = E[[2", Noo] = E[(z", N)oo] -

Since N — E(ll¢, Ny ) is a linear form, by the duality (H', BMO) implies that (3.4) holds
for any H'! F-martingale N. Similarly, by [2, Proposition 1.32], for any H' F-martingale N,
the process (N, m) exists and we have

E(N-) = E([N,m]s) = E((N, m)o0)

where m is given in (2.3). Therefore

U de] —E U Jsts] +ZE[ncn /OOKngS}
:EUO Jde]JrZE[/ K"d(z X)s]

Then, since for any predictable finite variation process V, E[[° hodV;] = E[[;° PhydVy], we

deduce
00 00 ng
E {/ HSdXS} =E {/ ]I{ZS_>0}JSd<m,X>S}

+) E UO Ly s (s ,X)s]

S—

T 1 o0 1 " "
) UO ZJsd<m,x>s} +;E [HC"/O Z?_K8d<z ,X)s].

For any H! F-martingale Y and F™-predictable process G = 1 the assertion of the theorem
follows as for any s <t and I’ € F] the process H = Il (51l is clearly F™-predictable. To
end the proof we recall that any local martingale is locally in H*. U

Remark 3.2. [17, Lemma (4,11)] is a special case of Theorem 3.1 where the random time
with countably many values is considered. It corresponds to the situation of thin random
time whose graph is included in countable union of constant sections, i.e, [7] C |, [tn] with
[tn] = {(w, t,) : w € Q}. Our proof is similar to the proof of [17, Lemma (4,11)].

We end this section with a result linking processes in F™ and FC. It can be used as an
alternative approach to show the decomposition in Theorem 3.1 using (3.2). It is related to
the ideas in [8].

Proposition 3.3. Let 7 be a thin random time and X be a process such that X = 1, o[- X.
Then

(a) The process X is an FC-(super-, sub-) martingale if and only if the process X is an
F7-(super-, sub-) martingale.

(b) Let ¥ be an FC-stopping time. Then 9V 7 is an FT-stopping time.



CLASSIFICATION OF RANDOM TIMES AND APPLICATIONS 9

(c) The process X is an FC-local martingale if and only if the process X is an FT-local
martingale.

Proof. (a) Note that the filtrations F™ and F¢ are equal after 7, i.e., for each ¢ and for each
set G € FF there exists a set ' € F such that

(3.5) {r<t}nG={r<t}nF

To show (3.5), by Monotone Class Theorem, it is enough to consider G = (), and to take
F = C, n{r <t} which belongs to F] as C,, € FI by [13, Corollary 3.5]. That implies
that the process I}, o[- X is F-adapted if and only if it is FC-adapted. The equivalence of
(super-, sub-) martingale property comes from (3.5).

(b) For each ¢t we have {0 V7 <t} ={0 <t}n{r <t} € F by (3.5).

¢) We combine the two previous points. O
(c) P p

3.2. General random time. In this section we work with the (x)-decomposition (71, 75)
of the random time 7. We define three enlarged filtrations F™ := (F/* )0, F™ 1= (F/?)>0
and F™7™2 .= (F/"™)> as
Fli= ﬂ]—“s\/a(n/\s) for i=1,2
s>t
Fh = ﬂ}"s Vao(riAs)Va(rAs).
s>t

Obviously, F C F7 C F™™ for ¢ =1, 2.

Theorem 3.4. Let 7 be a random time and (11, 72) its (x)-decomposition. Then, the hy-
pothesis (H') is satisfied for (F,F7) if and only if the hypothesis (H') is satisfied for (F,F™).

Proof. In the first step, we show the following inclusions of filtrations for ¢ = 1, 2:
FCF:cCcF*™ =F".
Let A° be an F-dual optional projection of 7. Note that

Lpry oo = Nproofllfane—oy and I, oof = L copll{ase>oy,

thus, since AA? € F], the processes I, o and 1, [ are FT-adapted which implies that
™™ C F7. On the other hand we have

Ly o] + Ly o0 = Lfr 0]

which implies that F™7™ D 7.

In the second step, note that if an F-martingale is an F™-semimartingale, by Stricker’s
Theorem [22, Theorem 4, Ch II, p. 53], it is as well an F™-semimartingale. Thus the
necessary condition follows. Since 7, is a thin random time, the previous step and Theorem
3.1 imply that the hypothesis (H’) is satisfied for (F™,[F7). Thus the sufficient condition
follows. OJ

In the next proposition we see that 71 and 75 are in some sense orthogonal (in terms of

semimartingale decomposition and associated supermartingales, which is due to 7,V = 00).
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Proposition 3.5. The F-supermartingale Z* of a thin random time 75 coincides with the
F7 -supermartingale Z**™ of 19, i.e., P(1o > t|F;) = P(1o > t|F).

Proof. Let T be an F-stopping time. For each A € F/', there exists B € F; such that
AnN{r=T}=Bn{r =T}, so P(r =T|F) =P(r = T|F*) which ends the proof. O

4. THIN HONEST TIMES

Here we restrict our attention to a special class of random times, namely to honest times.
We recall its definition below (see [17, p. 73]) and some alternative characterizations in
Appendix B.

Definition 4.1. A random time 7 is an F-honest time if for every t > 0 there exists an
Fi-measurable random variable 7, such that 7 = 1, on {7 < t}. Then, it is always possible

to choose 1, such that 7, <'t.

We refer to the Appendix B for further helpful results on honest times.

4.1. Fundamental properties. Let us start with some characterisation and properties of
(thin) honest times.

Proposition 4.2. (a) Let 7 be an honest time and denote by (11, 7o) its (x)-decomposition.
Then, the times 71 and T are honest times.

(b) A random time T is a strict honest time if and only if Z, =1 a.s. on {1 < c0}.

