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SECTORIAL ANALYTIC NORMALIZATION FOR A CLASS OF
DOUBLY-RESONANT SADDLE-NODE VECTOR FIELDS IN ((C3,O)

AMAURY BITTMANN

ApsTrACT. In this work, following [Bit16], we consider germs of analytic singular vector fields in
C3 with an isolated and doubly-resonant singularity of saddle-node type at the origin. Such vector
fields come from irregular two-dimensional differential systems with two opposite non-zero eigenval-
ues, and appear for instance when studying the irregular singularity at infinity in Painlevé equations
(Pj)j:I,m,V for generic values of the parameters. Under suitable assumptions, we prove a theorem
of analytic normalization over sectorial domains, analogous to the classical one due to Hukuhara-
Kimura-Matuda [HKM61] for saddle-nodes in C2. We also prove that the normalizing map is essen-
tially unique and weakly Gevrey-1 summable.

1. INTRODUCTION

As in |Bit16], we consider (germs of) singular vector fields Y in C3 which can be written in appro-

priate coordinates (z,y) := (z,y1,y2) as
0 0 0

1.1 Y:Q—(—/\ F)—(/\ F)—
(1.1) T y1+ Fi(z,y) 8y1+ y2 + Fa (2,y) 902
where A € C* and Fy, Iy are germs of holomorphic functions in ((C3, O) of homogeneous valuation
(order) at least two. They represent irregular two-dimensional differential systems having two opposite
non-zero eigenvalues:

e dyéf) — 1 (@) + F (2 y (2)
2320 4 By (@)

dx

These we call doubly-resonant vector fields of saddle-node type (or simply doubly-resonant saddle-
nodes). We will impose more (non-generic) conditions in the sequel. The motivation for studying
such vector fields is at least of two types.

(1) There are two independent resonance relations between the eigenvalues (here 0, —X and \): we
generalize then the study in [MR82] [MR83|. More generally, this work is aimed at understand-
ing singularities of vector fields in C3. According to a theorem of resolution of singularities
in dimension less than three in [MP™ 13|, there exists a list of “final models” for singularities
(log-canonical) obtained after a finite procedure of weighted blow-ups for three dimensional
singular analytic vector fields. In this list, we find in particular doubly-resonant saddles-nodes,
as those we are interested in. In dimension 2, these final models have been intensively studied
(for instance by Martinet, Ramis, Ecalle, Ilyashenko, Teyssier, ...) from the view point of both
formal and analytic classification (some important questions remain unsolved, though). In di-
mension 3, the problems of formal and analytic classification are still open questions, although
Stolovitch has performed such a classification for 1-resonant vector fields in any dimension
[Sto96]. The presence of two kinds of resonance relations brings new difficulties.

Key words and phrases. Painlevé equations, singular vector field, irregular singularity, resonant singularity, Gevrey-1
summability.
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(2) Our second main motivation is the study of the irregular singularity at infinity in Painlevé
equations(Pj)j: IS for generic values of the parameters (cf. [Yos85|). These equations were
discovered by Paul Painlevé [Pai02| because the only movable singularities of the solutions are
poles (the so-called Painlevé property). Their study has become a rich domain of research since
the important work of Okamoto [Oka77]. The fixed singularities of the Painlevé equations, and
more particularly those at infinity, where notably investigated by Boutroux with his famous
tritronquées solutions [Boul3|. Recently, several authors provided more complete information
about such singularities, studying “quasi-linear Stokes phenomena” and also giving connection
formulas; we refer to the following (non-exhaustive) sources [JK92| [Kap04, [KK93| [TK01, [CM82]
CCHI5]. Stokes coeflicients are invariant under local changes of analytic coordinates, but
do not form a complete invariant of the vector field. To the best of our knowledge there
currently does not exist a general analytic classification for doubly-resonant saddle-nodes.
Such a classification would provide a new framework allowing to analyze Stokes phenomena in
that class of singularities.

In this paper we provide a theorem of analytic normalization over sectorial domain (¢ la Hukuhara-
Kimura-Matuda [HKMG61] for saddle-nodes in (C?,0)) for a specific class (to be defined later on) of
doubly-resonant saddle-nodes which contains the Painlevé case. In a forthcoming paper we use this
theorem in order to provide a complete analytic classification for this class of vector fields, based on
the ideas in the important works [MR&2| [MR&3| [Sto96].

In [Yos84, [Yos85] Yoshida shows that doubly-resonant saddle-nodes arising from the compactifica-
tion of Painlevé equations (Pj)j: ;v (for generic values for the parameters) are conjugate to vector
fields of the form:

0 0
z= 222 4+ (-q <
o + ( (1 +yy1y2) + aliﬂ)yl an

0
(1.2) +(1 + vy1y2 +a2:v)y28— ;

Y2
with v € C* and (aj,a2) € C? such that a; + az = 1. One should notice straight away that this
“conjugacy” does not agree with what is traditionally (in particular in this paper) meant by conjugacy,
for Yoshida’s transform ¥ (z,y) = (x,¢1 (z,y) , %2 (z,y)) takes the form

(1.3) Yi(e,y) = w1+ Z %xk—kg‘r)yifﬁkoyécﬁko 7
(ko k1,k2)EN®
ki+ko>1

where each g; x is formal power series although = appears with negative exponents. This expansion
may not even be a formal Laurent series. It is, though, the asymptotic expansion along {x = 0} of a
function analytic in a domain

“L@eSxDﬁﬂHam<uuG

for some small v > 0, where S is a sector of opening greater than 7 with vertex at the origin and
D (0,r) is a polydisc of small poly-radius r = (r1,72) € (Rs0)°. Moreover the (g; (2)); are actually
Gevrey-1 power series. The drawback here is that the transforms are convergent on regions so small
that taken together they cannot cover an entire neighborhood of the origin in C? (which seems to be
problematic to obtain an analytic classification @ la Martinet-Ramis).

Several authors studied the problem of convergence of formal transformations putting vector fields as
in (LI) into “normal forms”. Shimomura, improving on a result of Iwano [Iwa80], shows in [Shi83] that
analytic doubly-resonant saddle-nodes satisfying more restrictive conditions are conjugate (formally
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and over sectors) to vector fields of the form

xQ% + (=X +a1x) ylaiyl + (A + agx) ygaiyz
via a diffeomorphism whose coefficients have asymptotic expansions as x — 0 in sectors of opening
greater than .

Stolovitch then generalized this result to any dimension in [Sto96]. More precisely, Stolovitch’s
work offers an analytic classification of vector fields in C**! with an irregular singular point, without
further hypothesis on eventual additional resonance relations between eigenvalues of the linear part.
However, as Iwano and Shimomura did, he needed to impose other assumptions, among which the
condition that the restriction of the vector field to the invariant hypersurface {x = 0} is a linear vector
field. In [BDMOS|, the authors obtain a Gevrey-1 summable “normal form”, though not as simple
as Stolovitch’s one and not unique a priori, but for more general kind of vector field with one zero
eigenvalue. However, the same assumption on hypersurface {x = 0} is required (the restriction is a
linear vector field). Yet from [Yos85| stems the fact that this condition is not met in the case of
Painlevé equations (P;);_; -

In comparison, we merely ask here that the restricted vector field be orbitally linearizable (see
Definition [LL7), i.e. the foliation induced by Y on {z = 0} (and not the vector field Y|(y—o; itself) be
linearizable. The fact that this condition is fulfilled by the singularities of Painlevé equations formerly
described is well-known.

1.1. Scope of the paper.
The action of local analytic / formal diffeomorphisms ¥ fixing the origin on local holomorphic vector
fields Y of type (LI by change of coordinates is given by

T.Y = DU(Y)oU !,

In [Bit16] we performed the formal classification of such vector fields by exhibiting an explicit universal
family of vector fields for the action of formal changes of coordinates at 0 (called a family of normal
forms). Such a result seems currently out of reach in the analytic category: it is unlikely that an
explicit universal family for the action of local analytic changes of coordinates be described anytime
soon. If we want to describe the space of equivalent classes (of germs of a doubly-resonant saddle-node
under local analytic changes of coordinates) with same formal normal form, we therefore need to find a
complete set of invariants which is of a different nature. We call moduli space this quotient space and
would like to give it a (non-trivial) presentation based on functional invariants ¢ la Martinet-Ramis
[MR&2, [MRS&3].

The main ingredient to obtain such analytic invariant is to prove first the existence of analytic
sectorial normalizing maps (over a pair of opposite “wide” sectors of opening greater than m whose
union covers a full punctured neighborhood of {x = 0}). This is the main result of the present paper.
We have not been able to perform this normalization in such a generality, and only deal here with
a-fibered local analytic conjugacies acting on vector fields of the form (L)) with some additional
assumptions detailed further down (see Definitions [[LI] [[3] and [[7]). Importantly, these hypothesis
are met in the case of Painlevé equations mentioned above.

Our approach has some geometric flavor, since we avoid the use of fixed-point methods alto-
gether to establish the existence of the normalizing maps, and generalize instead the approach of
Teyssier [Tey04l [Tey03] relying on path-integration of well-chosen 1-forms (following Arnold’s method
of characteristics [Arn74]).

As a by-product of this normalization we deduce that the normalizing sectorial diffeomorphisms are
weakly Gevrey-1 asymptotic to the normalizing formal power series of [Bit16], retrospectively proving
their weak 1-summability (see subsection[Z3lfor definition). When the vector field additionally supports
a symplectic transverse structure (which is again the case of Painlevé equations) we prove that the
(essentially unique) sectorial normalizing map is realized by a transversally symplectic diffeomorphism.
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1.2. Definitions and main results.
To state our main results we need to introduce some notations and nomenclature.

e For n € N5, we denote by (C™,0) an (arbitrary small) open neighborhood of the origin in C™.

e We denote by C{x,y}, with y = (y1, y2), the C-algebra of germs of holomorphic functions at
the origin of C3, and by C {x,y}™ the group of invertible elements for the multiplication (also
called units), i.e. elements U such that U (0) # 0.

L% ((C3, 0) is the Lie algebra of germs of singular holomorphic vector fields at the origin C3. Any
vector field in x ((C3, 0) can be written as

0 0 0
Y= b(x7yluy2)8_x + by ($,y1,y2)8—y1 + by ($7y1,y2)8—y2

with b, b1,by € C{z,y1,y2} vanishing at the origin.
e Diff ((C3, 0) is the group of germs of a holomorphic diffeomorphism fixing the origin of C3. It
acts on ((C3, O) by conjugacy: for all
(®,Y) € Diff (C*,0) x x (C*,0)
we define the push-forward of Y by ® by
(1.4) o, (V):=D® - Y)od ' |
where D® is the Jacobian matrix of ®.
e Diffgy, ((C3,O) is the subgroup of Diff ((C3,0) of fibered diffeomorphisms preserving the z-
coordinate, i.e. of the form (z,y) — (z,¢ (x,y)).
e We denote by Diffgy, (C?,0;1d) the subgroup of Diffgp, (C?,0) formed by diffeomorphisms tan-
gent to the identity.

All these concepts have formal analogues, where we only suppose that the objects are defined with
formal power series, not necessarily convergent near the origin.

Definition 1.1. A diagonal doubly-resonant saddle-node is a vector field Y € ((C?’, O) of the
form

0 0 0
_ 2 ¥ _ _ -
Y = iﬂax‘f'( /\y1+F1($=Y))8y1+()\y2+F2($aY))ay2 ;

with A € C* and Fy, F, € C{z,y} of order at least two. We denote by SN giag the set of such vector
fields.

Remark 1.2. One can also define the foliation associate to a diagonal doubly-resonant saddle-node in
a geometric way. A vector field Y € y ((C3, 0) is orbitally equivalent to a diagonal doubly-resonant

saddle-node (i.e. Y is conjugate to some VX, where V € C{z,y}” and X € SNﬁb) if and only if
the following conditions hold:
(1) Spec (DoY) = {0, =\, A} with X # 0;
(2) there exists a germ of irreducible analytic hypersurface % = {S = 0} which is transverse to
the eigenspace Ey (corresponding to the zero eigenvalue) at the origin, and which is stable
under the flow of Y;
(3) Ly (S) = U.S?, where Ly is the Lie derivative of Y and U € C {x,y}”".

By Taylor expansion up to order 1 with respect to y, given a vector field Y € SN giag written as in
(CI) we can consider the associate 2-dimensional system:

d
(15) P =a@+A@y@)+F@y@)
with y = (y1,y2), such that the following conditions hold:
o () .
o a(x)= as (x) ) with a1, as € C{z} and ay,as € O (2?)

o A (z) € Matg 2 (C{x}) with A (0) = diag (=X, \), A € C*
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F; .
e F(z,y)= ( F; Ei’g ), with Fy, Fy € C{z,y} and F1,F» € O (HyH2)

Based on this expression, we state:

Definition 1.3. The residue of Y € SN gjag is the complex number

X

We say that Y is non-degenerate (resp. strictly non-degenerate) if res(Y) ¢ Q<o (resp.
R (res(Y)) > 0).

Remark 1.4. It is obvious that there is an action of Diffgy ((C3, O,Id) on SN giag. The residue is an
invariant of each orbit of SA'gy, under the action of Diffg, (C?,0,1d) by conjugacy (see [Bit16]).

The main result of [Bit1l6] can now be stated as follows:

Theorem 1.5. [Bit16] Let Y € SN giag be non-degenerate. Then there exists a unique formal fibered
diffeomorphism ® tangent to the identity such that:

. 9 9]
o, (Y) = CCQ% + (At az+a (y1y2))yla—yl
0
(1.6) + (A + a2z +c2 (Y1y2)) yai—

)

where X € C*, ¢1,¢cq € C[v] are formal power series in v = y1y2 without constant term and ay,az € C
are such that a; + a2 = res (Y) € C\Q<o.

Definition 1.6. The vector field obtained in (L6 is called the formal normal form of Y. The
formal fibered diffeomorphism & is called the formal normalizing map of Y.

The above result is valid for formal objects, without considering problems of convergence. The first
main result in this work states that this formal normalizing map is analytic in sectorial domains, under
some additional assumptions that we are now going to precise.

Definition 1.7.
o We say that a germ of a vector field X in ((C2, 0) is orbitally linear if

0 0
X=U AMY1=— + Aoya —
(¥) ( 1Y1 o + A2y2 8y2> )
for some U (y) € C{y}”* and (A1, \2) € C2,
e We say that a germ of vector field X in ((C2,0) is analytically (resp. formally) orbitally
linearizable if X is analytically (resp. formally) conjugate to an orbitally linear vector field.
e We say that a diagonal doubly-resonant saddle-node Y € SN gjag is div-integrable if Yi{e—0} €

x (C2,0) is (analytically) orbitally linearizable.

Remark 1.8. Alternatively we could say that the foliation associated to Y|(,—¢y is linearizable. Since
Y|{2=0} is analytic at the origin of C? and has two opposite eigenvalues, it follows from a classical result
of Brjuno (see [Mar81]), that Y|(,—o} is analytically orbitally linearizable if and only if it is formally
orbitally linearizable.

Definition 1.9. We denote by SN giag,0 the set of strictly non-degenerate diagonal doubly-resonant
saddle-nodes which are div-integrable.

The vector field corresponding to the irregular singularity at infinity in the Painlevé equations

__y is orbitally equivalent to an element of SN o, for generic values of the parameters (see

We can now state the first main result of our paper (we refer to subsection 23] for the precise
definition of weak I1-summability).
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Theorem 1.10. Let Y € SN giag,0 and let d (given by Theorem [L3) be the unique formal fibered
diffeomorphism tangent to the identity such that

A o0 0 0
o, (V) = :CQ% + (=X + a1z + c1 (y1y2)) y15_y1 + (A + a2z + c2 (Y192)) y25_y2
= Ynorm 5

where A # 0 and ¢1 (v),c2 (v) € vC[[v] are formal power series without constant term. Then:
(1) the normal form Yaorm is analytic (i.e. ¢1,co € C{v}), and it also is div-integrable, i.e. ¢1+co =
0;
(2) the formal normalizing map d is weakly 1-summable in every direction, except arg (£N);
(3) there exist analytic sectorial fibered diffeomorphisms ®1 and ®_, (asymptotically) tangent to
the identity, defined in sectorial domains of the form Sy X ((CQ,O) and S_ X ((CQ,O) respec-
tively, where

Sy = {xE(C|O<|:C|<Tand‘arg(%)‘<g+e}
S_ = {:CE(C|O<|$|<rand arg(?—f)’<§+e}

(for any € € ]O, g [ and some r > 0 small enough), which admit d as weak Gevrey-1 asymptotic
expanston in these respective domains, and which conjugate Y to Yiorm. Moreover ®4 and ®_
are the unique such germs of analytic functions in sectorial domains (see Definition[2.2).

Remark 1.11. Although item [3 above is a straightforward consequence of the weak I-summability (see
subsection [Z3)) of ® in item [2] above, we will in fact start by proving item [B]in Corollary 2] and show
item point [2] in Proposition [5.41

Definition 1.12. We call & and ®_ the sectorial normalizing maps of Y € SNdiag,o-

They are the weak 1-sums of o along the respective directions arg (i\) and arg (—i\). Notice that
@, and ®_ are germs of analytic sectorial fibered diffeomorphisms, i.e. they are of the form
®,: 5, x (C%,0) — Sy x(C%0)
(zy) — (2,241(2,5),P42(2,))
and
®_:5 x(C*0) — S_x(C*0)
(,y) — (2,2 1(z,y), P2 (2,y))

(see section 2. for a precise definition of germ of analytic sectorial fibered diffeomorphism). The fact
that they are also (asymptotically) tangent to the identity means that we have:

2
@ (2,y) =1d (2,3) + O (Iz.¥)I*) -
In fact, we can prove the uniqueness of the sectorial normalizing maps under weaker assumptions.

