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Abstract: In this technical report, the capacity region of the two-user Gaussian interference
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Résumé : Ce rapport présente une approximation de la capacité du canal & interférences
Gaussien avec rétroalimentation degradée (G-IC-NOF). A cette fin, une région réalisable et une
région converse du G-IC-NOF sont introduites, permettant de déterminer que la capacité du
G-IC-NOF est approchée a 4.4 bits par utilisation de canal.

Mots-clés : Région réalisable, région converse, canal a interférences Gaussien, rétroalimenta-
tion dégradée.
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1 Problem Formulation

Notation: Throughout this technical report, sets are denoted with uppercase calligraphic let-
ters, i.e. X. Random variables are denoted by uppercase letters, e.g., X, except for H, I, N and
T. The realizations and the set of events from which the random variable X takes values are
respectively denoted by x and X. The probability distribution of X over the set & is denoted
Px. Whenever a second random variable Y is involved, Pxy and Py|x denote respectively the
joint probability distribution of (X,Y’) and the conditional probability distribution of Y given
X. Let N be a natural. In case the random variable is an N-dimensional vector, it is denoted by
X = (X1, X2,..., Xx) and a corresponding realization is denoted by x = (x1,z2,...,2y5) € AV.
Given X = (Xi, Xa,..., Xn) and (a,b) € N2, with a < b < N, the (b — a + 1)-dimensional
vector formed by the components a to b of X is denoted by X 4.4y = (Xa, ..., Xp). The notation
log represents the logarithmic function with base 2. Finally, Ex|[] denotes the expected value
evaluated according to the distribution Px of the random variable X.

Consider the two-user Gaussian interference channel with noisy channel-output feedback (G-
IC-NOF) in Fig. Transmitter ¢, ¢ € {1,2}, communicates with receiver i subject to the
interference produced by transmitter j € {1,2}\{i}. There are two independent and uniformly
distributed messages, W; € W;, with W; = {1,...,2V%} and i € {1,2}, where N denotes the
block-length in channel uses and R; is the transmission rate in bits per channel use. At each
block, transmitter ¢ sends the codeword X; = (X;1,... ,Xi,N)T € XiN, where X; and XiN are
respectively the channel-input alphabet and the codebook of transmitter . The components of
the input vector X; are reals subject to an average power constraint:

1 N
N Z E (Xi,nz) S 13 (1)
n=1

where the expectation is taken over the distribution of the message index W;.

The channel coefficient from transmitter j to receiver i is denoted by h;;; the channel co-

17
efficient from transmitter i to receiver ¢ is denoted by ﬁn‘; and the channel coefficient from
channel-output ¢ to transmitter 4 is denoted by h ;;. All channel coefficients are assumed to be
non-negative reals.

At a given channel use n, the channel output at receiver i is denoted by 71n During
channel use n € {1,..., N}, the input-output relation of the channel model is given by the
following equality:

7i,n:7iiXi,n +hi; Xjn+ 71‘,717 (2)

where ?zn is a real Gaussian random variable with zero mean and unit variance and it represents
the noise at the input of receiver i. At a given channel use n, the feedback signal at the input
of transmitter i is denoted by Y ;. Let d > 0 be the finite feedback delay in channel uses. At

the end of channel use n > d, transmitter ¢ observes a scaled and noisy version of Y ; ,_4. More
specifically

vn e {1,...,d}, ?i’n:%m and (3a)
— -
Vneld+l,...,NY, Yin=hauVinat Zin, (3b)

where Z;,, is a real Gaussian random variable with zero mean and unit vagance that represents
the noise at the input of transmitter . The random variables 71»7” and Z;, are independent

Inria
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Figure 1: Gaussian interference channel with noisy channel-output feedback at channel use n.

and identically distributed. In the following, without loss of generality, the feedback delay is

assumed to be equal to d = 1 channel use. The encoder of transmitter i is a set of deterministic

functions fi(l), e fi(N), with fi(l) W; = X, and Vn € {2,...,N}, fi(") Wi x R*! = X, such
that

Xia=fO W, 4

1,1 fq, ( Z)v ( )

Xi,n:fi(n) (VVi7 Yi,ly e ?i,nﬂ) . (5)

The decoder of receiver ¢ is a deterministic function v; : ]RZN — W;. At the end of the block,

receiver i uses the sequence 7 = (71-,1, ey 71-,;\/) to obtain an estimation of the index message

Wi =i (Y1) (6)
The decoding error probability in the two-user G-IC-NOF, denoted by P., is
P, = max (Pr (171/\1 #Wl),Pr (ﬁ/\Q %Wg)) ) (7)
A rate pair (Rq, Ry) € R? is said to be achievable if it satisfies the following definition.

Definition 1 (Achievable Rate Pairs) A rate pair (R1, R2) € R3 is achievable if there exists
at least one pair of codebooks X{N and XJ¥ with codewords of length N, and the corresponding

encoding functions fl(l)7 e fl(N) and ]‘2(1)7 cee 2(N) such that the decoding error probability can
be made arbitrarily small by letting the block length N grow to infinity.

When the average power constraint in (/1)) is saturated, the two-user G-IC-NOF in Fig. |1|can be
described by six parameters: SNR;, SNR; and INR;;, with ¢ € {1,2} and j € {1,2}\{i}, that

are defined as follows
SNR,= 72, 8)
INR;;=h%, and 9)

SNR,= 12, (SNﬁi +2p\/SNR,INR,; + INR;; + 1) . (10)

where p is the average Pearson correlation coefficient between the channel inputs of transmitter
1 and transmitter 2.

RT n° 8861
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2 Main Results

This section introduces a new achievable region (Theorem , denoted by Cqic_nor, and a
new converse region (Theorem , denoted by Cqic—nor, for the two-user G-IC-NOF with fixed
parameters SN?{h SNﬁz, INR;12, INRo1, §NR1 and §NR2. The capacity region of a given multi-

user channel is said to be approximated to within a constant gap if it fits the following definition
1, 2].

Definition 2 (Approximation to within § units) A closed and convex region T C RY is
approrimated to wz%m & units if there exist two sets T and T such that T C T C T and
Vt=(t1,...,tm) €T then (t1 =&, ..., (tm — &) € T.

Denote by Caic-Nor the capacity region of the 2-user G-IC-NOF. The new achievable region
Caic—nor and the new converse region Cgic—Nor approximate the capacity region Cqic—nor
to within 4.4 bits per channel use (Theorem .

2.1 A New Achievable Region for the Two-User Gaussian Interference
Channel with Noisy Channel-Output Feedback

Theorem |[I| presents the new achievable region Cqio_nop for the two-user G-IC-NOF. Con-
sider the variables a1,...,a7 and by,...,b7 in that are defined for a fixed 6-tuple

(SﬁhSﬁQ, INng, INRQl, m{l, %2) S Ri, a fixed (0&1,0&2) S [0, 1]2 and a fixed
+
p e [0, (1 - max (ke k)

1 §NR1 (INRH + ].) + SNﬁ1 + 2[) \/ SNﬁllNRlz + INR12 + 1
alzilog )
SNRy (1= as) (1 — p)INRuz — 1) + 2) + SNR; + 2p\/SNE,INRys + INRys + 1
(11a)
1 ﬁ /ﬁ 1
a2:§ lOg SN 1+ 2p SN 1INR12 + INng + 1> — 5, (11b)
1 1
a3=3 log (1 —az) (1 = p)INRjz2 — 1) +2) — 3 (11c)
Lo (24 DR1Y 1 (11d)
=508 INRayy ) 2
1 SNﬁl 1
a5=3 log <2 + INRy, + (1 —a2)((1—p)INRy — 1)) — 5 (11e)
1 SNﬁl 1
a6=75 log (INRgl (1 —a1) (1= p)INR21 —1) +1) + 2) ~ (11f)
1 SNﬁ 1
a7:§log (INR ! (I—a1))(1=p)INRg; — 1)+ 1)+ (1 —ag) (1 — p) INRy2 — 1) + 2) ~ 5
21
(11g)
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_1 §NR2 (INRQ] + 1) + SNﬁQ + 2p4/ SNﬁQINRQl +INRo; +1

b1==log ,
2 SNRs (1 — o) (1 — p) INRay — 1) + 2) + SNRs 4 2py/ SNRoINRoy + INRg; + 1
(11h)
1 ﬁ /ﬁ 1
b2:§ lOg SN o + 2p SN 21NR21 + INRQl + 1) — 5, (111)
1 1 .
63:5 log (1 —aq) ((1 — p)INRg; — 1) +2) — 3 (115)
bi=2log (2 SN, _1 (11k)
17508 INR;, ) 2
1 SNﬁg 1
b5—§log (2+INR12+(1—a1)((1—P)INR21—1)> 3 (111)
1 SNﬁg 1
bg-i log (INR12 (I—a2) (1 =p)INR12—1)+ 1)+ 2) — 3 and (11m)
1 SNﬁ 1
b7:§ log (INR 2 ((1 — ag) ((1 - p) INR12 - 1) + ].) + (]. - al) ((1 - p) INR21 - 1) + 2) — 5
12
(11n)

Using this notation, the new achievable region Cy1c_nor for the two-user G-IC-NOF is given by
the following theorem.

Theorem 1 (A new achievable region for the two-user G-IC-NOF) The capacity region
Caic—NoF contains the region Caro_nor given by the set of non-negative rate pairs (Ry, Re) that
satisfy

Ri<min (ag, as + by, a4 + by + b3), (12a)
Ro<min (b, a1 + bg, a1 + az + ba) , (12b)
Ry + Ro<min(ag + by, aq + ba, a1 + ag + by + b7, a1 + a5 + by + bs, a1 + a7y + by + by), (12¢)
2R; + Ro<min(ag + a4 + b1 + b7, a1 + ag + a7 + 2b1 + bs, a2 + aq + by + b5) and (12d)
( (12e)

Ri 4+ 2Ro<min(ay + a5 + bg + by, a1 + ar + by + by, 2a1 + a5 + by —|—b4—|—b7),

for all (a1,az2) € [0,1]% and for all p € [07 (1 — max (ﬁ, ﬁ))ﬂ

Proof: The proof of Theorem [I]is presented in Appendix [A] [ |
The achievable region Cq1c_nor is obtained using random coding arguments together with three-
part message splitting, superposition coding and backward decoding. This coding scheme is fully
described in Appendix [A] Note that similar coding schemes can also be obtained as special cases
from more general schemes, i.e., interference channel with generalized feedback [3]. For instance,
the achievability scheme presented in [4] for the two-user G-SIC-NOF uses a particular case of
the coding scheme presented in [3].

2.2 A New Converse Region for the Two-User Gaussian Interference
Channel with Noisy Channel-Output Feedback

Theorem [2] presents the new converse region Caic—nor for the two-user G-IC-NOF. For all
i€ {1,2}, 5 € {1,2} \ {i}, consider the following events:

RT n° 8861
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Sis INR;; < SNE; A SNE; < INR;, (13a)
S».: INR;; < SNI; A SNR; > INR;; A SNR, > INR;INR,;, (13b)
Sss: INRj; > SNE; A SNE; < INR,, (13¢)
Sus: INRj; < SN, ASNE; > INRy; A SNE, < INR;;INR;;, (13d)
Ss.i: INRj; > SNI,; A SNE; > INR,;. (13¢)

Note that for all ¢ € {1,2} the events S1;, S2.4, S3,, Sa,; and S5 ; exhibit the following property.

Lemma 1 For all i € {1,2} only one of the events S1,;, Sa,i, S3,i, Sa,; and S5, holds true.

The proof follows from verifying that for ¢ € {1,2}, the events Sy, S24, S34, Sa,; and S5, are
mutually exclusive. For instance consider that the event S;; is true. Then, INR;; < SN

and ﬁj < INR;;, and therefore So;, S3,, Sa; and Ss; are simultaneously false. The same
verification can be done for Sa;, S3;, 54,2 and 55.,1 Finally, following the same reasoning it can
be verified that if any 4-tuple of the events {S1;, 52,53, S4.i, S5, is false, the remaining event
is necessarily true.