(c) Let T be an honest time with (x)-decomposition (11, 72). Then, Z, =1 on {1 =1 < o0}
and Z; <1 on {1 =15 < 00}.

Proof. (a) On the set {7 < oo}, 7 is equal to =, the end of the optional set I' (Theorem
B.2). Then, as {7 < oo} C {7 < oo}, on the set {r; < 0o}, one has 11 = 7, so 7 is an
honest time. Same argument for 7.

(b) Assume that 7 is a strict honest time. Then, the honest time property presented in
Theorem B.2 (c¢) implies that ZT = 1 and the strict time property implies, by Theorem 2.4
(b), the continuity of A°. Therefore, the equality Z = Z + AA° leads to equality Z, = 1
a.s. on {17 < 0o}.

Assume now that Z, = 1 on the set {7 < co}. Then, on {7 < 0o} we have 1 = Z, < Z, < 1,
so Z, = 1 and 7 is an honest time. Furthermore, as AA? = Z.—7Z, = 0, for each F-stopping

time 7" we have
P(r=T<o00) = E(lHp—rmlase—olircc))
= E(/ M=y Lgaae—01dA;) = 0.
0

So T is a strict random time.

(¢) From the honest time property of 7 and Lemma 2.5, on the set {7 < oo}

=27, =2'+272—1.
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On the set {7 =7 < 0o}, we have
71 72 72
1=2) + 22 —1=22,
where the second equality comes from (c) in Theorem B.2. Now let us compute Z2
2 72 2,0 _ 72 _
72 =72 ANAZC =72 =1,
where we have used the strict random time property of 7, i.e., {AA%° > 0} = U, [T0]
(with (T},) being an exhausting sequence of m) and P(r; = T,, < oo) = 0. Finally, on
{T=71 < o0}
Z.=Z +7Z2—1=1.
On the set {7 =7 < 00},
Z,=7L+272 1< 272 <1,
where the last inequality is due to Lemma 2.6 (b). O]

Remark 4.3. We would like to remark that the condition that Z, < 1 for an honest time T
— which, by Proposition 4.2 (c), is equivalent to the condition that T is a thin honest time —
is an essential assumption in [1].

Lemma 4.4. Let 7 be a thin honest time and 1, be associated with T as in Definition 4.1.
Then, for each n:
(a) on {T,, = 7.} = {1, =7 < t} we have 2} =1 — Z;, A = 23 and 1 —my = 2] — 2 ;

(b) on {T, <t} we have 2] = Lir,—7,3(1 — 7)) and 2 = Ngror,y (1 = Z4—); in particular

1= Zy=> Vpmey(l—=2) and 1-Z_=> U _1,n(1—2Z).

Proof. (a) Using properties of 7, we deduce that
Vr—ryz =P, =7 <t,7 =T, < 00| F)
=P(r <t,T,, =71 =T1|F)
=P(r <t,T, =71|F)
= lp, =y (1= Z1)

where the first equality is due to 7; < t, the third one follows by 7, = 7 on {7 < ¢t} and the

last one is true since T, At and 7; are two JF;-measurable random variable and
{T,=7}=AT,=n<t}u{l, =7 =t}
={Tunt=n}n{n<t}}U{{T, =t} n{n =t}}.
The dual optional projection of a thin random time satisfies
Nyg,=ry AY = Z Lt —r, 1<y 25, = Wimu—ry 27,
k
where the second equality is due to the fact that for n # k we have

Lir,—r, 1<y 25, = Limery BE(Lgr—myo <ty | Tk)
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= Lyg,—r =1y E(l r=1,. <y [ T1:) = 0

since T,, and T} have disjoint graphs and 7 is an honest time. Combining the two previous
points, we conclude that 1 —m, =1 — Z, — Af = z{' — 27 on the set {T}, = 7,}.
(b) Again using properties of random variable 7, we derive

Liz,<izf =P(r =T, =7 <tF) = Lg,—n<n(1 = Z0),

H{Tn<t}sz = ]P)('T = Tn = Tt < t|.E_) = ]]‘{Tn:Tt<t}(1 — Zt—)'
Then, Lemma 2.6 (¢) completes the proof. O

For progressive enlargement with an honest time, the hypothesis (H') is satisfied (not

only for F-local martingales stopped at 7), and the following decomposition is given in [17,

Theorem (5,10)]. Let M be an F-local martingale. Then, there exists an F™-local martingale
M such that:

o tAT 1 t 1
(4.1) My = M, +/ (M, m), — / Loory 7 —d(M, m)s.
0 Ss— 0 S—

Remark 4.5. For a thin honest time 7, the two decomposition formulas, first given in

Theorem 3.1 and second given in (4.1), coincide. It is enough to show that

t 1 ¢ 1
Tigory———d(X, 1 —m), = llcn/ Lpsory——d(X, 2"),.
| teeni=0 S, [ Memi

This is a simple consequence of the set inclusion {T < s} N{r =1T,} C{T,, =71, < s} and
Lemma 4.} (a):

! 1 ! 1
Dgssr d<X71_m>s = / Tyssr =T d<X71_m>s
/0 {>}1_Z# ;0 {s>7}n{ }1_237

t
1
=X / Leorynir=m) o d(X, 2")s
n 0 Rg—

t
1
= E llcn/ Lo,y o d(X, 2")s.

S—

4.2. Jumping filtration. In this section we develop the relationship between jumping
filtration and thin honest times. Let us first recall the definition of a jumping filtration and
the main result obtained in Jacod and Skorokhod [14].

Definition 4.6. A filtration F is called a jumping filtration if there exists a localizing se-
quence (0p)n, i.€., a sequence of stopping times increasing a.s. to oo, with 6y = 0 and such
that for allm and t > 0 the o-fields F; and Fy, coincide up to null sets on {0, <t < 0,41}.
The sequence (0,,), is then called a jumping sequence.