Proposition 1.13. Let o4 and p_ be two germs of sectorial fibered diffeomorphisms in S4 X ((Cz, O)
and S_ X ((CQ,O) respectively, where S; and S_ are as in Theorem [L.I0, which are (asymptotically)
tangent to the identity and such that

(SQ:N:)* (Y) = Yhorm -

Then, they necessarily coincide with the weak 1-sums ®4 and ®_ defined above.

It is important to say that we will in fact begin with proving the existence of germs of sectorial
fibered diffeomorphisms ® and ®_ in Sy X ((CQ, O) and S_ X ((CQ, O) respectively, which are tangent
to the identity and conjugate Y € SNy, ¢ to its normal form (see Corollary [2)). The proposition
above guarantees the uniqueness of such sectorial transforms. It is proved in a second step that &
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and ®_ admits the formal normalizing map d as weak Gevrey-1 asymptotic expansion, which is thus
weakly 1-summable.

Remark 1.14. In this paper we prove a theorem of existence of sectorial normalizing map analogous to
the classical one due to Hukuhara-Kimura-Matuda for saddle-nodes in ((CQ, O) [HKM61], generalized
later by Stolovitch in any dimension in [Sto96]. Unlike the method based on a fixed point theorem
used by these authors, we use a more geometric approach (following the works of Teyssier [Tey03]
Tey04]) based on the resolution of an homological equation, by integrating a well chosen 1-form along
asymptotic paths. This latter approach turned out to be more efficient to deal with the fact that
Y|{z—0} is not necessarily linearizable. Indeed, if we look at [Sto96] in details, one of the first problem
is that in the irregular systems that needs to be solved by a fixed point method (for instance equation
(2.7) in the cited paper), the non-linear terms would not be divisible by the “time” variable ¢ in our
situation. This would complicate the different estimates that are done later in the cited work. This
was the first main new phenomena we have met.

In a forthcoming paper we prove that the sectorial normalizing maps @, ®_ in Theorem [[L.T0 admit
in fact the unique formal normalizing map P given by Theorem as “true” Gevrey-1 asymptotic
expansion in S; X ((C2,O) and S_ X ((C2,O) respectively. This is done by studying ®, o (@_)_1 in
(S NS_) x ((CQ, 0) (and more generally any germ of sectorial fibered isotropy of Ynorm in “narrow”
sectorial neighborhoods (S NS_) x ((C2, O) which admits the identity as weak Gevrey-1 asymptotic
expansion). In the cited paper we also:

e prove that the formal normalizing map ® in Theorem [ I0is in fact 1-summable (and not only
weakly 1-summable).

e provide a theorem of analytic classification, based on the study over “small” sectors Sy N.S_ of
the transition maps ® o® "' (also called Stokes diffeomorphisms): they are sectorial isotropies
of the normal form Yo, which are exponentially close to the identity.

The main difficulty is to establish that such a sectorial isotropy of Yjorm over the “narrow” sectors
described above is necessarily exponentially close to the identity. This will be done wvia a detailed
analysis of these maps in the space of leaves. In fact, this is the second main new difficulty we have
met, which is due to the presence of the “resonant” term

cm (y112)"" log ()
s

in the exponential expression of the first integrals of the vector field in normal form. In [Sto96],
similar computations are done in subsection 3.4.1. In this part of the paper, infinitely many irregular
differential equations appear when identifying terms of same homogeneous degree. The fact that
Y|{z=0} is linear implies that these differential equations are all linear and independent of each others
(i.e. they are not mixed together). In our situation this is not the case, which yields more complicated
computations.

1.3. Painlevé equations: the transversally Hamiltonian case.

In [Yos85] Yoshida shows that a vector field in the class SN, o naturally appears after a suitable
compactification (given by the so-called Boutroux coordinates [Boul3|) of the phase space of Painlevé
equations (Pj)j: IR for generic values of the parameters. In these cases the vector field presents an
additional transverse Hamiltonian structure. Let us illustrate these computations in the case of the
first Painlevé equation:

(Py) % = 622+t
As is well known since Okamoto [Oka80], (Pr) can be seen as a non-autonomous Hamiltonian system
05 __om
ot 62’2
62’2 - oOH

ot 0m
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with Hamiltonian
22
H(t,21,22) = 220 +1tz — 32

More precisely, if we consider the standard symplectic form w := dz; A dz2 and the vector field

0 O0H 0 OH 0

Z = — =+ —
8t 822 821 + 821 822
induced by (Pr), then the Lie derivative

020 02H
— d dzo ) Adt = dzy Adt
£z () ((%821 Tt 5om 22> " an

belongs to the ideal (dt) generated by dt in the exterior algebra Q* ((C3) of differential forms in variables
(t, 21, 22). Equivalently, for any t1,t2 € C the flow of Z at time (t2 — t1) acts as a symplectomorphism
between fibers {t = t1} and {t = t2}.

The weighted compactification given by the Boutroux coordinates [Bould| defines a chart near
{t = oo} as follows:

3

22 = Y2r °

_2

21 =Yz ®
_4
t:fE 5

In the coordinates (x,y1,y2), the vector field Z is transformed, up to a translation y; < y1 + ¢ with
i

= , to the vector field
¢ 7
~ 5
1.7 = - Y
(L.7) Azt
where
0 4 2 2¢ 0 24 48¢ 3 0
Y _ 2 Y _ = “ = - a2 =P hd s
x 8x+< 5y2+5:vy1+ 556) 8y1+< 5 Ui 5 y1+5:cy2) 9

We observe that Y is a strictly non-degenerate doubly-resonant saddle-node as in Definitions [[.T] and
with residue res (Y) = 1. Furthermore we have:

dt :—%5%:177%&17

1 1
dzy Adze == (dys Ady2) + ) (2y1dy2 — 3yodyr) Adx
€ - (dy1 A dys) + (dz)

where (dz) denotes the ideal generated by dz in the algebra of holomorphic forms in C* x C2. We
finally obtain

dys AN d 1
Ly <¥) = = (3yadys — (2¢€ + 2y1) dy2) A dx

Ly (dz) = 2zdx
Therefore, both Ly (w) and Ly (dz) are differential forms who lie in the ideal (dz), in the algebra of
germs of meromorphic 1-forms in ((C3, O) with poles only in {z = 0}. This motivates the following;:
Definition 1.15. Consider the rational 1-form
dyr Adyo
—

w =

We say that vector field Y is transversally Hamiltonian (with respect to w and dx) if

Ly (dz) € (dz) and Ly (w) € (dx)
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For any open sector S C C*, we say that a germ of sectorial fibered diffeomorphism ® in S x ((C2, O)
is transversally symplectic (with respect to w and dz) if

O* (w) € w+ (dx)

(Here ®* (w) denotes the pull-back of w by ®).
We denote by Diff,, ((C3,O;Id) the group of transversally symplectic diffeomorphisms which are
tangent to the identity.

Remark 1.16.

(1) The flow of a transversally Hamiltonian vector field X defines a map between fibers {x = 2}
and {z = x>} which sends w|,—,, onto wjy—,,, since

(exp (X))" (w) € w + (da) .
(2) A fibered sectorial diffeomorphism ® is transversally symplectic if and only if det (D®) = 1.

Definition 1.17. A transversally Hamiltonian doubly-resonant saddle-node is a transversally
Hamiltonian vector field which is conjugate, via a transversally symplectic diffeomorphism, to one of
the form

0 0 0
_ 20 [ 9 9
Y = iﬂax‘f'( )\y1+Fl($=Y))ay1+()\y2+F2($aY))ay2 ;

with A € C* and f1, fo analytic in ((C3, O) and of order at least 2.

Notice that a transversally Hamiltonian doubly-resonant saddle-node is necessarily strictly non-
degenerate (since its residue is always equal to 1), and also div-integrable (see section 3). It follows from
Yoshida’s work [Yos85] that the doubly-resonant saddle-nodes at infinity in Painlevé equations(FP;);_,
(for generic values of the parameters) all are transversally Hamiltonian.

We recall the second main result from [Bit16].

Theorem 1.18. [Bit16]
Let Y € SNaiag be a diagonal doubly-resonant saddle-node which is supposed to be transversally

Hamiltonian. Then, there exists a unique formal fibered transversally symplectic diffeomorphism P,
tangent to identity, such that:

- 0 0 0
o, (Y) = 12%+(—/\+alx—c(y1y2)) yla—yl +()\+a2x+c(y1y2))y28—y2
(18) = Ynorm y

where A € C*, ¢ (v) € vC[v] a formal power series in v = y1y2 without constant term and a1, a3 € C
are such that a1 + as = 1.

As a consequence of Theorem [[LI8, Theorem [[L.I0] we have the following:

Theorem 1.19. Let Y be a transversally Hamiltonian doubly-resonant saddle-node and let d be the
unique formal normalizing map given by Theorem[I.18 Then the associate sectorial normalizing maps
®, and ®_ are also transversally symplectic.

Proof. Since P is weakly 1-summable in Sy X ((C2, O), the formal power series det (Dfi)) is also weakly

1-summable in S1 x ((C2, 0), and its asymptotic expansion has to be the constant 1. By uniqueness of
the weak 1-sum, we thus have det (D®y) = 1. O

1.4. Outline of the paper.

In section 2, we introduce the different tools we need concerning asymptotic expansion, Gevrey-1
series and 1-summability. We will in particular introduce a notion of “weak” 1-summability.

In section 3, we prove Proposition 3.1l which states that we can always formally conjugate a non-
degenerate doubly-resonant saddle-node which is also div-integrable to its normal form up to remaining
terms of order O (xN ), for all N € Ny, and the conjugacy is actually 1-summable.
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In section 4, we prove that for all Y € SNgp, o, there exists a pair of sectorial normalizing maps
(D4, P_) tangent to the identity which conjugates Y to its normal form Y;,o;m over sectors with opening
greater than 7 and arbitrarily close to 27 (see Corollary [4.2)).

In section 5, the uniqueness of the sectorial normalizing maps, stated in Proposition [[.I3] is proved
thanks to Proposition Moreover, we will see that ®; and ®_ both admit the unique formal
normalizing map o given by Theorem as weak Gevrey-1 asymptotic expansion (see Proposition

B4).

CONTENTS

[L.__Introduction

[L.1.  Scope of the paper

3.5. Proof of Proposmon ﬁ ' 38
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4.3. Proof of Lemma I 42
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2. BACKGROUND

We refer the reader to [MR82), [Mal95, [RS93, [BDMOS§]| for a detailed introduction to the theory of

asymptotic expansion, Gevrey series and summability (see also [Sto96] for a useful discussion of these
concepts), where one can find the proofs of the classical results we recall (but we do not prove here).
We call z € C the independent variable and y := (y1,...,yn) € C", n € N, the dependent variables.
As usual we define y* := y* .. yF for k = (ky,...,k,) € N", and |k| = k; + - -- + k,. The notions
of asymptotic expansion, Gevrey series and 1-summability presented here are always considered with
respect to the independent variable z living in (open) sectors, the dependent variable y belonging to
poly-discs

DO,r) :={y=(y1,---»Un) EC" | |y1]| <71, .. |yn|l <7rn} ,
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of poly-radius r = (r1,...,7,) € (Rsg)". Given an open subset

UcCt ={(z,y) €CxC"}
we denote by O (U) the algebra of holomorphic function in . The algebra of germs of analytic
functions of m variables x := (21, ...,%.,) at the origin is denoted by C {x}.

The results recalled in this section are valid when n = 0. Some statements for which we do not
give a proof can be proved exactly as in the classical case n = 0, uniformly in the dependent multi-
variable y. For convenience and homogeneity reasons we will present some classical results not in their
original (and more general) form, but rather in more specific cases which we will need. Finally, we

will introduce a notion of weak Gevrey-1 summability, which we will compare to the classical notion
of 1-summability.

2.1. Sectorial germs.
Given r > 0, and «a, 8 € R with a < 8, we denote by S (r, «, 8) the following open sector:

S(rya,f):={z€C|0<|z|<rand a <arg(z) < B} .
Let 0 €e R, n € R>g and n € N.

Definition 2.1. (1) An z-sectorial neighborhood (or simply sectorial neighborhood) of the origin
(in C"*1) in the direction 6 with opening n is an open set S C C"*! such that

s;s(r,e_g_e,9+g+e) % D(0,r)

for some r > 0, r € (R5¢)" and € > 0. We denote by (Sp,,, <) the directed set formed by all
such neighborhoods, equipped with the order relation

51§SQ <~ 51352.

(2) The algebra of germs of holomorphic functions in a sectorial neighborhood of the origin in the
direction 6 with opening n is the direct limit

O (Sp) =iy O (S)
with respect to the directed system defined by {O(S) : S € Sy}
We now give the definition of a (germ of a) sectorial diffeomorphism.

Definition 2.2. (1) Given an element S € Sy ,,, we denote by Diffsy, (S, Id) the set of holomorphic
fibered diffeomorphisms of the form

P:S - D(S)
(J:,y) = (x7¢1 (xuy)7¢2 (anY)) )
such that ® (z,y) — Id (z,y) = O (Hx,yH?), as (z,y) — (0,0) in S.[1

(2) The set of germs of (fibered) sectorial diffeomorphisms in the direction 6 with opening n, tangent
to the identity, is the direct limit

Diff g, (Sp.ps 1d) := ling Diffgy, (S, 1)

with respect to the directed system defined by {Diffgy, (S,1d) : S € Sg,,}. We equip Diffgy, (Sp,q; Id)
with a group structure as follows: given two germs ®,¥ € Diffgy, (Sp,,;Id) we chose corre-
sponding representatives ®, € Diffgy, (S,Id) and ¥y € Diffgy, (7,1d) with S,7 € Sy, such
that 7 C @ (S) and let ¥ o ® be the germ defined by ¥ o dg. B

We will also need the notion of asymptotic sectors.

I This condition implies in particular that ® (S) € So,n-
20ne can prove that this definition is independent of the choice of the representatives
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Definition 2.3. An (open) asymptotic sector of the origin in the direction 6 and with opening n is an
open set S C C such that

Se () So -
0<n’'<n

We denote by ASs ,, the set of all such (open) asymptotic sectors.

2.2. Gevrey-1 power series and 1-summability.

2.2.1. Gevrey-1 asymptotic expansions.
In this subsection we fix a formal power series which we write under two forms:

Fay) =) _fya*= > fia”y eClayl,

k>0 (jo.j)eNn+1
using the canonical identification C [z,y] = C [z] [y] = C [y] [z]. We also fix a norm ||-|| in C"**.
Definition 2.4.

e A function f analytic in a domain S (r, o, 8) x D (0, r) admits f as asymptotic expansion in the
sense of Gérard-Sibuya in this domain if for all closed sub-sector S’ C S (r, a, ) and compact
K Cc D(0,r), for all N € N, there exists a constant Cs g n > 0 such that:

Fay)= Y Y| < Coron (@ y) |V
Jo+ji+...gn <N
for all (z,y) € S’ x K.
e A function f analytic in a domain S (r,«,3) x D (0,r) admits f as asymptotic expansion
(with respect to x) if for all k € N, fi, (y) is analytic in D (0,r), and if for all closed sub-sector
S" c S (r,a,B), compact subset K C D (0,r) and N € N, there exists As: x,n > 0 such that:

N
Flay) =Y fr(y)a*| < Ag e oV
k>0
for all (z,y) € §' x K.
e An analytic function f in a sectorial domain S (r,«, 5) x D (0,r) admits f as Gevrey-1 as-

ymptotic expansion in this domain, if for all kK € N, fi (y) is analytic in D (0, r), and if for all
closed sub-sector S’ C S (r, a, ), there exists A,C > 0 such that:

N-—1
f@y) = fiuly)a®| < ACN (NY) o
k=0

for all N € N and (z,y) € S’ x D(0,r).

Remark 2.5.

(1) If a function admits f as Gevrey-1 asymptotic expansion in S (r,a, 8) x D (0,r), then it also
admits f as asymptotic expansion.

(2) If a function admits f as asymptotic expansion in S (r, o, 8) x D (0,1), then it also admits f
as asymptotic expansion in the the sense of Gérard-Sibuya.

(3) An asymptotic expansion (in any of the different senses described above) is unique.

As a consequence of Stirling formula, we have the following characterization for functions admitting
0 as Gevrey-1 asymptotic expansion.

Proposition 2.6. The set of analytic functions admitting 0 as Gevrey-1 asymptotic expansion at
the origin in a sectorial domain S (r,«,B) x D (0,r) is exactly the set of of analytic functions f in
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S(r,a,B) x D(0,r) such that for all closed sub-sector 8" C S (r,a, 8) and all compact K C D (0,r),
there exist As/ i, Bs ik > 0 such that:

B
|/ (,¥)] < Asr i exp (_ ISxIK> '

We say that such a function is exponentially flat at the origin in the corresponding domain.

2.2.2. Borel transform and Gevrey-1 power series.

Definition 2.7.
e We define the Borel transform B (f) of f as:

B(f) ) ::Zf’“k—(!y%k .

k>0

e We say that f is Gevrey-1 if B (f) is convergent in a neighborhood of the origin in C x C".
Notice that in this case the fi (y), k > 0, are all analytic in a same polydisc D (0,r), of
poly-radius r = (7, ...,7r,) € (R>0)", so that B (f) is analytic in D (0, p) x D (0, r), for some

p > 0. Possibly by reducing p,71,...,7, > 0, we can assume that B (f) is bounded in
D(0,p) x D(0,r).

Remark 2.8.

(1) If a sectorial function f admits f for Gevrey-1 asymptotic expansion as in Definition 2.4] then
f is a Gevrey-1 formal power series.