The new converse region Cqic—nor of the two-user G-IC-NOF in Theoremis described in terms
of the events in and the following variables, which are defined for a fixed 6-tuple (Sﬁl,

SNﬁg, INR;2, INRg, §NR1, §NR2) € RY and a fixed p € [0, 1] as follows:

ﬁl,i:% log (Sﬁl + 2py/ SNﬁZINle + INR” + 1) s (14&)
1 1 (1 - p?) SNE,
/{271_51 Iy (1 + ( ) INRﬂ) 3 log (1 + 1+ (1-p?)INRy, |’ (14b)
—% log <(1 — ,02) Sﬁi + 1>
SNR, ((1 - p?) (SNR; + INRy; ) + 1
+% log (( ) ( J ) ) +1 , (14C)

(SN + 2p/SNR,INR,; + INR; +1) (1 — p?) (SNE,; +1))
4= 11 <1 + (1=r7) STy ) + %log (sﬁi2 +20V/SNRINRg; + INRy; + 1>, (14d)

1+ (1— p?)INRy,

1 (1-p?) SNK, 1 R faNB INRo
K5= 51 1 —|— ( — p2) INRy, + 5 log (SN 1+ 2pV SNR1INRjs 4+ INR4o + 1> s (146)

ke if (S12V S22V S32) A(S1,1V Sa1VSs ;)= True
K6,2 if (Sl 52V Sy 2V S3 2) (5471 V 5571) = True (14f)
K6,3 (S4 2 V 55 2) (Sl,l \Y 5271 V 5371) = True ’
K6,4 (542\/55 2) (541 \/55’1) = True

or i K741 if (S1,V Sa2,V Ss,) = True 7 (14g)
K742 if (Sa;V Ss,;) = True
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where,
1 ﬁ /ﬁ 1
’{6,125 log (SN 1+ 2/) SN 1INR12 + INR12 + (1 — p2) INnglNRgl) — § log (1 + INng)
L iog (1 — p?) INR, SNR,
2 S NRs + 20\/SNEoINRg; + INRyy + 1

1 ﬁ /ﬁ
+§ log (SN 2+ 2p SNR2INRo; + INRo; + (]. — p2) INR121NR21>

IN
—% log (1 +INRg;) + log (1-¢") R1,SNR, ,
S ii + 2py/ SN ﬁ 1INR12 + INRjo + 1

1 1
g 2= log (SNﬁ1 +2p\/ SNﬁllNng +INRy2 + (1 - p?) INRlZINRgl) -3 log (1 4+ INR;2)
9 SNR, ( SNRy — 21/SNRoINR,5 4+ INR15
1 (1 —p ) INRo;
SNR» SNEs + 2p\/SNEoINRo; + INRgy + 1

1 1 — p?) INR12INR
—Zlog <1+ ( P ) 12 21)
2 SNRs

1 INR,INR,
+3 log <SNﬁ2 +1INRa; + (1 - p?) ﬁi (QSNﬁ2 — 2\/SNE,INR,, + INR12)
+%7 VINR 1 ( INR.» — 2V/SNR > + 2p+/INRay (\/ SNR, — \/INRH) )
INR1,SNR
—%log(l +INRay) + %log ( (1 - ¢?) INR1>5NR, ) ,

SN ﬂl + 2py/ SN ﬁ 1INR12 + INRjo + 1

INR;,IN
56,3% log <SNﬁ1 +1INRys + (1 - p?) %ﬁ ( SNE, — 2y/SNE,INRg; + INR21>

% ( NRy; — 2F> +2p/INRy (\/ﬁ \/INR21)>

1 1 1 —p?) INR, §NR
) log (1 4+ INRy2) + 3 log | 1+ ( P ) 2 2
SNﬁQ + 2py/ SNﬁQINRQl + INRo; + 1
1 ﬁ ﬁ
+§ log (SN 2+ 2pV SNR2INRo; + INRg; + (1 — p2) INngINRgl)

—p?) INRuINRzl)
SNR;

9 §NR1 (SNﬁl — 24/ SNﬁllNRgl + INRgl)
1 (1—p®) INRyo
+§ lOg 1 —|— ? INR21 + 5
SNR; SNE, + 20\/SNE,INRys + INRys + 1

(15¢)

(15a)

(15b)

1 1 1
~3 log (1 4+ INRg) — 3 log <1 + (

RT n° 8861
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1 INR2INRs;
Ke,4== log | SNR; 4+ INR2 + (1 — p2 (QSN 1 — 2V SNR{1INRo; + INR21)
2 (‘Fi (1) PR (o6, - VSN
INR2v/INRg;

B e (\/INRgl - 2\/@) + QP\/INTQ(\/ﬁ— \/INTm)>

— p?) INR,INR 1
p*) INRyz 21) ~ “log (1 +INRy,)
SNR, 2

) (1= ) INRys SNR, (SNI{2 — 2¢/SNR,INR 5 + INR12>
SNRy SNEs + 29\/SNEoINRa; + INRo; + 1

1 INR5INR
+5 log (sﬁg +INRo1 + (1 - p?) % ( 2SNE, — 21/ SNE,INRy, + INR12)

INR21vINR 2

e (JINRU - 2@) + 2NM(\/@— m))

) (1— ) INRy SNR; (SNI{1 — 24/SNR;INRy; + INR21>
SNR; SNE, + 2p\/SNE,INR.2 + INRys + 1

1 1 1
—3 log (1 4+ INR43) — 3 log (1 + (

1 (1-p?) INRHINRgl)
—Zlog |14+ ) 15d
s = (150)
n”,l:% log (Sﬁi +2p\/SNR,INR,; + INR;; + 1> % og (1 4 INR;;)
1 (1- ) INR;;SNR;
+-log| 1+
2 SNE; + 2p\/SNR,INR;; + INRﬂ +1
% log (1+ (1 - p?) (SNE, + INRy;)) - 5 1og (1+ (1 - p?) INRy,)
+% log (Sﬁj + 2py/ Sﬁ]INRﬂ + INle + (1 — ) INR”INR]Z) (156)

K77i,2=% log (Sﬁl + 2p4/ SN&INR” + INRZ'J’ + 1> — 5 log (1 + INR”)
INR.. SNR; (INR,; — 2\/INR;;SNE, + SNE, )
2t INRZ‘J‘ +
SN SNR, + 2p\/SNR,INR;; + INR;; + 1
1— p?) INR,;INR;;,
—ilog<1+( P") IRy, INR, >—|—;10g(1+(1—p2) (SNE, + INR;;))

SNR;
1
_5 log (1 + (1 — p2) INRji)

1 1 — p?) INR;;INR;
+3 log (SNﬁjJrINRﬁJr( 7) e (QSNﬁj—2\/INR1-J-SN§]-+INR@-)

SNR;

1
+§log 1+ (1-p7)

INR;;/INR;;
+2p+/INR;; (\/SNRj - \/INRZ-]-> + —]sﬁ# (,/INRU— —2y/SN j) ) (15f)
J

Inria
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The following theorem describes the new converse region Caic—_nor for the two-user G-IC-NOF.

Theorem 2 (A new converse region for the two-user G-IC-NOF) The capacity region
Ccic—NoF 15 contained into the region Cgic—Nor given by the set of mon-negative rate pairs
(R1, Ro) that satisfy Vi € {1,2} and j € {1,2} \ {i}:

ngmm (K/l,ia I€27i) y (163,)
Riglﬁg,i, (16b)
Ry + Ro<min (ky, K5) , (16¢)
Ri + Ry<kg and (16d)
2R; + Rj<K7, (16e)
for all p € [0,1].
Proof: The proof of Theorem [2]is presented in Appendix [B] [ |

The outer bounds (16a)) and (16¢]) correspond to the outer bounds of the case of perfect channel-
output feedback [5]. The bounds (16b)), (16d) and (16e) correspond to new outer bounds.

2.3 A Gap Between the Achievable Region and the Converse Region

Theorem |§| describes the gap existing between the achievable region C;o_nop and the converse
region Cgrc_~or (Definition .

Theorem 3 The capacity region of the two-user G-IC-NOF is approximated to within 4.4 bits
per channel use by the achievable region Cqic_nor and the converse region Cgic—NOF-

Proof: The proof of Theorem [3]is presented in Appendix [C] [ |
Fig. [2] presents the exact gap existing between the achievable region C,;c_nop and the converse

region Caic—nor for the case in which SNR; = SNR, = SNP{7 INR;2 = INRy; = INR and

SNR; = SNR, = SNR as a function of o = Egg%ﬁl} and g = izz—s%{r{{. Note that the maximum

gap is 1.1 bits per channel use and occurs at « = 5 = 1.1.

RT n° 8861
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Figure 2: Gap between the converse region Cgic_nor and the achievable region Cqic_nop
of the two-user G-IC-NOF, under symmetric channel conditions, i.e., SNR; = SNR, = SNR,

INR;; = INRy; = INR and SNR; = SNR; = SNR, as a function of v = % and § = %
og og

Inria
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3 Conclusions

In this technical report, a new achievable region and a new converse region for the two-user
G-IC-NOF were presented. These regions approximate the capacity of the two-user G-IC-NOF
to within 4.4 bits per channel use.

RT n° 8861
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Appendices

A Proof of Theorem [1I

This appendix describes an achievability scheme for the G-IC-NOF based on a three-part message
splitting, superposition coding and backward decoding. This coding scheme is general and thus,
it holds for the two-user G-IC-NOF and other channel models, e.g, linear deterministic channels
[6].

Codebook Generation: fix a joint probability distribution

Puu, v, vi va X1 x5 (W, U1, U2, V1,0, 21, T2) = Py (w) Py, v (ui|w) Puy o (uz|u) Py, v v, (vi|u, ur)

Py, v v, (v2|u, u2) Px, v v, v, (21w, w1, v1) Px, o v, v, (T2|u, ug, v2).  (17)

Let Ri,c1, Ri,c2, Ra,c1, Ro,c2, Ri,p and Ry p be non-negative reals. Let also Ry ¢ = Ri,c1 +
RLCQ, ngc = R2’01+R2702, R, = Rl,C"‘RLP and Ry = RQ_’C"‘RQ_’P. Generate oN(Ri,c1t+Rz.c1)
i.id. N-length codewords u(s,r) = (ui(s,7),...,un(s,r)) according to

N
Py (U(S,T)) = H PU('LLZ-(S77”)), (18)

with s € {1,...,2Nfve1} and r € {1,...,2NF201}
For encoder 1, generate for each codeword u(s, ), 2Vf1.c11i.d. N-length codewords wu;(s,r, k) =
(ul’l(s, rk), ... urn(s,T, k)) according to

N
PUl‘U(ul(s,r, k‘)\u(s,r)) = HPU”U(’U,LZ'(&T, k)|ui(s,7")), (19)
i=1
with k € {1,...,2Nf1.c1} For each pair of codewords (u(s,r),u1(s,r,k)), generate 2V #1.c2

i.i.d. N-length codewords vy (s,r, k,l) = (vl}l(s,r, kD), ... v n (s, k,l)) according to

N
PV1|UU1 (v1(377ﬂ7 kJ)\u(s,T), Ul(S,’l", k)) = HPVﬂU U, (Ul,i(sa T, k> l)|ui(87r)7u1,i(s>r7 k))7

i=1

(20)

with [ € {1,...,2NFic2} For each tuple of codewords (u(s,r), ui(s,r k), vl(s,r,kJ)), gen-

erate 2Vf1.P iid. N-length codewords xi(s,r,k,1,q) = (xm(s,r,k,l,q), ..o, T1,N (s, k,l,q))
according to

Px,wu, v, (wl(s, r kL q)|u(s,r),ui (s, k), vi(s,rk, l)) =
N

H PX1|U U, Vi (1’1’1'(87 T, ku l7 Q)|Uz(57 T)v ul,i(sv T, k)a ’Ul,i(sv T, k7 l))7 (21)
i=1
with ¢ € {1,...,2NRur}
For encoder 2, generate for each codeword u(s, ), 2VF2.c1 i.i.d. N-length codewords us(s,r,j) =
(u2,1(s,7,7), ..., u2,n(s,7,7)) according to

N
PU2|U(u2(3’T’j)‘u(57T)) = HPU2|U<U271'(57r7j)|ui(57’r))’ (22)
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with j € {1,...,2NV2.01} . For each pair of codewords (u(s,r), uz(s,r, j)), generate 2V#2.c2 jjd.
length-N codewords va(s,r, j,m) = (11271(5, T j,m), ..., v2 N(8, 7,7, m)) according to

PVQ\U U, (’UQ(S,’I",j, m)|u(5,r),u2(s,r,j)) = H PV2|U U,y (v27¢(5,r,j,m)|ui(s, 7’)”12@(5,1"7].)),
i=1
(23)
with m € {1,...,2N¥%2.c2} For each tuple of codewords (u(s,r), us(s,r,5),va(s,r, J, m)), gen-
erate 2Vf2.7 iid. N-length codewords xo(s,,,m,b) = (1'2)1(8, r,j,m,b), ..., xa n(s, 7, j,m, b))
according to

PX2|UU2 Vo (.’BQ(S,T,j, m, b)|u(S,T),U2(S,T,j),Uz(S,T,j, m)) =
N

H PXz\U Us Vs (IQ,i(Sa T, jv m, b)‘ul(sv T)a u2,i(sa T, ])a 1)271'(57 ijv m, b))v (24)
i=1
with b € {1,...,2NR2pr}
Encoding: denote by Wl-(t) e{l,..., 2N(RivC+R'i»P)} the message index of transmitter ¢ during
block t, respectively. Let W(t) = (W(g, W(tl),) be the message index composed by the message

K3 K2

index Wi(’tc); € {1,...,2NRic} and message index W € {1,...,2NRir} The message index
Wi(,t; must be reliably decoded at receiver i. Let also Wl(tc) = (Wz(2*1aW1(tc)2) be the message
index composed by the message indices Wi(,tc)u e {1,...,2NFic1} and W, 02 € {1,...,2NRic2},
The message index Wz(tc)q must be reliably decoded at transmitter j (via feedback). The index

message Wi(tc)*z must be reliably decoded at receiver j.

Consider Markov encoding with a length of T blocks. At encoding step ¢, with ¢ € {1,...,T},
transmitter 1 sends the codeword wgt) =x (Wl(tgll), W2(t511)7 Wl(%l, Wf,%zv Wf%), where Wl(?c),l =
Wf@l = s* and W2(,Oc)*1 = Wé@l = r*. The pair (s*,7*) € {1,...,2NFrer} x {1 .. 2NR2c1} g
pre-defined and known at both receivers and transmitters. It is worth noting that the message
index I/VQ(tc_l1 ) is obtained by transmitter 1 from the feedback signal ﬂt‘” at the end of the
previous encoding step ¢t — 1.

Transmitter 2 follows a similar encoding scheme.

