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DOUBLY-RESONANT SADDLE-NODES IN ((C3,O) AND THE FIXED
SINGULARITY AT INFINITY IN THE PAINLEVE EQUATIONS (PART II):
SECTORIAL NORMALIZATION

AMAURY BITTMANN

AssTrACT. In this work, following [Bit15], we consider analytic singular vector fields in C3 with
an isolated and doubly-resonant singularity of saddle-node type at the origin. Such vector fields
come from irregular two-dimensional differential systems with two opposite non-zero eigenvalues,
and appear for instance when studying the irregular singularity at infinity in Painlevé equations
(P4 )j:I.A.Vv for generic values of the parameters. Under suitable assumptions, we prove a theorem
of analytic normalization over sectorial domains, analogous to the classical one due to Hukuhara-
Kimura-Matuda [HKM61] for saddle-nodes in C2. We also prove that the normalizing map is essen-
tially unique and weakly Gevrey-1 summable.

1. INTRODUCTION

As in [Bit15], we consider (germs of) singular vector fields Y in C3 which can be written in appro-
priate coordinates (z,y) := (z,y1,y2) as

(1.1) Y = 9528%‘1'(—/\yl-i-fl(%Y))aiyl'i‘(/\yz-i-fz(%Y))ain ;

where A € C* and fi, fo are germs of holomorphic functions in ((C3,O) of homogeneous valuation
(order) at least two. They represent irregular two-dimensional differential systems having two opposite
non-zero eigenvalues and a vanishing third eigenvalue. These we call doubly-resonant vector fields of
saddle-node type (or simply doubly-resonant saddle-nodes). We will impose more (non-generic)
conditions in the sequel.

Our main motivation is the study of the irregular singularity at infinity in Painlevé equations
(P j)j: ;. v for generic values of the parameters. These equations were discovered by Paul Painlevé [Pai02]
because the only movable singularities of the solutions are poles (the so-called Painlevé property).
Their study has become a rich domain of research since the important work of Okamoto [Oka77].
The fixed singularities of the Painlevé equations, and more particularly those at infinity, where no-
tably investigated by Boutroux with his famous tritronquées solutions [Boul3|. Recently, several
authors provided more complete information about such singularities, studying “quasi-linear Stokes
phenomena” and also giving connection formulas; we refer to the following (non-exhaustive) sources
[JK92, Kap04, [KK93, [JKO01].

Stokes coeflicients are invariant under local changes of analytic coordinates, but do not form a
complete invariant of the vector field. To the best of our knowledge there currently does not exist a
general analytic classification for doubly-resonant saddle-nodes. Such a classification would provide a
new framework allowing to analyze Stokes phenomena in that class of singularities. In this paper we
provide a theorem of analytic normalization over sectorial domain (¢ la Hukuhara-Kimura-Matuda
[HKMG61] for saddle-nodes in (C?,0)) for a specific class (to be defined later on) of doubly-resonant
saddle-nodes which contains the Painlevé case. In a forthcoming paper we use this theorem in order
to provide a complete analytic classification for this class of vector fields, based on the important work
of Martinet and Ramis [MR82, MR83] for saddle-nodes and resonant saddles in (C2,0).

Key words and phrases. Painlevé equations, singular vector field, irregular singularity, resonant singularity, Gevrey-1
summability, normal form.
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In [Yos84! [Yos85] Yoshida shows that doubly-resonant saddle-nodes arising from the compactifica-
tion of Painlevé equations (Pj)j: 1y (for generic values for the parameters) are conjugate to vector
fields of the form:

o0 0
Z = 172% + (— (14 yy1y2) + alff)yla—yl
0
(1.2) +(1 +7Y1y2 + azﬂ?)yza—m ;

with v € C* and (aj,a2) € C? such that a; + az = 1. One should notice straight away that this
“conjugacy” does not agree with what is traditionally (in particular in this paper) meant by conjugacy,
for Yoshida’s transform U (x,y) = (z,v¢1 (z,y),¥2 (x,y)) takes the form

gix (x)
(1.3) Yi(e,y) = w1+ Z ZCTyifﬁkoyécﬁko 7
(ko,k1,k2)EN?
ki+ko>1

where each g; x is formal power series although = appears with negative exponents. This expansion
may not even be a formal Laurent series. It is, though, the asymptotic expansion along {x = 0} of a
function analytic in a domain

{(x,z) €S xD(0,r) | |72 < V|x|}

for some small v > 0, where S is a sector of opening less than 7 with vertex at the origin and D (0, r) is
a polydisc of small poly-radius r = (r1,73) € (Rs)”. Moreover the (g;x (), are actually Gevrey-1
power series. The drawback here is that the transforms are convergent on regions so small that taken
together they cannot cover an entire neighborhood of the origin in C3.

Several authors studied the problem of convergence of formal transformations putting vector fields as
in (L) into “normal forms”. Shimomura, improving on a result of Iwano [Iwa80)], shows in [Shi83] that
analytic doubly-resonant saddle-nodes satisfying more restrictive conditions are conjugate (formally
and over sectors) to vector fields of the form

xQ(% + (=X 4+ a1z) ylaiyl + (A + asz) y28iy2
via a diffeomorphism whose coefficients have asymptotic expansions as x — 0 in sectors of opening
greater than 7.

Stolovitch then generalized this result to any dimension in [Sto96]. More precisely, Stolovitch’s work
offers an analytic classification of vector fields in C"*! with an irregular singular point, without further
hypothesis on eventual additional resonance relations between eigenvalues of the linear part. However,
as Iwano and Shimomura did, he needed to impose other assumptions, among which the condition
that the restriction of the vector field to the invariant hypersurface {z = 0} be a linear vector field. In
[BDMOS], the authors obtain a Gevrey-1 summable “normal form”, though not as simple as Stolovitch’s
and not unique a priori, but for more general kind of vector field with one zero eigenvalue. However,
the same assumption on the restriction to the hypersurface {x = 0} is required (the restriction must
be a linear vector field). Yet from [Yos85] stems the fact that this condition is not met in the case of
Painlevé equations (P;),_; -

In comparison, we merely ask here that the restricted vector field be orbitally linearizable (see
Definition [L.7)), i.e. the foliation induced by Y on {x = 0} (and not the vector field Y|(,—o; itself) be
linearizable. The fact that this condition is fulfilled by the singularities of generic Painlevé equations
is well-known.
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1.1. Scope of the paper.
The action of local analytic / formal diffeomorphisms W fixing the origin on local holomorphic vector
fields Y of type (1)) by change of coordinates is given by

v.Y = D¥Y(Y)oUu '.

In [Bit15] we performed the formal classification of such vector fields by exhibiting an explicit universal
family of vector fields for the action of (fibered) formal changes of coordinates at 0 (called a family
of normal forms). Such a result seems currently out of reach in the analytic category: it is unlikely
that an explicit universal family for the action of local analytic changes of coordinates be described
anytime soon. If we want to describe the space of equivalent classes (of germs of a doubly-resonant
saddle-node under local analytic changes of coordinates) with same formal normal form, we therefore
need to find a complete set of invariants which is of a different nature. We call moduli space this
quotient space and would like to give it a (non-trivial) presentation based on functional invariants
la Martinet-Ramis [MR82, IMRS&3].

The main ingredient to obtain such analytic invariants is to prove first the existence of analytic
sectorial normalizing maps (over a pair of opposite “wide” sectors of opening greater than 7 whose
union covers a full punctured neighborhood of {z = 0}). This is the main result of the present paper.
We have not been able to perform this normalization in such a generality, and only deal here with
a-fibered local analytic conjugacies acting on vector fields of the form (L)) with some additional
assumptions detailed further down (see Definitions [T} [[3] and [[7). Importantly, these hypothesis
are met in the case of Painlevé equations mentioned above.

Our approach has some geometric flavor, since we avoid the use of fixed-point methods altogether to
establish the existence of the normalizations, and generalize instead the approach of Teyssier [Tey04]
Tey03] relying on path-integration of well-chosen 1-forms (following Arnold’s method of characteris-
tics [Arn74]).

As a by-product of this normalization we deduce that the normalizing sectorial diffeomorphisms are
weakly Gevrey-1 asymptotic to the normalizing formal power series of [Bit15], retrospectively proving
their weak 1-summability (see subsection [Z3] for definitions). When the vector field additionally sup-
ports a symplectic transverse structure (which is again the case of Painlevé equations) we prove that the
(essentially unique) sectorial normalizing map is realized by a transversally symplectic diffeomorphism.

1.2. Definitions and main results.
To state our main results we need to introduce some notations and nomenclature.

e For n € N5, we denote by (C™,0) an (arbitrary small) open neighborhood of the origin in C™.

e We denote by C{z,y}, with y = (y1,y2), the C-algebra of germs of holomorphic functions at
the origin of C3, and by C {x,y}* the group of invertible elements for the multiplication (also
called units), i.e. elements U such that U (0) # 0.