(2) The set of all Gevrey-1 formal power series is an algebra closed under partial derivatives
o o d
) a_yl’ ey E

Remark 2.9. For technical reasons we will sometimes need to use another definition of the Borel
transform, that is:

B(F)6y) = fir (v) Z—k, :

k>0

The first definition we gave has the advantage of being “directly” invertible (via the Laplace transform)
for all 1-summable formal power series (see next subsection), but behaves not so good with respect to
the product. On the contrary, the second definition will be “directly” invertible only for 1-summable
formal power series with null constant term (otherwise a translation is needed). However, the advantage
of the second Borel transform is that it changes a product into a convolution product:

B(fa) = (B(/)+Bw@) .
where the convolution product of two analytic functions hihs is defined by
t
(i xha) (t3) = [ o () o (s = 1) ds
0

The property of being Gevrey-1 or not does not depend on the choice of the definition we take for the
Borel transform.
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2.2.3. Directional 1-summability and Borel-Laplace summation.

Definition 2.10. Given # € R and § > 0, we define the infinite sector in the direction 6 with opening
0 as the set

o5 = {tE(C* | |arg () — 0] < g} .

We say that f is I-summable in the direction 6 € R, if the following three conditions holds:
) f is a Gevrey-1 formal power series;
o 3 (f) can be analytically continued to a domain of the form A% x D (0,r);
e there exists A > 0, M > 0 such that:

V(tuy) EAZ,Oé XD(O,I‘),

B(f) t.y)| < Mesp (A1t

In this case we set Ag 5, := A" UD (0, p) and
|f

If the domain is clear from the context we will simply write }

= sup
A,0,6,p,r (t,y)E€Ag,s5,,xD(0,r)

B(f) (ty) exp (=Alt)

A,
Remark 2.11.

(1) For fixed (A, 0,6, p,r) as above, the set B g5, of formal power series f 1-summable in the

direction # and such that HfH < 400 is a Banach vector space for the norm ||+, 5 5 , .-
\ 8,8.p,

,0,6,p,r
We simply write (B, [|-[|,) when there is no ambiguity.

(2) We will also need a norm well-adapted to the second Borel transform B (cf. Remark [Z0), that

1S:

.|| bis
= sup

A,0,0,p,r (t,y)€Ag,5,,xD(0,r)

B(f) (t.3) (1422 t?) exp (=Alt])| -

We write then B , or the set space of formal power series f which are 1-summable in the
bis

< +00.
A,0,6,p,x

s N
(3) If X' > A, then By g5pr C B g6, and BYG 5 CBY, 5 .

direction # and such that H f ’

Proposition 2.12 ([BDMO0S, Proposition 4.]). If f,§ € B 5,00 then fie B 50 and:
Al bis 47 .|| bis bis
<= .
fg \,0,6,p,r A f A,0,6,p,r Hg| 20,801

Remark 2.13. If A > 4m, then HHE\IZ 5.p,r 18 & sub-multiplicative norm, i.e.

bis bis

fg

bis

< 1911 x6.6.,0x -

A0,8,p,r !
Definition 2.14. Let g be analytic in a domain and Ag% x D (0,r) and let A > 0, M > 0 such that
V(t,y) € Ais x D (0,r), [g(t,y)] < Mexp (Aft])

A,0,8,p,r

We define the Laplace transform of g in the direction 6 as:

ey = [ atyen(-2)T.

¥R g x

which is absolutely convergent for all x € C with R (%) > Xand y € D(0,r), and analytic with

respect to (z,y) in this domain.
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Remark 2.15. As for the Borel transform, there also exists another definition of the Laplace transform,
that is:

G@ey= [, atyen(-L)a.

R0

Proposition 2.16. A formal power series f € Clx,y] is 1-summable in the direction 6 if and only
if there exists a germ of a sectorial holomorphic function fo € O(Sp ) which admits f as Gevrey-
1 asymptotic expansion in some S € Sg .. Moreover, fg is unique (as a germ in (9(89777)) and in

particular
fo=£0(8(7)) -
The function (germ) fg is called the 1-sum of f in the direction 6.

Remark 2.17. With the second definitions of Borel and Laplace transforms given above, we have a
similar result for formal power series of the form f (z,y) = Z fr (y) 2* with:
k

fo=Lo (B) (F)+ /0.3 .
We recall the following well-known result.

Lemma 2.18. The set 3y C C[z,y] of 1-summable power series in the direction 0 is an algebra closed
under partial derivatives. Moreover the map

E@ — O (S@),r)
f— fo
is an injective morphism of differential algebras.

Definition 2.19. A formal power series f € C [z,y] is called I-summable if it is 1-summable in all
but a finite number of directions, called Stokes directions. In this case, if 61,...,0; € R/2xz are the
possible Stokes directions, we say that f is 1-summable except for 61, ..., 0.

More generally, we say that an m—uple (fi,..., fm) € C[z,y]™ is Gevrey-1 (resp. l-summable
in direction 6) if this property holds for each component f;,j = 1,...,m. Similarly, a formal vector
field (or diffeomorphism) is said to be Gevrey-1 (resp. 1-summable in direction ) if each one of its
components has this property.

The following classical result deals with composition of 1-summable power series (an elegant way
to prove it is to use an important theorem of Ramis-Sibuya).

Proposition 2.20. Let ® (x,y) € C[xz,y] be I-summable in directions 6 and 6 — «, and let ®y (z,y)

and ®_ (x,y) be its 1-sums directions 6 and 0 — w respectively. Let also fi (,2),...,fn(x,2) be 1-
summable in directions 8, 0 — 7, and f1 4,..., fo+, and f1,—,..., fn,— be their 1-sums in directions 0
and 0 — w respectively. Assume that

(2.1) fi(0,0)=0, forall j=1,...,n .

Then

U (0,2) = (2.f1 (0,2),... fu (2,2))
1s 1-summable in directions 0,0 — 7, and its 1-sum in the corresponding direction is
\Iji (I,Z) = q):t (Ia fl,:t (I,Z) Yooy fn,:‘: (.I,Z)) 5

which is a germ of a sectorial holomorphic function in this direction.

Consider Y a formal singular vector field at the origin and a formal fibered diffeomorphism ¢ :
(z,y) — (x, b (z, y)) Assume that both Y and ¢ are 1-summable in directions @ and 6 — m, for some

0 € R, and denote by Y, ,Y_ (resp. ¢, p_) their 1-sums in directions 6 and 6 — 7 respectively. As a
consequence of Proposition 2.20] and Lemma 218 we can state the following:
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Corollary 2.21. Under the assumptions above, Q. (Y) is 1-summable in both directions 6 and 6 — T,
and its 1-sums in these directions are oy (Yy) and o_ (Y_) respectively.
2.3. Weak Gevrey-1 power series and weak 1-summability.

We present here a weaker notion of 1-summability that we will also need. Any function f (x,y)

analytic in a domain & x D (0,r), where & C C is open, and bounded in any domain & x D (0,r’)
with 7] < ry,...,7rl, <r,, can be written

(2.2) fley)=> F@y
jeNn

where for all j € N”, Fj is analytic and bounded on U, and defined via the Cauchy formula:

1 f(z,2)
F(:v)z—n/ / . ——dz,...dz
! (2im)" Jiaj=ry jzal=ry, (20) T ()

Notice that the convergence of the function series above is uniform in every compact with respect to
x and y.
In the same way, any formal power series f (x,y) € C[z,y] can be written as

fla,y)=3" E@y .

jENR

Definition 2.22.

e The formal power series f is said to be weakly Gevrey-1 if for all j € N”, E (z) € Clx] is
a Gevrey-1 formal power series.
e A function
fay)=) F@)y
jeNn
analytic and bounded in a domain S (r, a, 8) x D (0, 1), admits f as weak Gevrey-1 asymp-
totic expansion in x € S (r,«, ), if for all j € N, Fj admits Fj as Gevrey-1 asymptotic
expansion in S (r, a, ).
e The formal power series f is said to be weakly 1-summable in the direction 6 € R, if the
following conditions hold:
— forall j € N”, Fj (z) € C[z] is I-summable in the direction ¢, whose 1-sum in the direction
0 is denoted by Fj,g;
— the series fy (x,y) := Z Fjo(x) yJ defines a germ of a sectorial holomorphic function in
jenn
a sectorial neighborhood attached to the origin in the direction # with opening greater
than 7. R
In this case, fp (z,y) is called the weak 1-sum of f in the direction 6.

As a consequence to the classical theory of summability and Gevrey asymptotic expansions, we
immediately have the following:

Lemma 2.23. (1) The weak Gevrey-1 asymptotic expansion of an analytic function in a domain

S (r,a,B) x D(0,r) is unique.

(2) The weak 1-sum of a weak 1-summable formal power series in the direction 6, is unique as a
germ in O (Sp.x)-

(3) The set Eéwcak) C Clz,y] of weakly 1-summable power series in the direction 6 is an algebra
closed under partial derivatives. Moreover the map

S s 0(s0
fo— fo

s an injective morphism of differential algebras.
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The following proposition is an analogue of Proposition 2.20] for weak 1-summable formal power
series, with the a stronger condition instead of ([2.1I).

Proposition 2.24. Let
O (z,y) = Y &j(x)y’ € Cla,y]

jENn
and
f¥ (@,2) =Y K" ()7 € Cle.a] .
jeNn
fork=1,...,n, be n+1 formal power series which are weakly 1-summable in directions 0 and 0—m. Let
us denote by ®4, J(rl), cen _(irn) (resp. PD_, fil), el fﬁ")) their respective weak 1-sums in the direction

0 (resp. 0 — 7). Assume that Fék) =0 forallk=1,...,n. Then,

U (z,2) =P (a:, FY(z,z),..., f0 (a:,z))

1s weakly 1-summable directions 0 and 0 — 7, and its 1-sum in the corresponding direction is
Uy (z,2) =Dy (:v, il) (x,2),..., fj(tn) (x,z)) ,

which is a germ of a sectorial holomorphic function in this direction with opening 7.

Proof. First of all,
¥ (@,2) = & (2./V (2.2),.... f) (¢,2))

is well defined as formal power series since for all k =1,...,n, Fék) = 0. It is also clear that
Uy (z,2) := Dy (:v, fj(tl) (z,2),..., j([") (, z))
is an analytic in a domain St € Sp » (resp. S— € Sp_r =), because fj([k) (,0)=0forallk=1,...,n.
Finally, we check that ¥, admits U as weak Gevrey-1 asymptotic expansion in S. Indeed:
Uy (r,z) = Py (:v, fil) (x,2),..., fin) (z, z))
1 jl 1 ]n
= Y @)@ () @) () @)
jeNn
J1
1
= Y@@ (> (8Y), @2
jenn [11>1
j’Vl
COREE
[11>1

= Z (P5), (I)Y‘]

jeNn
where for all j € N", (¥j), () is obtained as a finite number of additions and products of the
(Pr)y s (Flil)) S ,(Flin)) o |k| < |1|. The same computation is valid for the associated formal power
series, and allows us to define the W (z), for all j € N*. Then, each (V;), has U; as Gevrey-1

asymptotic expansion in Si. O

As a consequence of Proposition 2.24] and Lemma 2.23] we have an analogue version of Corollary
@ZI) in the weak l-summable case. Consider Y a formal singular vector field at the origin and a

formal fibered diffeomorphism ¢ : (z,y) — (w, b (z, y)) such that ¢ (z,0) = 0. Assume that both ¥’
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and ¢ are weakly 1-summable in directions 6§ and 6 — m, for some 6 € R, and denote by Y, ,Y_ (resp.
O+, p—) their weak 1-sums in directions 6 and § — 7 respectively.

Corollary 2.25. Under the assumptions above, Q. (f/) is weakly 1-summable in both directions 6 and
0 — 7w, and its 1-sums in these directions are o1 (Y1) and p_ (Y_) respectively.

2.4. Weak 1-summability versus 1-summability.
As in the previous subsection, let a formal power series f (z,y) € C[z,y] which is written as

Flay)=> F@)y,

jeNn

so that its Borel transform is
B(f)ty) =Y B(H)®)y .

jenr
The next lemma is immediate.
Lemma 2.26.

(1) The power series B (f) (t,y) is convergent in a neighborhood of the origin in C**1 if and only

if the B (FJ) , J € N are all analytic and bounded in a same disc D (0, p), p > 0, and if there

exists B, L > 0 such that for all j € N*, sup ‘B (FJ) (t)‘ < L.BN.
te D(0,p)

(2) If 1. is satisfied, then B (f) can be analytically continued to a domain A3 x D (0,r) if and
only if for all j € N", B (ﬁ:,) can be analytically continued to Az‘f& and if for all compact
< L.BM.

K C AgSs, there exists B, L > 0 such that for all j € N", sup ’B (FJ) (1)
(3) If and 1. and 2. are satisfied, then there exists A, M >0 ;551 that:
V(t,y) € A5 x D(0.1), |B(f) (t.y)| < M.exp (A )
if and only if there exists A\, L, B > 0 such that for all j € N,
W € A3, ‘B (FJ) (t)‘ < LB exp (A J¢))

Remark 2.27.

(1) Condition 1. above states that the formal power series f is Gevrey-1.
(2) As usual, there exists an equivalent lemma for the second definitions of the Borel transform
(see Remark 229]).

The following corollary gives a link between 1-summability and weak 1-summability.
Corollary 2.28. Let
fley) = > F)y eClzy]
jenn

be a formal power series. Then, f is 1-summable in the direction 0 € R, of I-sum f € O (Sp ), if and
only if the following two conditions hold:

° f is weakly 1-summable in the direction 6;

o there exists A, 9, p such that for all j € N™, 13:] H < 00 and the power series Z Aj
20,6, G s,
s convergent near the origin of C™.
Proof. This is an immediate consequence of Lemma, [2.26)] 0

Remark 2.29. We can replace the norm ||-[| 4 5 , by ||||§‘be 5,pin the second point of the above corollary.
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Notice that there exists formal power series which are weakly 1-summable in some direction but
which are not Gevrey-1: for instance, the series

fe=2_F@y,
J
. A 1
where for all j € N, F} () is such that B (Fj) (t) = P is weakly 1-summable in the direction
J

0 € R, but is not Gevrey-1, since B (Fj) has a pole in every —l, — 0.
] J—+oo
2.5. Some useful tools on 1l-summability of solutions of singular linear differential equa-
tions.
For future reuse, we give here two results on the 1-summability of formal solutions to some singular
linear differential equations with 1-summable right hand side, which generalize (and precise) a similar
result proved in [MR82] (Proposition p. 126). The authors use a norm ||-|| 5, but we will need to use a

norm H-Hzis later (in the proof of Proposition B.14).

Proposition 2.30. Let b be a formal power series 1-summable in the direction 0; consider a domain
Ags,p as in Definition 210 Let use denote by bg its 1-sum in this direction 6. Let us also fix o, k € C.
.1 bi

(1) Assume b’ ﬁs < +oo and that k € C\ {0} is such that dj = dist(—k,Ng5,) > 0 and
Bdy, > C'|ak] ,
where C' > 0 is a constant large enough, independent from parameters k, 3,0,0, p (for instance,
one can take C' = QCX—;)(Q) +5). Then, the irregular singular differential equation
5 da -
(2.3) R () + (14 az) ka(z) =b(x)

has a unique formal solution a such that a(0) = %I;(O) Moreover, a is 1-summable in the
direction 0, and

X B
<7

Finally, the 1-sum ag of G in the direction 6 is the only solution to

b

x2% () + (1 + ax) kag (z) = by (x)

which is bounded in some Sy € Sp x.

(2) Assume HIA)HB < +oo and that R (k) > 0. Then the regular singular differential equation

(2.5) xj—z (z) + ka (z) = b(z)

admits a unique formal solution a which is also 1-summable in the direction 0, of 1-sum ag.
Moreover, ag is the only germ of solution to the differential equation
da

T (z) + ka (x) = by (x)

which is bounded in some Sy € Sp x.
Proof.
(@ Since b is 1-summable in the direction @, we can choose p > 0 and § > 0 such that B (A) can be
analytically continued to (and is bounded in) any domain of the form Ag 5, ND (0, R), R > 0.
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Let us apply the Borel transform B to equation (2.3)): we obtain

t
(2.6) (t+ k) B(a) (t) + ok / B(@) (s)ds = B (b) (1
0
The derivative with respect to t of this equation shows that B (@) is solution of a linear differential
equation, with only one (regular) singularity at ¢ = —k (but this singularity is not in Ay, by
assumption):
4B ( _ B (b
t+8) B )+ (14 k) B @) (1) = () ()
dt dt
. dB (b _
Since B (b) can be analytically continued to Ag s ,, the same goes for T (t) and then for B (a).
~ g(i)) (0) l;/ (0)
Since B (a) (0) = A = , We can write:
_ R ¢+ dB (13)
Ba)t) = (t+k) % [¥(0) .k +/ T (9)-(s+ k)** ds
0

= (t+k)yIoF (6’ (0) K + E(B) (t).(t+k)** - B (b) (0) k**

—ak /Ot E(z}) (s). (s +k)**" ds)
= (t+k)IO <z§ () (&) ¢+ )

—ak /Ot B (b) (s). (s + k)™ ! ds>

B@ = B(t(?zg)—ak-(wk)”k/oté(zs)(s).(sma“ds.

The fact that B (l;) is bounded in any domain of the form Ag s, N D(0,R), R > 0, implies that the
same goes for B (a). Let us prove inequality ). For all R > 0, for all Gevrey-1 series f € C [x,y]
such that B ( f) can be analytically continued to Ag s, we set:

bis

= tem,::% O.R) {’E (f) (t) (1 + g2 |t|2) exp (-3 |t|)‘} eRU {oo} .

bis
=su
f B R>1:()) { f B,R _ _
is bounded in any domain of the form Ay 5, N D (0, R). Fix some R > 0, and let t € Ag 5, N D (0, R).
From equation (2.6]) we obtain

B - (Hlk) (E () (t) ok /0 B (s)ds)

B,R

bis
Notice that

} for all f as above, and that for all R > 0, ||d|\gle < +00, since B (a)

an then

= 1 bis exp (3¢]) | bis /"f' exp (Bu)
b ——— ~ 4+ |ak]. |la ——Zdu
‘ L+ k] | IPlls 14 g2 okl -Wells.z J) - T gmee

1 exp (B1t]) [HA bis ~ 1 bis C}
1 1D 51 gyt O]
di 1462 g2 [l lokfllalls.r
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with C' = %XTP(Q) + 5. Here we use the following:

Fact 2.31. There exists a constant C >0 (e.g. C = 20le3(2) +5), such that for all 8 > 0, we have:

b exp (Bu) C' exp (ft)

Proof. Let F 1 Z2BY fo1r 4 > 0. For t € [O, %}, we have:

1+522’
t exp (2) 2
F(u)du < =,
| 2

since F' is an increasing function over R :

(1 - Bu)”
T+ 52 =

Moreover for all ¢ > 0, we have F' () > F (0) = 1. Hence for all ¢ € [O, %}

F' (u) = BF (u).