There exists an important alternative characterization of jumping filtration in terms of
martingale’s variation ([14, Theorem 1]).

Theorem 4.7. The two following conditions are equivalent:
(a) a filtration F is a jumping filtration;
(b) all martingales in the filtration F are a.s. of locally finite variation.
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In the remaining part of this subsection we investigate relationship between jumping
filtration and honest times. We show that there does not exist strict honest time in a jumping
filtration and that there exists a strict honest time in a filtration which admits a non-constant

continuous martingale (in particular such a filtration is not a jumping filtration).

Theorem 4.8. The following assertions hold.
(a) If F is a jumping filtration, then all F-honest times are thin.
(b) If all F-honest times are thin, then all non-constant F-local martingales are purely dis-

continuous.

Proof. (a) Let 7 be an honest time. Then, take the same process a as in the proof of
Proposition B.1, i.e., o is an increasing, cadlag, adapted process such that o, = 7 on
{r <t} and 7 = sup{t : oy = t}. Let us define the partition (C,,)S°, such that

Cn = {en—l S T << Qn}
forn > 1 and Cy = {7 = oo} with (6,),, being a jumping sequence for the jumping filtration
F. On each C,, with n > 1 we have
T=T,=inf{t >0, 1:t=ay, }.

From the jumping filtration property, we know that g, is Fy, ,-measurable so each T, is
a stopping time and [r] C |J;2,[7,,] which shows that the honest time 7 is a thin random
time.

(b) The proof by contradiction is based on [23, Exercise (1.26) p.235]. Assume that M
is a non-constant continuous F-local martingale with My = 0. Define the F-stopping time
S1 =inf{t > 0: (M), = 1}. Then, define the F-honest time

T:=sup{t <S5 : M; =0}.
Since M is continuous, 7 is not equal to infinity with strictly positive probability. We now
show that 7 is an F-strict honest time. Let us denote Z(w) := {t : My(w) = 0}. The set
Z(w) is closed and Z¢(w) is the union of countably many open intervals. We call G(w) the

set of left ends of these open intervals. In what follows we show that for any F-stopping
time 7" we have P(T' € G) = 0. Define the F-stopping time

Dy :=inf{t >T: M, =0}
and note that
{T € G} ={Mr =0} {T < Dr} € Fr.
Assume P(T € G) = p > 0. Then the process
Y; = Lirecy | Mrye| Lo<t<pr—13
is an (Frit)eso-martingale. Indeed for s < ¢ we have
E(Yi|Fris) = Lirecysgn(Mri ) E(Mry 1< py—1} | Fras)
=1 recysgn(Mrye)
[(MriLs<py-my — E(L o<1y Lis p -1y E(Mryo| Fop ) | Frs)]
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=Y, — Nyrecysgn(Mr) E(Ls<pr—1y Lgs pp—1y My | Frrgs)
-,

where we have used the martingale property of M and Mp, = 0. Moreover Yy = 0 and
there exists € > 0 such that

P(Mr=0,Dpr —T >¢) >

N3

> 0.

Since Y. = Lqrrp—0y Lpy—1>e} | Mrye| > 0 and P(Y; > 0) > 0, we have E(Y,) > 0 = Y;. So,
P(T € G) = 0. Finally, as 7 € G a.s. we conclude that 7 is a strict honest time. O

Finally we give two examples of strict honest times originating from purely discontinuous
semimartingales of infinite variation. In the first Example 4.9, we study the case of Azéma’s
martingale (see [22, IV.8 p.232-237]). In the second Example 4.10, we recall the example 2.1
from [18] on Maximum of downwards drifting spectrally negative Lévy processes with paths

of infinite variation.
Example 4.9. Let B be a Brownian motion and ' its natural filtration. Define the process
gt ==sup{s <t:Bs; =0}

The process
pir == sgn(B) v/t — g

is a martingale with respect to the filtration G := (Fy,4)i>0 and is called the Azéma martin-

gale. Then, the random time
T:=sup{t <1:pu =0}

is clearly a G-honest time. Note that 7 = 78 := sup{t < 1 : B; = 0} and 78 is an F-
strict honest time (see in [20, Table 1o 1), p.32] that T8 has continuous F-dual optional

projection). Thus, since G CF, 7 is a G-strict honest time .

Example 4.10. Let X be a Lévy process with characteristic triplet (o, o® = 0,v) satisfying
v((0,00)) =0, a + f:olo zv(dx) < 0 and ffl |z|v(dx) = co. Then, p =sup{t : X;_ = X} }
with X; = sup,; X, is a strict honest time as shown in [18, Section 2.1].

4.3. Examples of thin honest times.

4.3.1. Compound Poisson process: last passage time at a barrier a. Let us consider the

filtration F generated by a Compound Poisson Process (CCP) X, defined as

Nt
Xe=) Y,
n=1

where N is a Poisson process with parameter 7 and sequence of jump times (6,,)°

n=1» a’nd

(Y)oo, are i.i.d. strictly positive integrable random variables, independent from N, with
cumulative distribution function F. We will study a thin honest time in the filtration of X
which is not a stopping time. In a progressive enlargement framework, in order to study
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the F7-semimartingale decomposition of F-martingales before 7, one needs to compute the
martingale m = Z + A°. Therefore, we shall present the computations of A° (hence m).