® X ((C3, O) is the Lie algebra of germs of singular holomorphic vector fields at the origin C3. Any
vector field in x ((C3, 0) can be written as

0 0 0
Y =5 —+b —+b —
(@,y1,92) 5+ b1 (2,51, 52) o 2 (@,y1,92) 9
with b, b1, by € C{z,y1,y2} vanishing at the origin.
o Diff ((C3, 0) is the group of germs of a holomorphic diffeomorphism fixing the origin of C3. It
acts on ((C3, O) by conjugacy: for all
(®,Y) € Diff (C*,0) x x (C*,0)
we define the push-forward of Y by ® by
(1.4) o, (V):=D® - Y)od ' |
where D® is the Jacobian matrix of ®.
e Diffgy, ((CB,O) is the subgroup of Diff ((C?’,O) of fibered diffeomorphisms preserving the z-
coordinate, i.e. of the form (z,y) — (z,¢ (x,y)).
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e We denote by Diffgy, (C3,0,1d) the subgroup of Diffgp, (C3,0) formed by diffeomorphisms tan-

gent to the identity.
All these concepts have formal analogues, where we only suppose that the objects are defined with
formal power series, not necessarily convergent near the origin. The formal counterpart is written with

a hat, as in Diff ((C3, 0).

Definition 1.1. A diagonal doubly-resonant saddle-node is a vector field Y € x ((C3, O) of the
form

0 0 0
Y = 22—+ (-\ — (A —
fﬂax‘f'( y1+f1($aY))ay1+(y2+f2($aY)>8y2 :
with A € C* and f1, fo € C{z,y} of order at least two. We denote by SN giag the set of such vector
fields.

Remark 1.2. One can also define the foliation associated to a diagonal doubly-resonant saddle-node
in a geometric way. A vector field Y € x ((C3, O) is orbitally equivalent to a diagonal doubly-resonant

saddle-node (i.e. Y is conjugate to some VX, where V € C{z,y}” and X € SNdiag) if and only if
the following conditions hold:
(1) Spec (DoY) = {0, =\, A} with X # 0;
(2) there exists a germ of irreducible analytic hypersurface H = {S = 0} which is transverse to the
eigenspace Ej (corresponding to the zero eigenvalue) at the origin, and which is stable under
the flow of Y;
(3) Ly (S) = U.S?, where Ly is the Lie derivative of Y and U € C {x,y}”".

By Taylor expansion up to order 1 with respect to y, given a vector field Y € SN gjag written as in
(T we can consider the associate 2-dimensional system:

d
(15) P =a@+A@y@)+F@y@)
with y = (y1,y2), such that the following conditions hold:

e a(x)= ( Z; Eig ), with aq, a0 € C{z} and ay,as € O (27)

o A (z) € Matg 2 (C{x}) with A (0) = diag (=X, A), A € C*

F .
o F(z,y) = ( F; Eig ) with Fy, Fy € C{z,y} and F}, F; € 0(||y|\2).

Based on this expression, we state:
Definition 1.3. The residue of Y € SN giag is the complex number

X

We say that Y is non-degenerate (resp. strictly non-degenerate) if res(Y) ¢ Q<o (resp.
R (res(Y)) > 0).
Remark 1.4. It is obvious that there is an action of Diffgy, ((C3, O,Id) on SN giag. The residue is an

invariant of each orbit of SN diag under the action of Diffgy, ((CS,O,Id) by conjugacy (it is actually
invariant by formal conjugacies, see [Bit15]).

The main result of [Bit15] can now be stated as follows:

Theorem 1.5. [Bitl5| Let Y € SN giag be non-degenerate. Then there exists a unique formal fibered
diffeomorphism d tangent to the identity such that:

A 0 0
o, (V) = x2%+(—)\+a1x+q(y1yz))y18—yl
0
(1.6) + (A4 acx +c2 (y1y2)) ya5—

Y2
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where A € C*, ¢1, ¢co € vC [v] are formal power series in v = y1y2 without constant term and a1, ag € C
are such that a1 + az = res (Y) € C\Q<o.

Definition 1.6. The vector field obtained in (6] is called the formal normal form of Y. The
formal fibered diffeomorphism ® is called the formal normalizing map of Y.

The above result is valid for formal objects, regardless of convergence problems. The first main
result in this work states that this formal normalizing map is analytic in sectorial domains, under
some additional assumptions that we are now going to precise.

Definition 1.7.
o We say that a germ of a vector field X in ((C2, 0) is orbitally linear if

0 0
X=Uly) (/\1y1 an + A2y 8y2> )
for some U (y) € C{y}”™ and (A1, \2) € C2,
e We say that a germ of vector field X in ((C2,0) is analytically (resp. formally) orbitally
linearizable if X is analytically (resp. formally) conjugate to an orbitally linear vector field.
e We say that a diagonal doubly-resonant saddle-node Y € SN giag is asymptotically orbitally
linearizable if Y|;,—o) € x ((CQ, 0) is (analytically) orbitally linearizable.

Remark 1.8. Alternatively we could say that the foliation associated to Y|(,—o) is linearizable. Since
Y|{2=0} is analytic at the origin of C? and has two opposite eigenvalues, it follows from a classical result
of Brjuno (see [Mar81]), that Y|(,—o} is analytically orbitally linearizable if and only if it is formally
orbitally linearizable.

Definition 1.9. We denote by SN giag,0 the set of strictly non-degenerate diagonal doubly-resonant
saddle-nodes which are asymptotically orbitally linearizable.

The vector field corresponding to the irregular singularity at infinity in the Painlevé equations
(Pj)j: ;v is orbitally equivalent to an element of SN qiag,0, for generic values of the parameters (see
[Yos85]).

We can now state the first main result of our paper (we refer to subsection 23] for the precise
definition of weak 1-summability).

Theorem 1.10. Let Y € SN giag,0 and let o (given by Theorem [L3) be the unique formal fibered
diffeomorphism tangent to the identity such that

- 0 0 0
_ 2 ¥ _ v

D (Y) = =z 5+ (=X 4+ a1z +c1 (y1y2) n o + A+ asx + ¢ (y12)) vo 5
= Ynorm 3

where A # 0 and ¢ (v), ¢ (v) € vC [v] are formal power series without constant term. Then:

(1) the normal form Ynorm is analytic (i.e. c1,c0 € C{v}), and it also is orbitally linear, i.e.
c1+co=0;

(2) the formal normalizing map d is weakly 1-summable except for arg (£N);

(3) there exist analytic sectorial fibered diffeomorphisms ®1 and ®_, (asymptotically) tangent to
the identity, defined in sectorial domains of the form S; X ((C2,O) and S_ X ((C2,O) respec-
tively, where

Sy = {xE(C|O<|:C|<Tand}arg(%)}<g+e}
S_ = {:zre(C|O<|x|<rand arg(;—;)‘<g+e}

(for any € € ]0, g [ and some r > 0 small enough), which admit d as weak Gevrey-1 asymptotic

expansion in these respective domains, and which conjugate Y to Yiorm. Moreover ®4 and ®_
are the unique such germs of analytic functions in sectorial domains (see Definition[2.2).
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Remark 1.11. Ttem 3. above is a direct consequence of the weak 1-summability of & (see subsection
2.3).

Definition 1.12. We call & and ®_ the sectorial normalizing maps of Y € SNdiag,o-

They are the weak 1-sums of ® along the respective directions arg (i\) and arg (—i)). Notice that
@, and ®_ are germs of analytic sectorial fibered diffeomorphisms, i.e. they are of the form

®, 15, x (C%0) — 4 x (C%0)
(@,y) — (2,P11(zy), Py2(z,y))
and
d_:S_x(C%0) — S_x(C*%0)
(zy) — (2,21 (2y),2-2(z,y))

(see section 2. for a precise definition of germ of analytic sectorial fibered diffeomorphism). The fact
that they are also (asymptotically) tangent to the identity means that we have:

2
0. (2,y) =1d (2,3) + O (@ y)I?) .
In fact, we can prove the uniqueness of the sectorial normalizing maps under weaker assumptions.

Proposition 1.13. Let o4 and p_ be two germs of sectorial fibered diffeomorphisms in S4 X ((CQ, O)
and S_ X ((C2,O) respectively, where S and S_ are as in Theorem [L.I0, which are (asymptotically)
tangent to the identity and such that

(Spi)* (Y) = Ynorm -

Then, they necessarily coincide with the weak 1-sums ®4 and ®_ defined above.

It is important to say that we will in fact begin with proving the existence of germs of sectorial
fibered diffeomorphisms ¢, and ®_ in S X ((C2, O) and S_ X ((C2, O) respectively, which are tangent
to the identity and conjugate Y € SN giag,0 to its normal form (see Corollary £2). The proposition
above guarantees the uniqueness of such sectorial transforms. It is proved in a second step that &
and ®_ admits the formal normalizing map d as weak Gevrey-1 asymptotic expansion, which is thus
weakly 1-summable.

Remark 1.14. In this paper we prove a theorem of sectorial normalizing map analogous to the clas-
sical one due to Hukuhara-Kimura-Matuda for saddle-nodes in ((CQ, O) [HKM61], generalized later by
Stolovitch in any dimension in [Sto96]. Unlike the method based on a fixed point theorem used by
these authors, we use a more geometric approach (following the works of Teyssier [Tey03, [Tey04]) based
on the resolution of an homological equation, by integrating a well chosen 1-form along asymptotic
paths. This latter approach turned out to be more efficient to deal with the fact that Y};,—o; is not
necessarily linearizable. Indeed, if we look at [Sto96] in details, one of the first problem is that in the
irregular systems that needs to be solved by a fixed point method (for instance equation (2.7) in the
cited paper), the non-linear terms would not be divisible by the “time” variable. This would complicate
the different estimates that are done later in the cited work. This was the first main new phenomena
we have met.