For t > %, the following inequality holds:

t exp(2) 2 t
/OF(u)du < = EF(t)—I—/ZF(u)du

In addition, if u > g, then:

(1 — Bu) 1
1+ 32u? 5
Therefore, for all u > g:
e — (1-puw)?® _ B
F' (w) = BF (u)- Ty 2 5F (4)

Hence:

/OtF(u)du < /% du+/F

exp (2) 2 (
= 75 5" B/F
< O gep(2)+25) .

Let us go back to the proof of the lemma. Finally, we have:

. ~bis
|| Hbls < i l; bis + C |Oé]€| . ||G“Hﬁ,R
T dg g p ’

and consequently:

~ (|bis B 5P
”a’Hﬁ,R < ﬂdk _
As a conclusion:
~ |1 bis

blb ﬁ

21
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and ag is the 1-sum of @ in the direction 6. (@) Let us write b (z) = ijxj. A direct computation
Jj=0

. b;
shows that the only formal solution to equation (23] is a (z) = Z ajz’ whereforall j € N, a; = - _: .
° J
j=0
it exists since k ¢ Z<o, and then k + j # 0. In particular, we see immediately that a is Gevrey-1,

because the same goes for b. In other words, the Borel transform B () is analytic in some disc D (0, p),
p>0.In D(0,p), B(a) satisfies:

dB (a )
t— () + kB (@) () = B(b) (t) .

The general solution near the origin to this equation is

~—

c 1 [t

_ 7 k—1
y(t)_t_k+t_’f OB(b)(s)s ds, ceC.
In particular, the only solution analytic in D (0, p) is the one with ¢ =0, i.e.

B(a)(t) = tik/otzs (b) (s)s5~1ds .

Since B (l;) can be analytically continued to an infinite domain that have denoted by Ag s , bisected

by Ry e (because b is 1-summable in the direction ), B (@) can also be analytically continued to the

same domain. Moreover, there exists 5 > 0 such that HBH < 400, fe. VE € Ngsp
B

18 (b) 0] < g, exp (312D -

Thus, for all t € Ay s ,, we have:

N 1 Il X . o
|exp (_ﬂ |t|) B (a) (t)| < W/o |eXp (_[3 |t|)| ‘B (b) (Sewrg(t))’ ‘Sk 1e (k—1) arg(t) ds
1 Il R _
S | |§R(k) / |eXp (—BS)| ‘B (b) (Selarg(t))‘ Sm(k)*lds
t 0
b 8 It R(k)
S TRwm stk =1
- |t|9‘3(k) /0
b
= —ﬁ
R (k)
Thus, & is 1-summable in the direction 6. -

3. 1-SUMMABLE PREPARATION UP TO ANY ORDER N

The aim of this section is to prove that we can always formally conjugate a non-degenerate doubly-
resonant saddle-node, which is also div-integrable, to its normal form up to a remainder of order
0 (:EN ) for every N € N5o. Moreover, we prove that this conjugacy is in fact 1-summable in every
direction € # arg (+\), hence analytic over sectorial domains of opening at least 7.

Proposition 3.1. Let Y € SN giag be a non-degenerate diagonal doubly-resonant saddle-node which is
div-integrable, with DoY = diag (0, =\, A), A # 0. Then, for all N € Nsg, there ezists a formal fibered



SECTORIAL NORMALIZATION OF DOUBLY-RESONANT SADDLE-NODES 23

diffeomorphism UN) ¢ Iﬁﬁb ((C3,O;Id) tangent to the identity and I1-summable in every direction
0 # arg (£\) such that:

(\IJ(N))* Y) = 8_ (( ()\ +d@® (y1y2)) + a1x) + INF(N) (=, y)) " a(z
(( Y ) + e ) + N @) e a(z

where A € C*, (a1 +az) = res( ) € C\Q<o, dN) (v) € vC{v} is an analytic germ vanishing at the

origin, and Fl(N),FQ(N) € Clx,y] are 1-summable in the direction 0, and of order at least one with
respect to y. Moreover, one can choose d® = --. = d™N) for all N > 2.

Definition 3.2. A vector field Y (™) as is the proposition above is said to be normalized up to order
N.
Remark 3.3.

(1) Observe that this result does not require the more restrictive assumption of being “strictly
non-degenerate” (i.e. R (a1 + az) > 0) .

(2) As a consequence of Corollary [Z2T], the 1-sum \I!éN) of ¥V) in the direction 6 is a germ of
sectorial fibered diffeomorphism tangent to the identity, i.e. \I/éN) € Diffap, (Sp x; Id), which
conjugates Y to the 1-sum YG(N) of YV) in the direction 6.

In order to prove this result we will proceed in several steps and use after each step Proposition [2.20]
and Corollary 22T in order to prove the 1-summability in every direction 6 # arg (+)) of the different
objects. First, we will normalize analytically the vector field restricted to {z = 0}. Then, we will
straighten the formal separatrix to {y; = y2 = 0} in suitable coordinates. Next, we will simplify the
linear terms with respect to y. After that, we will straighten two invariant hypersurfaces to {y; = 0}

and {yo = 0}. Finally, we will conjugate the vector field to its final normal form up to remaining terms
of order O (:CN)

3.1. Analytic normalization on the hyperplane {z = 0}.

3.1.1. Transversally Hamiltonian versus div-integrable.
We start by proving that an element of SN giag which is transversally Hamiltonian is necessarily
div-integrable.

Proposition 3.4. If Y € SNaiag is transversally Hamiltonian, then Y is div-integrable.

Proof. Let us consider more generally a diagonal doubly-resonant saddle-node Y € SN giag such that
Y|{z=0} is a Hamiltonian vector field with respect to dy; A dyo (this is the case if Y is transversally

Hamiltonian): there exists a Hamiltonian H (y) = Ay1y2 + O (Hy|\3) € C{y}, such that

0 OH 0 oH 0
Y=z 8$+<(_6_2 +$F1($ y)) 6y1+(3_yl+IF2(I y)) 6y2) s

0 -1
Lo )EMQ((C) and

VH := *(DH), then Yj{z=0y = JVH. According to the Morse lemma for holomorphic functions,
there exists a germ of an analytic change of coordinates ¢ € Diff ((C2, O) given by

y=w) ~ e =(n+0(Iv1).5+0(Iv1?)) .

such that H (y) := H (97" (¥)) = y1y2. Let us now recall a trivial result from linear algebra.

where Fy,Fy € C{z,y} are vanishing at the origin. If we define J := (

0 -1

Fact. Let J .= ( 1 0

) € M, (C), and P € My (C). Then, PJ'P = det(P) J.
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As a consequence we have:

Corollary 3.5. Let H € C{y} be a germ of an analytic function at 0, Yo := JVH the associated
Hamiltonian vector field in C? (for the usual symplectic form dyi Adyz), and an analytic diffeomorphism
near the origin denoted by ¢. Then:

v« (Yo) = (Dgpocp_l) . (Ybocp_l) = det (Dcpogp_l) JVH |,
where H := Ho o1
As a conclusion we have proved that Y is div-integrable. O

3.1.2. General case.
Now we prove how to normalize the restriction to {# = 0} of a div-integrable element of SN giag.

Proposition 3.6. Let Y € SN giag be div-integrable. Then, there exists 1) € Diffgy, ((C3, 0; Id) of the
form

v @y) e (e +0 (Iv1P) o2+ 0 (Iv1P))
such that

B (V) =2 54 (A d @) +T3 (0.3) 5=+ (O + @) v + 5T 09) 5

with v := Y1y, d(v) € vC{v} and T1, Ty € C{z,y} vanishing at the origin.

Proof. By assumption, and according to a theorem due to Brjuno (¢f [Mar81]), up to a first transfor-
mation analytic at the origin in C?, we can suppose that

0 0
Yi{e=0y = A+ Ah(y)) <_y18—y1 +y28_y2>

Then, it remains to apply the following lemma to Y|{,—o}- O
Lemma 3.7. Let Yy be a germ of analytic vector field in ((C2, 0) of the form

Yo = (A+h(y)) <—ylaiyl+y2i) )

Y2
with h € C{y} vanishing at the origin. Then there exists ¢ € Diff ((CQ, 0, Id) such that
0 0
«(Yo) = (A+d -y =— — ,
6. 06) = (v d(e) (-t

with v := y1y2 and d € vC {v}.

Remark 3.8. In other words, we have removed every non-resonant term in h (y). In fact, we re-obtain
here a particular case (with one vector field in dimension 2) of the principal result in [Sto97] (which is
itself inspired of Vey’s works).

Proof. We claim that ¢ can be chosen of the form

b (y) = (yle_”(”,yge”(”) ,

for a conveniently chosen v € C{y}. Indeed, let us study how such a diffeomorphism acts on Y. Let
us write U := (A+h(v)) and L := (-Zﬂ% +y2%), such that Yy = UL. An easy computation
shows:
¢« (Yo) = ¢.(U.L)
= (U-A=Lr(M]eo™)L,
where Ly, is the Lie derivative of associate to L. We want to to find  such that the unit
D:=UQ1~Lr(y)]oos™"
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is free from non-resonant terms, i.e. is of the form

D=X+d(@y1y2) =2+ de (y1y2)k .
k>1

X
Notice that if a unit W = Z Wi, (y192)* C {y} " is free from non-resonant terms, then:
k>0

Wop ™t =W
L, (W)=0
Thus, let us split both U and ~ in a “resonant” and a “non-resonant” part:

U= Urcs + Unfrcs
Y = Vres + Tn—res

where
Unfrcs = Z Uk17k2yfl y§2
k1#£k2 L
Urcs = EUk,k (ylyQ)
k
k1, k
Tn—res = E 7k1,k2y11y22
k1 #k2

Yres = E’yk,k (yly?)k
k

Then the non-resonant terms of U (1 — Ly, (7)) are

(Un—res - (Un—res + Ures) EL (/Yn—res)) © ¢71 .
Hence, the partial differential equation we want to solve is:
Up—res
EL ’y — n—res .
( ) UI‘CS + Uan‘CS
One sees immediately that this equation admit an analytic solution (and even infinitely many solutions)

v € C{y}, since the unit U € C{y} is analytic. O

3.2. 1-summable simplification of the “dependent” affine part.
We are concerned by studying vector fields of the form

(3.1 Y =2k (A i) gt Ot e @) 5
with
{fl (z,y) = —d(y1y2) y1 + 211 (2, y)
f2(2,y) =d(yiy2) y2 + 212 (zy)
where d (v) € vC{v} and Th,T» € C{z,y} are of order at least one.

Proposition 3.9. Let Y € SNiag be a doubly-resonant saddle-node of the form

B B B
_ .2 _ _ -
Y =20 + (=Ay1 + f1(z,y)) o + (Ay2 + f2 (2,y)) 90

where fi1, fo € C{xz,y} are such that f1 (x,y), f2 (z,y) =0 (H(x, y)HQ) Then there exist formal power

series {1, U2, 41, G, P, By € 2C [z] which are 1-summable in every direction 8 # arg (+\), such that
the formal fibered diffeomorphism

@ (@) = (91 (@) + (14 @ @)1+ 81 (@) g, 92 (2) + G2 @)y + (1451 () we)

(which is tangent to the identity and 1- summable in every direction 6 # arg (£\)) conjugates Y to

0 . 0 . o
_ .2 _
o (Y)=2 97 + (( At a1x)y + B (%Y)) o + ((/\'i‘aﬂ) y2 + I (%Y)) oy
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where a1,as € C and Fl,FQ € Cla,y] are of order at least 2 with respect to'y, and 1-summable in
every direction 0 # arg (+\).

Remark 3.10. Notice that <i>|{m:0} = 1d, so that E} (0,y) = f: (0,y) for i =1, 2. Moreover, the residue
of ‘i)* (Y) is a1 + as.

The proof of Proposition is postponed to subsection 3.2.2]
3.2.1. Technical lemmas on irregular differential systems.

Lemma 3.11. There exists a pair of formal power series (1 (z), 92 (z)) € (zC[z])* which are 1-
summable in every direction 0 # arg (£X), such that the formal diffeomorphism given by

Oy (2,51, 92) = (91 — 1 (2) ,y2 — G2 (1)),
(which is 1-summable in every direction 6 # arg (£\)) conjugates Y in (31l to

. 0 K2 0
_ .2 _ o

where §1,Ga are formal power series of order at least 2 such that §1 (x,0) = go (3:,0) =0, and are
1-summable in every direction 6 # arg (£A).

+ (A\y2 + G2 (2,y)) 57—

In other words, in the new coordinates, the curve given by (y1,y2) = (0,0) is invariant by the flow
of the vector field, and contains the origin in its closure: it is usually called the (formal, 1-summable)
center manifold.

Proof. This is an immediate consequence of an important theorem by Ramis and Sibuya on the summa-
bility of formal solutions to irregular differential systems [RS89]. This theorem proves the existence
and the 1-summability in every direction 0 # arg (+\), of g1 and §2: (91 (z), 92 (x)) is defined as the
unique formal solution to

d
$2ﬁ ==y (@) + f1 (2,41 (2) 92 (2))
y )
xzd—; =Ay2 (z) + f2 (z,91 (2) 52 (x))
such that (g1 (0),92(0)) = (0,0). The 1-summability of §; and g comes from Proposition 2200 O

The next step is aimed at changing to linear terms with respect to y in “diagonal” form.

Lemma 3.12. There exists a pair of formal power series (py,p2) € (C [z])* which are 1-summable in
every direction 0 # arg (£X), such that the formal fibered diffeomorphism given by

Oy (2,41, 92) = (2,91 + P2 () Y2, y2 + p1 (¥) y1)
(which is tangent to the identity and 1-summable in every direction 0 # arg (+))) conjugates Y1 in

(532), to

Ta(wy) = atgst ((-A+ain @)+ @) 5
(3.3) ()\-i-imz )y2 + Ha (z, Y)) 822 )

where dl,dg,fll,flg are formal power series which are 1-summable in every direction 6 # arg (+\)
and Hy, Hy are of order at least 2 with respect to'y.

Proof. Let us write

g1 (z,y) = aby () y1 + ey (x)ya + C?l (z,y)
g2 (x,y) = xé2 (x) y1 + xb2 (%) y2 + G2 (7, y)
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where bl, by, &1, é2, G1, G are formal power series 1-summable in the direction 6 # arg (M), such that
G1 and G are of order at least 2 with respect to y. Let us consider the following irregular differential
system naturally associated to Vi

(3.4)

where
- —\+ zb (2) xéy (x) ~ G (z,2(2))
B = ~ G = ~
(=) ( via(z)  Ataby () ) G@2@)
We are looking for
- - 1 xpa ()
P(z) = ( () 1 € GLy (C[z]) ,
where p1, po are 1-summable formal power series in « every direction 6 # arg (+\), such that the linear
transformation given by z (z) = P (z)y () changes equation (34) to

ﬁ%(;p):A(m)y(m)+ﬁ($=Y($)) )

A= (T e ) Bever=(Ere)

where @, do, Hy, Hy are 1-summable formal power series in z every direction 6 # arg (£N).
We have

with

P () =P ) (1‘3@)15 (@) - 2?2 (a:)) y (@) +B (@) G (2P @)y ()
and we want to determine A (z) and P (z) as above so that
B@P (o) - 2% (1) = A (o)
This gives four equations:
a1 (z) = by (z) + ey () P ()

)+ aér (@
é)—bm)mcz( z) s (@)
(3.5) DL (@) = (224 by (2) — 2 = wby (2)) pu (@) + &2 (2) — 2261 (@) (2)

x % (z) = (_2)\ + by (z) — x — by (35)) P2 () + &1 (x) — 2%é3 () P (2)”

Thanks to the theorem by Ramis and Sibuya on the summability of formal solutions to irregular
systems [RS89|, we have the existence and the 1-summability in every direction 6 # arg (M), of pq
and pa: (P1 (z), P2 (z)) is defined as the unique formal solution to

xQd_Z;l (z) = (2)\ + xb (z) — & — by (UC)) 1 (2) + é () — 22é1 (z) fr ($)2
2 2 (0) = (<2 + aby (1) = 0 — b () o )+ &1 ) — 5% (@) (0
such that

51052 0) = ("5 24

Notice that a1 and ao are defined by the first two equations in ([335]). Finally, H is defined by
H(z,y):=P@) 'G (:v, P (2) y) )
and it is 1-summable in every direction 6 # arg (£\), by Proposition a
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The goal of the last following lemma is to transform a; (z) and as (x) in B3] to constant terms.

Lemma 3.13. There exists a pair of formal power series (41,d2) € (C[z])? with ¢, (0) = G2 (0) = 1,
which are 1-summable in every direction 6 # arg (), such that the formal fibered diffeomorphism of
the form

(1)3 (xvylva) = (IaQ1 (.I) yly‘j? (.I) yQ) )

(which is tangent to the identity and I-summable in every direction 6 # arg (£\)) conjugates Ys in

(Z3), to

0 N 0
_ 2 _ _
Ys(z,y) = = 97 + (( A+az)yr + By (%Y)) o

. 0
+ (()\—l—aziﬂ) Yo + Fh (907}’)) 8—y2 ;

where Fl,Fg are formal power series of order at least 2 with respect to 'y which are 1-summable in
every direction 0 # arg (£\) and (a1,a2) = (a1 (0), az (0)).