Decoding: both receivers decode their message indices at the end of block T in a back-

ward decoding fashion. At each decoding step ¢, with ¢t € {1,. T;», receiver 1 obtains the
It T— AT—({-1) W(T (t=1)) (T (=1)

message indices (Wy oy, Wy ey Wies ; s.C2 ) € {1,...,2VFeny x
(1, 9NReci)y {1, 9NRica)y {1, 9NRiryx {1,... 2NRecz}. The tuple (W{?“C‘I” :
WQ(Tmt),Wl( CQ(t 1)),W(T (t-1) W( (t 1))) is the unique tuple that satisfies

T (T—t) 77-(T—t T—t T—t t—1
(“(ch1)7W2(c1)) “1(W1(C1)»W2(C1)»W1(C1( ))>v

T—t T—t T—(t—1 T—(t—1
oy (W0, WAL Wil o) L )y,
T—t T—t T—(t—1 T—(t—1 T—(t—1
2y (W0, W0, Wi ) W( ( ) Y
(T—t (T—t t—1
u2( 101)7W201)7W2(Cl( ))>v

(T (T 1) THT—(t—1 T—(t—1
va (W) 01t)aW2 01t)aW2(c (=) WQ(,CQ(t ))) ,75 ¢ ))) € AéN)a (25)

where Wl(g_l(t_l)) and Wz(?;,_l(t_l)) are assumed to be perfectly decoded in the previous decoding

step t — 1. The set .A.(QN) represents the set of jointly typical sequences. Finally, receiver 2 follows
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16 Quintero & Perlaza & Esnaola € Gorce

a similar decoding scheme.

Probability of Error Analysis: an error might occur during encoding step ¢ if the message
index Wz(tgll ) is ot correctly decoded at transmitter 1. From the asymptotic equipartion property
(AEP) [1], it follows that the message index I/VQ(tc_l1 ) can be reliably decoded at transmitter 1

during encoding step ¢, under the condition:

Roci < I(YiUaUUL VLX)
1(Yitelu,x,). (26)

An error might occur during the (backward) decoding step ¢ if the message indices Wl(,T(;lt),

Wé’%_lt), Wl(?;,;(t_l)), Wl(?;;(t_l)) and W2(7“0—2(t—1)) are not decoded correctly given that the mes-

(T~(=1) 4 q T (0-1)

sage indices Wy were correctly decoded in the previous decoding step

t — 1. These errors might arise for two reasons: (i) there does not exist a tuple (Wffg}t),
WQ(:glt), Wl(:g;t ) W(T (t=1) W(T (t= 1))) that satisfies , or (i%) there exist several tuples

(Wf%lt),Wézlt),szz(t 1)),W1(’P (¢ )),WQ(’TCE(Fl))) that simultaneously satisfy . From

the asymptotic equipartion property (AEP) [7], the probability of an error due to (i) tends to
zero when N grows to infinity. Consider the error due to (i7) and define the event E(y ,.; 4 m) that

describes the case in which the codewords (u(s,r), u1(s,r, Wl(qg;l(t*l))), vy (s, Wl( o1 (t=1) ),

=) o, WL ) WD),

xi(s,r, VV1 Cl us(s, T, and va(s, T, )) are jointly typical with

7? (t-1) during decoding step t. Assume now that the codeword to be decoded at decoding
step t corresponds to the indices (s,r,1,q,m) = (1,1,1,1,1), this is without loss of generality
due to the symmetry of the code. Then, the probability of error due to (i7) during decoding step
t, can be bounded as follows

P.=Pr U Es,r.1,q.m)
(s,r,l,q,m)#(1,1,1,1,1)

< > Pr (Esr1.q.m)) + > Pr (E(s,r1,q,m))

s=1,r=1,l=1,q=1,m#1 s=1,r=1,l=1,q#1,m=1

+ > Pr (E(s,r1,q,m)) + > Pr (E(s,r,1,q,m))

s=1,r=1,l=1,g#1,m#1 s=1,r=1,l#1,g=1,m=1

+ > Pr (E(s,r1,qm)) + > Pr (Esri.q.m))

s=1,r=1,l#1,g=1,m#1 s=1,r=1,l#1,q#1,m=1

> Pr(Baniem) + > Pr(Beriam)

s=1,r=1,1#1,9#1,m#1 s=1,r#1,l=1,q=1,m=1

+ Z Pr (E(37T7l7Q7m)) + Z Pr (E(SarzlaQam))

s=1,r#1,l=1,g=1,m#1 s=1,r#1,l=1,9#1,m=1

+ > Pr(Baniem) + > Pr(Bariam)

s=1,r%£1,l=1,q#£1,m#1 s=1,r#1,l#1,q=1,m=1

+ Z Pr (E(S7T7l’q7m)) + Z Pr (E(erwl)%m))

s=1,r#1,l#1,q=1,m#1 s=1,r#1,l1#1,q#1,m=1

Inria
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+ > Pr(Baniem)+ Y. Pr(Basiam)
s=1,r#1,l#1,q#1,m#1 s#1,r=1,l=1,9=1,m=1
+ > Pr(Es,rt.qm) + > Pr (Es,r.1.9,m))
s#1,r=1,1=1,q=1,m=#1 s#1,r=1,1=1,qg#1,m=1
+ Z PI' (E(S!T7lxq’m)) + Z Pr (E(S,T,l7q,m))
s#1l,r=1,l=1,q#1,m#1 s#1,r=1,l#1,9=1,m=1
+ ) Pr(Es,rt.q.m) + > Pr (Es,r.1.9,m))
s#1,r=1,17#1,q=1,m#1 s#1,r=1,1%1,q#1,m=1
+ Z Pr (E(S’Tvl:q’m)) + Z Pr (E(Sa'r»lv‘bm))
s#1,r=1,l#1,q#1,m#1 s#1l,r#1,l=1,9=1,m=1
+ ) Pr (B r1.qm) + > Pr (Es,r.1.9,m))
s#1,r#1,1=1,q=1,m#1 s#1,r#£1,1=1,q#1,m=1
+ Z Pr (E(s,r,l,q,m)) + Z Pr (E(Sar»lv%m))
s#1,r#1,1=1,q#1,m#1 s#1,r%#1,1%1,q=1,m=1
+ ) Pr (E(or1.qm) + > Pr (E(ar1.qm)
s#1,r#1,1#£1,q=1,m#1 s#L,r#1,1#1,q#1,m=1
+ Z Pr (Esrtqm)) - (27)

SALTALIFAL g#L m#1

From the asymptotic equipartion property (AEP) [7], it follows that:

Pe<2N(R2,C27I(71;VQ\U,Ul,Ug,Vl,X1)+26)
LN (R p=1(V13X:1 [UU,Us, Vi Vo) +2¢)
+2N(R2,02+R1,P*I(?1;V2,X1 |U,U1,U2,V1)+2€)
L 9ON(R1ca— (Y 13V, X1|U,U1 Uz Va) +2¢)
4 oN(Ry oot Ra,c2—1(Y 13V2,Va, X1|UU1,Uz)+2€)
9N (Bicat Ry p— (Y 13V2 X3 |UU1 Uz Va)+26)
+2N(R1,CQ+R1,P+R2,CQ—I(?1§V17V27X1 |U,U1,Uz2)+2€)
9N (B2, o1 —1(V 13U, U1,Uz, V2, Vo, X1 ) +26)
9N (Re.c1+Ra,c2—1(Y 13U,U1,Uz Vi, Vi, X1)+2)
+2N(R2,01+R1,p—1(?1 SULUL,Us Vi, Vo, X1 ) 42€)
+2N(R2,CI+R1,P+R2,C2_I(?1§U1U17U27V1 ,Va,X1)+2€)
+2N(R2,c1+R1,cz—I(?1;U,U17U27V1 V2, X1)+2¢€)
+2N(R2,01+R1,02+R2,c2—1(71;U7U1,U2,V17V2,X1)+26)
+2N(R2,01+R1,02+R1,P—I(?1;U,U17U27V1,V27X1)+2€)
+2N(R2,Cl+R1,02+R1,P+R2,02*1(71;U7U1,Uz,Vl7V2,X1)+26)
+2N(R1,01*1(71;U7U1,U2,V1,V2,X1)+26)
+2N(R1,01+R2,02*I(71;U,Ul,Uz’V1,V2,X1)+2e)
+2N(R1,01+R1,P*I(?1;U7U1,U2,V1,V2,X1)+26)
4 9N(Ri,c1+ R p+Ra.c2—1(Y 13U,U1,U2,V1,Va, X1) +2¢)

+2N(R1,01+R1,02*I(?1;U,Ul,U27V1-,V2,X1)+2e)
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18 Quintero & Perlaza & Esnaola € Gorce

_|_2N R1,01+R1,c2+R2,02*I(71;U,U17U2’V1;V27X1)+26)

9N R1,01+R1,c2+R1,P*I(71;U,Ul,Uz,V17V2,X1)+26)

+

9N RI,CI+R1,C2+R1,P+R2,CZ*1(71§U,U17U27V11V27X1)+2€)

+

L oN(Ryc1+Ra,00 (Y 1UU1,U2, V2, Vi, X1)+2€)

oN R1,C1+R2,C1+R2,02*I(?1;U,U1,U27V1,V2,X1)+26)

+

2N R1,01+R2,Cl+R1,P*I(?1§U7U1,U2,V17V2,X1)+25)

+

oN Rl,Cl“l‘RQ,Cl+R1,P+R2,C2—I(7l§U7U1>U27V17V2>X1)+2€)

+

(
(
(
(
(
(
(
(

+2N Rl,c1+Rz,c1+R1,c2—I(71;U,U1,U2,V17V2,X1)+2€)
_|_2N(R1,c1 +R2,01+R1,C2+R2,02—I(?1;U,U1,U2,V1,V2,X1)+25)
L oN(Brc1+Ra, o1t Ry cot Rap—I(Y iU UL U Vi, Va, X1)+26)

+2N(R1,c1 +R2,c1+R1,c2+R1,P+RQ,cz—I(?1§U7U1 ,U2,V1,V2,X1)+2€) . (28)

The same analysis of the probability of error holds for transmitter-receiver pair 2. Hence, in
general, from and , reliable decoding holds under the following conditions for transmitter
i€ {1,2}, with j € {1,2} \ {i}:

R;c1 < (yiQUj|U7 UiaVi,Xi)

-1(Ysulux,), (29a)
Rici+ Rico+Rip+Rjc1+ R‘,c2<1(7i; U,U;,U;, Vi, Vi, X;)

=I(Y U, U;,V;, X3, (29b)
Rjc2 <I(Y 3V, |U UL UL Vi X))

=I(Y 5 V|V, U, Xo), (29¢)
R p <[(?1;X1|U, Ui, Uj, Vi, V), (29d)
Rip+Rjc2 éf(?i; Vi, Xu|U,U;, U, Vy), (29e)
Rico+ Rip <I(?i;Vi,Xi|U, Ui, Uj, Vj)

—1(Y:: X:|U, U, U, V), (29f)
Rico+ Rip+ Rjco <I(?i;VE,V}',Xi|U7 Ui, Uj)

=I(Y:;V;, Xi|U, U3, U;). (29g)

More explicitly, the inequalities in can be written as follows

Rs 1 < (?1; Us|U, Xl) =a, (30a)
Rici1+ Rico+ Ri,p+ Racn +R2,02<I(71;U, Us, V2, X1) = as, (30b)
Rao.co <I(Y 13 Va|U, Us, X)) — a4, (30¢)
Rip <I(Y 13 XU, UL, Us, Vi, Va)= aa, (30d)
Rip+ Roco <I(Y1; Ve, Xu|U, Uy, Un, Vi)= s, (300)
Rico+ Rip IV X0 |U, Uy, Un, Vo) = ag, (30f)
Rico+ Rip+ Raoco <I(YV1iVe, XU, UL Us)  =ar,  (30g)
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Ric <1 (Y 01|U. ) = by, (30h)
Roc1+ Rooo+ Rap+ Ricn + B co<I(Yo; U, Uy, Vi, Xa) = b, (301)
Ryco <I(Y 5 Vi|U, Uy, X) — b, (30)
Ro.p <I(Y o3 Xo|U, Uy, Us, Vi, Va)= by, (30K)
Rop+ Rico <I(Y5i Vi, Xo|U, Uy, Uy, V)= bs, (300)
Roco+ Rop <I(72;X2|U7 Uy, Uz, Vi) = bg, (30m)
Ry co+ Rop + Rico2 <1(72; Vi, Xo|U,Ur,Uz) = b1 (30m)

Taking into account that Ry = Ry c1 + Ri,c2 + Ri,p and Ry = Ry c1 + Ra,c2 + Ra, p, a Fourier-
Motzkin elimination process in yields

Ri<min (as, ag + by, a4 + by + b3), (31a)
Ro<min (by, a1 + bg, a1 + as + by) , (31b)
Ry + Ro<min(ag + ba, ag + bg, as + b2, ag + ba, a1 + a3 + as + by + bs,
a1 +az + by +bs, a1 + ag + by + by, a1 + as + by + b3 + by, a1 + as + by + bs,

ai +ay + by + b4), (31(2)
2R, + Rggmin(ag 4+ aqg 4+ by +b7,a1 + a4 + a7+ 2by + bs,a0 + a4 + b1 + b5>, (31d)
Ry + 2R2<min(a1 4+ as + by + by, a1 + a7 + ba + by, 207 + a5 + by + by + b7), (316)

where a1,...a7 and by, ... by are defined in .
Consider that transmitter i uses the following Gaussian input distribution:

Xi=U+U;+Vi+ X p, (32)

where U, Uy, Us, V1, V2, X1,p and X5 p are mutually independent and distributed as follows:

UNJ\/(O7 ) (33a)

N (0,05 - Aic) s (33b)

VNN (0, (1 - al) o), (33c)

Xi,p~N (0, Ai,p), (33d)

with
p+Xic+Ap=1and (34a)
1
Aip=min [ ——,1), 34h
i (INRji ) (34)

+
where a; € [0,1] and p € [0, (1 — max (rgk—, 7)) | The random variables U, Uy, Ua, V3

and V5 can be interpreted as components of the signals X; and X5. For instance, the random
variable U; represents the signal component reliably carrying a message index from transmitter
1 to transmitter j, via the corresponding feedback link; the random variable V; represents the
signal component reliably carrying a message index from transmitter i to receiver j; the random
variable X; p represents the signal component reliably carrying a message index from transmitter
1 to receiver 4. Finally, the random variable U represents the common component of the channel
inputs of transmitter 1 and transmitter 2. Note that such a common signal component can be
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constructed using previous observations of the random variables U; and Us, which are obtained
at each transmitter thanks to the use of feedback.