In a forthcoming paper we prove that the sectorial normalizing maps ®; and ®_ in Theorem
actually admit the unique formal normalizing map o given by Theorem [[.5] as “true” Gevrey-
1 asymptotic expansion in S X ((C2,O) and S_ X ((C2,O) respectively. This is done by studying
P, 0 (®_) " in (S NS) x ((CQ,O) (and more generally any germ of sectorial fibered isotropy of
Yiorm In “narrow” sectorial domains (S N S_) x ((C2, O) which admits the identity as weak Gevrey-1
asymptotic expansion). In the announced paper we also:

e prove that the formal normalizing map ® in Theorem [[I0 s in fact 1-summable (and not only
weakly 1-summable).
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e provide a theorem of analytic classification, based on the study over “small” sectors Sy N.S_ of
the transition maps ®, o®~! (also called Stokes diffeomorphisms): they are sectorial isotropies
of the normal form Yo, which are exponentially close to the identity.

The main difficulty is to establish that such a sectorial isotropy of Y,orm over the “narrow” sectors
described above is necessarily exponentially close to the identity. This will be done by a detailed
analysis of these maps in the space of leaves. In fact, this is the second main new difficulty we have
met, which is due to the presence of the “resonant” term

cm (y1y2)" log ()
X

in the exponential expression of the first integrals of the vector field in normal form. In [Sto96],
similar computations are done in subsection 3.4.1. In this part of the paper, infinitely many irregular
differential equations appear when identifying terms of same homogeneous degree. The fact that
Y|{z=0} is linear implies that these differential equations are all linear and uncoupled. In our situation
this is not the case, which yields more complicated computations.

1.3. Painlevé equations: the transversally Hamiltonian case.

In [Yos85] Yoshida shows that a vector field in the class SN diag,0 Naturally appears after a suitable
compactification (given by the so-called Boutroux coordinates [Boul3|) of the phase space of Painlevé
equations (Pj)j: ;v for generic values of the parameters. In these cases the vector field presents an
additional transversal Hamiltonian structure. Let us illustrate these computations in the case of the
first Painlevé equation:

d221 2
(Pr) @ 627 +1
As is well known since Okamoto [Oka80], (Pr) can be seen as a non-autonomous Hamiltonian system
dzy  OH
ot Oz
62’2 B
8t B 821
with Hamiltonian
22
H(t,z1,22) = 225 +te — 72

More precisely, if we consider the standard symplectic form w := dz; A dzo and the vector field

0 OH 0  O0H 0

7z - 9 _oH O OO0
9 02502 071 0%

induced by (Pr), then the Lie derivative

0*H 0’°H
Ly (w) = (8t821d21 + 8t822d2’2> ANdt =dz Adt

belongs to the ideal (dt) generated by dt in the exterior algebra Q* ((C3) of differential forms in variables
(t, 21, 22). Equivalently, for any t1,t2 € C the flow of Z at time (t2 — 1) acts as a symplectomorphism
between fibers {t = t1} and {t = t2}.

The weighted compactification given by the Boutroux coordinates [Boul3| defines a chart near
{t = 0o} as follows:

Z22 = Y2

z1 = nx
_4

t:x 5

SIS
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In the coordinates (x,y1,y2), the vector field Z is transformed, up to a translation y; < y; + ¢ with
1

= , to the vector field
DV
- 5
(L.7) Z = ——Y
45
where
0 4 2 2¢ 0 24 48¢ 3 0
Y = 2 ¥ _ = “ = _ i R e _
I8x+< 5y2+5xy1+5x)8y1+( 5y1 5y1+5xy2)6y2

We observe that Y is a strictly non-degenerate doubly-resonant saddle-node as in Definitions [[.T] and
[[3 with residue res (Y) = 1. Furthermore we have:
dt = %5 o 2dz
dzi Adzy = l (dyr A dye) + # (2y1dys — 3yody1) Adx
€~ (dy1 A dys) + (dz)

where (dz) denotes the ideal generated by dz in the algebra of holomorphic forms in C* x C2. We
finally obtain
dy; A d
Ly < Y1 Y2
x

Ly (dz) = 2zdx
Therefore, both Ly (w) and Ly (dz) are differential forms who lie in the ideal (dz), in the algebra of
germs of meromorphic 1-forms in ((C3, O) with poles only in {z = 0}. This motivates the following:

1
) =& (3y2dy1 — (2¢ + 2y1) dya) A dz

Definition 1.15. Consider the rational 1-form
dyl A dyQ
—

w =

We say that vector field YV is transversally Hamiltonian (with respect to w and dx) if
Ly (dz) € (dz) and Ly (w) € (dz)

For any open sector S C C*, we say that a germ of sectorial fibered diffeomorphism ® in S x ((CQ, O)
is transversally symplectic (with respect to w and dz) if

O* (w) € w+ (dx)
(Here ®* (w) denotes the pull-back of w by ®).
We denote by Diff,, ((C3,O,Id) the group of transversally symplectic diffeomorphisms which are

tangent to the identity.
Remark 1.16.

(1) The flow of a transversally Hamiltonian vector field X defines a map between fibers {x = z1}

and {z = r2} which sends w|,—,, onto w|,—,,, since
(exp (X))" () € w+ (da) .

(2) A fibered sectorial diffeomorphism ® is transversally symplectic if and only if det (D®) = 1.

Definition 1.17. A transversally Hamiltonian doubly-resonant saddle-node is a transversally

Hamiltonian vector field which is conjugate, via a transversally symplectic diffeomorphism, to one of
the form

0 0 0
_ 2 _ _ N
Y = $_8x+( /\y1+f1(17,}’))ay1+(/\y2+f2(517,}’))8y2 ;

with A € C* and f1, fo analytic in ((C3, O) and of order at least 2.
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Notice that a transversally Hamiltonian doubly-resonant saddle-node is necessarily strictly non-
degenerate (since its residue is always equal to 1), and also asymptotically orbitally linearizable (see
section 3). It follows from Yoshida’s work [Yos85] that the doubly-resonant saddle-nodes at infinity in
Painlevé equations (P,) Jelv (for generic values of the parameters) all are transversally Hamiltonian.

We recall the second main result from [Bit15)].

Theorem 1.18. [Bit15]
Let Y € SNgiag be a diagonal doubly-resonant saddle-node which is supposed to be transversally

Hamiltonian. Then, there exists a unique formal, fibered, transversally symplectic diffeomorphism @,
tangent to identity, such that:

- 0 0 0
o, (Y) = x2%+(—)\+a1x—0(yly2)) y18_y1 +()\+a2x+c(y1y2))y28—y2
(18) = Ynorm ;

where A € C*, ¢ (v) € vC [v] a formal power series in v = y1y2 without constant term and a1, as € C
are such that a1 + as = 1.

As a consequence of Theorem [[L1§ and Theorem [[.T0 we have the following:

Theorem 1.19. Let Y be a transversally Hamiltonian doubly-resonant saddle-node and let O be the
unique formal normalizing map given by Theorem [I.I8. Then the associated sectorial normalizing
maps 1 and ®_ are also transversally symplectic.

Proof. Since P is weakly 1-summable in S1 x ((C2, 0), the formal power series det (D&J) is also weakly

1-summable in S X ((CQ,O), and its Gevrey-1 asymptotic expansion has to be the constant 1. By
uniqueness of the weak 1-sum, we thus have det (D®) = 1. O

1.4. Outline of the paper.

In section 2, we introduce the different tools we need regarding asymptotic expansion, Gevrey-1
series and 1-summability. We will in particular introduce a notion of “weak” 1-summability.

In section 3, we prove Proposition Bl which states that we can always formally conjugate a non-
degenerate doubly-resonant saddle-node which is also asymptotically orbitally linearizable to its normal
form up to remaining terms of order O (xN ), for all N € Nyq, and that the conjugacy is actually 1-
summable.

In section 4, we prove that for all Y € SN giag 0, there exists a unique pair of sectorial normalizing
maps (P4, P_) tangent to the identity which conjugates Y to its normal form Yjorm over sectors
with opening greater than 7 and arbitrarily close to (but less than) 27. The existence is given by
Corollary .21 while the uniqueness clause stated in Proposition is proved thanks to Proposition
Moreover, we will see that ® and ®_ both admit the unique formal normalizing map & given
by Theorem as weak Gevrey-1 asymptotic expansion.

CONTENTS

(L. Introduction
1.1.  Scope of the paper

1
3
1.2. Definitions and main results 3




DOUBLY-RESONANT SADDLE-NODES IN (Ce‘,O): SECTORIAL NORMALIZATION 10

. - - 21
3.1. Analvtic normalization on the hyperplane {x =0 21
[3.2.  1-summable simplification of the “dependent” affine partl 23
-summahble aightening of two invariant hype ace 27

- i 1 ] wrbitrarsy 33

3.5.  Proof of Proposition R} 37
- - — 37

4.1. Proof of Proposition 39
4.2. Proof of Propositions and L4 40
4.3. Proof of Lemma I 41
42

50

53

55

55

2. BACKGROUND

We refer the reader to [MR82|, [Mal95] and [RS93] for a detailed introduction to the theory of
asymptotic expansion, Gevrey series and summability (see also [Sto96] for a useful discussion of these
concepts), where one can find the proofs of the classical results we recall (without proof). We call
x € C the independent variable and y := (y1,...,yn) € C", n € N, the dependent variables. As
usual we define y* := y¥ . .yF for k = (k1,...,kn) € N", and |k| = k1 + - + k,. The notions of
asymptotic expansion, Gevrey series and 1l-summability presented here are always considered with
respect to the independent variable z living in (open) sectors

S(ra,f)={zeC|0<|z| <rand a <arg(z) <},
the dependent variable y belonging to poly-discs

D(O,I‘) = {y: (ylv"'vyn) eC" | |y1| <T17"'|yn| <’)"n} ;

of poly-radius r = (r1,...,7,) € (Rs0)". Given an open subset U C C"! we denote by O () the
algebra of holomorphic function in U.