Proof. We can associate to Y5 the following irregular differential system:

IQS_;@):A(x)z(x)-l—ﬂ(ilf,z(x)) ’

and we are looking for a change of coordinates of the form z (z) = Q () y (z), where

Q(z) = ( quéx) QQ?I) ) € GLs (C[=])
with ¢ (0) = ¢2 (0) = 1, such that the new system is
Y () =A@y @) Py @)

with

and (al, ag) = (dl (0) ,dg (0))

We have
:172;1_3; (@) = Q=) <A (2)Q(2) — 172% (x)> y(e)+ Qo) H (x’ Q(I)Y(x))
—\+ aT:z: 0
< 0 A+ azx >
so that

and we obtain:
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dgy R
2—;17( ) = zq1(x) (a1 (z) — a1)
22 (@) = wa(2) (a2 (2) — a2)
dqg R a1 () —a
9 3y = (o) (2L
x x
— N
% (0) = oty (222
dx 2 x
- /m &1 (S) — ai
¢1(x) = exp ds
=3 /%d2(8f_a2 if we set g1 (0) = G2 (0) =1,
Go(w) = exp ds
0 S
and the expression / mds, for j = 1,2, means the only anti-derivative of 4 (5) — a5 without
0 S S
constant term. Since G; and ds are 1-summable in every direction 6 # arg (+)), the same goes for ¢,
and §o, and then for Fy and Fy by Proposition a

3.2.2. Proof of Proposition [3.9.
We are now able to prove Proposition

Proof of Proposition[3.9 We have to use successively Lemma B.7 (to Yy := Y{,—0}), followed by
Proposition [3.9, then Proposition [3.14] and finally Proposition B8] using at each step Corollary 2.21]
to obtain the 1-summability. O

3.3. 1-summable straightening of two invariant hypersurfaces.

For any 6 € R, we recall that we denote by Fp the 1-sum of a 1-summable series F' in the direction
0.

Let 6 € R with 6 # arg (+)) and consider a formal vector field ¥, 1-summable in the direction 8 of
1-sum Yp, of the form

30 V=it (n@nthie) ot (@t Bey) s
where:
[ Al (117) = —A—l— alx
o X (z) = A+ azx
e A#£0
® (1,02 € C
e for j=1,2,
Bi(z,y)= > FY (z)y™ € C[x,y]
neN?
In|>2

is 1-summable in the direction 6 of 1-sum

Fjo(z,y) = Z Fine(z)y™.

neN?
[n[>2

In particular, there exists A, B,y > 0 such that for all n € N2, |n| > 2, for j = 1,2:
n| €XP (1 ]t])

1+ p2 Jtf?
for some p > 0 and € > 0 such that (R.\)NAg . = 0 (see Definition 2 I0land Remark 2Tl for the

notations). Notice that Fj ¢ is analytic and bounded in some sectorial neighborhood S € Sy »
of the origin. For technical reasons, we use in this subsection the alternative definition of the

VYt € Ap e, ‘E (Fj,n) (t)‘ <AB

)
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Borel transform B, with its associate norm || Hbls (see Remarks 2.9 and 2.10] and Proposition
2. 12
Proposition 3.14. Under the assumptions above, there exists a pair of formal power series (¢?1 , ég) €

(C [z, y])? of order at least two with respect to'y which are 1-summable in every direction 0 # arg (£)),
such that the formal fibered diffeomorphism

(i)(337}’):(l“,yl+€2’1($7Y),Z/2+<232(I,Y)) )

(which is tangent to the identity and I-summable in every direction 0 # arg(£\)) conjugates Y in

(3.9) to

. 9 . 9 )
— 2 _ -
Vonep = a5+ (At 02) + ol (2,9) ) i g+ (04 @22) + 9 (2,9) w2

9
Y2 ’
where Ry, Ry € C [z, y] are 1-summable in every direction 6 # arg (£)).

Proof. We follow and adapt the proof of analytic straightening of invariant curves for resonant saddles
in two dimensions in [MMS0Q)].
We are looking for

‘i’($7}’):(Ucayl+1&1($=Y)=y2+1&2($=Y)) )

with 1&1, 1&2 of order at least 2, and ]:21, Rg as above such that:

‘il* (Yprcp) = Y )

i.e.
(3.7) DV .- YVyep = YoU
Then, we will set & := ¥, Let us write
Tl = y1y2R1 = Z Tl,n (z)y™
In|>2
Tz = y1y21?2 = Z T2n (33) y“
In|>2
1/;1 = Z 1[)1 n (I) yn
[n|>2
e = > tan(m)y™
In|>2

so that equation ([B.7)) becomes:

20 o) R ol .
50 (14 92) (w4 1)+ 52 (o 4 1)

=1 (z) (y1 +1/31) + P (x,y1 +1/31,y2 +1/A12)

and

Oy | O
o gy @) G+——> D2+ )

=)\ (2) (y2+1&2)+F2 (UC y1 + U1, 2+1/12
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These equations can be written as:

> <61,n<x>¢1,n () + 2220 (1) 1 Ty <:c>> v

In[>2
=R (xuyl + 1&1 (z,y),y2 + 1&2 (907}’)) - Tl(x)a
=: Z Cl,n(x)yn

[n|>2

Z (62;11(95)1/;2710 () + xzdﬁ%(x) + T2,n (@) y?

In|>2

= By (mn + (5.3) 2+ (@) ~ D) 32 09) — o) 9 2, )

oy
= Y Com(a)y™

In|>2

where 8;n(z) = A1 (z)n1 + Xo(z)ng — \j(x), j = 1,2. We are looking for 77, Ty such that

Tin=0 ,ifn;=0o0rny=0
Tom=0 ,ifn;=0o0rny=0

Notice that (jn, for j = 1,2 and |n| > 2, depends only on the ﬂi,k’s and the Fi,k’s, fori=1,2, k| < n.
We can then determine the coefficients ¢; » and T}, j = 1,2, |n| > 2, by induction on |n|, setting

Tin=0 ,ifng=0o0rny=0
Tom=0 ,ifng=0o0rny=0
1&1,11:0 ,ifny>1landng >1
1&2,1120 ,ifny>1landng >1

and solving for each n = (n1,n2) € N? with |n| > 2, the equations

2d"211,n
p2orln
dx
2d1/}2,n
dz
Lemma 3.15. There exists 3 > 4, M > 0 such that for all n € N? with |n| > 2, and for j = 1,2,
||<j)n||gls < +00 and:
‘ "/Ajj,n

where the norm corresponds to the domain Ny , (see Definition [210).

61)n(x)z/;17n (x) + () =Cn(z) ,ifni=00rny=0

Son (@) hon (z) + () =Con(z) ,ifng=0o0rny=0

bis bis
5 <M. ”CJ}IIHB )

Proof. For n = (n1,n2) € N2 with n; + ng > 2 we want to solve:

Ane+1)+x(—ar +agne) ,ifny =0
A —1)4+az(n—1) ,ifn,=0
A(n2 — 1) + agz (ng — 1) yifng =0
“A(m+1)+z(—az+an1) ,ifny=0.

Sin(z) = M(2) (1 — 1) + Aa(@)n2 =

62)n($) =X (ac) (’ng — 1) + A\ (:v)nl

We will only deal with 01 n(x) (the case of d3 () being similar). Notice that we are exactly in the
situation of Proposition 2.30l In particular, using notation in this definition, we respectively have:
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(—a1 + aznz)
)\(TLQ —|— 1) ’
dr, = min {|A (ng + 1)| — p, |A (n2 + 1)| |sin (0 + €)|, [A (n2 + 1)]| [sin (6 — €)|}

(when ny = 0)

E=Xna+1),a=

and

(—az +ainy)
—A (nl + 1) ’
dr =min {|A (n1 + 1)| — p, [A (n1 + 1)| [sin (8 + €)|, |\ (n1 + 1) |sin (6 — €)|}

(when ny = 0).

k:_)\(n1+1)aa:

We can chose the domain Ag . , corresponding to the 1-summability of Fy and Fy with 0 < p < |A|, so
that dj > 0, since € > 0 is such that (R.\) N Ag . = (). Finally, we chose

i € (] + Jas)
min {|A| — p, [Asin (0 + €)|, |Asin (0 — €)|}

>0,

~ | bis
(with C = QCXTPQ) +5), so that HFluﬁ < +o00. This choice of B implies Bdy > C |ak| as needed in
Proposition 230, in both considered situations, namely n; = 0 and no = 0 respectively. Since for
j=1,2and |n| > 2, {;», depends only on the 1; ’s and the F;’s, for i = 1,2, |k| < n, we deduce by
induction that
||<1,n||gS <+4oo ,ifny=0o0rmny =0
[Gmlly” <400 ifni=0o0rny=0

and then, thanks to Proposition 2.30

bis

B
= (mw ~ ) = C ] +laz])

wj,n

bis .
8 >~||Cj,n||ﬂ , for j =1,2.

The lemma is proved, with

m=( ) ).
Buuin {1\ = p, Pesin (6 + )], hsin (0 — [} — C (Joa] + Jaz])
O

In order to finish the proof of Proposition B.14] we have to prove that for j = 1,2, the series
- bis

5 y™ is convergent in a poly-disc D (0,r), with r = (r1,72) € (R)” (then, Corollary
neN?

228 gives 1-summability). We will prove this by using a method of dominant series. Let us introduce

wj,n

some useful notations. If (B, ||-||) is a Banach algebra, for any formal power series f (y) = Z fay™ €

B [y], we define f := Z I fall ¥™, and 7(3/) = f(y,y). Ifg= Zgny“ € B [y] is another formal

power series, we write f < g if for all n € N2, we have || fa|| < [|gnl. We remind the following classical
result (the proof is performed in [RR11] when (B, ]-]|) = (C,|:|) , but the same proof works for any
Banach algebra).

Lemma 3.16. [RR11 Theorem 2.2 p.48| For j = 1,2, let f; = Z finy™ € Bly] be two formal
[n|>2
power series with coefficients in a Banach algebra (B, ]]]), and of order at least two. Consider also
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two other series g; = Z giny" € B{y}, j =1,2, of order at least two, which have a non-zero radius
In|>2
of convergence at the origin. Assume that there exists o > 0 such that for j =1,2:

of; < g_j(yl + fi,y2 +E)
Then, fi1 and fo have a non-zero radius of convergence.
Taking 8 > 4, according to Proposition 213, for all f,§ € B, we have:
bis

B

f

fg bis

sl
g 1l

This implies that (%BE, H||Elb) is a Banach algebra as needed in the above lemma. It remains to prove
that there exists o > 0 such that for j =1, 2:

ot < Fj (yl + 1,y + 1/32)
Remember that there exists M > 0 such that for j =1, 2:

|

"/Jj,n

bis bis
5 <M. ”Cj,n”B

where

(= CQala)y"

In|>2 . R
= B (90401 @3) v+ 2 () = Ta@) G H @ y) = Tale) 5 (w,)
G = Z Gu(z)y”

In|>2

= B (1 (3) i+ 02 (09) ~ B0 52 0y) ~ ) 52 )
If we set 0 := %, then we have
o <G =< Fr (mn + 01 @) 02+ 0 (0)) + Fa0) G (03) + Fal) 5 (2)
S — s

oz < G < Bz (2.1 + 01 (2.3) 2 + ¥ (@) ) + Fi(0) 52

Moreover, we recall that
TLn:O ,ifny =0o0rmny, =0
T},nzo ,ifny =0o0rmne, =0
Vin=0 ,ifn; >1andny>1
Yon=0 ,ifn; >1andny>1

so that we have in fact more precise dominant relations:
O'E <G < £y T, Y1 +E($7Y) » Y2 +@($7}’)
0’@ < (2 < Fy T, Y1 +E($7Y) » Y2 +@($7}’)
It remains the apply the lemma above to conclude. O

Remark 3.17. In the previous proposition, assume that for j = 1,2,

Fi(wy)= Y  FP@)y"

neN? |n|>2
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in the expression of Y satisfies

F,(,l) (0)=0 ,VYn=(ny,n2)|n+ne>2and (TL1:OOI‘7’L2:O)
13}22)(0):0 ,Vmn = (ni,n2) | n1 +mngy > 2 and (nlz()ornzz()

Then, the diffeomorphism $ in the proposition can be chosen to be the identity on {x = 0}, so that

yiyaRy (2,y) = F1(0,y) + 25 (z,y)
yiyeRo (z,y) = F2(0,y) + xS (x,y) ;

where S, S5 are 1-summable in the direction 6 # arg (£A) and F (0,y), > (0,y) € C {y} are conver-
gent in nelghborhood of the origin in C?. Indeed, we easily see by induction on |n| = nj +ng > 2 that
1/11 and wg can be chosen “divisible” by x, and that (1,2 are such that (; (x) is also “divisible” by =
if ny =0o0r ng =0.

3.4. 1-summable normal form up to arbitrary order N.
We consider now a (formal) non-degenerate diagonal doubly-resonant saddle node, which is supposed
to be div-integrable and 1-summable in every direction 6 # arg (£), of the form

N 0 N
Yprcp = Iz% + (_)\ + a1z — d (2/1242) + ISl (x7Y)) y16—y1
+ (/\+a2x+d(y1yz) + 5, (x,y)) yzi ;
)
where:
e A e C\{0};

° S‘l, SyeC [x,y] are of order at least one with respect to y and 1-summable in every direction
0 € R with 0 # arg (£\);

® g :=res (Yprcp) =a;+a2 ¢ Q<o ;
e d(v) € vC{v} is the germ of an analytic function in v := y;y2 vanishing at the origin.

As usual, we denote by Yprep.0, 51,0, 52,0 the respective 1-sums of Y, S’l, S‘g in the direction 0. Let us
introduce some useful notations:

Vorp = Yo+ DC +RR |
where
U ? = —yla%l —i—yza%2
« R:= ylaiyl + yza%&
o Yy = )\? +x (xa% + a1y1% + ang%)
% — &

e D(z,y) =d(y1y2) + DV (z,y) = d (y1y2) + = is 1-summable in the direction

of 1-sum Dy : it is called the “tangential” part. Dy is also dominated by ||y|| = max (Jy1], |y2|)
(D is of order at least one with respect to y).
(1) Sy+51\ . . . . ..
o R(z,y)=zR" (z,y) ==z — | I8 l-summable in the direction 6 of l-sum Rp: it is

called the “radial” part. Ry is also dominated by |ly||., = max(|y1],|y2]) (R is of order at
least one with respect to y).

The following proposition gives the existence of a l-summable normalizing map, up to any order
N € Ny, with respect to x.

Proposition 3.18. Let
Yo = Yo+ DC +RR
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be as above.

Then for all N € Ns there exist d™) (v) € C{v} of order at least one and ®™) € Diffgy, (C3,0,1d)
which conjugates }A/prep (resp. its 1-sums Yprep.o in the direction ) to

YN = v+ (d(N) (y1y2) + 2V D) (I,Y)> ? +2VRM) (2,y) ﬁ
(resp. YH(N) = Y+ (d(N) (y1y2) + xNDiN) (z, y)) ? + ;ENRéN) (x,y) ﬁ) ,

where DY), RIN) qre 1-summable in the direction 6, of order at least one with respect to'y, of 1-sums
DéN), RéN) in the direction 8. Moreover, one can choose d® = ... =d®™) for all N > 2, and d) = d.
Proof. The proof is performed by induction on .

e The case N =1 is the initial situation here, and is already proved with Ypmp =YW,
e Assume that the result holds for N € Ny .
(1) We start with the radial part. Let us write

RN (z,y) =Y RY, () yiys®
ni+n2>1

and

Rigd (0,0) = Y R (0)0*
k>1

We are looking for an analytic solution 7 to the equations:
(3.9) ﬁy(zv) (T) = —.’L‘NR(N) + (.CL'NJrlR(NJrl)) o AT

Ly () = VB4 (RS ) on

for a convenient choice of RN+, RéNH), with

Ar (2,y) = (v, y1exp (7 (2,¥)) , y2 exp (7 (2,Y))) ;
and
(v, y) =2V o (yiye) + 2V (y)

where 71 (y) = Z TLjviayi Y32 . More concretely, A, is the formal flow of R at “time”
J1#752
7 (2,y).
If we admit for a moment that such an analytic solution 7 exists, then A, € Diffgy, ((C3, 0; Id)
and therefore A-1 € Diffg, ((CB, 0; Id). If we consider dN) and DY) such that
AN (2129) + 2N DM (2,2) := (dN) (y1y2) + 2V DN (,y)) 0 AT (2, 2)
AN (2129) + xNﬁg(N) (1,2) := (d(N) (y1y2) + xNDéN) (gc,y)) oAt (2,2),

then the two equations given in ([B.9) imply that

(Ar), (Y(N)) = Yo+ (d(N“) (z120) + 2N DWV) (:v,z)) c
+2 N RIVHD (1 7) ﬁ
(A, () = Yo+ (a0 (az0) + 2 DY) (@) ©

4N RINTY (1 ) R



SECTORIAL NORMALIZATION OF DOUBLY-RESONANT SADDLE-NODES 36

Indeed:

Ly ()
DA - yN) — Ly (y1exp (7 (x,y)))
Ly (y2exp (7 (z,y)))

{E2

= | Ly (W) +91(Lyw (1)) exp (7 (2,))
(Ly ) (y2) +y2 (Ly o (1)) exp (7 (2,y))

(o (4% 4 VD) T 4 XL RONVR) oA, (1)

These computations are also true with the corresponding 1-sums of formal objects con-
sidered here, i.e. with Y(,(N), D((,N)7 DéN), RéNH) instead of Y(V) DY) f)(N), RWN+D) pe.
spectively. We use Proposition 2.20] to obtain the 1-summability of the objects defined by
compositions.