The parameters p, o, A; ¢, and A; p define a particular power allocation for transmitter ¢. The
assignment in is based on the intuition obtained from the linear deterministic model, in
which the power of the private signal from transmitter i to receiver j most be observed at the
noise level. From , (Bb)) and , the right-hand side of the inequalities in can be
written in terms of SNR;, SNRs, INR;2, INRo;, SNRy, SNRy, p, a1 and as as follows

1(Yauu.x))

§NR1 (INRM + 1) + SNﬁz + 2p4/ SN&INRU + INRZ‘j +1

1
=—log
2 SNR; (1 — ;) (1 — p) INRy; — 1) +2) + SNR; + 20y/SNR,INR;; + INRy; + 1
(35a)
1 1
I (71; U,U;, V;, Xi) = log (SNﬁi + 2p\/SNEiINRij +INR,; + 1) -5 (35D)
1 1
I (7i; V;|U, Uy, X)) = 5108((1 =) (1= p)INRyj — 1) +2) - ., (35¢)
1 SNE, 1
I (71,Xi|U, Ui, Uy, Vi, Vy) = 5 log (INRﬁ +2) ~ 5 (35d)
1 SNE, 1
I (71, V},XAU, Ui,ijv;') = 5 g (INRﬂ —+ (]_ — aj) ((1 — p) INR” - 1) + 2) — 5, (356)
1 SNE, 1
I <?“XVZ|U7 Ui, Uj,V}) = 5 log (INRJ',' ((1 — ai) ((1 — p) INRﬂ — 1) + 1) + 2) — 5, (35f)
1(Y 5V, XilU.0, U;)
1 SNE, 1
(35g)

Using , with 4 € {1,2} and j € {1,2}\{¢}, the variables aq,...,a7 and by,...,b7 in can
be written as in (L1)). Note that the sum-rate bound in (31d) can be simplified as follows

Ry + Ry < min(ag + by, as + ba, a1 + ag + by + b7, a1 + a5 + by + bs,a1 + a7 + by +bs), (36)
given that max(ag + bg, aq + bo, a1 + a4 + b1 + b7, a1 + a5 + b1 + b5, a1 + a7 + by + by) < min(as +

bg, ag+ba, a1 +as+ag+b1 +bs, a1 +a7+b1 +bs, a1 +as + by +bs+by). Therefore, the inequalities
in simplified into , which completes the proof of Theorem
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B Proof of Theorem [2

This appendix provides a proof of the Theorem The outer bounds and in Theorem
correspond to the outer bounds of the case of perfect channel-output feedback [5], so this does
not need a proof. The bounds , and correspond to new outer bounds and are
given by Lemma [2|. Before presenting the proof, consider the parameter hj; 7, with ¢ € {1,2}
and j € {1,2}\ {i}, defined as follows

0 if (Sl,i V 5271‘ Vv SS,i) = True
hj'i,U = INR;;INR;; if (S S, =T (37)
T, (S 8] = True,

where the events S ;, S2,i, S3.i, S4,; and S5 ; are defined in . Note that the parameter hj; 7 is
well defined for any (SNﬁl, SNﬁg, INR;3,INRyy) € ]Rfl|r (Lemma . Consider also the following
signals:

Xi7C:\/INRjiXi + 7]‘ and (38)
Xiv=hjivX;+ 7;‘7 (39)

where, X; and ?j are the channel input of transmitter ¢ and the noise observed at the receiver j
at channel use n € {1,..., N}, as described by . Note that the channel use index n has been
dropped by the ease of notation.

Lemma 2 Let a non-negative rate pair (Ry, R2) be in the capacity region of the two-user G-
IC-NOF. Then, the pair (R1, Ry) satisfies the following conditions for all i € {1,2} and j €
{123\ {i}:

R; <h (Y., Y,1X,) — log (2me), (40a)
Ri+ Ry <h (71|X1,C>X2,U> +h(XiulXe0) +h <?2|X1,U,X2) +h (?2|X1,U7X2,C)
+h (Xau|X1c) +h (VilXaw, X)) - Blog (2me) (40b)
2R, + Ry<h (V) + h (XoulX50) + 0 (V1%00. X)) + 1 (V1 Xow X0 ) + b (VilXie, X5)
72 log (2r¢) . (40c)
Proof: The proof of Lemma [J]is presented in Sec. [B] n

Using Lemma [2] the proof of Theorem [2] continues as follows.
Proof of (16b): for all ¢ € {1,2} and j € {1,2} \ {i}, from (40a) the following holds

Rzéh (71, ?”XJ) — lOg (2’/T6)
=h (7“ ?j,Xj) —h (Xj) — IOg (27’(’8)

g%log ((1 — p2) Sﬁz + 1)
+1 log mj' ((1 — p2) (m1 + INR]Z> + 1) +1 - (41)

2 (SNE; + 2py/SNIGINRy; + INRy; + 1) ((1 - p2) (SNE + 1))

This completes the proof of (16b]).
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Proof of (16d)): This proof uses the signals defined in (38]) and . From (40b)), the following
holds

Rit+Ry < h (Y1 X1, Xow )+ h (X101 Xe0) + 1 (Yol Xo. X00) + 1 (Yol Xoo, X100)
+h (Xow|X1e) +h (Y1]X1, Xa.0) - 3log (2e)
—h (Y1 Xvo, Xaw) — h(Xae) +h (Yo, Xo, X10) = h(Xe, X10) + h (Ye, Xaion X10)
~h(Xye)+h (Y1, X1, Xow) = h (X1, Xa0) - 3log (2me)

g% log (det (Var (Y1, X1.0, Xo.0)) ) - %log (INRys + 1) + %log (det (Var (V5. X5, X10) )
_% log (det (Var (Xo, X1.1))) + %log (det (Var (?QVXQ’C,XLU))) - %log (INRy; + 1)

+% log (det (Var (¥1, X1, X201 )) - %log (det (Var (X1, Xo.0))) (42)

where, for all 7 € {1,2} and j € {1,2} \ {i} the following holds

det (Var (V 5, X0, Xir) )=SNR; + INRy; + B2, i — 2hy1.0/INR;; + (1= p?) (INRy, INR
+h2,  (SNR, + INRy;) — 2hy; v TNR;; /INR ;)
+20\/ﬁ; (VINR;: = hjiv) (43a)
det (Var (Y, X;, X,0) ) =1+ 12, 1y (1 - p7)
+%j (1— %) (W% — 2hji0/INR,; + INRy,)
(SNE, + 29\/SNI INRy; + INRy; + 1)

det (Var (X;, X; v))=1+ (1 — p*) b3, 1. (43c)

and (43b)

The expressions in depend on 51 ;, S24, S34, Sa; and Ss; via the parameter hj; y in .
Hence, the following cases are considered.

Case 1: (5172\/5272 \/53,2) A (3171 \/5271 \/53,1) = True. From , it follows that h127U =0 and
ho1,u = 0. Then, under these conditions, plugging the expressions into yields (15a)).
Case 2: (S12V S22V S32) A (Ss,1V S5,1) = True. From , it follows that hi2y = 0 and

horv =/ %1%. Then, under these conditions, plugging the expressions into

yields ([15b]).

Case 3: (S42VS952)A(S1,1V 82,1V Ss1) = True. From (37), it follows that kg = INP;;INRM
1

and ho1,y = 0. Then, under these conditions, plugging the expressions into yields (15c]).

. _ : _ /INRy2INR:
Case 4: (5472 vV S5,2) A (S4,1 \Y 8571) = True. From 7 it follows that hl?,U = ﬁ%
and hat,y = 4 /%&. Then, under these conditions, plugging the expressions into

SNR2
yields (|15d]).
This completes the proof of (16d]).

Proof of (16€): This proof uses the signals defined in and (39). From (40d), the following
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holds

2Ri+Rj<h(7i)+h(Xi,U|Xj’c)+h(Yj|Xj, zU)+h(7 | Xic, X )+h(7 X0, Xivr)
_glog(zm)
:h<7i)+h(XZ-,U,ijc)—h(X]C +h (Y. X Xow) — h (X, Xi0)
+h (Vi X X))~ h(Xio. X)) +h (Y5, X0 Xow) = h (X, Xiw) — glog (2re)
—h (V) = n(e) +h (VX Xow) = h(X5, Xow) + b (Vi Xie, X;)
“h (X, X)) +h (Y Xpe Xiw) - glog (2me)

ﬁ /ﬁ 1

1
<7

2

+% log (det (Var (?j,Xj,Xi,U)» — %log (det (Var (X;, Xi.v)))
+% log (1+ (1 - o) (SNK; +INRy;)) - %log (14 (1 - p?) INRy;)

—I—% log (det <Var (?Z,Xj}c,Xi’U))) . (44)

The upper bound on depends on Sy i, S24, 534, Sa; and Ss; via the parameter hj;  in
(37). Hence, as in the previous part, the following cases are considered.

Case 1: (S1;V S2; V S3;) = True. From (37), it follows that h;; v = 0. Then, under these
conditions, plugging the expressions into (44) yields .

Case 2: (S4;VS5,) = True. From , it follows that hj; v = %& Then, under these

conditions, plugging the expressions into yields (15f).
This completes the proof of (16€]) and the proof of Theorem

B.1 Proof of Lemma 2|

The proof of Lemma [2] is presented in three parts.
Part I: Proof of (40al). Given that the message index W; is uniformly distributed over the set
W, for all ¢ € {1,2} the following holds

NR;,=
WilWj)

=1 (W ¥, ¥, W) + b (Ww,, ¥, Y
<I (Wi ¥, Y, W)) + No(N)

(Yo ¥, w,) -0 (Y. Y, W w,, Y, + No()
Z{ (?znvyjn‘wjv? lin— 1)7?j7(13n—1))
(Vi Vil Wi W3, ¥ i Vo100, ¥ onny) | + NO()
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=

Mz L iM=

[h(?zn,?mwj,? o Y 1 X )
(7zn,?]n|wz,wj,§71,7 v Y ), X0, X, (m))] + N§(N)
[ W(Y i Yl X)) — b (Z,n,?MWi,Wj,371«,?i,(lm_l),?j,(m_l),xi,
j(l.n),?j,n)}ﬂva( )

[ WY i, Vil Xi) =1 (Zin) = 1 (Z30)] + No(N)

INE
I

o

I
ﬁuMz

N [n (Y1, Y,1x,) - log (27e)] + No(N), (45)

where

(a) follows from the fact that W7 and W5 are mutually independent;
(b) follows from Fano’s inequality;

(c) follows from the fact that conditioning reduces the entropy;

(d) follows from (/).

From , in the asymptotic regime, it holds that

Ri<h (Y1, Y 1%;) — log (2me). (46)

This completes the proof of (40al).
Part II: Proof of (40b)). This part uses an intermediate result that is described by the following
lemma.