The results recalled here are valid when n = 0. Some statements for which we do not give a proof
can be proved exactly as in the classical case n = 0, uniformly in the dependent multi-variable y.
Finally, we will present some classical results not in their original (and more general) form, but in a
form more suited to our current needs.

2.1. Sectorial germs.
Let 6 e R, n € R>p and n € N.

Definition 2.1. (1) An z-sectorial neighborhood (or simply sectorial neighborhood) attached to
the origin (of C"1) in the direction @ with opening 1 is an open set S C C"*! such that

§58(n0- i —e,9+g+e) x D (0,r)
for some r > 0, r € (R>()" and € > 0. We denote by (S ,, <) the directed set formed by all
such neighborhoods, equipped with the order
81§82 <~ 81382 .

(2) The algebra of germs of holomorphic functions in a sectorial neighborhood attached to the
origin in the direction 6 with opening 7 is the direct limit

O (Sp.y) = 1lim O (S)
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with respect to the directed system defined by {O(S) : S € Sp,}.
We now give the definition of a (germ of a) sectorial diffeomorphism.

Definition 2.2. (1) Given an element S € Sy ,,, we denote by Diffgy, (S,1d) the set of holomorphic
diffeomorphisms of the form
o:S — (S
(xvy) = (xv(bl ((E,y),(bg ((E,y)) ;
such that ® (z,y) — Id (z,y) = O (||x,y||2) . as (z,y) — (0,0) in S.[1
(2) The set of germs of (fibered) sectorial diffeomorphisms in the direction 6 with opening n, tangent
to the identity, is the direct limit
Diffﬁb (89)77, Id) = @Diﬁ.ﬁb (S, Id)

with respect to the directed system defined by {Diffgy, (S,1d) : S € Sg,,}. We equip Diffgy, (Sp,y, Id)
of a group structure as follows: given two germs ®, ¥ € Diffgy, (Sp,,, Id) we chose correspond-
ing representatives ®y € Diffgy, (S,Id) and ¥y € Diffgy, (7,1d) with S, 7 € Sp,,, such that

T C @0 (S) and let ¥ o ® be the germ defined by ¥g o ®y.

We will also need the notion of asymptotic sectors.

Definition 2.3. An (open) asymptotic sector of the origin in the direction 6 and with opening n is an
open set S C C such that

Se () So -

0<n’'<n
We denote by ASy,, the set of all such (open) asymptotic sectors.

2.2. Gevrey-1 power series and 1-summability.

2.2.1. Gevrey-1 asymptotic expansions.
In this subsection we fix a formal power series

flay) =Y )= > fi2”y eClzy].
k>0 (jo,j)eNn+1
Definition 2.4.
e A function f analytic in a domain S (r, «, 8) x D (0,r) admits f as asymptotic expansion in
the sense of Gérard-Sibuya in this domain if for every closed sub-sector S’ C S (r,«, 8) and
compact K C D (0,r), for all N € N, there exists a constant Cs g n > 0 such that:

f($7Y) - Z fjo;.ixmyj < CS’,K,N ”(‘Tuy)HN-H
Jo+jit.gn <N
for all (x,y) € S’ x K; here, ||-|| is a norm in C"*1.

e A function f analytic in a domain S (r, o, 8) x D (0,r) admits f as asymptotic expansion (with
respect to x) if for all k € N the function y — fi (y) is analytic in D (0, r), and if for every
closed sub-sector S’ C S (r,a,3), compact subset K C D(0,r) and N € N, there exists
AS’,K,N > 0 such that:

N
flzy) - Z fu(y) 2*| < Agr geon 2|V

k>0

for all (z,y) € §' x K.

I This condition implies in particular that ® (S) € So,n-
20ne can prove that this definition is independent of the choice of the representatives.
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e An analytic (and bounded) function f in a sectorial domain S (r,a, 8) x D (0,r) admits f as
Geuvrey-1 asymptotic expansion in this domain, if for all k& € N the function y — f (y) is
analytic in D (0, r), and if for all closed sub-sector S’ C S (r, o, 3), there exists A, C' > 0 such
that:

N-—1
f@y) = fuly)a®| < ACN (NY) o
k=0

for all N € N and (z,y) € S’ x D (0,r).

Remark 2.5.
(1) If a function admits f as Gevrey-1 asymptotic expansion in S (r, o, 8) x D (0,r), then it also
admits f as asymptotic expansion.
(2) If a function admits f as asymptotic expansion in S (r, a, §) x D (0, r), then it also admits f
as asymptotic expansion in the the sense of Gérard-Sibuya.
(3) Any previously defined asymptotic expansion is unique.

2.2.2. Borel transform and Gevrey-1 power series.

Definition 2.6.
e We define the Borel transform B (f) of f as:

; e e )
B(f) (ty) =Y Lk
k>0
e We say that f is Gevrey-1 if B (f) is convergent in a neighborhood of the origin in C x C".
Notice that in this case every function fj, k > 0, is analytic in a polydisc D (0, r) of poly-radius
r=(r,...,mn) € (R>o)" independent on k, so that B (f) is analytic in D (0, p) x D (0, r), for

some p > 0. Possibly by reducing p,r1,...,7, > 0, we can assume that B (f) is bounded in
D(0,p) x D(0,r).
Remark 2.7.

(1) If a sectorial function f admits f for Gevrey-1 asymptotic expansion as in Definition 24 then

f is a Gevrey-1 formal power series.
(2) The set of all Gevrey-1 formal power series is an algebra closed under differentiation.

2.2.3. Directional 1-summability and Borel-Laplace summation.

Definition 2.8. Given 6 € R and § > 0, we define the infinite sector in the direction 6 with opening
4 as the set

§
Ap s = {tE(C* | |arg () — 6] < 5} .

We say that f is I-summable in the direction 6 € R, if the following three conditions holds:
° f is a Gevrey-1 formal power series;
o 3 (f) can be analytically continued to a domain of the form Ag s x D (0, r);
e there exists A > 0, M > 0 such that:

V(t,y) € Ags xD(0,r),

B(f) (t.y)] < Mexp (A Jt)
In this case we set Ag s, = Ag,s UD (0, p) and

B(f) (ty) exp (=Alt)

= sup
A,0,6,p,r (t,y)EA,5,,xD(0,r)

Most of the time the context defines unequivocally the data (6,4, p,r), in which case we drop the

corresponding indices and simply write H f H .
A
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Remark 2.9. For fixed (A, 6,9, p,r) as above, the set B g5, 0f all formal power series f, 1-summable

in the direction 6 and such that HfH < +00, is a Banach vector space for the norm |-y 4 5 , -

A,0,8,p,r
We simply write (B, [|-]|,) when there is no ambiguity.

Definition 2.10. Let g be analytic in a domain Ay s and A > 0, M > 0 such that
V(t,y) € Ags xD(0,1), |g(t,y)| < Mexp (At])
We define the Laplace transform of g in the direction 6 as:

Lo (9) (z,y) :=/ g (t,y)exp (—é) a

ei9R+ X

which is absolutely convergent for all x € C with R (%) > A and is analytic with respect to (z,y).

Proposition 2.11. A formal power series f € Clz,y] is 1-summable in the direction 6 if and only
if there exists a germ of a sectorial holomorphic function fo € O(Sp) which admits f as Gevrey-
1 asymptotic expansion in some S € Sg .. Moreover, fy is unique (as a germ in (9(897,,)) and in

particular
iy

The function (germ) fo is called the 1-sum of f in the direction 6.
We recall the following well-known result.

Lemma 2.12. The set Xy C C[x,y] of 1-summable power series in the direction 6 is an algebra closed
under differentiation. Moreover the map

Y9 — O(Senr)
fo— fo
is an injective morphism of differential algebras.
Definition 2.13. A formal power series f € C [z,y] is called I-summable if it is 1-summable in all

but a finite number of directions (in ®/2xz), called Stokes directions. If this case, if 01,...,0; € R/2xz
are possible Stokes directions, we say that f is 1-summable except for 64, ..., 0.

More generally, we say that an m—uple (f1,..., fm) € C[z,y]™ is Gevrey-1 (resp. 1-summable
in direction @) if this property holds for each component f;,j = 1,...,m. Similarly, a formal vector
field (or diffeomorphism) is said to be Gevrey-1 (resp. l-summable in direction ) if each one of its
components has this property.

2.2.4. Composition of 1-summable power series.
We will use the following particular case of a classical result due to Ramis and Sibuya.

Theorem 2.14. (Ramis-Sibuya) Let St € Sp.n, S— € Spr—g . and (f4, f—) € O(S4)xO(S-). Assume
that for all compact K C C" and all sector S C C such that S x K C S NS_, there exists A, B > 0
such that:

[+ (@,y) = f- (2,y)] < Aexp (_I%)

for all (z,y) € S x K. Then, there exists a formal power series f (z,y) € C[x,y] such that f (resp.
f—) admits f as Gevrey-1 asymptotic expansion in Sy (resp. S_).