Let us prove that there exists a germ of analytic function of the form

7(z,y) =2V 0 (niy2) + 2N (y)
of order ate least one with respect to y in the origin, with
T(y) = Y Tyl vl
J1#j2

satisfying equation ([B3). This equation can be written

or or
290 — —d) —2NpW) N p(N) ~
P+ ( + a1z (y1y2) — (x,y)+x (%y)) e
or
+ (/\ + agz + dN) (y1y2) + VD) (2, y) + 2N RW (2, y)) v -

= —aV R 4 (VRN ) oA,
or equivalently

229 + arwyr B + aprya 2 + (A + dY) (y1y2) + 2N DN (x,y)) L (7)
+ (2N RW) (z,y)) Lz (1) = —zNRWN) 4 (xNHR(N“)) oA,

Let us consider terms of degree N with respect to x:

(N = 1) 70 (y1y2) + (a1 + az + 265 1 R (0, y)) y192 22 (y192)
(3.10) + (A +dMN (y1y2)) Lg () = =RM (0,y)

(here o1 is the Kronecker notation). We use now the fact that Im (£€> @ Ker (E?)

is a direct sum, and that Ker (E?) is the set of formal power series in the resonant
monomial v = yyys. Isolating the term E? (1) on the one hand, and the others on the

other hand, the direct sum above gives us:

dro

() + (N = 1) 7 (v) = —Rjed (0,0)

v (al + as + 25N11R§‘Jevs) (O, ’U))
T0 (0) =0
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and

d7o

Lz (n)= /\er(N—l(ylyz) ( (25N71 (R(N) (0,y) — Rieq (0, U))) iy (Y192)

+R™ (0,y) — Ried (0, >>
T1 (O) =0.

Since R(N) is analytic with respect to y, R§65) (0,v) is analytic near v = 0. Furthermore,
as Rl(pes (0,0) =0 and a1 + a2 ¢ Q<o, the first of the two equation above has a unique for-
mal solution 7y with 74 (0), and this solution is convergent in a neighborhood of the origin.
Once 1y is determined, there exists a unique formal solution 71 to the second equation
satisfying 7 (y) = Z T1,j1ja y{lygz, which is moreover convergent in a neighborhood of
J1#J2
the origin of C2 .
Therefore A is a germ of analytic diffeomorphism fixing the origin, fibered, tangent to the

identity and conjugates Y (V) (resp. YO(N)) to YN .= (A,), (Y(N)) (resp. }N/G(N) = (Ar), (

Equation BI0) implies that (Ly(N) (1) + a:NR(N)) and (ﬁy(m (1) + xNRéN)) are di-
6

visible by V1, so that we can define:
- L N R(N)
RN (2,2) = ( e (?Nﬁf ) o A7 (z,2)
~ L, (T)+ .’L‘NR(SN)
RéN—H) (x,2) = Yo o AT (2,2)

ZN+1 T

By Proposition 220, RN+1) (resp. D(N)) is 1-summable in the direction €, of 1-sum
RV (resp. DYM ).

Finally, notice that ¥V o A (0,y) = d™ (y1,y2), 7(0,y) = 0 and then A, (0,y) =
(0,y1,92) if N > 1, so that d¥+1) = d®) when N > 1.

(2) No we deal with the tangential part. Let us write

D(N Z l)n1 n2 nl n2
ni+na>1
and
N N
DI 0,0 = Y- DY
k>1

Exactly as in the previous case which dealt with the “radial part” (in fact the computations
are even easier here), we can prove the existence of a germ of an analytic function o,
solution to the equation:

Ly (0) = —zNDW) 4 (IN+1D(N+1)) ol
E{,e(zv) (o) = —xN[)éN) + (IN+1DéN+1)) ol,
for a good choice of DWV+1), DéNH), with

Lo (x,2) := (z,y1exp (=0 (2,2)) ,y2exp (0 (7,2)))

and

o(z,z) = 2Nty (z122) + 2Ny (z) ,

)
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where 01 (z) = Z 01jyjn 21" 252, Notice that T', is the formal flow of C at “time” o (x,2).
J1#j2

Again, as in the first case with the “radial part”, we have on a I, € Diffyg), ((Cg, 0; Id) and

then also I';* € Diffgy, (C3,0;1d). If we consider RNVFY and RéNH) such that

RN (zy) = ROV oT 1 (z,y)
RéNH) (x,2z) = RéNH) ol ! (z,y) ,
then it follows from (BIT]) that
(o). (V) = Yo+ (a0 (aye) + 2" DO (2,3)) €
VL RIVAD (4 v 7
(To), () = Yo+ (4 (ay) + 2™ D{V (2,y)) €
+:EN+1R((,N+1) (x,y) R

In fact, we choose:

_ N 7H(N)
x
Lo (o) + IEND(N)
Y, 0 —
DN (2,y) = B— ot (x,y)

By Proposition 220, DN+Y (resp. RWVF1) is 1-summable in the direction 6, of 1-sum
D(SNH) (Tesp. RéNH) )
O

3.5. Proof of Proposition 3.1l
We now give a short proof of Proposition [3.1] using the different results proved in this section.

Proof of Proposition B.Il We just have to use consecutively Proposition 3.8l (applied to Yp := Y|(z—0}),
Proposition B.9] Proposition B.14] and finally Proposition B8 using at each time Corollary 2.21] in
order to obtain the directional 1-summability. O

4. SECTORIAL ANALYTIC NORMALIZATION

The aim of this section is to prove that for any ¥ € SN giag,o and for any n € [7r, 271'[, there exists

a pair
((I)+, (I)_) € Diffgy (Sarg(M),n; Id) x Diff gy, (Sarg(,i)\)m; Id)

whose elements analytically conjugate Y to its normal form Y,om (given by Theorem [[H]) in sectorial
neighborhoods of the origin with wide opening. The uniqueness of ® and ®_ will be proved in the next
section. The existence of sectorial normalizing maps ®; and ®_ in domains of the form S; € Surg(in),g
and S— € Syrg(—in),y for all n € [7r, 271'[, is equivalent to the existence of a sectorial normalizing map
Oy in domains S € Sy, for all # € R such that § # arg(+A). In the next section we will also
prove that ®; and ®_ both admit the unique formal normalizing map P (given by Theorem [LH)) as
weak Gevrey-1 asymptotic expansion in domains S; € Surg(in),n and S— € Sug(—in),, Tespectively. In
particular, this will prove that d is weakly 1-summable in every direction 6 # arg (£X).

We start with a vector field Y (™) normalized up to order N > 2 as in Proposition Bl First of all,
we prove the existence of germs of sectorial analytic functions ay € O (S;+),a— € O(S-), which are
solutions to homological equations of the form:

Ly (ax) =M AL (2,y) ;
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where M € Ny and Ax € O(Sy) is analytic in Sy (see Lemma [6). In order to construct such
solutions, we will integrate some appropriate meromorphic 1-form on asymptotic paths (see subsection
4. Once we have these solutions a, a_, we will construct the desired germs of sectorial diffeomor-
phisms as the flows of some elementary linear vector fields at “time” ay (z,y). After that, we will
prove in subsection [5.1] that there exist unique germs of sectorial fibered diffeomorphisms tangent to
the identity which conjugate Y € SN g0 to its normal form, by studying the sectorial isotropies in
sectorial domains with wide opening.
We go on using the notations introduced in subsection B.4] i.e.

reC*
ar + a2 ¢ Q<o
o ) )
* Ci= =gy T U5,
o Rim i s
Yy = A?—i—x (xa% + alyla%l —i—agygaiﬂ).

For € € }0, g [ and r > 0, we will consider two sectors, namely

. 77 . 7T
St (rye):=8 (r, arg (i\) — 5 —6ag (i\) + 5 + e)

and
. ™ , T
S_(r,e) =S (r, arg (—i\) — 576 arg (—i\) + B + e) .

Let us consider a (weakly) 1-summable non-degenerate div-integrable doubly-resonant saddle-node
normalized up to an order N + 2, with N > 0:

YW+ =y 4 (C (y1y2) + N T2DWH2) (g, y)) 4 + 2N 2RIV (5 y) R
(formal)
YN =y 4 (C (y12) + 2N 2D (2, y)) C+ 2N 2RETY (2,y) R

(analytic in Sy (r,e) x D (0,1))

where D(N+2) RIN+2) are of order at least one with respect to y, and (weak) 1-summable in every
direction € R with § # arg(+\): their respective (weak) 1-sums in the direction arg(£i)) are
DiNJF?), RgtNH), which can be analytically extended in Sy (r, €) x ((C2, 0). In order to have the complete
sectorial normalizing map, we have to assume now that our vector field is strictly non-degenerate,

i.€.

R (al + £L2)>0

Proposition 4.1. Under the assumptions above, for all n € |m,2x|, there exist two germs of sectorial
fibered diffeomorphisms

\I/+ € Diffgy, (Sarg(i)\)ﬂ]; Id)
W_ ¢ Diffgy (Sarg(—ix),m Id)

of the form

Uy(z,y) = (w,y+0(||y|\2)),

which conjugate Yﬁ(:N-'_Q) to its formal normal form

0 0 0
Ynorm =% — -A - a A - 5
oy + (=2 + a1z — c(y1y2)) 11 B + (A4 azx + c(y192)) Y2 o
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where ¢ (v) € vC{v} is the germ of an analytic function in v := y1y2 vanishing at the origin. Moreover,
we can choose W4 above such that

N
Vi (2,y) = 1d (2,y) +2"PL) (y)

where PgtN) = (0, Py +, P> 1) is analytic in Sy (r,€) x ((C2, O) (for some r >0 and € > 5 ) and of order
at least two with respect to'y.

By combining Propositions B.I] and [.1] we immediately obtain the following result.

Corollary 4.2. Let Y € SN be a strictly non-degenerate diagonal doubly-resonant saddle-node
which is div-integrable. Then, for all n € |m,2x[, there exist two germs of sectorial fibered diffeomor-
phisms

O, € Diffgp, (Sarg(in),n; 1d)
®_ € Diffgy, (Sarg(,i)\)m; Id)

tangent to the identity such that:

0 0 0

d.) (V) = 222 1 (- _ 9 o

(@1), (Y) T 6x+( Atarx C(ylyz))ylayl+(/\+a2x+6(y1y2))yzay2
= Ynorm 5

where A € C*, R (a1 +az) > 0, and ¢ (v) € vC{v} is the germ of an analytic function in v := y1y2
vanishing at the origin.

As already mentioned, we prove in the next section that ®; and ®_ are unique as germs (see

Proposition [[T3), and that they are the weak 1-sums of the unique formal normalizing map ¢ given
by Theorem (see Proposition [5.4)).

4.1. Proof of Proposition [4.11

We give here two consecutive propositions which allow to prove Proposition [AI] as an immediate
consequence. When we say that a function f : U — C is dominated by another g : U — Ry in U, it
means that there exists L > 0 such that for all u € U, we have |f (u)| < L.g (u).

Proposition 4.3. Let Yj(EN“) =Yy + Di? + Riﬁ, where

Dy (2,y) = ¢ (y1yo) + 22D (2, y)
Ry (z,y) = 2N 2RO (2, y)

)

with N € Nsg, ¢ (v) € vC{v} of order at least one, and DiNH), R;NH) analytic in S (r,€) x (C2,0)
and dominated by |yl . Assume that R (a1 + az) > 0.

Then, possibly by reducing r > 0 and the neighborhood ((CQ,O), there exist two germs of sectorial
fibered diffeomorphisms @1 and ¢_ in Sy (r,€) X ((CQ,O) and S—_ (r,e) X ((CQ,O) respectively, which

. (N+2)
conjugate Y to

Y?,ﬁ: = Yp+ C'i? ,
where Oy (z,y) = Di o 3" (x,2). Moreover we can chose ¢4 to be of the form
v (v,y) = (zy1exp(px(2,5), 200 (px (2,¥))
where py (z,y) = 2N py (z,y) and p+ is analytic in St (r,€) x (C2,0) and dominated by ||y]| -
Remark 4.4. Notice that ¢ is of the form
o' (z,2) = (7,21 (L+ 2V T (2,2)) , 22 (1 + 2V T (2,2))) ,
where ¥ is analytic in S (7, €) x (C?,0) and dominated by ||z ,. Consequently:
Cy (z,2) = c(z122) + xNJrle([NH) (x,2) ,

where ¢ is the same as above and Cy is analytic in Sy (r,€) x (C2,0) and dominated by [|z]| .
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Proposition 4.5. Let Y¢ 1 := Yy + Ci?, where
N1 ~(N+1
Cy(2,2) = c(z122) + 2N T C’i ) (x,2) ,

with N € Nsg, ¢(v) € vC{v} of order at least one, and C’iN—H) analytic in Sy (r,e) x (C%,0) and
dominated by ||z||,, . Assume R (a1 + a2) > 0.

Then, possibly by reducing r > 0 and the neighborhood ((CQ,O), there exist two germs of sectorial
fibered diffeomorphisms ¥4 and ¥_ in Sy (r,€) X ((CQ,O) and S—_ (r,€) X ((CQ,O) respectively, which
conjugate Y¢ + to

Yiorm = Yo+c¢(v) ?
Moreover, we can chose ¥+ to be of the form
Yy (z,2) = (z,z1exp(—x+ (2,2)),22exp (x+ (2,2))) ,
where x+ (z,2) = 2N X+ (z,2) and X is analytic in S+ (r,€) x (C2,0) and dominated by ||z|| .

If we assume for a moment the two propositions above, the proof of Proposition becomes obvious.

Proof of Proposition [{-1] It is an immediate consequence of the consecutive application of the previous
two propositions, just by taking ¥ = 14 o ¢ with the notations above. g

4.2. Proof of Propositions [4.3] and
In order to prove Propositions and 5] we will need the following lemmas. The first one gives
the existence of analytic solutions (in sectorial domains) to a homological equations we need to solve.

Lemma 4.6. Let Zy =Yy + Cy (x,y) ? + ij(il) (z,y) ﬁ, with Cy, RS) analytic in St (r, €)X ((C2, 0)
and dominated by |ly|| ., and let also Ay (x,y) be analytic in S+ (r,€)x (C2,0) and dominated by |ly|| . .
Then for all M € Nsg, possibly by reducing v > 0 and the neighborhood ((CQ, O), there exists a solution
ay to the homological equation

(4.1) Lz, (ox) =M AL (2,y)

such that o+ (z,y) = 2May (x,y), where &y is a germ of analytic function in S (r,€) x (C%,0) and
dominated by |yl .-

We will prove this lemma in subsection[£.4l The following lemma proves that ¢+ and 1+ constructed
in Propositions and are indeed germs of sectorial fibered diffeomorphisms in domains of the
form Sy (r,€) x (C2,0).

Lemma 4.7. Let fi, g+ be two germs of analytic and bounded functions in Sy (r,€) X ((CQ, 0), which
tend to 0 as (z,y) — (0,0) in S (r,e) x (C2,0). Then

¢+ (2,y) = (z,y1exp (f+ (2,Y)) , y2exp (9+ (7,y)))

defines a germ of sectorial fibered diffeomorphism analytic in Sy (r,€) X ((C2,O) (possibly by reducing
r > 0 and the neighborhood ((C2, 0))

Let us explain why these lemmas imply Propositions [£.3] and

Proof of both Propositions [{-3 and[{.9] It is sufficient to apply Lemma with M = N+1, Ay =
—R(iNH), a4 =pyand Z4 = Yj(ENH) for Proposition 4.3 and with M = N, Ay = —C(iNH), Q4 = X+
and Z4 = Y?) 4 for Proposition Then we use Lemma [L7 to see that ¢4+ and ¢4 are germs of
sectorial fibered diffeomorphisms on the considered domains, and we finally check that they do the
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conjugacy we want. With the notations above:

Eyi(zwz) ()

Dor YAV = | Ly (y1exp (px (2,Y)))

Ly wvi (y2exp (px (2,)))

$2

- (Eyi(N+2) (y1) + w1 (Eyf\“r?) (pi))) exp (p+ (¢ Y))
(Eyi(f\”rm (y2) + 2 (ﬁyimz) ) exp (p=+ (
CE2
= (=A+a1x — Dy (z,y)) 01 eXp pi )
(A+azz + D+ (2,y)) y2 exp (p+ (

(we have used ﬁyiuwz) (py) = N+2R N+2))

(Yo + ci?) oy (z,y)
— Y?yiospi (anY)a

so that (¢4), (Yj(EN”)) =Yy , and then

EY?,i (ac)
Dyi Yo, = | Ly, (zexp(=x(z,2)))
Ly, , (z2exp (x (2,2)))

2

= | (B G2 (L, (0)) e (—x (@,2)

(Lre . () + 22 (Lve, (0)) 0 (x (2,2))

72

= (=X 4+ a1z — ¢(2122)) z1exp (—x (x,2))
(A + a2z + ¢ (2122)) 22 exp (X (2, ¥))

(we have used Ly, , (x+) = —:EN+1C'§[N+1))
_ (YO +e(u) ?) oo (z,2)
= Ynorm © Q/Ji ((E, Z) R
so that (¢¥4), (Yzi) = Yoorm - -

4.3. Proof of Lemma [4.71

Proof of Lemma 77l We consider two germs of analytic functions fi, g+ in Sy (r,€) X ((CQ, O) which
which tend to 0 as (z,y) — (0,0) in S4 (r,€) x (C%,0), and we define
¢x : (2, y) = (@, y1exp (f (2,Y)) , y2exp (91 (2,¥))) -

Let us first prove that ¢4 is into. Let x = (x,y1,y2) and x' = (2/, 9}, vy5) in Sy (r,€) X ((CQ,O) such
that ¢4 (x) = ¢+ (x'). Since ¢4 is fibered, necessarily x = 2’. Then assume that (y1,y2) # (y1,y5),
such that

Iy —¥1 92 —y3)lloe >0
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and for instance ||(y1 — y1,%2 — ¥5)|lo = |y1 — ¥1| > O (the other case can be done similarly). We
denote by Dy the derivative with respect to variables (y1,y2). According to the mean value theorem:
ef=(x) _ of=(x')

-y sup Dy (%) (2,21, 22)]| . -

(21,22) €[ (y1,y2), (y},93)]

Consequently we have:

0 = |yl —ylefx(x)

Y, el=00 _fx (%)
efi (%) Y1 — yi

\ g | [t ere(x)
ey -y - (1 - 'ef;(;a

= eft(®) 14

Ay — vl

Y

Y1 — Y

)

. sup ||Dy (efi)(x,zl,ZQ)Hoo.
(21,22)€[(y1,y2), (v1,55)]

Y1
ef+ (%)

> |e=0 g — ] [ 1

Assume that we chose ((CQ, O) = D (0,r) small enough such that fi is analytic in
St (rye) x D(0,3r1 +8) x D(0,3ry +6)

with § > 0 small. Without lost of generality we can take r; = r2. We apply Cauchy ’s integral formula
to 21 — ef=(®:2122) for all fixed 25 , integrating on the circle of center 0 and radius 3r; = 3r5. Similarly
we also apply Cauchy ’s integral formula to zo — ef*(#21:22) for all fixed z;, integrating on the circle
of center 0 and radius 37y = 3r1. Then we obtain

3

sup |Dy (efi><x,zl,@>uoos4—.exp( sup <|fi<x>|>) ,
(21,22)€[(y1,92), (v} 03] " x€84(r,e)xD(0,r)

such that:

0 — }ylefi(x) _ yllefi(x/)

3
Jyr =il <1 — 7 oxp ( sup (2|fx (X)I)))
x€S4 (r,e)xD(0,r)

Since fi (x) x:>0 0, we can choose 7,71 and 73 small enough such that:

ef£(x)

exp <xesi<5“p el <x>|>> <2<}

r,e)xD(0,r)
Finally we obtain:

0 = ‘ylefi(x) _ yllefi (x)

Iy — 1l

0
6 ’

> ‘efi(x)

and so, if y; # v}, 0 = |y1eP™) — y{e”(x/)‘ > 0, which is a contradiction.