Define a random time 7 as
(4.2) T :=sup{t: pt — X; <a}

with @ > 0 and a constant p. From now on we assume that pg > nE(Y;). Under this
condition, the random time 7 is finite a.s.. Since 7 is a last passage time, it is an honest
time in the filtration F. Furthermore, since the process ut — X; has only negative jumps,

one has ur — X, = a. The random time 7 is thin as we shall see below.
Lemma 4.11. The honest time 7 is a thin random time with exhausting sequence (T,,)n>1
given by
(4.3) Ty :=1inf{t > 0: ut — Xy =a} and
T,:=inf{t >T, 1:put—X,=a} for n>1.
Fach T, is a predictable stopping time. Furthermore Z, < 1.
Proof. Random time 7 is honest since on {7 < t} it is equal to 7 := {s <t : us — X < a}.
The sets (C,,)%, with C,, = {7 = T,,} form a partition of 2. Then, 7 =3 "> T, 1¢,. Thus

7 is a thin random time Note that 7 is not an F-stopping time as C,, ¢ Fr, for any n.
To show that each T, is predictable, let us define the stopping times J; and J, as

Jog=1nf{t >0: ut — X;_ =a,put — X; < a}
Jy=inf{t >0:put— X, >a,ut— X, =a}.
First observe that [J;] € U, [0.] and [J,] € U,[0.]. For each n, we have P(J; = 6,) =0

as
P(Js=0,) =E [P [Js = 0,|Fp,_,]]
=E [H{Jd>'9n—l}]P> [:wgn - XGn—l = a|‘F9n—l:|]

=0,

— b, + X

1
so we conclude that J; = oo a.s. For each n, we have P(J, =6,,) =0 as
P(J, =6,) =E [P [J, = 0, Fs,_, Vo (Ys)]]
=E |:]1{Ju>6n71}]P) [,u@n — X@n = a‘an_l V O'(Yn)ﬂ

— ub,,_ X Y,
SE{P{H’@—@M:“ POn1 + A0, +

=0,

so we conclude that J, = oo a.s.. Now, for each n > 1, we simply define an announcing

sequence (17, )m>1 for T, as

1
T =if{t >T, 1 put— X, >a——}
m
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with Ty = 0. We see that J; = co and J, = 0o a.s. ensure that each sequence (75, ), is
indeed an announcing sequence of T,. 0

Let us remark that in fact the random time 7 (defined in (4.2)) can be seen as the end of
the optional set I' = | J,,[T,] as

T(w) = sup{t : (w,t) € T'}.

Proposition 4.12. The supermartingales Z and Z associated with the honest time T are

given by
(44> Zt = \I]<,U/t - Xt - a)n{ut—tha} + ]l{ut—Xt<a}7
(4.5) Zy=W(ut — X, — a)Lyu—x,>a) + Lyu—x,<a}

where V(x) is the ruin probability associated with the process ut — Xy, i.e., for every x >0
(4.6) U(x) :=P(t* <oo) with t*:=inf{t:z+ ut — X; < 0}.

The function VU satisfies the following properties:

(a) for x < 0 we have ¥(z) = 1;

(b) the function V is continuous and decreasing on (0, 00);
(¢) for x =0, we have ¥(0) = % < 1.

In particular, 7. = 1%@ where kK = nE[(LYl)
The supermartingale Z admits the decomposition Z = m — A° where

my = (1= 0(0)> lur,) + Ulpt — Xy = a)Lgu—x,20) + Liu—x,<a}

— 1.

A = (1—9(0)) Z L,y

The F-dual optional projection and the F-dual predictable projection of ;[ are equal, i.e.
A° = AP,

Proof. The form of Z follows from the stationary and independent increments property of
pt — Xy
B(r > t|7;) = Plinf(us — X,) < ol F)

=P(inf(u(s — t) — (X, — X3)) < a — pt + X;|F)

s>t
= U(ut — Xy — a)lyu—x,>a) + Liu—x,<a}-

Let us now compute the dual optional projection A° of the process I, . For any bounded
optional process X we have

E[X:] =Y B[l Xn] =Y E[XnE [, |Fr]]

which implies that
A° =Y "P(r = T| Fr,) Ly, cof-
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To compute P(r = T,|Fr,) let us define, for any z and T', the stopping time SI = inf{t >
T :x+ pt — X, < 0} and notice that

P(r = T,|Fr,) = E(ST: = oo|Fr,) = E(S§) = 00) = 1 — ¥(0).
Then, A° = (1 — ¥(0)) >, Liz5,.00fr This is also the dual predictable projection as, by

previous lemma, T, are predictable stopping times. The martingale m = Z + A° equals
then

e =E[(1 = 9(0) 3 Ugr, o) | 7
= (1= 9(0) > lpory + U(pt — X — &) Lu-x,2a) + Ljp—x,<a)-

Finally, from the general relation Z =7+ AA°, we conclude the form of Z. U

4.3.2. Brownian motion: local time approximation. We give an example related to an ap-
proximation result for the local time. Let B be a Brownian motion. For ¢ > 0, define a

double sequence of stopping times by

U, =0, Vy=0

U =inf{t >V:  :B,=¢}, V> =inf{t>U,:B; =0}.
We consider the random time
(4.7) ¢ =sup{V; : V< T}

with 77 = inf{t : B; = 1}. From the definition we easily see that it is an honest thin random
time.