An important consequence of this theorem is the following.
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Proposition 2.15. Let ® (x,y) € C [z,y] be I-summable in directions 6 and 6 — 7, and let D (z,y)
and ®_ (x,y) be its 1-sums directions 6 and 0 — w respectively. Let also fi (x,2),..., fn (z,2) be I-
summable in directions 0, 0 —, and fi +,..., fn4+, and f1 —,..., fn,— be their I-sums in directions 6
and 0 — w respectively. Assume that

(2.1) fi(0,0) =0, forallj=1,...,n.
Then
U (z,2) =& (x,fl (2,2) ... fn (x,z))
is 1-summable in directions 0,0 — 7, and its 1-sum in the corresponding direction is
Uy (,2) = Qs (2, fr,x (2,2) .., frx (2,2)

which is a germ of a sectorial holomorphic function in this direction.

Proof. Since fj (0,0)=0forall j=1,...,n,
\if(x,z) ::(i)(xvfl ((E,Z),...,fn(l',z))

is well defined as formal power series. Since fj (0,0) =0 for all j =1,...,n, there exists (S4+,S-) €
S, X So—r,» and (Sjr,SL) € Sp.»r X Sg—r,» such that:

o fit,...fnt (resp. f1,—,..., fn,—) are analytic and admit respectively fl, cee fn as Gevrey-1
asymptotic expansion in Sy (resp. S-);
e the image of S+ by the map

(.’I],Z) = (1’, f17i (‘T?Z) PRI f’n,i ((E, Z))
is in &,
o &, (resp. ®_) is analytic and admits & as Gevrey-1 asymptotic expansion in S’y (resp. S”).

Consequently, the function defined by
\I/i (CC,Z) = q):t (Ia fl,:t (Ia Z) seeey fn,:t (CC,Z))

is analytic in St. Moreover, it is clear that ¥4 (z,z) admits U (z,z) as asymptotic expansion as
(z,z) — (0,0) in S; (in the sense of Gérard-Sibuya). It remains to prove that |¥; — U_| is expo-
nentially small in all subset of S; NS_ of the form S x K, for some sector S C C and some compact
K C C" (then the theorem of Ramis-Sibuya allows us to conclude).
Let us fix a sector S C C and a compact K C C™ such that S x K C S; NS_. There exist A, B > 0
such that for all j =1,...,n, for all (z,z) € S x K
B
o 0.2) = fi- (w,2)] < A (=)

The image of S x K by the map

(x,2) = (z, iz (z,2),..., fox(2,2))

is in included in S x K’ € &, NS’ for some compact K’ € C". By assumption, there exist A’, B’ > 0
such that for all (z,y) € S x K’

B/
B (oy) = @ ey < Aewp (<)
Indeed, two functions admitting the same Gevrey-1 asymptotic expansion are exponentially close.
Finally, there exists C' > 0 such that for all (z,y,y’) such that ((z,y), (z,y")) € S x K/,

@+ (2,y) = @4 (2,¥))] < C max (Jus — v5])
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Hence, for all (z,z) € S x K:
|\I]+ (.’L‘,Z) - (CL‘,Z)|
:|(I)+ (xvfl,-l-(xvz)? "7fn,+(xvz)) P (‘T fl—(xvz)v"'vfn,— (LL',Z))l
§|<I>+(:1:,f11+(3:,z), "7fn+(xvz)) q)Jr( flf(:E,Z),...,fny,(:Z?,Z)ﬂ
—|—|<I>+(:1:,f11,(:1:,z), ..,fn,(:E,Z)) o ( flf(:Z?,Z),...,fm,(:E,Z)”

Scjmax (Ifjr (z,2) = fj,— (x,2)]) + A"exp <_E>

»»»»» ||

/
< CAexp _B + A'exp B
|| ||
< A” exp <—|B—|>
x

for a convenient choice of A”, B” > 0. O

Consider Y a formal singular vector field at the origin and a formal fibered diffeomorphism ¢ :
(z,y) — (x, b (z, y)) Assume that both Y and ¢ are 1-summable in directions 6 and 6 — m, for some

6 € R, and denote by Y, ,Y_ (resp. ¢4, @) their 1-sums in directions 6 and 6 — 7 respectively. As a
consequence of Proposition 2.15 and Lemma 2.12] we can state the following:

Corollary 2.16. Under the assumptions above, Q. (Y) is 1-summable in both directions 6 and 6 — T,

and its 1-sums in these directions are (v4), (Yi) and (p_), (Y_) respectively.

2.3. Weak Gevrey-1 power series and weak 1-summability.
We present here a weaker notion of 1-summability that we also need. Let us fix a formal power
series which we write as

ZF )y € Clz,y].

jenn
Definition 2.17.

e The formal power series f is said to be weakly Gevrey-1 if for all j € N”, E (z) € Clx] is
a Gevrey-1 formal power series.
e A function

ry)=> F)y

jenn
analytic and bounded in a domain S (r, a, §) x D (0, r), admits f as weak Gevrey-1 asymp-
totic expansion in x € S (r,«,f3), if for all j € N, F} admits 133 as Gevrey-1 asymptotic
expansion in S (r, a, ).
e The formal power series f is said to be weakly 1-summable in the direction 6 € R, if the
following conditions hold:
— forallj € N”, F} (z) € C[«] is 1-summable in the direction §, whose 1-sum in the direction
0 is denoted by FJ 0;
— the series fp (z,y) Z Fiol( yJ defines a germ of a sectorial holomorphic function in

jeNn
a domain of the form

S(r,o—g—e,9+g+e) xD(0,r) .

In this case, fy (x,y) is called the weak 1-sum of f in the direction 6.

As a consequence to the classical theory of summability and Gevrey asymptotic expansions, we
immediately have the following:
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Lemma 2.18. (1) The weak Gevrey-1 asymptotic expansion of an analytic function in a domain
S (r,a,B) x D(0,r) is unique.
(2) The weak 1-sum of a weak 1-summable formal power series in the direction 0, is unique as a
germ in O (Sp.r).
(3) The set X weak C Clx,y] of weakly 1-summable power series in the direction 0 is an algebra
closed under differentiation. Moreover the map
E6,weak — O (89777)
[ o
is an injective morphism of differential algebras.

The following proposition is an analogue of Proposition 2.15] for weak 1-summable formal power
series, with the a stronger condition instead of ([2.1]).

Proposition 2.19. Let
¢ (z,y) = Y &j(x)y’ € Cla,y]

jeNn
and R R _
f® (z,2) = Z F}Uc) (x)2' € C[x,2] ,
jenr
for k=1,...,n, be n+1 formal power series which are weakly 1-summable in directions 8 and 6 — ,
and let us denote by P4, (1), cen (n) resp. ®_, f&l), .. .,fﬁ") their respective weak 1-sums in the
+ +

direction 0 (resp. 8 — ). Assume that Fék) =0 foralk=1,...,n. Then,
U (z,2) =& (:v, fY (z,z),..., f™ (:v,z))
is weakly 1-summable directions 8 and 0 — 7, and its 1-sum in the corresponding direction is
Uy (z,2) =Dy (:v, fj(tl) (x,2),..., j(tn) (x,z)) ,

which is a germ of a sectorial holomorphic function in this direction with opening 7.

Proof. First of all,
q](‘T7)’) = @ (‘T7f(l) (:L.7y)7' "7f(n) (‘T7y))

is well-defined as a formal power series since for all k =1,... n, Zs'ék) = 0. It is also clear that
Vi (2y) = @ (0 @)oo S (@)

is an analytic in a domain Sy € Sp » (resp. S— € Sp_r =), because fik) (z,0) =0for all k =1,...
Finally, we check that ¥, admits U as weak Gevrey-1 asymptotic expansion in S1. Indeed:

Uy (z,y) = P4 (:v, fj(tl) (2,¥),.-, j([") (:v,y))
= Y@@ () (P en)”
jenn
= Y@@ (X (), @y
jenr 1]>1 .
(n) 2) v
IIZ (B"), @y
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where for all j € N", (), (z) is obtained as a finite number of additions and products of the

(P) 4, (Flil)) RS ,(Flin)) R |k| < |1|. The same computation is valid for the associated formal power

series, and allows us to define the \i/j (z), for all j € N". Then, each (¥j), has \i/j as Gevrey-1
asymptotic expansion in Sy. 0

As a consequence of Proposition [2.19 and Lemma 2.I8 we have an analogue version of Corollary
2I8) in the weak l-summable case. Consider Y a formal singular vector field at the origin and a
formal fibered diffeomorphism ¢ : (z,y) — (x, b (x, y)) such that ¢ (z,0) = 0. Assume that both ¥’

and ¢ are weakly 1-summable in directions 6 and 6 — m, for some 6 € R, and denote by Y ,Y_ (resp.
¥+, p—) their weak 1-sums in directions 6 and € — 7 respectively.

Corollary 2.20. Under the assumptions above, Q. (Y) is weakly 1-summable in both directions 6 and

0 — 7, and its 1-sums in these directions are (¢1), (Yy) and (p—), (Y_) respectively.