Conclusion: (y1,y2) = (1, y5) and then ¢4 is into in Sy (r,€) x (C2,0).

Since ¢4 is into and analytic in Sy (r, €) x (C2,0), it is a biholomorphism between Sy (r,€) x (C2,0)
and its image which is necessarily open (an analytic function is open), and of the same form. O
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4.4. Resolution of the homological equation: proof of Lemma

The goal of this subsection is to prove Lemma by studying the existence of paths asymptotic
to the singularity and tangent to the foliation, and then to use them to construct the solution to the
homological equation (Z1]).

For convenience and without lost of generality we assume A = 1 during this subsection (otherwise
we can divide our vector field by A # 0, make x — Az and finally consider exp (—iarg (X)) .S4 (r,€)

instead of Sy (r,€): these modifications do not change a; and ag,).

4.4.1. Domain of stability and asymptotic paths.
We consider

Zi = Yo+ Cu(zy) C +2RY (2,y) R

2

_ Y1 (— 1+ Cx (z,y)) + a1z + xR(il) (x,y))

Y2 (1 +Cs (z,y) + agz + 2RY (2, y))
with R (a1 +a2) > 0, and Ci,R(il) analytic in Sy (r,€) x D(0,r) and dominated by |ly|... More

precisely, we consider the Cauchy problem of unknown x(¢) := (z (¢),y1 (¢),y2 (t)), with real and
increasing time t > 0, associated to

+1
TN CED e,
i.e.
de _ +ia?
dt 7 4 ( 225 a4 O
(12) jd—z = H(%W (— (14 Cy (z,y)) + a1z +(ic)R$) (x,y))
Eialey oy pavery (1 + Cy (z,y) + asx + R (:v,y))

x () = x0 = (0,¥Y1,0,y2,0) € S+ (r,€) x xD (0, 1)
We denote by (t,%o) = ®%, (xo) the flow of X1 with increasing time ¢ > 0 and with initial point xo:
‘I)g(i (Xo) = X0-.
We will prove the following:
Proposition 4.8. For all € € }O, g [, there exists finite sectors Sy (r,€), S+ (r',€) with r,r’ > 0 and
an open domain Q2+ stable by the flow of (.3) with increasing time t > 0 such that

Sy (r',e) x D(0,r') € Qy C Sy (r,e) x D(0,r) :

(cf. figure [{-1]). Moreover, if xo € Q1 then the corresponding solution of ([4-2), namely x (t) =
D (x0) ewists for all t >0 and x (t) — 0 as t — +oo.

Remark 4.9. This will prove that the solution x (t) to (£2) exists for all ¢ > 0 and tends to the origin:
it defines a path tangent to the foliation and asymptotic to the origin. Moreover, notice that the
domain Q4 depends on the choice of r and r’ > 0.

Definition 4.10. We define the asymptotic path with base point x¢ € 24 associated to X+ the path
Vi xo 1= {@&i (x0), t > O}.

For convenience and without lost of generality we only detail the case where “+ = +” (the case
where “£ = —” is totally similar).
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FIGURE 4.1. Representation of the projection pr, (€4) of the stable domain Q4 in
the z-space.

If we write a := a1 + az and b := “25%, in the case “+ = +” we have:

dx iz

dt = T+bz+Cx
a p)
dy:s _ - §+R+ (17)')
dar — -1+ <1+bz+C+(m,y) z
(1)
at — Y2 L+ <1+bm+C+(m,y) z

x (t) = x0 = (0, Y1,0,Y2,0) € St (r,€) x D(0,r).

We also consider the differential equations satisfied by |z (¢)|, |y1 (¢)], |y2 (¢)| and 6 (¢) := arg (x (¢)):

d|z(t ix(t
A0l — 1 ()] R ( Trrde)

: §+RY (x(1))
B =y IR (i (1) o e

d . 24 R (x(t))
Al = Jys (0)| R (i () ( o @)

o) _ ( iz (t) )
dt T+bz()+C (x(1) )

For any non-zero complex number ¢ and positive numbers R, B > 0, we denote by X (¢, R, B) the
sector of radius R bisected by i(R, and of opening 7w — 2 arcsin (B) = 2 arccos (B):

+(GR,B) = {xeD(0,R)|S3(Cx)> B[} )
= {z € D(0,R)| —arccos (B) < arg (z) — arg (i() < arccos(B)} .
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For T, R > 0, we denote by ©4 (R, T) (resp. O_ (R, T)) the sector of radius R bisected by R (resp.
R_) and of opening 2 arccos (T):

04 (R,T) = {x€D(,R)|R(x)>T|z|}

= {ze€D(0,R)|—arccos(T) < arg (z) < arccos (T)}
O_(R,T) = {zxe€D(0,R)|R(x)<-T|z|}

= {2 e D(0,R)|—arccos(T) < arg(z) — 7 < arccos (T)}

Since R (a) > 0 by assumption, we can choose w’ € }0, %‘g‘l) [, such that X4 (a,r,w’) contains iR<q.

Indeed, we have
larg (i) — arg (ia)| = |arg (a)| < arccos (W) .
In particular, we have:
0 < arccos (w') — |arg (a)| < g

so that

0 < cos (arccos (w') — |arg (a)]) < 1.
Hence we take w > 0 such that
(4.3) w € Jcos (arccos (w') — |arg (a)), 1] ,
and then ¥, (1,7r,w) C X4 (a,r,w). Indeed, if z € ¥ (1,r,w), then:

(4.4) — arccos (w) < arg (x) — g < arccos (w) ,

and therefore

larg (x) —arg (i.a)] < arccos(w) + |arg (a)]
(by @4))
< arccos (w')
(by @.3))-

Finally, we fix p € }O, V1—w? [ small enough such that
O (rp)NZy (Lrw) # 0
O (rnwnZy (Lrw) # 0
and
St(rye) CEp (L,r,w)UO, (1) UO_ (r,u) .
More precisely, we must have 0 < € < arccos (i). The idea is now to study the behavior of t — x (t)
(wheret — x (t) = (2 (t),y1 (t),y2 (t)) is the solution of (£2)) over each domains ¥4 (1,7, w),O4 (r, 1) ,0_ (r, 1)

(cf. figure[d42).

We can now prove the following result, which is a precision of Proposition [4.8

Lemma 4.11.

(1) There exists r,r1,72 > 0 such that ¥4 (1,7,w) x D(0,r) is stable by the flow of [{-2) with
increasing time t > 0. Moreover in this region |z (t)|, |y1 (t)| and |yz (t)| decrease and go to 0
as t — +o00.

(2) There exists 0 < v’ <r, 0 <71} <ry, 0<rh <ry and an open domain 4 stable under the
action flow of ({-9) with increasing time t > 0 such that

Sy (r',e) x D(0,r') C Qy C Si(r,e) xD(0,r) .
Moreover, if xg € ©4 (r',p) (resp. xg € O_ (r',u)) , then 0(t) = arg(x(t)),t > 0 is

increasing (resp. decreasing) as long as x (t) remains in ©4 (r', u) (resp. o_(r, u)) Finally,
there exists to > 0 such that for all t > to, z (t) € 4 (1, r,w).
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O_ (r,p) Y

\ aR,

FIGURE 4.2. Representation of domains ¥4 (1,7,w), 34 (a,7,w’), 04 (r, 1) ,©_ (r, 1), Sy (r,€)
(with modified radii for more clarity).

Proof. We fix § € 0, min (w, )], 6" € ]0,w’[ and we take r > 0 small enough such that for all x =
(z,y) € S+ (r,e) x D(0,r), we have

1
T+bz+Cr(x) 1 <o

$+RVe0

!
b0 o0 2| <90

Consequently for all x € S; x D (0,r) we have the following estimations:
—[al (1 +6) < R (5 ) < J2l (1+9)
a . £+R<1)(a:,y) a
~ el 131+ ) < ® (in ( Fetey ) ) < 1ol 81 +9)

Moreover:

o if z € ¥4 (1,r,w) then

R( o) < k-9



Hence:
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ifxeX(a,rw) (in particular if x € X4 (1,r, w)) then

a (€]
. §+R+ (qu) _ Y .
%<m<1+bx+C+(x,y) < |z] (W —4") ;

ifxeO_(rpu) (resp. Oy (r, ,u)) then

g ) < lel-9)

(Tesp.%<#xc+(x)> > |x|(u—5)>

forallt >0
— (148 <Ol 146z )]

and then, as long as x (t) € S1 (r,¢) x D (0,r), we have
|70

> — ol
Ol T oy molt
for all t > 0, if z (t) € ¥4 (1,7,w), then

Ao (1)
<~

and

{%%m<—wuwmm@MMm
w20 < — (W — ") |y (t)] |2 (2))]

so that |z (¢)],]y1 (t)] and |y2 (t)| are decreasing as long as x (t) € 34 (1,r,w);
forallt >0, if x(t) € O_ (r, ) (Tesp. Oy (r, ,u)) then

T < —w—ﬁwmkii%i%%ﬁ

dt
o (1 — 6) |o|
(Tesp- T t) > (p=9)[=z@®)]> T+ (1+0) |zt
so that t — 0 (¢) is strictly decreasing (resp. increasing) as long as = (t) € ©_ (r, u) (resp.
O (r, u)) Moreover, if 8y = 6(0) is such that zyp = x(0) € O_ (¢, ) \X4 (1,r,w) (resp.
Oy (r, ) \X4 (1, w)), then as long as z (t) € ©_ (r, ) (resp. ©4 (r,p) ) we have:

0(t) < 6p— <‘f+§)1n(1+(1+5) 20| 1)

(Tesp.@(t) > 90+</fT_:55)1n(1+(1+5)|x0|t)>

We see that x (t) € X4 (1,7,w) for all

(exp (1+5 (60 — Z — arccos (w ))) - 1)
(14 9) |zol

tZtoZ:



SECTORIAL NORMALIZATION OF DOUBLY-RESONANT SADDLE-NODES 49

(et (e (4 (3 —arecos(w) — 0)) - 1))

(14 6) [

Indeed, if t > to, with ¢y as above, and if x (t) € © (r, i), then we have:

o) > 9o+< +§>ln(1+(1+6)|xo|t)

/1'_5 1+5 ™
S 90+(1+5>ln(exp(u_5(90—2—3YCCOS(W))>)
= 6+ g — arccos (w) — 0y = g — arccos (w)

and therefore
—arccos (w) < arg (z (t)) — g <0.

Hence, we have z (t) € ¥4 (1,7, w). Moreover, notice that

exp ((iif) (e + arcsin (w)))
o o= I

On the one hand ¥4 (1,7, w)xD (0, r) is stable by the flow of (2] with increasing time ¢ > 0. Indeed in
this region |z (¢)], |y1 (t)| and |yz (t)] are decreasing, and as soon as z (t) goes in 34 (1,7, w)NO_ (r, 1)

resp. 2y (1,r,w)NO4 (r, u)), which is non-empty and contains a part of the boundary of ¥ (1,7, w)
with constant argument, 0 (¢) is decreasing (resp. increasing). Then, x (t) remains in X (1,7, w).
On the other hand, as long as we are xz (t) belongs to ©_ (r, ) (Tesp. O (r, ,u)) Wwe can re-

parametrized the solutions by (—6) (resp 6) (we are now going to make an abuse of notation, writing
when needed z (0) or z (t)):

R rmtero)

Azl = x| < o] A£2
d(=9) omiee) P70
resp. % |x| 7(%) < |a:| 1+5
1+br+C+(x))
( ( g+r (@.3)
d 1+bm+c+(t ¥) alis
Al — | < Iyl B

( 1+bm+C+ (x)

» a+R(1)(m y)

d\ i@ 1+br+C+(r 2] |g|+5/

resp. = [y <lyl.=
(m)

a+R(1)(z y)
1+ba:+C+(z )
Rid

da—-ey — |y2|

1+bm+C+ (x)

1z<a+ﬂwwy>>>
T+bz+Cq (2,y) alyg
(7“6517- W = 1ye < Juo| L2 )

1+br+C+ (x)
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Hence, if 6y := 6 (0) is such that z := 2 (0) € ©_ (r, u) (resp. O (r, u)), for t <ty we have:
(1)) < Lol exp (L5 (60 — 6 1))
<7“esp. |z (t)] < |xo| exp (9 (t) — 90)))
s

(1< ol e (B 00 - 001
<resp. w1 ()] < lyolexo ( 222 (0 1) - oo>> )

|4|+o’

e (1)) < |y20|€XP< [+ <oo—o<t>>>

<resp. |y1<>|<|ylo|exp(' iy ()—90)>>-

Definition 4.12. We define the domain € as the set of all

x = (z,y1,92) € S4 (r,¢) x D(0,1)

such that:
x| <r exp # (arg (z) — arcsin (w)))
o if §(x) > wl|x| then ly1| < 71 exp i+6’ (arg (z) — arcsin (w)) | .
2| < r2exp %H (arg () — arcsin (w))
|z| < rexp 1 — arcsin (w) — arg (ac)))

e if 3 () < —wlz| then |yl|§T16XP B — aresin (w) — arg (2))

ly2| < r2exp |i|%66 (m — arcsin (w) — arg (x))

We see that Q4 is stable by the flow of (£2]) with increasing time ¢ > 0. We have seen that for any
initial condition in €4, the solution exists for any ¢ > 0, stays in {2, and after a finite time ¢y > 0
enters and remains in X (1,7, w). Finally, we have:

Sy (r',e) xD(0,r') C Q4 C Sy (r,e) xD(0,1)

where
r’ = rexp (— (;—_‘; (€ + arcsin (w))) <r
ri=riexp|— |i|_+;,) (e + arcsin (w))) <r
rh=roexp | — |(i|+56/) (e + arcsin (w))) <rg.

Let xg = (z0,¥0) € X4 (1,7,w) x D (0,r). From (LX) and [@6)we have for all ¢ > 0:

(0] < T
lyr (1)) < NS
(4.9) (1+(1+6)|m0’t)_5_
|y1 (t)| S U2 . S5/ )
(1+(1+3)|zolt) -
which proves that the solutions goes to 0 as t — +oc. O

Remark 4.13. Another stable domain €2_ is defined similarly when dealing with the case “4+ = —”
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4.4.2. Construction of a sectorial analytic solution to the homological equation.

We consider the meromorphic 1-form 7 := % , which satisfies 7- (Z4) = 1. Let also Ay (z,y) be
analytic in Sy (r,€) x (C2,0) and dominated by [ly|.,, and M € N5. The following proposition is a
precision of Lemma

Proposition 4.14. For all xo € Q4 (see Definition[{-13), the integral defined by

ay (x0) = —/ eMHAL (x) T

+,x0

is absolutely convergent (the integration path v+ x, ts the one of Definition [{.10). Moreover, the
function xg = ax (Xo) is analytic in Qy, satisfies

Lz, (ay)= aMTlA, (x)
and oy (v,y) = 2Mag (z,y), where ax is analytic on Q4 and dominated by ¥l -

Proof. We are going to use the estimations obtained in the previous paragraph.

e Let us start by proving that the integral above is convergent. We begin with:
ow )M AL (x (1) ix (1)°
ay (x9) = - 5 dt
0 x (t) L+bx(t) +Ch (x(1))
./+°° z ()M As (x (1)
—i
o 14+bx(®)+Cy(x(1))
Since x (t) € Q4 for all t > 0 and A4 (x,y) is dominated by ||yl , we have then:
z ()" Ay (x (1)
L+bx(t)+ Cyp (x(1))

where C' > 0 is some constant, independent of xg and ¢. For ¢t > 0 big enough, we deduce from
paragraph [.4.1] that:

z ()M AL (x (1) |

< Clz@™ ly (1)

Clyoll (L)Mﬂ .
B L+ (w = d)|aolt (14 (1+8) o] ) 77

1
- t—)?—oo (tMJrl)

and then the integral is absolutely convergent.
e Let us prove the analyticity of a4 in Q4: it is sufficient to prove that it is analytic in every
compact K C Q1. Let K be such a compact subset. Let L > 0 such that for all x € K, we

have:
Az (x)
1+bx+Cy (x)
Since K in a compact subset of Q4 C Sy (r,€) x (C%,0) and S (r,€) is open (0 ¢ Sy (r,€)),
there exists § > 0 such that for all x = (x,y1,y2) € K, we have § < |z| < r. Finally, according

to the several estimates in paragraph .41} there exists B > 0 such that for all xg € K and
t > 0, we have:

A

1+ bz (t) + Cy (x(1))

< L.

|0
tH<B—————
e Ol < By o Tmolt
Hence:
z ()M AL (x (1) LEM+ oM
L+bx(t)+Cy (x()| — (1+ (w—06) |zo| )M
LBM+1TM+1

(1+ (w—0) o)™’
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and the classical theorem concerning the analyticity of integral with parameters proves that
a4 is analytic in any compact K C Q4, and consequently in ..