Let us introduce the processes X¢, Y* and J*©

X, =sup{s <tAT,:Bs=¢}

Y7 i=sup{s <tAT): B, =0}

Ji = Lixesvey
and the function ¢

((z) =P (Ty<Ty)=1—=x, for x€]0,1].
The supermartingale Z¢ associated with 7 is equal to
Z; = JiC(Bur,) + (1 J5)C(E)

= J;(1 = Binry) + (1= J))(1 —¢)

=1—J By, — (1= J))e.
Let us define the process Df = max{n : V7 < t} which is equal to the number of down-

crossings of Brownian motion from level ¢ to level 0 before time ¢. By integration by parts

we obtain

t t
BJi +e(1—Jf) = / JE dB, +/ BodJ: +e(1—J5)
0 0
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t
:/ J;dBs +eDi +¢.
0
The dual optional projection of 7¢ equals
AY" = (Lgzrey)” = eDijpg, + €

and we easily see that it is a pure jump process with the property
{AA° >0} = [0, i) n IV
n=0

We can interpret the sequence 7¢ with € going to zero as an approximation of the strict

honest time 7 given by
(4.8) T:=sup{t < T} : B, =0},
as 7° — 7 P a.s. (by time reversal at 7). The supermartingale Z associated with 7 equals

tATY 1
Z,=1-— / 1¢p,>0ydBs — =L{\rp,
0

2
and, by [23, Chapter VI Theorem (1.10)] and the fact that E(y/7T}) < oo, we have the
following convergence for dual optional projections

. 1
ll_)I%E [sgp leDipnp, — §LMT1| =0.

In order to study the relationship between progressive enlargements with 7, let us recall
the definition of weak convergence of o-fields (see Definition 1 in [19] and references therein).

Definition 4.13. A sequence of o-fields G, converges weakly to a o-field G if and only if
for all G € G, E(13|G™) converges in probability to 1q. We write G, — G.

Lemma 4.14. Let F* be a progressive enlargement of the filtration F with random time 7/"

defined in (4.7) and F> be the progressive enlargement of the filtration F with random time
7 defined in (4.8). Then, for each t, the sequence of o-fields (F}'), converges weakly to F¢°.

Proof. We have to check that for each F' € F°, P(F|F}') converges in probability to 1p.
We limit our attention to the sets F' belonging to the generator of F°. If F' € F;, the
condition is obviously satisfied. If F' = {7 < s} for s < t, using Proposition B.3 and the
honesty of 7!/, we have

E(lg<q|F) = LpmegB(Lp<s]F)

E<H{T§s}‘Ft) n—00
H{Tl/ngs} ]P)(’Tl/n S $|ft) — ]].{TSS} a.s.

1/n

where the convergence comes from 7/" — 7 a.s. O
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5. ENTROPY OF A THIN RANDOM TIME

The additional information carried by enlarged filtration and its measurement was studied
by several authors. Already in Meyer [21] and Yor [25], the question on stability of mar-
tingale spaces with respect to initial enlargement with atomic o-field was asked. Here we
complete previous studies by giving a simple connection between progressive enlargement
with thin random time and conditional entropy of a partition associated to this time.

In the case of initial enlargement with a partition C := (C,,),, the additional knowledge

ZIP’ ) log P(C,,).

In the case of progressive enlargement Wlth a thin random time 7, we suggest the measure-

is measured by entropy, namely

ment of additional knowledge by the entropy of a thin random time defined through:
(5.1) H(r) ==Y E[lc,log2},]

where C, and z, are defined in (2.1) and (2.2). Let us remark that the condition H(7) < oo
is weaker than the condition H(C) < oo.
To state the main result of this section in Theorem 5.2, which consists of a generalisation

of [25, Theorem 2| we need to define more general object, namely

(5.2) H. (1) := ZE [ﬂcn [log %F} v > 0.

Remark 5.1. (a) If T is an F-stopping time then H. (1) = 0.

(b) If for any n the set C,, is in Fr,, then we do not gain any additional information since
g, log 2z, = 1¢, log ¢, = 0.

(¢) As noted in Section 2, the exhausting sequence (T,),, of a thin random time is not unique.

However H.(7) is invariant under different decompositions of T since for F-stopping times
T, Ty and Ty such that [TA] N [T2] =0 and {7 =T} = {r =T1} U{r = Tv} we have

Li;—rylog” P(7 = T'|Fr)
= lr=py log? P(7 = T'|Fr) + Lir—ppy log” P(1 = T'|Fr)
= Lgr—py log” P(1 = Th|Frp,) + Lir—pyy log” P(7 = 15| Fr,).
The entropy of thin random time reveals to be an adequate notion to treat the stability

of martingale spaces with respect to progressive enlargement of filtration (with thin random

time). In this section we work under standing assumption that
(C) all F-martingales are continuous

Then we introduce some related notations. For any p € [1,00), we denote H? and SP
the Banach spaces consisting respectively of continuous local martingales and continuous
semimartingales equipped with the following norms:

(a) a continuous F-local martingale X belongs to H? if

[ X aze = (X)L < 005
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(b) a continuous F-semimartingale X, with canonical decomposition X = M + V', belongs
to SP if -
| X sr = (M) L2 ) + ||/ |[dVi]]Lr < 0.
0

We are ready to state the main result of this section. It is a generalisation of [25, Theorem
2] and the proof here is based on the original proof.

Theorem 5.2. Let 7 be a thin random time with an exhausting sequence (T},), and family
of F-martingales (z,), satisfying z, = 1¢,. Assume (C) and let r € [1,00), p,y > 0 satisfy
1

s = % + % Then the following conditions are equivalent:

(a) for eachF-local martingale Y and each F™-predictable process G, the F™-semimartingale
X =G -Y satisfies:

[ X157y < Corl{X) L2103

(b) H, (1) < 00.
In particular, if the conditions (a) and (b) are satisfied, then HP(IF) is continuously embedded
in S"(F7).