2.4. 1-summability implies weakly 1-summability.
Any function f (z,y) analytic in a domain & x D (0, r), where & C C is open, and bounded in any

domain U x D (0,r') with 7} < 71,...,7), < rp, can be written
(2.2) fla,y)=>Y F@y
jenNn

where for all j € N”, Fj is analytic and bounded on U, and defined via the Cauchy formula:

1 [ (z,2)
F(:v)z—n/ / . ——dz,...dz;
J (26m)" J 12y 1=m znl=rr (20) T (2)

Notice that the convergence of the series (Z2) above is uniform in every compact with respect to x
and y.
In the same way, any formal power series f (z,y) € C[z,y] can be written as
fla,y)=> K@y,

jeNn

and then:
B(f)ty) =Y B(H)®)y .
jeNn
The next lemma is immediate.

Lemma 2.21.
(1) The power series B (f) (t,y) is convergent in a neighborhood of the origin in C**1 if and only

if the B (FJ) , J € N are all analytic and bounded in a same disc D (0, p), p > 0, and if there

exists B, L > 0 such that for oll j € N*, sup ‘B (FJ) (t)‘ < L.BN.
te D(0,p)

(2) Moreover, in the previous case, B (f) can be analytically continued to a domain Ag s xD (0,r)
if and only if for allj € N™, B (ﬁ:,) can be analytically continued to Ag s and if for all compact
K C Ags, there exists B,L > 0 such that for all j € N*, sup ’B (FJ) (t)‘ < LB,
(3) Moreover, in the latter case, there exists A\, M > 0 such t}t;;;
V(Ly) € Aus x D (0,1), [B(f) (t,y)] < M.exp (AJt)
if and only if there exists A, L, B > 0 such that for all j € N",
Yt € Ags, ‘B (FJ) (t)‘ < L.BY exp (A J¢))
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The third point gives the link between 1-summability in some direction and weak 1-summability in
the same direction, and can be reformulated as follows.

Corollary 2.22. Let
fley) = > F)y €Clzy]

jeNn

be a formal power series. Then, f is 1-summable in the direction 0 € R, of 1-sum f € O (Sp.x), if and
only if the following two conditions hold:

° f is weakly 1-summable in the direction 0, i.e. there exists A, 0, p such thatVj € N™, FJ H s < 00
A,0,6,p
o the power series Z HFJH yd is convergent in some polydisc D (0,r).
& 70.5.0
Proof. This is an immediate consequence of Lemma [2.27] O

2.5. Some useful tools on singular linear differential equations.

For future reuse, we give here two results on the 1-summability of formal solutions of some singular
linear differential equations with 1-summable right hand side, which generalize a similar result proved
in [MR82] (Proposition p. 126).

b‘ < +0o0
B

with the associated domain Ng s, as in Definition [2.8 for some 5,d,p > 0 , and let by be its 1-sum.
Let also a, k € C.

(1) Assume that k € C\ {0} is such that dy, := dist(—k,Ngs,,) > 0 and
Bdy > |1 — ak|

Proposition 2.23. Let b be a formal power series 1-summable in the direction 0, such that

Then, the differential equation

(2.3) xzt;—dz () + (1 + ax) ka (z) = b ()

has a unique formal solution a such that a(0) = %I;(O) Moreover, a is 1-summable in the
direction 0, and

X B
< =

B

Finally, the 1-sum ag of G in the direction 6 is the only solution of
d
x2% () + (1 + ax) kag (z) = by (x)
47

which is bounded in some Sy € Sp x.
(2) Assume that R (k) > 0. Then the reqular differential equation

(2.5) x;l—‘l; (z) + ka (z) = b(z)

admits a unique formal solution a(x) = Zajxj € Clx] which is also 1-summable in the

j=0
direction 0, of 1-sum ag. Moreover, ag is the only germ of solution of the differential equation
da
— k =b
o5 (@) + ha () = by (1)

which is bounded in some Sy € Sp x.

Proof.
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(1) Since b is 1-summable in the direction 6, we can choose p > 0 and § such that B (l;) can be

analytically continued to (and is bounded in) any domain of the form Ag 5 ,ND (0, R), R > 0.
Let us apply the Borel transform to equation (23): we easily obtain

(t+ k) B(a) (£) + (ak — 1)/0 B(@) (s)ds = 5 (b) (1)

The derivative with respect to ¢ of this equation shows that B(a) is solution of a linear dif-
ferential equation, with only one (regular) singularity at ¢t = —k (but this singularity is not in
Ay 5., by assumption):

4B (@) o 8(0)
(t+k) " (t) + akB(a) (t) = ” (1)
) a5 (b)
Since B (b) can be analytically continued to Ag s ,, the same goes for & (t) and also for
B (a). Since B(a) (0) =a(0) = &ko), we can write:

+ dB (b
B(a)(t) = (t+k) " (8(0) .ka’“*1+/0 #(5).(8—&-@“’“1(13)

(t+ k)" (8 0) k1 4+ B (b) (t).(t+ k)" - B (b) (0) k1

—(ak —1) /Ot B (b) (). (s + k)2 ds)

(t+k)~* (B (b) (t) . (t + k)**?

—(ak —1) /OtB (5) (s).(s+ k)** 2 ds)

@) = B(t(j-)k(;)_(o‘k_l)'(t'Fk)ak/OtB(B)(S).(s—&-k)akzds

The fact that B (IA)) is bounded in any domain of the form Ag s, N D (0, R), R > 0, implies
that the same goes for B (a). Let us prove inequality ([24]). For all R > 0, for all Gevrey-1
series f € C [z, y] such that B (f) can be analytically continued to Ay s, we set:

ﬂR:: su%(O R){‘B (f) (t)exp(—ﬁ|t|)}}€RU{oo}
’ tE€EAg5,,N ,

Notice that HfH = sup {HfH } for all f as above, and that for all R > 0, lall5 p < +o0,
B R>0 B,R ’

since B (a) is bounded in any domain of the form Ag s, N D (0, R). Fix some R > 0, and let
t € Ngs5,, N D (0, R). From equation (Z6]) we obtain

(t+ k) B(a) (1) . exp (—Bt]) + (ak — 1) .exp (=B |t]) . / B(@)(s)ds = B (b) (1) .exp (~B1t]) -
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For —k ¢ Ag s, we have

1

B(a)(t).exp(=pt]) = ()

B(5) (1) exp (=51t

—(Oélf—1)-6Xp(—ﬂ|1ﬁ|)-/0 B(a) (S)dS] :

so that
IR [t]
B@©-expBID < o |[B], + tek = 11-hally oo =81 | exp(ﬁu)du]
< 1[8 ok — 1 fllyn s (1 - <ﬁ|t|>>}
— ak —1]. —(1—-ex
— dy B BB P
N k—1|.|la
< i“b} +|a | |a|ﬁ,R]
dy; B B
Finally,
1 - |0‘k_1|'||d||,8R:|
a < —|||b|| + —————= ,
lalye < 5 [JB], +
and then:

<5
Bdk_ |1—ak|

As a consequence we have:

. B 5

[ —

lalls < ga =T —an
Let us write b Zb /. A direct computation shows that the only formal solution of

7>0
b;
equation 2. is a ( Z a;x? where for all j € N, a; = ﬂ This formula indeed defines
J
7>0

a complex number a; for k ¢ Z<o. In particular, we see immediately that & is Gevrey-1,

because the same goes for b. In other words, the Borel transform B (&) is analytic in some disc
D (0,p), p>0. In D(0,p), B(a) satisfies:

dii)()—i-kB(d)(t) = B(b) ) .

The general solution near the origin of this equation is

c 1 [t

_ - 7 k—1
y(t>_tk+t’f OB(b)(s)s ds, ceC.

In particular, the only solution analytic in D (0, p) is the one with ¢ = 0, i.e.
Lot
B(@) (1) = / B (b) (s) "~
0

B (5) can be analytically continued to an infinite domain, that we have denoted by Ag s,

which is bisected by Ry e (because b is 1-summable in the direction ). Therefore B () can
also be analytically continued to the same domain. Moreover, there exists § > 0 such that

Hi)HB < 400, i.e. forallt € Ag s p:

1B (b) ] < [ff], exp (312D -
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Thus we have:

R 1 It] X - o
lexp (=B [t]) B (a) (t)] < W/o lexp (=2 [t])] ‘B(b) (sel rg(t))’ ‘Sk 1ilk—1) arg(t) | 44
[t] R _
S | |§;(k) / |eXp (—BS)| ‘B (b) (Selarg(t))‘ Sm(k)*lds
t
(I
= | |én:(£>/ s s
t
b
p— —/B
R (k)

Hence, a is 1-summable in the direction 6.

3. 1-SUMMABLE PREPARATION UP TO ARBITRARY ORDER

The aim of this section is to prove that we can always formally conjugate a non-degenerate doubly-
resonant saddle-node, which is also asymptotically orbitally linearizable, to its normal form up to a
remainder of order O (xN ) for every N € Nsg. Moreover, we prove that this conjugacy is in fact
1-summable except for arg (+\).