- M41
o Let us write F (x) := ilfTéj(ix)), so that

ay (x9) = — /O+OO F (@&i (xo)) de .

For all xg € Qu, the function ¢t — x (¢) =

0
ot

Dl (x0) satisfies:
+i
1+ bo (@, (x0)) + Oy (@, (x0)

The classical theorem about the analyticity of integral with parameters tells us that we can
compute the derivatives inside the integral symbol:

(cthi (XO)) - ) Zi (B4 (%)) .

+oo
(Criaw)(x0) = — / L, (Fo %) (xo) ds

+oo
_ / DF (%, (x0)) D&% (x0) Za (x0) ds
0

_/m DF (2%, ().

14 bxg —I—Ci (x0

0
ot

(58 00)

(:l:l + bxg + Ct (X0)> ds
0 1

0

+

DF (@j}i (xo)) o (‘P&i (xo))‘t:Sds

/Jroo
+oo

)
1+bxo+Ci (xo
0

a s
. 1 + bJIQ + Ci X |: o (I) Xo)i| s=-+o0
= X4 3

il—l—bxo—l—ci Xo

) )
3 )
(s )
B )

:véwHAi (x0) -

e Let us prove that a4 (z,y) = % is bounded and dominated by [ly||, in ©+. The fact
that it is analytic in Q4 is clear because oy is analytic there and 0 ¢ Q1. As above, there
exists there exists C' > 0 such that for all xq := (29,¥y0) € Q4+ and for all ¢ > 0:

r ((I)tXi (XO))M+1 A (‘I)fxi (XO)) . M+1 .
(1 00 (¥, ) + s (@, )| o (@5 o))l (2% e |

We will only deal with the case where 29 € ©4 (r, 1) (the case where X4 (1,7,w) is easier and
can be deduced from that case). On the one hand from (@8] we have for all ¢ < ty:

‘x ((bfxi (xo))‘ < Do , where D := exp ( < (arccos () + e))
Iy (. 60)|| < D Iyole - where D= exp ('i'if (arecos (1) + )

On the other hand we have seen in (@3] that for all ¢ > ¢¢:
z(®% (xo))’
x (P (x )’ < ‘ ( =
( o (x0))| = L (w—0)[z (®% | (x0)) [(t=t0)
v (@, o0) | < lvolla
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Hence, we use the Chasles relation and the estimations above to obtain:
ot (20, y0)|
B
CDMHD! ||yoll o ol ™! o
E
Cllyollo /+°° dt
2™ o (1 +(w—4d) ‘x (cpg& (xo)) ‘ (t— to))

M+1
Clyoll o (22, (x0))]
M (= 8) o] |z (#%, (x0))|

|+ (zo,y0)] <

_|_

IN

CDY*D" |lyoll |zol [to] +

)

and according to (m) we have
|~ ( )| < D !
« o,y +
+ 070 - (1 + 6) M (w — 5)

) CDM lyoll.,

5. UNIQUENESS AND WEAK 1-SUMMABILITY

In this section, we prove the uniqueness of the normalizing maps obtained in Corollary (see
Proposition [[.T3) and also the weak 1-summability of the formal normalizing map of Theorem [ (see
Proposition [54)). In particular, we end this section by proving Theorem [[.T0)

5.1. Sectorial isotropies in “wide” sectors and uniqueness of the normalizing maps: proof
of Proposition 13|

We consider a normal form Yo, as given by Corollary We study here the germs of sectorial
isotropies of the normal form Yj,orm in St X ((CQ, 0), where St € Surg(+in),y 18 @ sectorial neighborhood
of the origin with opening n € |m,27[ in the direction arg(£i\). Proposition states that the
normalizing maps (P4, ®_) are unique as sectorial germs. It is a straightforward consequence of
Proposition below, which show that the only sectorial fibered isotropy (tangent to the identity) of
the normal form in over “wide” sector (i.e. of opening > 7) is the identity itself.

Definition 5.1. A germ of sectorial fibered diffeomorphism ®g,, in the direction § € R with opening
7 > 0 and tangent to the identity, is a germ of fibered sectorial isotropy of Yiorm (in the direction
6 € R with opening 7 > 0 and tangent to the identity ) if (®g), (Yiorm) = Yoorm in S € Sp,. We
denote by Isotap (Y, Sg,n; Id) C Diffap (Sp,p;Id) the subset formed composed of these elements.

Proposition [[L.13] is an immediate consequence of the following one.

Proposition 5.2. For all n € |m, 27[:
Isotg, (Ynorma Sarg(ii)\),’r]; Id) = {Id} :
Proof. Let
¢ : (‘Tu y) = (‘Tu ¢1 (.’II, Y) 7¢2 (:I;a }’)) € ISOtﬁb (Ynormu Sarg(:l:i)\),n; Id)
be a germ of a sectorial fibered isotropy (tangent to the identity) of Yiorm in St € Sarg(+ir),y With
n € |m,2xw[. Possibly by reducing our domain, we can assume that Sy is bounded and of the form

St xD(0,r) (where, as usual, Sy is an adapted sector and D (0, r) a polydisc), and that ¢ is bounded
in this domain. We have

¢* (Ynorm) = Yhorm
i.e.
D¢ : Ynorm = Ynorm o ¢
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which is also equivalent to:

w2 GE + (—1 = c(ye) + arz) yi 5yt (%1 + (1+c(y1y2) + azz) y2 gfj;
=¢1 (-1 —c(¢192) + 1)

5.1
(5.1 22992 4 (—1 — ¢ (y1y) + a12) 1 8 2+ (14 c(y1y2) + azr) yzg%fjj
= ¢2 (1+c(P162) + azz)
Let us consider 9 := ¢1¢2. Then
0 0 0
3528—5 + (=1 —c(y1y2) + a12) y1a—;i + (1 +c(y1y2) + axx) yza—;i = (a1 + a2) z¢

By assumption we can write

Z Vi g ( yil yJ2

J1t+j2>2

where 9;, j, () is analytic and bounded in S for all ji,j2 > 0 and such that

> (sup (19515 (I)|)> 'yl

Jiz>1 \TETE

is convergent near the origin of C? (e.g. in D (0,r)). Consequently, with an argument of uniform
convergence in every compact subset, we have for all j;, j2 > 0:

des
x?M

o @)+ 02 =g+ (a1 = 1) + a2 (2 = 1) @) ¥ s (2)

min(j1,52)

.]1_.]2 Z 1/}J1 l,j2— l( )

For j; = jo = j > 1, we have
Wy, (x) = bjga=UmDlten e C.

Since R (a1 + a2) > 0, the function x — v, ; (z) is bounded near the origin if and only if b; ; = 0 or
j = 1. For ji > ja, we see recursively that ¢;, ;, (x) = 0. Indeed, we obtain by induction that

¢j1,j2 (‘T) = bjl;jQ exXp (u> xi(al(j171)+a2(j271)) )
T

and since it has to be bounded on S4, we necessarily have b;, ;, = 0. Similarly, for j; < j2, we see
recursively that 1;, ;, () = 0. As a conclusion, ¢ (z,y) = b11¥1y2 = y1y2 (we must have by =1
since ¢ is tangent to the identity).
We can now solve separately each equation in (B1)):
xQ% + (=1 —=c(y1y2) +arz) y1 5+ %1 + (1 + c(y1y2) + a27) y2 ‘3‘52
=¢1 (=1 —c(y1y2) + a1)
2?92+ (—1 = c(niya) + mx) Y152 + (1+ ¢ (y19o) + asz) Y232

= ¢2 (1 +c(y1y2) + azz)

As above for i = 1,2 we can write
Z Bi g ( y{ly]2
Ji+j221

where ¢; j, ;, (z) is analytic and bounded in Sy for all ji, jo > 0 and such that

> <sup (164,51 o (I)|)> i yh?

Bbia>1 \TES
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is a convergent entire series near the origin of C? (e.g. in D (0,r)). As above, using the uniform
convergence in every compact subset and identifying terms of same homogeneous degree (ji,j2), we
obtain:

de1 4,45 _ . . .
w2 =2 () 4 (o — 1+ 1+ (a1 (1 — 1) + azj2) @) b1,y 5, (2)

min(ji,j2)
= Y bptpt @ Gi—f2—1a

1=1
2492 j1 4, o : ,

" == () + (J2 — v — L+ (aji + a2 (j2 — 1)) @) d2,5, 5, (%)
min(j1,j2)

= > Gejipa @G —dat)a
=1

From this we deduce:

$2,0,1 () = qo1 € C\ {0}

with pi1,0go,1 = 1. Then, using the assumption that ¢; ; j, (x) is analytic and bounded in Sy for all
Ji,j2 > 0, we see (by induction on j > 1) that

vj>1 $1,j+1,5 =0
$2,5,5+1 =0

{¢1,1,0 (z) = p1,0 € C\ {0}

Indeed, we show recursively that for all 7 > 1, we have:

2dP1 42,541
g2 hi+2.541
dz
and the general solution to this equation is:

() + (G +1) (a1 +az) 1 j42,4+1 () =0,

B1j42.541 (T) = Pjya iz DO Cgith pi oy €C .

The quantity ¢1 ;2 j+1 () is bounded near the origin if and only if pj 1 ;41 = 0, since R (a1 + a2) > 0.
The same arguments work for ¢, ; j+1, j > 1. Consequently:

w? ORI (4) 4 (G — i 414 (a1 (i~ 1)+ 022) 3) 61,1, (2)
min(j1,52)
=(i—do—1) Y. brj1pa(@a
=1
2d¢2,j1§j2 . . . .
i () + (J2 —J1 — 1+ (a1 + a2 (J2 — 1)) @) d2,5, 5 (2)

min(ji,j2

)
=(i—do+1) Y. bojtpi(@)a
=1

Once again, we see recursively that for ji > jo + 1, ¢1,, 4, () = 0. Indeed, we obtain by induction
that

= +1\ _(agi- ;

¢1,j1,j2 ((E) = Dy, j» €XD (T) T (a1(j1—1)+az2j2)

and since this has to be bounded on Sy, we necessarily have pj, ;, = 0, and therefore ¢1 j, j, (x) = 0.

Similarly, for j1 < j2 + 1, we prove that ¢;, ;, (x) = 0. As a conclusion, ¢; (z,y) = y1. By exactly the

same kind of arguments we have ¢o (z,y) = ya. O

5.2. Weak 1-summability of the normalizing map.

Let us consider the same data as in Lemma[LGl The following lemma states that an analytic solution
to the considered homological equation in St € Surg(+in),, With 1 € [7r, 271'[, admits a weak Gevrey-1
asymptotic expansion in this sector. In other words, it is the weak 1-sum of a formal solution the
homological equation. Let us re-use the notations introduced at the beginning of the latter section [l



SECTORIAL NORMALIZATION OF DOUBLY-RESONANT SADDLE-NODES 56
Lemma 5.3. Let

Z =Yy —i—C(x,y)?—i—:vR(l) (:C,y)ﬁ
be a formal vector field weakly 1-summable in S+ € Sarg(+ir),n, With n € [w,27r[ and C,RY) of order
at least one with respect to'y. We denote by
Zy =Yy +Cq (2,y) ? + :CR(il) (x,y) ﬁ

the associate weak 1-sum in Sy. Let also A € C[x,y] be weakly 1-summable in S1, of 1-sum Ay and
of order at least one with respect to y. Then, any sectorial germ of an analytic function of the form
ay (z,y) = eMay (z,y) , with M € Nug and &y analytic in Sy, which is dominated by ||, and
satisfies
EZi (O‘i) = ‘TMJrlAi (x,y) )
has a Gevrey-1 asymptotic expansion in S, denoted by a. Moreover, a is a formal solution to
Lz (a) =M A(z,y)

Proof. Let us write Z as follow:

0 0
7 = $28—x + (= A+ d(ye) + iz + Fy ($7Y))y18—y1

0
+ (A +d(y1y2) + asz + F> (2,y)) yzw ;
2
with Fy, Fo weakly l-summable in St € Surg(+in),y, With 7 € [7r, 271'[, of weak l-sums F 4, F5 1
respectively, which are dominated by |ly||, and with d (v) € vC {v} without constant term. Consider
the Taylor expansion with respect to y of d,F1,F5,A and «a:

d(yry2) = Y deytyh
k>1
Py (2,y) = Z Frj(z)y’
i1 _
Fy(z,y)= >, Fj)y
i1 _
A,y)= > 4@y
1321 _
alry)= Y aj()y’
hiia21

(same expansions are valid in Sy for the corresponding weak 1-sums). As usual, possibly by reducing
S+, we can assume that Sy = Sy x D (0,r) (where Sy is an adapted sector and D (0, r) a polydisc).
The homological equation

Lz (@) =M Ay (2,y)

can be re-written:

0 0
P (A )+ are P () g
0
+ (A +d(y1ys) + asz + Fox <x,y>>yga—;2 — MM AL (2,y)

Using normal convergence in any compact subset of Si, we can compute the partial derivatives of
alzy)= > aj@)y
Jitj2>1
with respect to z, y1 or y» term by term, in order to obtain after identification: Vj = (41, j2) € N2,
dog;
e [~

e () + (A (J2 — j1) + (aj1 +azj2) ¥) o+ () = Gjx(x) ,
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where Gj 4 (x) depends only on dy, F1 k +, Fo x4, ok + and Ay +, for k¥ < min (41, j2), k| < [j| — 1 and
[1] < |j|. We obtain a similar differential equation for the associated formal power series. Let us prove
by induction on |j| > 0 that:
(1) Gj,+ is the 1-sum of Gj in Sy,
(2) Gj;(0)=0ifj=(j,))
(3) aj,+ is the 1-sum o5 in Sy.
It is paramount to use the fact that for all j € N?, a; 1 is bounded in Sy
e For j = (0,0), we have G(g,0) = 0 and then «a(,g) = 0.
o Let j = (j1,J2) € N? with |j| = j1 + j2 > 1. Assume the property holds for all k € N? with
k| < i - 1.
(1) Since Gj(z) depends only on dy, F1 k, Fox, ax and Ay, for k < min (j1,72), k| < |j| =1
and |1] < |j|, then Gj is 1-summable in S, of 1-sum Gj +.
(2) We also see that G;; (0) =0, if j = (4, 7).
(3) If j1 # jo2, then point 1. in Proposition tells us that there exists a unique formal
solution «j (x) to the irregular differential equation we are looking at, and such that
a;(0) = MGJ- (0) . Moreover, this solution is 1-summable in Sy since the same goes
for Gj.

(4) I~f however j; = jo = j > 1, since G; ;) (0) = 0 we can write G(; ;) () = ,Té(j’j) (x) with
G (j ) (v) 1-summable in Sy, and then the differential equation becomes regular:

dog s + 3 ~
x% () + (a1 + a2) joag ).+ () = G ) = (2) -
Since R (a1 + a2) > 0, according to point 2. in Proposition 2301 the latter equation has
a unique formal solution o ;y (z) such that o ;) (0) = i&g;gi, and this solution is

moreover 1-summable in S, and its 1-sum is the only solution to this equation bounded
in St. Thus, it is necessarily o ;) +-
|

We are now able to prove the weak 1-summability of the formal normalizing map.

Proposition 5.4. The sectorial normalizing maps (P4, ®_) in Corollary are the weak I1-sums
in St € Sarg(+r),y of the formal normalizing map ® given by Theorem [L3, for all n € [77,2#[. In
particular, P is weakly 1-summable, except for arg (£N).

Proof. The normalizing map @4 from Corollary d2]is constructed as the composition of two germs of
sectorial diffeomorphisms, using successively Propositions [3.1] and [£} The sectorial map obtained in
Proposition 3] is 1-summable except in directions arg (£A). The sectorial transformation in Proposi-
tion [£.1]is constructed as the composition of two germs of sectorial diffeomorphisms, using successively
Proposition E.3] and Both of these two sectorial maps are built thanks to Lemma Lemma
above justifies that each of these maps admits in fact a weak Gevrey-1 asymptotic expansion in a
domain of the form Sy € Surg(40),y, for all n € [7r, 271'[. Consequently, the same goes for the sectorial
diffeomorphisms of Proposition [41] and then for those of Corollary 2] (we used here Proposition 2:24]
for the composition).

Using item [3 in Lemma Z.23] we deduce that the weak Gevrey-1 asymptotic expansion of the
sectorial normalizing maps of Corollary is therefore a formal normalizing map, such as the one
given by Theorem By uniqueness of such a normalizing map, it is P. O

5.3. Proof of Theorem [1.10
We can now prove Theorem [T

Proof of Theorem[I.10. The existence of ®, and ®_ is obtained in Corollary 421 The uniqueness is
given by [LT3l The weak 1-summability is proved in thanks to Proposition 5.4 g
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