Lemma 3 For alli € {1,2} and j € {1,2} \ {i} the following holds

1(Xion X0, Yo, Wi Y5, W5) < (Y5W5) + Z [ (X0 Xi )

n=1

0 (Fial X Xy 00) — 3 log (27¢) | (47)

Proof: The proof of Lemma [3]is presented in Sec. [B:2} [ |
Given that the message indices W7 and W5 are uniformly distributed over the corresponding sets
Wi and W, the following holds

N(Ri+Rz) = h (W) + h (W2)

—1(Wi YY)+ H(WIY LY ) + 1 (We: Yo, V) + H (W[5, V)

Y (WY1, Y1) +1(Wa: ¥, ¥a) + NS(N)

(YY) - n (YY) + 0 (Yo, ¥o) — 1 (Va, YalWa) + NS(V)
—h(P1)+h(Yi¥)) —h (37 W) = b (Falwe, ¥) + 0 (Y2) + 1 (Yl Ya)
—h (Yowe) = h (Yo Wa, ¥o) + No(V)

Ch(¥) + 1 (Zu¥)) ~ (Vo) =0 (Puwn, Yo, X0 ) + 0 (Y2) + 1 (Z:]Ys)
(Yol We) — b (Yo We, Yo, X)) + NS(N)
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h(¥s) - (? W) — b (P, V1, X0) 4+ 0 (P2) = 1 (Vo Wa) — b (P02, ¥2, X5)
+h(Z0) +h(Z>) + No(N)

(Y1)~ 1 (Vi) — h (XaolW, Y X0 ) + 0 (Y2) = 1 (Yol

—h (X 1.clWe, Yo, X5) + Nlog (2re) + N3(N)

(Y1) — 1 (Vo) = h (Xoo, ZoWi, Y1 X0 ) + 0 (Z2W1, Y1, X0, Xo o) + 0 (Ys)

h(? |W2> (XLC,B”WQ,?Q,XQ) +h<§1|WQ,?2,X2,X10> +N10g(27‘(6)
5(N)
h

Y,

>

+N§(N
D (Y1) =0 (Vo) = h (Koo X oW, Y1, X0) 4+ 1 (2200, Yo, X1, Xoo) + 0 (Ys)
“h(YoWe) — b (X1c, Xou|Wa, Yo, Xa) + h (Z1We, Yo, X0, X1 ¢) + N log (2re)
+NS(N)
=h (Y1)~ (Vi) = b (Xoe, XooW1, Y1) + 1 (F2) =k (ValWa)
(X vo, XauWe, Yo )+ h (Z11Wa, Voo Xo, X10) + h (Z2W1, Y1, X1, Xo0)
+Nlog (2me) + N§(N)
=h (?1) —h (?1|W1> + [I <X2,C>X1,U§ Wi, ?1) —h(X2c, Xl,U)} +h (?2) —h <?2|W2)
+ [I (Xl,CaXZU;WQ,?Q) - h(XLc,XQ,U)] +h (71|W2,?2,X2,X1,o)
+h (Zo)W1. Y1, X1, Xa.c) + Nlog (2me) + NS(N)
<h <?1) —h <?1|W1) + [I (X2,C,X1,U; Wi, <171) —h (X2,C7X1,U)} +h (?2) —h <?2|W2)
+ [I (Xl,CaX2,U§W27?2) - h(Xl,C7X2,U)]
+ [h (X2,07X1,U|?2) —h <Xz,c7 X1,U\727X1, XQ)]
+[1 (X 1o, Xowl V1) — b (X v, Xovl Vi, Xo, X0)] + 1 (Z0We, Vo, X0, X1 0)
+h (221, Y1, X1, X5.0) + Nlog (2me) + N3(N)
“h 1_} |X1,C7X2,U> —h (Y1|W1> +1 (X2,07X1,U§W1,?1) +h (?2\X2,C7X1,U>
—h (?2|W2> +1 <X1,C7X2,U§ Wa, ?2> —h (X2,07 X1,U|72, X17X2)
—h (Xl,c, X2,U|71, X, Xl) +h (71|W2, ?2, X2,X1,C> +h (72|W17 ?1, X1, Xz,c)
+Nlog (2me) + N§(N)
Dy, <?1|X1,07 X2,U> —h (&71|W1> +1 (X2,07X1,U; Wi, Y1) +h (?2\X2,C7X1,U>
—h (?2|W2> +1 <X1,C7X2,U§ Wa, ?2> —h (71, 72|5—}2>X1, Xz)
(22, 2\ ¥ 1 X0 X0 ) + 0 (21 W, Yo, X0, X10) + 1 (2o W, ¥ 1 X0, X )
+Nlog (2me) + N§(N)
=h (71|X1,C7X2,U> —h (v1|W1> +1 <X2,C,X1,U; Wi, ?1> +h <?2‘X2,C>X1,U>
—h (?2|W2) +1 <X1,07X2,U§W2, ?2> —h (71|?2,X17X2) —h (72|?1,X2,X1)

+h (71|W27?2,X27X1,C) +h (72|W1, ?17X17X2,C> + Nlog (2me) + NO(N)
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=h <?1|X1,C;X2,U> —h <?1\W1) +1 (X2,C;X1,U§W17?1) +h (72|X2,C;X1,U>
“h (YolWo) + 1 (X Xowi Wa, Yo) + 1 (Z1]Wa, ¥V, X0, X 1.0)
+h (Zo)W1, Y1, X1, Xo.¢) = h (Z1) — h (Z2) + Nlog (2me) + NS(N)

(g) (7 1 X410, Xo, U> <?1\W1> +I(X2,C;X1,U7W27y2§wl7v1)

+h (?2|X2,C7X1,U) - (?2|W2> +1 (X1,07X2,U7W1,?1;W2,?2)
+h (21 W, Yo, X0, X1.0) + 1 (Zo)W1, Y1, X1, Xo0) + N3(N)

N
(gh (?1|X1,C, X2,U) —h (?1\W1) +h (?1\W1) + Z [h (X1,unlX2,cn)

n=1

+h (Y{7)1x,, n,Xl Un) — glog (2776)} +h (Yol Xooo X10) — h (Val12)

+h (? |W2> { (Xo,unlX1,0m) +h (?17n|X1,n7X2,U,n) - glog (27T€)}

n=1
+h (21 W, Yo, X0, X1.0) + 1 (Z5)W0, Y1, X1, Xa0) + NS(N)
N
=h <71|X1,C, X2,U> > {h (X1,unl|X2,cn) + 1 (?2,n|X2,n7X1,U,n> - glog (27T€)}

n

=1
N
+h (?2|X2,07X1,U> + Z [ (Xo,um|X1,0n) + 1 (?(n)|X1n Xo Un) - glog(%e)}

=1
+h (Z1|Wo, Yo, X0, X1.0) + 1 (ZoW1, Y1, X1, Xa0) + NO(N)
N
=Y [h (71,n|X1,C7 Xou, 71,(1:77,71)) +h(X1,unlX2,0m) +h <?2,n|X2,n7 Xl,U,n)
n—=1
+h (72,n|X2,Cv Xl,Ua 72,(1:71—1)) +h (X27U7n|X1,C,n) +h <?17n|Xl,na X2,U,n)

—3log (27@)} +h (71|Wz,?2,X27X1,C) +h (72|W17?1,X1,X2,C> + NO(N)

N
=> {h (71,n|X1,c7 Xou, 171,(1;7%1)) + h(X1unl|X2,0m) + R <?2,n|X2,n; Xl,U,n)
=1

+h (?2,n|X2,Ca Xl,Us ?2,(1:n—1)) + h (XQ,U,n|X1,C,n) + h (?1,n|Xl,n7 X2,U,n>
7310g (271'6):| + h <71|W2, ?2, XQ, Xl,C’) + h (72|Wl, ?1,X1, X27c> + N(S(N)

N
= Z {h (71,n|X1,C7 Xy, 1—}1,(1:7171)) +h (X100 X2cn) +h <?27n|X2,n; Xl,U,n)
-

+h (?2,n|X2,Ca Xl,Ua 72,(1:71—1)) +h (XQ,U,n|X1,C,n) +h (Yl,n|X1,n7 X2,U,n>
7310g (2#6):| + h (71“/[/27 ?2, XQ, Xl,C’) + h (72|Wl, ?17X1, XQ,C) + N(S(N)
() &
< Z { < 1,01X1,0ns X2,U,n> +h(X1,un|Xocn) +h <?2,n‘X2,n7X1,U,n>

n—=

[

1 (Vonl X0 Xt0m) + 1 (XowalXs.00) + 1 (V101X Xo,00) — 3log (27¢) |
+h (21 We, Yo, X0, X1.0) + 1 (Z5)W0, Y1, X1, Xa0) + NS(N)
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C

@)

(k)

RT n°

= N [1 (Vi X106, Xor) + h (Xr01X0.0) + B (ValXo, Xu0) + 5 (Yol Xo.0, X1.0)
+h (Xo,u|X1,0) +h(? | X1, Xo, U) —310g(27fe)} +h(7 |W2,?27X2,X1 c)
+h (Zo)Wy, Y1, X1, Xo.0) + NS(N)

3

{h 11X1.¢0, X2, U) +h(X1,0|X2,0) +h(? | X, X1, U) +h(7 | X0, X1 U)
+I'L(X2U|X1(j —|—h<? |X1,X2 U) —310g(271’€):| —|—h(7 |W2,?2,X2,X107? )
1 (Za W1, Y1, X1, Xo.0, V1) + NO(N)

2

{h 11 X1,0, Xo, U) + h (X1,u|X2,0) +h(? | X2, X1, U)+h(7 | X2,0, X1, U)
+h (Xou|X1,0) +h(? | X1, Xo, U) —310g(27fe)} +h(7 |W2,?27X2,X1 0772,Z2)
+h (ZoW1, Y1, X1 X00, Y1, Z1) + NO(N)

=

[0 (Vi1X1.0, Xo) + b (Xa01Xs.0) + B (ValXo, Xo) + 1 (Vol o0, Xa)
+h (XoulX1c)+h (Vi1X1, Xo0) ~ 3log (2re) |

+h (Z Wi, Wa, Yo, X2, X 1.0, Y2, Z2, 22, 7))

+h(7 W We, Y1, X1, X0.0, Y1, 21, 21, Z5) + N§(N)

2

DN [0 (VilXio Xow) +h (X101 Xac) + 1 (Val X, Xiw) + 5 (Val Xo e, Xi,0)
+h (XoulX1c) +h (Vi1X1, Xo0) ~ 3log (27e) |

+h (Z W, Wa, Yo, X0, X1, Y2, 25, 25, Z))

+h(7 W We, Y1, X1, X0, Y1, 21, 21, Z2) + N6(N)

2

[h 7 | X1, C,XQU)+h(X1 Ul Xa,0) +h(? | X2, X1, U)+h(7 | X, X1, U)
+h (X2u|X1,0) +h(? | X1, Xo, U) —3log(27re)}
7 ‘WlaW27y27X27X17?27Z27727Z1771 (I:N— 2))

h
+h (
h<7 \W1,W27?1,X17X2,71,21771,Z2772(1N 2>+N5( )

2+

=N [1 (ViX10, Xo) +h (X101X0.0) + b (ValXo, Xi0) + 5 (Yol Xa0, X1.0)
+h (Xow|Xre) +h (Vi1X1, Xaw) _3log(2m)}
1 (Z | W W, Yo, X0, X1, Y0, 20, 22, 21, 2 1))

+h (Z o) W We, Y 1. X1, X0, Y1, 21, 21, 2o, Zo 1w —2)) + NO(N)
N[ (? 1 X1.0, Xo0) + b (X10|Xa2.0) +h(? | X2, X1,0) +h(72|X2,CaX1,U>

+h (X2,u|X1,0) +h<? |X17X2U)_310g(27re)} +h(7 (N— 1N))+h<7 (N— 1N))
+N§(N)
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=N {h (71|X1,C,X2,U) +h(X1u|Xoc)+h (?2|X2,X1,U) +h (72|X2,C; Xl,U)
+h (XQ,U|X1,C) +h (?1|X1, XQ’U) — 3log (27T6)} +h (?11]\]71) +h (7171\/)
+h (72’[\/_1) —|—h(?271\/) +N(5(N), (48)

where
a) follows from Fano’s inequality;

b) follows from and
c) follows from (2)) and (38]);
d) follows from (39);

e) follows from the fact that h (¥ )~ (X0, Xj0)+h (X oo X0 Y) = h (Vi X0, X0);
f) follows from and (39);

g) follows from the fact that injecting information increases the mutual information;
h) follows from the Lemma
i) follows from the fact that conditioning reduces the entropy;
j) follows from (3] .
k) follows from the fact that WWj, 7Z s 4 jn and ?] » are mutually independent;
1) follows from (38§ .7
) follows from the fact that Xin is a deterministic function of W;, W;, X; ,_1,X;n_2,

%
?1,n—1azz,n—17 ?] n—2 and Z] n—=2-
From (48)), in the asymptotic regime, it holds that

(
(
(
(
(
(
(
(
(
(
(
(
(m

Ri+ Ro<h (Y [X1.0. Xow) + h(X10/Xa0) + h (Val Xo, Xoo) + 5 (Yol Xac, X10)
+h (Xou|X1,c) +h (vl‘XhXZU) — 3log (2me) . (49)

This completes the proof of (40b).