Proposition 3.1. Let Y € SN giag be a non-degenerate diagonal doubly-resonant saddle-node which
is asymptotically orbitally linearizable, with DY = diag (0,—X,A), A # 0. Then, for all N € Ny,
there exists a formal fibered diffeomorphism WN) tangent to the identity and I1-summable except for
arg () such that:

(\IJ(N))* Y) = ai (( ()\ +d@® (y1y2)) + a1x) + INF(N) (=, y)) " a(z
+ (344 ) + 0az) + 25 (2.) yza%
= Y@

)

where A € C*, (a1 + az) = res (V) € C\Q<o, d™) (v) € C{v} vanishes at the origin, and Fl(N), FQ(N) €
Clz,y] are 1-summable except for arg(+N), and of order at least 1 with respect to'y. Moreover, one
can choose d® = ... = dWN) for all N > 2.

Remark 3.2.
(1) Observe that this result does not require the more restrictive assumptions of being “strictly
non-degenerate” (i.e. R (a1 + az) > 0) defining the set SN g C SN giag-
(2) As a consequence of Corollary 216 the 1-sum \I/éN) of (V) in a direction 0 # arg (£)) is a
germ of sectorial fibered diffeomorphism tangent to the identity, i.e. qléN) € Diffap, (Sp,x, 1d),
which conjugates Y to the 1-sum YG(N) of YV) in the direction 6.

In order to prove this result we will proceed in several steps and use after each step Proposition [Z.15]
and Corollary [Z16] in order to prove the 1-summability in every direction 6 # arg (£A) of the different
objects. First, we will normalize analytically the vector field restricted to {x = 0}. Then, we will
straighten the formal separatrix to {y; = y2 = 0} in suitable coordinates. Next, we will simplify the
linear terms with respect to y. After that, we will straighten two invariant hypersurfaces to {y; = 0}
and {y2 = 0}. Finally, we will conjugate the vector field to its final normal form up to remaining terms
of order O (xN)

3.1. Analytic normalization on the hyperplane {z = 0}.



DOUBLY-RESONANT SADDLE-NODES IN (C?’,O): SECTORIAL NORMALIZATION 22

3.1.1. The transversally Hamiltonian case.

Proposition 3.3. If Y € SNgiag is transversally Hamiltonian, then Y is asymptotically orbitally
linearizable.

Proof. Let us consider more generally a diagonal doubly-resonant saddle-node Y € SN giag such that
Y|{z—=0} is a Hamiltonian vector field with respect to dy; A dya (this is the case if Y is transversally

Hamiltonian): there exists a Hamiltonian H (y) = Ay1y2 + O (Hy|\3) € C{y}, such that
0 OH 0 OH 0
y =22 2L _E L F (& R <
Pt (-5t eh @) ot (G +aR @) o)

0 -1
1 0 )EMg((C) and

VH := "(DH), then Y|{,—0y = JVH. According to the Morse lemma for holomorphic functions,
there exists a germ of an analytic change of coordinates ¢ € Diff ((C2, O) given by

y=rw) ~ e =(n+0(Iv1).5+0(Iv1?)) .

such that H (y) := H (7' (¥)) = y1y2. Let us now recall a trivial result from linear algebra.

where Fy,F, € C{z,y} are vanishing at the origin. If we define J := (

0

Fact. Let J .= ( 1

_01 ) € M5 (C), and P € M5 (C). Then, PJ'P = det(P) J.

As a consequence we have:

Corollary 3.4. Let H € C{y} be a germ of analytic function at 0, Yy := JVH the associated
Hamiltonian vector field in C? (for the usual symplectic form dyy Adyz ), and an analytic diffeomorphism
near the origin denoted by ¢. Then:

o« (Yo) = (Dgp ) <p71) . (YO o <p71) = det (D(p o gp*l) JVH ,
where H := Ho o~ 1.
As a conclusion we have proved that Y is asymptotically orbitally linearizable. O

3.1.2. General case.
Now, we consider a vector field of the form:

Y =2 S (O R ) o 2P 3) 5+ (b)) 1+ o (3 5

with h (y) € C{y} vanishing at the origin of C?, and Fy, F, € C {x,y} also vanishing at the origin of
Cs.
Proposition 3.5. Let Yy be a germ of analytic vector field in ((C2, O) of the form
0 0
Yo = (A+h iy — -
0 (A+ (Y))< y18y1+y28y2) ;
with h € C{y} vanishing at the origin. Then there exists ¢ € Diff ((C2, 0, Id) such that
0 0
* Y = )\ d — e J— ,
6.00) = () (-npe + e )
with v := y1y2 and d € vC {v}.

Proof. We claim that ¢ can be taken in the form

o(y) = (yle’V(Y),ygeV(Y)) ,
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for a conveniently chosen v € C {y}. Indeed, let us study how such a diffeomorphism acts on Y. Let
us write U := (A+h(v)) and L := (—ylﬁ +y2%), such that Yy = UL. An easy computation
shows that

¢« (Yo) = ¢.(U.L)

(U-Q=Lr(y))]es )L,
where L}, is the Lie derivative of associated to L. We want to to find + such that the unit
D:=[UQ1~Lr(m)]o¢™"

is free from non-resonant terms, i.e. is of the form

D=X+dyiye) = A+ di (yiy2)" .
E>1

X
Notice that if a unit W = Z Wi (y192)" C{y} is free from non-resonant terms, then:
k>0

Wop l=W
L (W)=0

Thus, let us split both U and ~ in a “resonant” and a “non-resonant” part:

U= Urcs + Unfrcs
Y = Vres + Tn—res

where
Unfrcs = Z Uk17k2yfl y§2
k1#k2 .
Urcs = EUk,k (ylyQ)
k

k1, k
Tn—res = E Ve1, kY1 Yo
k1#k2

Yres = E’yk,k (yly?)k
k

Then the non-resonant terms of U (1 — Ly, (7)) are
(Un—res - (Un—res + Ures) EL (/Yn—res)) o ¢_1 .

Hence, the partial differential equation we want to solve is:

Unfrcs

One sees immediately that this equation admit an analytic solution (and even infinitely many solutions)
~v € C{y}, since the unit U € C {y} is analytic. O

Finally, we can assume that Y is actually of the form:

Y =2 4 (A ) +aTi 3) 5+ (O + (@) v+ 5T (03) 5

with v := y192, d(v) € vC {v} vanishing at the origin of C, and T1,T» € C{z,y} both vanishing at
the origin of C3.

3.2. 1-summable simplification of the “dependent” affine part.
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3.2.1. Statement.
We are studying vector fields of the form

0 0 0
(3.1) Y:x2%+(—)\y1+f1 (l’,}’))a—yl+()\y2+f2 ($7Y))6—y2 :

with

fa(z,y) =d(y1y2) y2 + 212 (z,y)
where d (v) € vC{v} and T1,T> € C{z,y} are of order at least 1.

{fl (x,y) = —d (y1y2) y1 + 2T (,y)

Proposition 3.6. Let Y € SN giag be a doubly-resonant saddle-node of the form
0 0 0
Y =2?2— + (=X — + (A —
€ ax+( y1+f1(x’y))8y1+( y2+f2($7Y))ay2 )
where f1, fo € C{x,y} are such that f1 (z,y), f2(z,y) = O (H(z,y)”z) Then there exists 41, 92, 1,
b2, B1, B2 € 2C [x] which are 1-summable except for arg (+\), such that the formal fibered diffeomor-
phism

b (@92 = (2,00 (@) + (14 @ (@) g+ B () 2, 52 (2) + Gz (@) g + (14 By () w2)
(which is tangent to the identity and 1- summable except for arg (£N)) conjugates Y to
. B . 0 ~ 0
&, (V)= 22 L (—)\ F)— ()\ F)—
Y)== or (=A+a1z)y1 + Fi (z,y) o + (A +azz)y2 + F2 (2,y) 99
where a1,as € C and Fl, BeC [x,y] are of order at least 2 with respect to'y.
Remark 3.7. Notice that Fy, F, are 1-summable except for arg (). Moreover, (i)|{m:O} = Id, so that
F;(0,y) = f; (0,y) for i = 1,2. Finally, the residue of ®, (Y) is a; + as.
We postpone the proof till subsection [3.22.3 It is based on the next technical lemmas.

3.2.2. Technical lemmas.

Lemma 3.8. There exists a pair of formal power series (1 (z), 2 (z)) € (zC[z])* which are 1-
summable except for arg (£X), such that the formal diffeomorphism given by

Oy (2,51, 92) = (.91 — 1 (2) ,y2 — G2 (2)),
(which is 1-summable except for arg (£\)) conjugates Y in (31) to

. 0 0 0
. 2_ _ ~ - A~ -
(3:2) Vile,y) =2t gn+ (M + g @ 3) 5o+ e+ 2 (09) -

where g1, g2 are formal power series of order at least 2 such that g1 (z,0) = ga (2,0) = 0.
Remark 3.9. Notice that g1, go are 1-summable except for arg (+)).

In other words, in the new coordinates, the curve given by (y1,y2) = (0,0) is invariant by the flow
of the vector field.