Proof. By Theorem 3.1, under assumption (C), each X of the form X = G -Y where Y is
an [F-local martingale and G is an F™-predictable process, has the decomposition

(5.3) X =X+ (X, V") + (X, Y%

where Y? and Y are F™-local martingales given by

TAL 1 1
Yl = / 7 dmgs and Y := Z ﬂcn/ —dz
0 s— -

t
Tn %s

with X , m and 2" the F"-local martingale parts from Doob-Meyer decomposition of cor-
responding F7-semimartingales X, m and 2". Since r < p and continuity of X it always
holds that [(X)V2|. = [(X)¥2|,» = [(X)¥/2|.». Thus, showing (a) <= (b) is equivalent
to showing that

(5.4) II/0 (X, Y2) + (XY Dl [r < Cor|(X) 3P o

holds for any X. By [25, Lemma 2| and the fact that stochastic intervals [0,7] and
1T, 0[N C,, for n € N are pairwise disjoint, inequality (5.4) holds for any adequate X
if and only if

E[(Y"?] <oo and E[(Y*)Z/?] < oco.
Firstly we show that
(5.5) [YY2]0 <00 ¥y >0

By [25, Remark 5.1 2) p.123], since, for v > 2, 27/2 is moderate Orlicz function, we have

[ gt "1, = e foe]

<C

L
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where U is random variable with uniform distribution on [0, 1]. Note that fol(— log 7)7/% <
oo and thus, by using the fact that L* C L7 for 0 < p < v < oo, the (5.5) holds.

Showing that [E [(Y“);’({Q] < oo if and only if H,/»(7) < oo for v = 2 is a simpler special
case which will be useful afterwards and we start Wlth it. By properties of dual predictable
projection, we have that

-] s hper] - e[ [ ]

Consider the function f : R, — R, defined as f(z) = 2 — xlogz for z > 0 and f(0) = 0.
Then, Ito’s formula for 2" implies

o 1 [>~1
Lo, =2 — 2z log 2} — / log 2l'dz" — 5/ —d(2")s.
t t

We deduce, by taking conditional expectation with respect to F;, that

> 1 1
(5.6) E[ / Z—ﬂd(z”)s|ft} =25 log

t s t

=3B [ [ e

= —QZE 2} log 2 | = 2H(7) < 0.

Finally

In order to complete the proof it remains to show that H,(7) < oo if and only if E [(Y*)7] <
0o, first notice that Lemma C.1 implies that it is equivalent to proving H,(7) < oo if and
only if E Hlog H’Y] < o0. To this end, note that, by Lemma C.2, we have

[} - el o] 5]
Tz L el

Denotlng by z =, l¢, 2} , taking any ¢ € (0,1) and defining f(x fo [log ﬁ] dp for
€ (0,1), we further obtain

| loer] ][ [ loes] o
<8 [t [l e o] ] 2 e

1 v
< (i + CE |:]]-{z§€} {log ;} ]

S Cl + CQHA/(T).

Thus we conclude that H, (7) < oo if and only if E [ [log Hv} < o0 and the proof is complete.
O
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6. GENERAL PROGRESSIVE ENLARGEMENT WITH A PARTITION

In this section we consider more general progressive enlargement of filtration with given
a partition (Cy,),, of €, which, in contrary to previous results, allows for adding several
members of a partition at the same time.

Let 7 be a thin random time with exhausting sequence (7},),, and & be a discrete random
variable with values in N. Since for each m € N we can find unique decomposition (n, k) €
N x N such that m = 2"71(2k — 1), by rearranging and renumbering terms in (C,,),,, we
can obtain double sequence (C¥),, ;. of sets such that the members (C¥). are added at time
T,.. More precisely, for double sequence (C¥), ; and a sequence of F-stopping times (7},),
with disjoint graphs, we define ¢ and 7 by

£:=3 2 2% — Dlge and 7:= Y Tl o
n,k n

Note that {7 =T, < oo} = {T,, < oo} N, Ck and o ({1 —7,y) = o((CE)y). Analogously
to (2.2) we define

(6.1) 2 = P(CH|F).

Described above situation is captured by the progressively enlarged filtration F&7 :=
(F£7 )0 defined through

(6.2) FAT = ﬂ}"s Vo (s u<s).
s>t

Similarly to Lemma 2.7 we obtain:

Lemma 6.1. For any G-measurable integrable random variable X and s <t we have

£ E [X1cx|F)
E |:X‘~Ft } ﬂ{szTn}mcg = n{szTn}ﬂC}jT-

t

Theorem 3.1 can be easily extended to the case of F&™ as stated below.

Theorem 6.2. The hypothesis (H') is satisfied for (F,F&7). Moreover, for each F&7-
predictable and bounded process G and each F-local martingale Y the integral X := G -Y is
an F&7-semimartingale with canonical decomposition

. tAT 1 t 1
(6.3) X, =X, + / ~ d(X,m),+ Y Lo / ]1{5>Tn}ﬁd<x, 2Ry,
0 S— n,k 0 S—

where X is an F&™-local martingale.

Proof. The proof is almost identical to the original proof of Theorem 3.1. We just give the
form of F&7-predictable process H by

Hy = lgy<ry i + Lpen K&, 1) t2>0

where J is an F-predictable bounded process and K : R, xQQxNxR, — Ris P2V@B(R, )-
measurable. Note that, since {t < 7} C {Z,_ > 0}, J can be chosen to satisfy J, =
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Jillyz,_~0y. Since 7 is a thin random time, we can rewrite the process H as

Hy = Jillgery + Z L, < Ko (2771 (26 — 1), T) L.

Note that each process K["F = Lyp, <y Ky (271 (2k — 1), T,,) is F-predictable and bounded
and, since C¥ C {z"* > 0}, K™ can be chosen to satisfy K"* = Kf’k]l{zn,kw}. O
t—

Likewise, Theorem 5.2 can be generalized to the case of F&7. To this end let us define

(6.4) H(,7):=> E

Then, the following result follows by the same proof as Theorem 5.2.