Part III: Proof of (40c). Given that the message indices W7 and Wy are uniformly distributed
over the corresponding sets Wi and Wh, for all i € {1,2} and j € {1,2}\ {i}, the following holds

= 24 (Wi) + h (W)

(a)h(Wl)+h(W|W)+h W)

(Wl,7z,?)+h(W|?Z,?)+I(WZ,?“Y|W>+h(W|71,W],?>
I (WYL Y) 40 (WY, Y)

QI(Wz YY)+ 1(Wa¥L Y, W) +1(Wi ¥, Y,) + No(N)

—n (YY) -n (Y. Y w) +1(WsY. Y, |W)+h(?j,§7j) —n (¥, Y, W)
FNG(N

1 (YY)~ (Yaw) - (Y AW ¥ + 1 (WYL Y, W) + 1 (V)
—h (?”W]) - (7j\Wj,?j) + N(N)
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—h (V) +1(Z)Y) —n(Yws) -0 (Y dw, ¥) + 1 (Wi ¥y w)
L (W XYWy, ¥,) +0(Y) + 1 (Z,Y)) — n (Vi) — 0 (YW, Y)
+NG(N)
—n(Y) +1(Z) —h (Yaws) = h (Pawi, Yo) + 1 (VW) — b (YW, W)
I (W XYWy, ¥,) 4+ 0 (Y)) +1(2,) — n (VW) — 1 (V5 W,,Y,) + No()
=n(Y:) - n(Yiws) —h (YW, Y) - w (Y wew)) + 1 (W Y ow,, Y)
+h (¥,) = h (Y5, Y ;) + Nlog (2e) + N6(N)
Dh(¥) - n(Yaw) -0 (Pdwe Yo, X3) - w (V1w ) + 1 (W ¥V ow,, YY)
+h(Y,) =1 (YW, Y, X,) + Nlog (2re) + N6(N)
Dn(¥)) —n(YAw,) = b (X;0Wi, Yo X)) = b (YW, W) + 1 (W Yo w,, Y )
+h (¥,) = h (XiclW;, ¥, X,) + Nlog (2me) + N5(N)
=n(Y:) - n(YiW)) —h (X0, 2, Wi, Y0, X)) + 0 (Z, W, Yo X0, X )
~n (YW W) + I (W ¥aw,, Y) + 0 (F) - b (XicW,, Y5 X))
+Nlog (2me) + N§(N)
Ch(¥) - n(Yaw) - h(Xpo. XoulWe, Yo X)) + 0 (Z,W, Y0 X0 X 0)
—n (YW, wy) + 1 (W Y, Y5) + 0 (Y) = b (XicW;, ¥, X))
+N log (2me) + N&(N)
O (¥) - n(Yidw) = h (X0 XooWi, ¥o) + 0 (2, Y 0, X0 X .0)
—n (YW W) + I (W Vo XoclW;, Y5) + 0 (F)) — b (Xic W, Y5)
+Nlog (2me) + N§(N)
=n(Y:) ~n(YiW) = h (X0, XooWo, Y) + 10 (Z,W, Y i X0 X 0)
h (YW W) 40 (Yo Xoo W, ¥)) = b (Yo XoclWo W, Y, + 1 ()

d)

[~ 1

—h(X:c/W;, Y;) + Nlog (2me) + NS(N)
—h (?,) —h (ﬁ\Wl) —h (X0, X0 W, ?Z) +h (7j|Wi, Y, X, X;c)~h (<l_’j\Wi, w;)
th(XoeW, ¥,) 4 h (YW, Y, Xoo) — b (Yo XoclWo W, Y,) + 1 ()
(XiclW;. ¥,) + Nlog (2me) + N3(N)
=n(Y) - n(YiW) = h (X0, XooW, Y) + 0 (Z,W, Yo X0 X j.0) — b (YW, W)
+h (YW, Y, Xo0) = b (Vi XicW, W, ¥,) + 0 (¥) + Nlog (2me) + NS(N)
() = (Paws) — b (Koo XoolWe, V) + 0 (2, ¥ X0 X 0) — b (V5w )

+h (YW, ¥, Xoc) — (Yo XiclWi W, ¥ 1. X0, X,) + 1 (Y,) + Nlog (2me) + N3(N)

—n(Y) - (Yaw) = h (X0 XowlWe V) — 0 (YW, W) + 0 (YW, ¥ X0
+h(Y) +0 (2w, Yo X0 X0) — 0 (2., 2,/ W W;, ¥ 5, X0 X)) + Nlog (2me)
+NO(N)
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—n(Y) ~n (YiW)) = h (X0, XoolWi, ¥) = 0 (V1w W) + 1 (¥ |W],§7j,Xz,c)
+h (Y,) + 1 (ZWe. Y. X0, X,0) + Nlog (2me) — h(Z1, Z,) + N&(N)

—n(Y:) - n(YW)) = h (X0, Xiw W, ¥ — (37]|WZ,Wj)+h(7z|wj,§7j,xi70)
+h (Y,) + 0 (2w Y0 X0, X0 ) + NO(N)

<h(Y3) = (VW) + 1 (X0 X Wa Vo) — b (X0, Xo0) — b (YW, W)
h (YW, Y, Xoo) 1 (Y) +h (X0, XoolY)) = h (X0, X0l Y5 X0, X))
+h (Z,W, Y X0, X0 ) + N3(N)

Wh(¥) =0 (Yaw) + 1 (X0 Xowi W ¥ — b (YW W) + 1 (YW, Y, X )
+h (Y1X 0. Xow) — h (Xjo, Xool¥ 5, X0 X)) + h(Z,W, Yo, X0, X .0) + NO(N)

0 (Y) =0 (VW) + 1 (X0 Xo0s W V) — b (YW W,) + 0 (YW, Y, X )
+h (7]|X]C, Xov)-h(Z,2,Y;, X0 X))+ h(Z,)W, Y0, X0, X.0) + NS(N)

1 (Y) =0 (VW) + 1 (X0 Xo0s W V) — b (Y, W0 W) + 0 (YW, Y, X )
+h (7J|X]C, Xov)~h(ZJY ;X0 X;) + h(Z,W, Y0, X0, X .0) + NO(N)

—h ) W(YaW) +1 (X0 X0 W, Yo) = b (Y We W) + 0 (YW, ¥, X o)
+h (Y|X 0. Xo0) ~h(Z)) + 1 (2w, Y1 X0 X .0) + NS(N)

—n(¥))-n (Y, |Wl> (X0, Xoos W Yo =0 (YW ) + 0 (YW, ¥, X o)
+h (Y,|1X 0. Xo0) + b (2,1, ?uXZ,XJC)—Elog(%Te)—I—N(S( N)

(Qh(?z) W(Y W) + 1 (X0, Xoo, W3, YW Yo) — b (YW, W)

+h (YW, Y, Xoo) +h (V)Xo Xow) + 0 (2,0, ¥ X0 X 0) -
+NS(N)
(i)

N
<h(Y3) —n(Yaws) + 0 (Yaw) + 30 [h (KXol Xcn) + 1 (Y 50l X Xivin)

N
E g (2me)

n=1

—glog (271'6)} —h (?ﬂWi,Wj) + h <7i‘Wj;?j7Xi,C) + h <7j|Xj,C7Xi,U>

+h (Z, W, Y X0 X)) — glog (27€) + NS(N)

N
=h (7z> + Z {h (Xi,U,n‘Xj,C,n) + h (vj,n‘Xjnu Xi,U,n) — 210g (27‘1’6)} —h (?ﬂWZ‘, Wj)
n=1
+h (71|Wj, <17j7Xi,c) +h (7J|Xj,c, Xiv)+h <7j|Wz', Y. x., X;c)+ N3(N)
. N
2, (Vo) + 3 [ Xavnl X+ 1 (V501X X)) — 20 (2me) | = (Y[ W W5, V)
=1

+h <?1‘Wj7?jyxi,c) +h (?j|Xj7C’a Xi,U) +h (7j|Wi7 ?i, X, Xj,c) + N§(N)
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] =

=n(¥)+

[h (XivnlXjon)+h (?j,anj,m Xi,U,n) —2log (27T6)}

+h (?im:j, : 1 Xoe) +h (V51X 0. Xo0) + 0 (2,0, Y X0, X0 ) - (Z;)
+N8(N)

Oh(¥)+ ZN: (1 (XiwnlXs.0m) + (Y il X Xiin) = g log (2rc) |
+h (?im::?j, Xo0o X)) +h (Yol X0, Xow) + 1 (Z,We ¥ X0, X 0) + NO(N)

D (¥ + ZN: [h (X vl Xs.0m) + 5 (Yl X Xiin) = g log (2r¢) | + 1 (Yl X, X;)

n=1
+h (V51X 0, Xow) + 1 (Z;W, Y. X0, X 0) + NS(N)
N
== Z |:h (7i,n|?i,(l:n—1)) + h (Xi,U,n|Xj,C,n) + h (Yj,n|Xj,n> Xi,U,n) - glog (27‘(’6)

+h (?i,n|Xi,C7 X, ?i,(l:n—l)) +h <7j,n|Xj,Ca X,u, ?j,(m—l)) ]
W(Z, W, Y. X0, X, )+ N3(N)

+

—|—h (7j,n|Xj,C,n7 Xi,U,n) — g log (27‘(’6)} + h (7]‘Wl, ?i, Xi, Xj,c) + N(S(N)
N
=3 [n (Vi) + 0 Kivral Xsom) + 0 (Vi X Xion) + 0 (V il X Xsin)

W (Y 50l X s Xivin) — glog (2ne) | +h (Z;[W;, ¥, X1, X j.0) + NO(N)

_|_

= N[h (V) +h(XiulXse) + 0 (V1. Xw) + b (YilXie, X5) + 0 (Y,1X0, Xoo)
—g log (27re): +1(Z,;W., Y. X, X,0) + NS(N)

ON[n (Vo) +h(XowlXpe) + 0 (Vi1X X)) + b (VilXoe X)) + 0 (V51X0, Xow)
g log (2re) | + h (Z,W,. Y\, X0, X0, Y.) + N3(N)

ON[n (V) +h(XoulXp0) + 0 (V15 Xow) + b (YilXie, X;) + 0 (Y, 1X0, Xoo)

_g log (27’(’6)_ + h (Ej‘Wi7Y1,Xi,Xj$C77i,<Zi) + N(S(N)

IS

N[0 (V3) + b (XoolXs0) +h (V31X Xow) + b (VilXae, X) + b (V] X,.0, X0

—g log (27‘(’6)_ + h (Bj‘Wi7Wj7?i7Xi7Xj7C7?i77i)<§i7 %]> + N(S(N)
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ON [ (Vi) + b (XaolXse) + 0 (V51, Xow) + 1 (VilXoo, Xp) + 0 (V1X0, Xiw)
—g log (2r¢) | + h (Z,[Wi, W3, ¥, X3, X, ¥, 20, 20, Z5) + NO(N)

DN [0 (V) +h (KiwlX0) + 0 (V515 Xow) + 0 (VilXio, %) + 1 (V1 X0 Xir)

—g log (27‘1’6): +h(ZWi W, Yo X0, X, Y0 20, 20,25, 2 1n—) ) + NS(N)

=N[n (Vi) +h (XiwlXs0) + b (V51X Xiw) + b (VilXie, X;) + 0 (V51X0, Xi)

5 -
—5 log (2me) | +h (7,7,(N—1;N)|Wi7 Wi, ?17X17Xj, Y. 2,7, <Zj7 7j,(1:1\r—2)) + NO(N)

=N[n (Y)) +h (XoulXs0) + 0 (V15 X0 )+ (YilXie, X;) + 0 (Y10, X0
,g log (27re)} +h (71-7(1\/_1:1\/)) + N§(N)
=N[n (Vi) +h (XiwlXs0) + b (V51X Xiw) + 0 (VilXie, X)) + 0 (V51X 0, Xi)

—g log (27e) | + h (Z 1) + 1 (Zn) + N3(V), (50)
where
(a) follows from the fact that W7 and Wy are mutually independent;
(b) follows from Fano’s inequality;
(c) follows from (3]) and (j5));
(d) follows from (2)) and ;
(e) follows from (39);
(f) follows from the fact that injecting information increases the mutual information;
(g) follows from and the fact that conditioning reduces the entropy;
(h) follows from the fact that A (?j)_h (Xj0. Xiv)+h (X0, Xi,U|?j) —h (?ﬂxw, Xiv);
(i) follows from the Lemma
(j) follows from the fact that conditioning reduces the entropy;
(k) follows from ({5));
(1) follows from (3));

= .

(m) follows from the fact that W, ?m, Z ;n and 7711 are mutually independent;
(n) follows from (38);

&) follows from the fact that X ,, is a deterministic function of Wy, W;, X, ,,_1, X n—2, 7i7n_1,
%

Zi,n—la ?j,(n—Q and Zjvn_Q.

From (j50)), in the asymptotic regime, it holds that

2R, + Ry<h (V) + h(XowlXp0) + b (V51X X0 )+ (VilXio, X;) + 0 (Y10, X0

—g log (2me) . (51)
This completes the proof of (40c]).

B.2 Proof of Lemma [3l

Lemma [3] is proved as follows
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X,u, ?uW;?ﬁWj)

I'(Xic,
IEW Y, W) +1(Xie X0, Y Y W, W)
—n (Y, W) = n (Y, Wi W) + b (Xion X0, Yol W3) = b (Xio, X0, YilWo, .Y )
@n w, +h(? W,) = h (W W) =k (Y5 We, W) + 1 (X0 X0, VoW
(X, X0, YW W, Y, X))
Uh (Y1) = b (YW W) + 1 (X oo, X0, YolW) = b (Xp0, 20, YW, W3, Y5, X))
Cn (V,W,) b (VW W3, ) + 1 (X0, X0, VoI5
“h(Xie, 2. Y W, Y, X X )
Dh(Y1w,) — h (Z,We W, Y)) +h (X0 X0, YoW)
(2.2, 2w, W, Y, X, X,)
=n (Y, W) + b (Xic, X0, Vi Wi) - 2N log (2me)

{h (Xi,c,m Xj,Uns ?i,n|Wi7 Xi.c1in—1), X4,U,(1:n-1)s ?i,(l:n71)>

Mz

—n (Y, w

Il
-

n

J
—2log (2me

[h (Xi,c,n, X5um, ?i,n|Wia Xic,(1m—1), Xj,U,(1in—1)s ?1,(1:%1)7 Xi,(l:n))

M=

3
Il
-

n
)]

Wh (¥, 1w,) +
~21og (2me) ]

.

{ (Xi,C,n7Xj7U7n7?i,n|Xi,n> - 210%(2776)}

Mz

(¥, m)

3
Il
-

|: ( i,C,n|Xi,n) + h (Xj,U,n|Xi,n, Xi,C,n) + h (?i,n|Xi,na Xi,C,na Xj,U,n)

Mz

—n (Y, ;)

3
Il
-

{h (?j,np{i,n) +h (X0 Xin Xicn) +h (?i,np{i,n, Xi.Con» Xj,U,n)

Mz

© (? |W>

3
Il
-

+
—2log (2me
+

|:h (7 > +h(X 7, Un|Xz n» X, Cn) +h (?i,np{i,na Xicm, Xj,Ua")

Mz

—n (Y, ;)

q
Il
-

3

“2log (2me ]
)]
]

—2log (2me)

3
|: ( j,U,n|Xi,n7 Xi,C,n) +h (?i,n|Xi,n7 Xi,C,na Xj,U,n) - 5 10g (27T€):|

Mz

—n (Y, W) +

Il
—

n

[ (Xl X ) + b (V il X Xy 00) g log (2rc) | (52)

M=

n (¥,1w;) +

Il
-

n
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follows from

wh
(a)
(b) follows from (39) and the fact that W7 and Wy are mutually independent;
(c) follows from the fact that conditioning reduces the entropy;

(d)

(e)

follows from ([2)), and ;
follows from (38]).

This completes the proof of Lemma [3]
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C Proof of Theorem [3

This appendix presents a proof of the Theorem Bl The gap, denoted by d, between the sets
Carc—~or and Caro_nor (Def. [2)) is obtained as follows

1) 1) é
0= max (maux((SR1 vORy)s 2712, W) , (53)
where,

0r, = min(ky,1,K2,1,K3,1) — min(ag, ag + by, as + by + b3, V1), (54a)
532 = min(myg, K22, 53,2) — min(bz, aj + bg, a; +as + b47 192), (54b)
52R = min(/@;, K5, 1*66) — min(a2 + b4, a4 + b2, ay + aq + b1 + b7, ay + as + bl + b57 (54C)
a1 + a7 + by + by, 91 + J2), (54d)
63R1: K71 — min(a2 +aqg + by +b7,a1 + a4 + a7 + 2by + b5, as + a4 + by + bs, 291 + 192), (546)
53R2: K79 — min(a1 + a5+ by + by, a1 + a7 + by + b4, 2a1 + a5 + b1 + by + b7,191 + 2192), (54f)

and, ¥ and 1 are information rates that are achievable by transmitter-receiver pair 1 and
transmitter-receiver pair 2 using particular power allocations. Note that dr, and dr, represent
the gap between the active achievable single-rate bound and the active converse single-rate bound;
dor represents the gap between the active achievable sum-rate bound and the active converse
sum-rate bound; and, d3r, and d3pr, represent the gap between the active achievable weighted
sum-rate bound and the active converse weighted sum-rate bound.

A key point in order to find the gap between the achievable region and the converse region is to
choose the right power allocation for the achievable region, i.e., p, a1, ag, A1.c, A1,p, A2,c and
A2, p, according to the definitions in for all ¢ € {1,2}. Such a power allocation is different
in each interference regime. The following describes all possible cases and the corresponding
power allocations. In order to simplify the expressions in the achievable region, it is chosen
that p = 0 in all power allocations. In the converse region, p takes values to obtain the tight-
est gap. Both interference to noise ratios, i.e., INRo; and INRy9, are assumed to be bigger than 1.

Case 1: INR;5 > Sﬁl and INRg; > Sﬁg. This case corresponds to the scenario in which both
transmitter-receiver pairs are in high interference regime (HIR). Three sub-cases follow depend-
ing whether or not feedback plays a key role.

Case 1.1: SNRy < SNR; and SNR; < SNR,. In this case feedback does not play a key role and
the power allocation is: p =0, @1 =0 and ap = 0.

Case 1.2: SNR, > SNR; and SNR; > SNR,. In this case feedback plays a key role and the
power allocation is: p =0, a3 =1 and ay = 1.

Case 1.3: SNRy < SNR; and SNR; > SNR,. In this case feedback on the transmitter-receiver
pair 1 plays a key role and the power allocation is: p =0, @1 = 0 and ay = 1.

Case 2: INRs < Sml and INRy; < Sﬁg. This case corresponds to the scenario in which
both transmitter-receiver pairs are in low interference regime (LIR). Three sub-cases follow de-
pending whether or not feedback plays a key role.

Case 2.1. In this case feedback does not play a key role and the power allocation is: p = 0,
a1 =0 and ay = 0.

Case 2.2. In this case feedback plays a key role and the power allocation is: (p =0,(1—a1) A c+

SN, and (1 —as) Ao+ Ao p = SNE, )
INR2; SNR, +SNR ' = INR12SNR,; +SN
Case 2.3. In this case feedback on the transmitter-receiver pair 1 pfays a key role and the power

A1p =
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allocation is: (p =0,1-—a)Mc+ M p=1land (1 —az)doc+ Ao p= W%).
V12 L1 L1

Case 3: INRjo > Sﬁl and INRy; < Sﬁg. This case corresponds to the scenario in which
transmitter-receiver pair 1 is in HIR and transmitter-receiver pair 2 is in LIR. Two sub-cases
follow depending whether or not feedback in transmitter-receiver pair 2 plays a key role. This is
a mixed interference regime (MIR) and in this case feedback on the transmitter-receiver pair 1
does not have any effect on the capacity region.

Case 3.1. In this case feedback on the transmitter-receiver pair 2 does not play a key role and
the power allocation is: p =0, ;3 =0 and as = 0.

Case 3.2. In this case feedback on the transmitter-receiver pair 2 plays a key role and the power
allocation is: p =0, @3 =1 and ay = 0.

The following is the calculation of the gap ¢ in case 1.1. From the conditions of case 1.1 it
follows that:

§NRQ<SN§1<INR12 and (55a)
§NR1 <SN§2<INR21. (55b)
Using the corresponding power allocation of case 1.1, the variables a1,...,a7 and by,...,b7 in
(11) simplify into:
a1:0, (56&)
1 1
as= 51og (SN NK; + INRy; +1) - 5 (56b)
1 1
=5 log (INRiz +1) - 5, (56¢)
1 1
= = 56d
=5 log ( ) 5 (56d)
=1 +INRyp 1) — (56e)
908 INR21 12 Ty ¢
1 1
ag=7 log (SN ﬁ1+2) -5 (56f)
1 1
ar=3 log (SN ﬁl + INRqo + 1) ~ 3 (56g)
by =0, (56h)
1 1
log (SN NEs + INRoy + 1) -3, (561)
2 2
1
—log (IN j
=3 og (INRg1 +1) — > (563)
1 1
— - = 56k
=3 log ( ) 5 (56k)
=1 4 INRy 41— (561)
9 %8 INR12 2 T
1 1
51og (SN ﬁg+2) -5 (56m)
1 1
=3 log (SN NEs + INRo; + 1) - 5 (56n)
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1. Calculation of dg,. From ([54al), it follows that:

Or, =min(ky 1, Ko 1, k3,1) — min(ag, ag + b1, aq + by + b3, 91)
(i)min(m,l, K21, K3,1) — min(ag, ag, aa + bz, V1)
(:b)min(m,l, K21, k3,1) — min(ag, a4 + bz, V1), (57)
where,

(a) follows from (56));
(b) follows from the fact that as > ag in and INR;2 > 1.

Let ¢; be defined as follows

Clzmin (a(;,a4 + b37191)

1 11 Nﬁ 1
=min (2 log (SNﬁl + 2) — 5, 5 log ( S 1 + 2) + 5 log (INR21 + 1) — 1,191> . (58)

INRg;

Denote by (1.1, (1,2 and (3,3 the following parameters:

1 1
C1,1=§ log (Sﬁ1 + 2) mbt (59a)
1 SNﬁl 1
Cl,g—i log (INR21 + 2) + 3 log (INRg; +1) — 1, (59b)
C1,3="1. (59¢)

Let & be defined as follows

&=min (K11, k2,1, K3,i)

=min (; log (Sﬁl + 2pV SﬁlINR12 + INRq9 + 1) R %log (1 + (1 - p2) INRQl)
(1 - p2) Sﬁl

1
Zlog (1
3 °g< T = ) INRy,

),;log((l—pQ)Sﬁl—Fl)

+11 mg ((1*%)2) (Sﬁil +INR21)+1) 1 >
5 10g )
2 (Sﬁ2 +2p\/SNR,INRg; + INRs, + 1) ((1— ) (SNE, +1))

with 0 < p < 1.

Denote by &1.1, 1,2 and &5 3 the following parameters:
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gl,lzé log (sﬁ%1 +2p\/SNR,INRy5 + INRy5 + 1) , (61a)
1 ) 1 (1 p?) SNE,
51,2—5 log (1+ (1 —p?) INRay1) + 3 log (1 + 1 0= ?) INRy,
:% log (1+ (1-p?) (Sﬁi1 +INRy ) ), (61D)
5173:% log ((1 — p2) sﬁl + 1) (61c)

Jrll mQ ((1 - 92) (Sﬁ1 +INR21) + 1)
2 1) (Sﬁ2 + 2p\/m+ INRy; + 1) ( (ﬁl + 1))

+1

The parameters in can be upper bounded as follows

§11< s log (S ﬁl + 2pV S 1INR12 + INRj2 + 1)

(f)
log [ SN §1+2 S INR12+INR12+1>

< 1 5 log (25N, + 2INRys + 1)
%log (S_Pi1 +INRi2 +1) + % (62a)
leé%log( p*) (SNE, + INR1 )
%log (ﬁl +INRg; +1), (62D)

§13<5 log(( — %) Sﬁ1+1)

Jrll m2 ((1 - 92) (Sﬁ1 + INR21) + 1)
2 S (Sﬁg + 2/)\/%4— INRoy; + 1> ( (ﬁl + 1))

g%log (Sﬁl + 1) + %log <( %Q (<Sﬁl +INR21> - 1) + 1)

SNE, + INRq; + 1) (SNE{1 + 1)

SNR, (SN, + INRg; + 1
—110g< 2( ! - )erlJrl , (62c)

B SNRs + INRo; + 1

+1

2

where,
(c) follows from the fact that 0 < p < 1;

2
(d) follows from the fact that (\/ SNﬁ — \/INng) > 0;
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(e) follows from the fact that the bound in (61¢)) is a monotonically decreasing function of p.

The key point here is to determine a gap for each parameter in using one of the

parameters in .
The parameter (59b)) can be lower bounded as follows

11 <3V§1 + 2) —log (INRgy + 1) — 12; log (INR21 ) + %log (INRgy) —
; og (SNE, + 2INRy, ) — 1
% g (SNE, + INRy; + INRy;) —
% og (SNK, + INRgy +1) — 1. (63)

From , given that ¥ is by definition an achievable single rate, then it can be defined
as follows

Gaz=%= log (ﬁl + INRo; + 1) —1. (64)

The gap that involves the parameters (62b)) and (59b)) is calculated indirectly using
instead of (59b)) as follows

ORr, =612 — (1,3
% log (sﬁ%1 +INRg; + 1) — %log (sﬁil + INRg; + 1) +1
=1. (65)

The gap involving the parameter (59a) is calculated considering the following 4 subcases,

which correspond to the possible conditions between SNﬁl and INRjy1, and between SNﬁQ
and INR;2, as follows

Case 1.1.1: SNR, > INRy; A SNRy > INRys.
Case 1.1.2: SNR, > INRy; A SNRy < INRys.
Case 1.1.3: SNR, < INRg; A SNRy > INRys.
Case 1.1.4: SNR, < INRy; A SNRy < INRys.

The case 1.1.1 is not possible by contradiction based on .
In case 1.1.2 with , the parameter (62b) can be upper bounded as follows

&1 2\; log <ﬁ1 + INRo; + 1)
% (S—R>1 + SNR; + 1)
% g (SNR, +2) + % (66)
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Then, the following is the gap for the case 1.1.2 that involves the parameters (59a) and
(66):

ORr, =612 — C11
1 ﬁ 1 1 ﬁ 1
=1.

In case 1.1.3 with , the parameter (62c]) can be upper bounded as follows

m@ (Sﬁl + INRo; + ].>

SNRs + INRs; + 1

log <%2 + Sﬁl + 1)
log <m1 + M1 + 1)
log <Sﬁ1 + 2) +

—_

+SNR, + 1

1352

—
@)
0

NN

VAN
N RN RN~ N

1
5 (67)

Then, the following is the gap for the case 1.1.3 that involves the parameters (59a) and

(67):
ORr, ;=613 — (1,1
1 ﬁ 1 1 ﬁ 1
=1.

In case 1.1.4 with , two additional cases has to be defined:

Case 1.1.4.1: Sﬁl > Sﬁ@.

Case 1.1.4.2: SNﬁl < SNRs.
In case 1.1.4.1 with , the parameter (62c) can be upper bounded as follows

] m{2<m1+INRzl+1)+sﬁ L
1

<=Io
s 2 %8 SNRs + INRg; + 1
SNR; (SNE, + INRy; + 1)
(SNRQ + INRoy; + 1) (SNHl + 1)

1 SNﬁ INR INR. INR
log<8ﬁ1+l)+210g( 1( 21 + 21 + 21)+1>

INR,; SNR;
log (SNE, +1) + 1

log (SNE, +2) + 1. (68)

N
DO =

+1

log (Sﬁl + 1) + %log

N

NN = N -

/A
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Then, the following is the gap for the case 1.1.4.1 that involves the parameters (59a)) and

Or, =613 — (11
gllog(sﬁlm) +1—%10g(m1+2) +%

| W

In case 1.1.4.2 with , the parameter (62c) can be upper bounded as follows

1 M{Q (Sﬁl + INRo; + 1)

&13<z log
2 SNRs + INRs; + 1

! log (MQ + M1 + 1)
log <Sﬁ1 + Sﬁ1 + 1)
log (Sﬁl +2) +

+Sﬁ1+l

VAN VAN N
NN N

1
5. (69)

Then, the following is the gap for the case 1.1.4.2 that involves the parameters (59a)) and
(69):

Or: s=&1,3 — (1,1
1 ﬁ 1 1 ﬁ 1
=1.