1 1~

Theorem 6.3. Let (CF),x be an Fo-measurable partition, T be a thin random time with
exhaustive sequence (Tn) and F&™ be given by (6.2). Assume (C) and let r € [1,00),
p,v > 0 satisfy % = + l The the following conditions are equivalent:

(a) for each F—local martz’ngale Y and each F &7 -predictable process G, the F&7 -semimartingale
X =G -Y satisfies:

[XNsr@ery < Corl{X) L2 NLrs
(b) Hypa(E,7) < o0

In particular, if the conditions (a) and (b) are satisfied, then HP(F) is continuously embedded
in ST(F&T).

APPENDIX A. PROJECTIONS

We collect here the definitions of the key tools we have used along the paper. Projections
and dual projections onto the reference filtration F play an important role in the theory
of enlargement of filtrations. First we recall the definition of optional and predictable
projections, see [13, Theorems 5.1 and 5.2] and [16, p.264-265].

Definition A.1. Let X be a measurable bounded (or positive) process. The optional pro-
jection of X is the unique optional process °X such that for every stopping time T we have

E [XTH{T<oo}‘FT} = OXTH{T<OO} a.s..

The predictable projection of X is the unique predictable process PX such that for every
predictable stopping time T we have

E [XTH{T<00}‘FT7} = pXT]l{T<OO} a.s..

For definition of dual optional projection and dual predictable projection see [16, p.265],
[22, Chapter 3 Section 5], [11, Chapter 6 Paragraph 73 p.148], [13, Sections 5.18, 5.19]. We
point out that the convention we use here allows a jump at 0.
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Definition A.2. (a) Let V be a cadlag pre-locally integrable variation process (not necessary
adapted). The dual optional projection of V' is the unique optional process V° such that for
every optional process H we have

E [ Hsts] ~E { Hsts"} .
[0,00) [0,00)

(b) Let V be a cadlag locally integrable variation process (not necessary adapted). The dual
predictable projection of V is the unique predictable process VP such that for every predictable
process H we have

E [ HSst] =K [ Hsdvsp] .
[0,00)

[0,00)
APPENDIX B. HONEST TIMES

In this Appendix we gather complementary results on honest times. They complete or

slightly extend the existing results mainly from [17]. We have made use of them along the
paper.

Proposition B.1. (a) A random time 7 is an F-honest time if and only if for every t > 0
there exists an F;_-measurable random variable 7, such that T =1, on {1 < t}.
(b) A random time T is an F-honest time if and only if for every t > 0 there exists an

Fi-measurable random variable 7, such that 7 = 7, on {1 < t}.

Proof. Sufficiency of both conditions is straightforward.

Using the notation from Definition 4.1 we introduce the process a™ as a; = Sup,¢q < Tr-
This definition implies that o~ is an increasing, left-continuous, adapted process such that
a; =7 on {7 < t} thus the necessary condition in (a) is proven.

Let us denote by « the right-continuous version of a~, ie., oy = a;,. Then, « is an
increasing, cadlag, adapted process such that oy = 7 on {7 < ¢} and 7 = sup{t : oy = t}

thus the necessary condition in (b) is proved. O

The next theorem gives some characterisations of an honest time. We prove equivalence of
the condition (f). We also refer the reader to Azéma [7, Theorem 1.4 and Proposition 1.2,
p. 298-299] to compare with predictable case.

Theorem B.2. Let 7 be a random time. Then, the following conditions are equivalent:
(a) T is an honest time;

(b) there exists an optional set I such that T(w) = sup{t: (w,t) € I'} on {1 < c0};

(¢c) Z. =1 as. on{r < oo};

(d) T =sup{t: Z, =1} a.s. on {r < oc}:

(e) PTljo,0c] s generated by Pljooof and |0, 7], where PT is the predictable o-field linked to
Fr;

(f) A2 = A7, a.s. ¥t >0 on the set {T < oo}.

Proof. The equivalence among conditions (a), (b), (c¢), (d) and (e) is stated in Theorem
(5,1) from Jeulin [17].
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To prove that (b)=-(f) suppose that 7 is an end of the optional set I' on {7 < oo}.
Without loss of generality we may assume that I' is left-closed, i.e., for each w if x,, * x
and z,, € I'(w) then = € I'(w), since left-closure of an optional set is optional. Thus one has
[7] € T. Define the support of the measure dA°, i.e.,

S(dA®) = {(w,t):t >0 Ve>0 AJ(w) > A7 _(w)},
with the extension of A° such that A? = 0 for ¢ < 0. Note that S(dA°) is left-closed and
optional. Moreover [7] C S(dA°) since
P(r < 00) = E(A°,) = E[ / ns(dAo)(s)dAg] - P[M C S(dA%), T < o).
[0,00)

Let A be any left-closed, optional set containing [7]. Then

E[ /[O N nA(s)dAg] - E[ /[O . nA(s)dAs} = P(r < 0)

— E(A%) = E[/[Om)

where the first and the third equality comes from Definition A.2, the second is due to
[7] € A. Hence S(dA°) C A. Therefore we conclude that S(dA°) is the smallest left-closed
optional set containing [7] and we deduce that [7] C S(dA°) C I'. Since, by assumption, 7
is an end of I on {7 < oo}, we obtain that, on the set {r < oo}, A? = A9, for ¢t > 0.

To finish the proof, we show implication (f)=-(b). It is straightforward to see that 7 is

nS(dAO) <S)dAg] s

the end of the support of dA° which is an optional set. O

For an honest time, on the set {t > 7}, the projection on F; can be expressed in terms
of projection on F; as in the following proposition. It is known that, on the set {t > 7},
1—-27,>0.

Proposition B.3. Let 7 be an honest time. Then, for any G-measurable integrable random
variable X and s <t we have
E [ X1 r<g|F]

P [T S S|.Ft]
Proof. Note that for each G € F/ there exists F' € F; such that GN {1 < s} = FN{r < s}
as, by Monotone Class Theorem, it is enough to check it for G € F; for which it is obviously

E[X[F Ty = Liray

satisfied and for G = {7 € B} where B is a Borel set for which, by honest time property,
we have
{reB}n{r<s}={r,e B}n{r <s}
with {7, € B} € F; C F;. Then, we have to show that
E [X 1< P(T < s|F)|F] = Lir< BE(X Lir<sy | F).