Then, the maximum gap for the single-rate bound is obtained as follows

631 =1nax (6R1,1 ’ 5R1,2’ 631,37 6R1,47 5R1,5)
3
<-—.
= (70)

2. Calculation of Jor. From (54d) it follows that:

§2R:min(/€4, K5, '%6) — min(a2 + b4, (e7} + bg, aq + a4 + b1 + b7, a1 + as + b1 + b5
a1 + ay + by + by, V1 + J2)

(Qmin(/@l, K5, H/ﬁ) — min(ag 4+ b4, aq + ba, ag + b7, a5 + bs, a7 + by, V1 + 192)

@min(ml, K5, ke) — min(ag + by, ag + ba, a5 + bs, V1 + V2), (71)

where,
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() follows from (56));
(g) follows from the fact that a4 + bs = a4 + b7 and ag + by = a7 + by from .

Let (s be defined as follows

(S:min (CLQ + b4, a4 + b2, as + b5, 191 + 192)

=min <; log (Sﬁl + INRq2 + 1) + 1 log ( Sﬁ2 + 2) _1,

2

1
= log <INR21 + 2) + 3 log <SN§2 + INRo; + 1) -1,

1 (Sﬁl

INRg;

1 Nﬁ
+INRi2+1 ) + - log 5 2 +INRpi +1) — 1,9, + 95 |. (72)
2 INR9

Denote by (5,1, (5,2, (5,3 and (s 4 the following parameters:

1 ﬁ 1 SN§2
=—1 N IN 1 =1 21 -1
<s71 5 og (S 1 +INR;o + ) + 5 og (INR12 + > , (73&)
1 SNﬁl 1
CS’27§ log (INR21 + 2> + 3 log (SNﬁg + INRg; + 1) -1, (73b)
1 SN 1 1 SN 2
(o= log (INRi; +INRyo + 1) + 3 log <INRﬂ12 FINRo 4+ 1) —1, (T3¢
Cs,a=01 + V2. (73d)

Let &, be defined as follows

&s=min (K4, K5, Ke) 5

1—p?)SN
:min<;10g<1+l( p)ﬁl )—&-;log(Sﬁg—F

=+ (1 — ,02) INR21

1 p?)SNE
QP\/m-FINRm#—l);log(lq- ( p) 2 >+

1 + (1 - p2) INR12

1 ﬁ /ﬁ
5 log (SN 1+ 2p SNR;iINR5 + INRs + 1) ,Iiﬁ) R (74)

with 0 < p < 1. Only the bounds corresponding to x4 and k5, which are coming from the
case of perfect channel-output feedback [5], are considered in the calculation of the gap on
the sum rate.
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Denote by &1, &2 and &, 3 the following parameters:

)
5371:% log (1 L (=0 SNE, ) + %log (sﬁi2 +29\/SNR,INRy; + INRoy + 1),

1 + (1 — p2) INRQl

(75a)

_ 2
5572:% log <1 —+ (1 P ) Sﬁz > + %log (ﬁl + 2p V SﬁllNng + INR12 + 1),

1 + (1 - p2) INR12
(75b)
€s,3=FKe. (75¢)

The parameters in can be upper bounded as follows

[t

9
P ) Sﬁl ) + %10g (Sﬁg + 2pV SﬁQINRgl + INRoy; + 1),

(1 — p2) INR21

+ =

fs,l - 5 IOg <1 +

—
Q
o
~/
—
+
|~ =
==
|
A
o
SN—
w2
2|
h

1 1
= R i | (SNﬁ 20\V/SNR,INRy; + INR 1),
2 —PQ)INR21>+2Og 2+ 2p 21N Rz + 1R +
1 NE 1
=_log |1+ SRR, L L log (SNﬁ2 +2p\/SNR,INRy; + INRy; + 1) ,
2 INRy; ) ' 2
(W1 SNR, 1
<-log (1 ~ log (2SNR, + 2IN 1),
2og +INR21>+2Og(S 2+ Ro1 + )
1 SNR, 1 1
< 5 5 1 5
Slog {1+ INR21> + 5 log (SNﬁ2 +1INRg; +1) + 5
1 SNR, 1 1
<glog(2+ INR21> + 5 log (SNﬁ2 +INRgy +1) + 5 (76a)

(
(
(
(
(145
o (14 (V) | o (S50, 2 SN IR 4 1),
(
(
(
(

1 (1-p?) SNK, 1 (ﬁ faNBINRo
so==1 1 =1 SN 2pV SNR4INR INR 1/,
&s2 5 log + (1= ) INRps +20g 1+2p 1 12+ 12 +
< 1
=2 — p?) INR; 2
1 Nﬁ 1 ﬁ /ﬁ
=—log| 1+ S 2 + —log (SN 1+ 2pV SNR{INR2 + INR5 + 1) ,
2 INR;2 2
@1 SNﬁg 1
<-log |1 ~ log (2SNR, + 2IN 1),
2 8 +INR12>+2Og<S 1+ 2INRy, +1)
1 SNﬁg 1 1
<zlog|1 ~log (SNR, + IN 1) + =,
3 og + INR12> + 5 og (S 1 +INR2 + ) + 5
1 SNﬁg 1 1
<= = K, +IN 1)+ =, b
5 log [ 2+ INR12> + > log (SN 1 +INRs + ) + 5 (76b)
58,3256' (76C)
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where,

2
(h) follows from the fact that (\/ SNK, — \/INR21>

2
(i) follows from the fact that <\/ SNE, — \/INR12> > 0.

The gap that involves the parameters ([73al) end (76b) is calculated as follows

O(Ry+Ry), =Es,2 — Cs,1

SN ﬁ SNR 1
<§ log ( INR, ) + - log (S 1 +INRy2 + 1> + 3
1 1 SNﬁg
—=1 N IN 1) —=1 2 1
> og(S ﬁ1+ Ri2 + ) 7 Og(INR12+ >+
3
==, r
: (77)
The gap that involves the parameters (73b)) and (76al) is calculated as follows
O(Ry+R2),=Es,1 — Cs,2
S ﬁ SNR 1
<=1 2 =1 IN 1 =
20g< +INR21> Og(S 2+ INRap + )+2
1 ﬁ 1
—=1 N IN 1) —=1
5 og (S 2 + INRg; + ) > og (INRgl )
3
== (78)

The gap involving the parameter ([73c) is calculated considering the following 4 subcases,

which correspond to the possible conditions between SNﬁl and INRjy1, and between SNﬁg
and INR;2, as follows

Case 1.1.1: SNR; > INRy; A SNRy > INRys.
Case 1.1.2: Sﬁl > INRo; A Sﬁg < INRj>.
Case 1.1.3: SNR, < INRy; A SNEy > INRys.
Case 1.1.4: SNR, < INRy; A SNEy < INRys.

The case 1.1.1 is not possible by contradiction based on .
In case 1.1.2 with 7 the parameter (73c) can be lower bounded as follows

11 (S +INR12+1>+1log<SN

2 INR21 2 INI{12

1
+INRy; + 1) 1> S log (INRyz + 1) — 1.

(79)

From , given that 91 + 95 is by definition an achievable sum rate, then it can be defined
as follows

1
Coa =1 +1s = 5 log (INRj2 + 1) — 1. (80)
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The parameter (76b)) can be upper bounded as follows

(2+ SNE,

INRy2

1
gs,2<§ IOg

1 1

) + 5 log (SNE, + INRy5 + 1) + 5
1 1 1
<§ log (24 1)+ 3 log (INR12 + INRjs + 1) + 3

1 1
<§ log (3) + 5 log (INR12 + 1) + 1. (81)

Then, the following is the gap for the case 1.1.2 that involves the parameters and :

6(R1+R2)3 258,2 - CS,4

1 1 1
<§ log (3) + 3 log (INRi2+1)+1— 3 log (INR12 +1) +1

=2+ % log (3). (82)

In case 1.1.3 with (55), the parameter (73c) can be lower bounded as follows

1 (Sﬁl

21
2 %8 INRy

1 SNﬁ 1
+INRi2 + 1 |+=log I INRo; +1) — 12> —log(INRgy + 1) — 1.
2 INRq5 2

(83)

From , given that 97 + ¥ is by definition an achievable sum rate, then it can be
redefined as follows
1
Cs,a = Y+ 9y = By log (INRQl + 1) —1. (84)
The parameter (76a)) can be upper bounded as follows

(2+ SNEy

1
gs,lgf log

2

1 1
INR21> + 5 log (Sﬁz +INRy; +1) + 5

1 1 1
<§ log (24 1)+ 3 log (INRg; + INRy; + 1) + 3

1
<

1
5 log (3) + 5 log (INRoy + 1) + 1. (85)

Then, the following is the gap for the case 1.1.3. that involves the parameters (84) and
®3):

6(R1+Rz)4 :fs,S - Cs,4

1 1 1
<§ log (3) + 5 log (INRQl + 1) +1- 5 log (INRgl + 1) +1

=2+ % log (3) . (86)
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In case 1.1.4 with (55), the parameter (76b]) can be upper bounded as follows

1 1
&s2<2 log( ﬁ )—i—log(ml—kINRu—&-l)—k,

INR 12 2 2

<% log (2+1) + 3 1og (INRi2 +INRip + 1) + %
<% log (3) + %log (INRys + 1) + 1. (87)
Then, the following is the gap for the case 1.1.4 that involves the parameters and (87):
O(Ry+Ra), fs 2 —(s3
<§ log (3) + %log (INR12+1)+1-— %log (INR12+1)+1
=2+ % log (3) . (88)
Then, the maximum gap for the sum-rate bound is obtained as follows
(R, +R,)=MAax <6(R1+R2)1 s O0(Ry1+Ra)y O(Ri+Ra)ys O(R1+Ra),» 5(R1+R2)5)
<2+ % log (3). (89)

3. Calculation of d3p,

From (b4e]) it follows that

Osr, = k7,1 —min(ag + ag + b1 + bz, a1 + a4 + a7 + 2b1 + by, a2 + ag + b1 + b5, 201 + J2)

(Qﬁm —min(ag + ag + bz, a4 + a7 + bs, a2 + ag + bs, 201 + V)

(
(£H71—1’I11n( + a7 + by, as + aq + bs, 2194 +192)
l
) K71 —min(as + a7 + bs, 201 + VJ2). (90)
where,
(j) follows from (56));

(k) follows from the fact that as + aq + bs < ag + a4 + by given that bs < by from (56));
(1) follows from the fact that a4 + a7 + bs = as + a4 + b5 given that as = ay from (56))

Let (,, be defined as follows
Cw=min(ay + a7 + b5, 291 + 92)

(1 SNE, 1
:mm< log (INR21 >+2log(SNﬁ1+INR12+1)+
1 (s NE,

10

INR2

+ INRoy; + 1) — g, 291 + 192) (91)

Denote by (.1 and (2 the following parameters:

Cwlzll (ﬁ ) _|_%]og (Sﬁ1 +INR12—|—1)+

INR2;
S ﬁ 3
— l <INR12 + INRoy + 1) 5 (92&)
Cw,2=2?91 + Ja. (92b)
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The parameter (92a)) can be lower bounded as follows

1 SNﬁl 1 1 SNﬁg

— — 1 -1 IN 1) —
5 log (INR21 + 2) + 2 log (SN?{l + INR12 + ) + 5 og (INR12 + INRo; +

1 SNﬁl 1 1 3

5 log (INR21 + 2) + 5 log (SN?{l + INR2 + 1) + 3 log (INRg; + 1) — 3

DO

>

(93)

From , given that 2¢; + ¥ is by definition an achievable weighted sum rate, then it

can be redefined as follows

SN,

INR2;

1
Cw,2 =201 +v2 = 5 log (

Denote by &, the following parameter

gw:'k@?,l .

1 ﬁ 1 3
+ 2) +§ log (SN 1 +INRo + 1>+§ log (INRg; + 1)—5.

(94)

(95)

The parameter can be redefined as the sum of the parameters (62a) and (76a) as

follows
Ew=€1,1 T &1
1 1 SNR, 1
<3 log (SNﬁ1 +INRy + 1) + 5 log (2 + INR21> + 5 log (SNﬁ2 +1INRy; +1)

The parameter in can be upper bounded as follows

1 1 SNR,\ 1
£u<; log (STR)1 +INR12 +1) + 5 log <2 + INRm) + 5 log (sﬁ2 +1INRy; +1)

SNﬁl 1
—log (INR. INR. 1
INR21> +2 og ( 21 + o1 + 1)

SNﬁl 1 3
—log (IN 1 —.
INR21>+20g( Ro1 + )+2

g% log (sﬁi1 +INRy2 +1) + %1og (2 +

g% log (sﬁ1 +INR2 + 1) + %1og (2 +

Then, the following is the gap for the parameters and :

+1
(96)

+1

+1

53R1 :fw - Cw,2
1 1 SNﬁl 1 3
<=1 Nﬁ IN 1 -1 2 —log (IN 1 —
2og(S 1+ R12+)+20g<+INR21>+20g( Ra1+1)+ 3
1 SNﬁl 1 1 3
-5 log (INR21 + 2) —3 log (SNﬁl + INR12 + 1) —3 log (INRg; + 1) + 3
=3.
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Therefore, the gap between the converse region Cgic—nor and the achievable region Cqio- nor
in case 1.1 is:

1) 0
§,—max (5&, % %)
3 1( 1 ) 1 )
g PRIy 2 Sl LY
max(2 5 —|—2 og (3) 33
3 bits

~ 2 channel use’ (98)

This completes the calculation of the gap in case 1.1. The same procedure can be applied to all
the other cases, and it follows that § < 4.4 bits per channel use.
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