For any G € FJ, we choose F' € F; such that G N {7 < s} = FFN{r < s}, and we obtain

E [X1i<sne P(r < s|F)] =E [X1i<hnr P(T < 8| F)]

=E [Ijr<gnr E(X <] Fr)]
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=K []]-{TSS}OG’ E(X]l{’rﬁs”ft)] .

which ends the proof. 0

ApPPENDIX C. ENTROPY OF THIN RANDOM TIME

Here we present generalisations of two auxiliary lemmas, Lemma 3 and Lemma 4, from

[25]. They serve to prove Theorem 5.2.
Lemma C.1. For all v > 0 there exist ¢y, and C., such that
1 v
(1) Bl <E |l ] | <cro

where I is defined as

t>Th

(C.2) I = Z]lcn[n where I, == inf 2/’

Proof. Step 1. We first prove the first inequality in (C.1). We have that
1

(25)?

Lot B[V = (VN | = Vorro B [ mdlen)
t

1 S T
~Uenyne 7 Efle, [ ()07

t

1 <1
= L0, =, E[/ _d<zn>s‘]:t]
=t 2t t 2
1
=2l y>1nc, log P
t

S 2]10 log i

n I,

where the second equality follows from Lemma 2.7, the third one from dual predictable
projection properties and the four one from (5.6). Therefore, for each p € (0, 1] we deduce

that

Vsnne B[ [V = (VW] 17| < Ty, [E[ (09 = (V)77 ]
(C.3) < 2", [log [in] g
Consequently, the required inequality for v € (0, 1] follows by

B((y)%) = S E [16,E[[(v)e — (v)r] 177, ]]
< ZE [Slip ﬂ{tZTn}ﬁCnE[[<Ya>oo - <Y“>tr|f[H
< szE [ncn[logll m

nlf]
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and for v > 1 follows by
a a a T v
E((Y*)%) <77 DB |sup Lsrijnc, [E[(V o — (VI 77 |

< (27)E {llcn [log H ’Y]

n

=(2)E Hlog ﬂ 7] :

where the first inequality is due to Burkholder-Gundy inequality for terminal value of in-
creasing process and supremum of the associated potential ([11] p.188) and the second
inequality is due to (C.3) for u = 1.

Step 2. We now prove the second inequality in (C.1). Let u € (0,1] and p > 1 and
consider F7-martingale M; := E((Y*)% |F/). Firstly we will show that

1 2
(C.4) [log f} <, [1 + sup Mt} )
t
By It6’s lemma and decomposition (6.3) applied to 2" we obtain that on {t > T,,} N C,

1 > 1 1 [/ 1
log— = | —di"+= (=",
% / “2[ B

Next, by taking conditional expectation w.r.t F/ and using inequality |z + y|* < |z|* + |y|*
for € (0, 1], we deduce that on {t > T,,} N C,

[log Z—ltnr <E [ /too %oﬁ? ! W] + 2%1@: H/too (Z§)2d<z">s]u }f;]

e | +e [ e 1= H

< C[E (Y2 F] + E [(v*) | 77]]

E

<C

where in the second inequality we have used Burkholder-Davis-Gundy inequality for con-
tinuous local martingales (see [24, TV-42, p.93]) applied to F-local martingale N1 5 for any
Fe .7?0 where

T+t
Nr ;:/ Z—nd?;‘ and F:= (Fr)rso with Fr:= Tt
¢

S

Finally, using inequality z+? < 22%+1/4 to x = <Y“>%2 we conclude that on {t > T,,}NC,

{mg Z_ln] < [1+E [y | 7]

t

and by taking supremum over ¢ and summing over n the inequality (C.4) follows. In order

to prove general case, relying on (C.4) and the inequality (1+ z)P < 2P~1(1+ 2?), we obtain

1 up .
- P
{log f} <Ch2r [1 + sgp M; } )
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Then, by taking expectations and applying Doob’s maximal inequality to M we obtain
17mp 3
E Hlog 7} } <cror! [1 + E(sup Mf)]

P’
(p—1)
That completes the proof since any v = pp > 0 can be obtained with p € (0, 1] and
p> 1. O]

<cri+

E((v))].

1o,

n_ .

Lemma C.2. Let, for each n, Q" be an absolutely continuous measure given by dj% =

Then, for each Fr,-measurable random variable 3 with values in random interval (0, 27, ),

we have
B 1-2
"(In < Bl Fr,) = — -
where I, is defined in (C.2). Or, equivalently
1-—2% 1
"I, €d = Tn Lgoepean 3
@ ( € 6|~FTn) 2171“” (1 _ 6)2 {0<B< Tn}

Proof. For any Fr,-measurable random variable § with values in random interval (0, 27, )
we define an F-stopping time T by T := inf{t > T,, : 2 < 8}. Then we compute

P({I, < B} N Cy|Fr,) = P{T) < oo} N C,| Fr,)
= Ep(P({T}] < 00} NCy|Fps)|Fr,)
= Ep (L7 ooy 2781 F1,)
= BP{{T, < oo}l Fr,)
= BP({I, < B} N Cul Fr,) + BB({I, < B} N C%|Fy,).
Since {I,, < B} N C¢ = C¢ we deduce that
(1= B)P{L, < B} NColFr,) = B(1 = z7,)

and therefore, by Bayes’ rule, we have

({In < b} N Cn|FTn) _ 6 1- z?“n

n o n
2 1—-8 27,

which completes the proof. O]
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