Proof. This is an immediate consequence of an important theorem by Sibuya on the summability of
formal solutions of irregular differential systems [Sib90, p233]. This theorem asserts the existence and
the 1-summability in every direction 6 # arg (+)), of §1 and §2, defined as the unique formal solution
of

d
fﬂzél—z;l ==y (@) + f1 (2,41 (2) 92 (2))
Y
$2d—; =2 () + f2 (@51 (2) , 92 (%))
such that (91 (0),92(0)) = (0,0). The 1-summability of §; and g2 comes from Proposition [ZT0l O

The next step consists in putting linear terms with respect to y in “diagonal” form.
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Lemma 3.10. There exists a pair of formal power series (p1,p2) € (C [x])® which are 1-summable
except for arg (£A), such that the formal fibered diffeomorphism given by

Dy (2, y1,y2) = (z,y1 + xP2 () y2, Y2 + p1 () 1)

(which is tangent to the identity and 1-summable except for arg (£))) conjugates Y1 in B2), to

Y/2 (33,}’) = 172% + ((—)\ + xaq (.I)) Y1+ f{l ($7y)) aiyl
(3.3) + (A 22 (2) 2 + 2 (2, ) aiyg

where a1, as, fll, flg are formal power series and fll, flg are of order at least 2 with respect to'y.
Remark 3.11. Notice that aq, aso, fll, flg are l-summable except for arg (+X).

Proof. Let us write

01 (z,y) = zby (x) y1 + zé1 (2) y2 + G1 (z,y)
G2 (z,y) = xéo (x) y1 + xb2 (2) y2 + G2 (z,Y)
where by, by, é1, é2, G1, G are formal power series 1-summable except for arg (£A), such that G1 and

G5 are of order at least 2 with respect to y. Let us consider the following irregular differential system
naturally associated to Y7:

(3.4) xzj—z () =B(2)z(z) + G (2,2 () ,

where
s = (L i, ) e = (G0

We are looking for

- - 1 xpa ()
P(z) = ( 1 (2) 1 € GLy (C[z]) ,
where p1, pa are formal power series in z, 1-summable except for arg (+\), such that the linear trans-
formation given by z () = P () y (z) changes equation ([B.4) to

x2j_z: () =A (z)y (2) + H (z,y (2)) )
with
. =X+ za (z) 0 2 _( Hi(z,y (@)
A= (ML ) Beve = (GEYen)

and @1, ao, Hy, H, are formal power series in #, 1-summable except for arg (£N).
We have

P (@) =P @) <B<w>f’ (@) -5, @) y (@) +P @) G (0P @)y @)

and we want to determine A (z) and P (z) as above so that
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This gives four equations:

ao (z) = ba (z) + xéa () P2 (x)

(3.5) x“‘d—? (2) = (27 + abz (2) — @ = aby (2)) Pr (@) + &2 (2) — 2261 (2) o (@)
2 D2 (0) = (<20 +aby () — @ — abo (1)) o &) + &1 () — 2% (@) (0)”

Thanks to the theorem by Sibuya on the summability of formal solutions of irregular systems [Sib90],
we have the existence and the 1-summability except for arg(+\), of p1 and po: (P1 (z),pe (z)) is
defined as the unique formal solution of

xd% (2) = (22 +abz (2) =2 = ab1 (2)) P1 (@) + &2 (2) — 2%1 (2) fu (@)°

3:2% (r) = (_2/\ + by () —x— zbo (I)) P2 (z) + é1 (x) — 2”63 () Po (‘T)Q

such that

(p1(0) 2 (0)) = <_022A(0)612—(;))> |

Notice that @; and és are defined by the first two equations in (35). Finally, H is defined by
H(zy):=P@) G (v.P@)y).
and it is 1-summable except for arg (+\), by Proposition |
The goal of the last lemma is to transform a; (z) and as (2) in (33) into constant terms.

Lemma 3.12. There exists a pair of formal power series (G1,q2) € (C [x])* with ¢ (0) = g2 (0) = 1,

which are 1-summable except for arg (), such that the formal fibered diffeomorphism of the form
O3 (z,y1,52) = (2,41 (¥) Y1, 42 (2) 92)

(which, is tangent to the identity and 1-summable except for arg (£))) conjugates Yz in B3), to

0 A 0
_ 2 _ -
}/3(‘I7Y) = Z 8I+(( )\+0,1I)y1+F1 (Iay)) ayl

. 0
+ (()\—Faﬂ?) Y2 + I (337}’)) (9_,7;2 )

where Fy, Fy are formal power series of order at least 2 with respect to'y and (a1, az) = (a1 (0), s (0)).
Remark 3.13. Notice that Fy, F are 1-summable except for arg (£).

Proof. We can associate to Y5 the following irregular differential system:
d

2?2

dzx

and we are looking for a change of coordinates of the form z (z) = Q () y (z), where

Q)= (5 1) ectaclD

g2 (
with ¢ (0) = ¢2 (0) = 1, such that the new system is

$23_Z () = A(2)y (z) + F (z,y (z)) ,

A+ aiz 0 - By (z,y (2))
A= (TN ) Pev@-(5EN0))
and (al, ag) = (dl (0) ,dg (0))

(@) =A@)z(@)+H(z,z(x)) |

with
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We have
20— Q- (A (1) Q) 2?5 "”) y(@) + Qo) H (7, Qa)y(@))
—\+ aT:z: 0
( 0 A+ axz >
so that

and we obtain:

Qd_q;cl< ) = 2q1(2) (a1 (z) — ar)
29 (0) — o (o) (02 () — )
(o) = o) (L=

= @( )= as (z) — ag
1 T G2(z) z

= ) T 4o (5) — as , if we set ¢1 (0) = G2 (0) =1,
Go(x) = exp d
0
xz A . p— . A . p— .
and the expression / Mds, for j = 1,2, means the unique anti-derivative of m
0 S S
vanishing at 0. Since a; and a2 are 1-summable except for arg (+X), the same goes for ¢; and §o, and
then for F; and F5 by Proposition 215 O

3.2.3. Proof of Proposition [3.0.

Proof. We start by using Lemma [B.8in order to straighten the center variety to {y; = y2 = 0}, i.e. to
remove every monomial term independent of y in the component corresponding to 8%1 and aiz. Then,
we apply Lemma in order to put the linear part with respect to y into a diagonal form. Finally,
we use Lemma in order to obtain the final desired form for our vector field. Corollary finally

provides the 1-summability. 0

3.3. 1-summable straightening of two invariant hypersurfaces.

For any 6 € R, we recall that we denote by Fy the 1-sum of a 1-summable series F in direction 6.
Let 6 € R with 6 # arg (+)) and consider a formal vector field ¥, 1-summable in the direction 6 of
1-sum Yp, of the form

. 0 - 0 - 0
— 2 __ —

(3.) Vea gt (M@unt Ay) gt (@t B@y) 5
where:

e M\ (z)=-A+ax

o X (z) = A+ azx

e A#0

e aj,as € C
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o for j =1,2,

Fi(z,y)= Y, FEY(2)y"eClzyl]

neN?, |n|>2

is 1-summable in the direction 0, with 1-sum

Fjo(z,y) = Z Fine(z)y™.
neN?, |n|>2

In particular, there exists A, B,y > 0 such that for all n € N2, |n| > 2, for j = 1,2:
Bo (Fim) ] < ABMexp(ult)

for some p > 0 and € > 0 such that (R.A) N Ag. = 0 (see Definition [Z for the notations).
Notice that F} ¢ is analytic and bounded in some sectorial neighborhood § € Sy . attached to
the origin.

YVt € Agﬁeﬁp,

Proposition 3.14. Under the assumptions above, there exists a pair of formal power series (él,é2> €

(C [z, yﬂ)Q, of order at least two with respect to'y, which are 1-summable except for arg (£\), and such
that the formal fibered diffeomorphism

(i)(x7Y):(Iayl+¢§1(x7Y)ay2+é2(Iay)) )
(which is tangent to the identity and 1-summable except for arg (+X)) conjugates Y in (Z4) to

9
b2 ) ’

- 0 . 0 .
— .2 _ _
Yprcp =T 890 + (( )\ + alx) + Rl (337}’)) Y1 5y1 + (()\ + CLQI) + RQ (.I,y))

where Rl, RyeC [z,y] are of order at least one with respect to'y.
Remark 3.15. Notice that Ry, R, are 1-summable except for arg (£A).

Proof. We follow and adapt the proof of analytic straightening of invariant curves for resonant saddles
in two dimensions in [MM80].We are looking for

‘I’($7Y):(Ucayl+1&1($=Y)=y2+1&2($=Y)) ’
with 1&1, 1&2 of order at least 2, and Rl, Rg as above such that:

‘il* (Yprcp) = Y )

i.€.
(3.7) DV - YVyep = YoU
Then, we will set ® := 1. Let us write
T = y1R1 = Z Tl,n (z) y"
[n|>2
T2 = y2R2 = Z TZn(a:)y“
[n|>2
b= > a2y
In|>2
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so that equation (3.1 becomes:
81])1 81/}1 A 81/;1 -
2 oYL oYL
e 53 <1+ o ) ()\1 () y1 + 21)+ vs ()\2 ($)y2+22)
=\ (2) (y1 + wl) + 5 (:c,yl + 1,y + zﬁg)

and

L0y 99
8x§+8—y12( ()yl+T1 < ) y2+T2)

=2 (1) (12 +2) + o (x,y14-¢u,y2+-¢2)

These equations can be written as:

Z <61;n(x)1/}17n (z) + 552%(5”) + Tl,n (@) y*

In|>2

=F ($7y1 + 11 (2,¥) Y2 + 1o (567}’)) - Tl(ib)g—zypll(%w - Tz(iﬁ)a—(%Y)

= Y Gin(@)y

In|>2

Z <62;n(x)1/;27n () + xzdﬁ%(x) + T2,n (@) y?

In>2
. X - N L
= Fo (w0 + 1 @)+ 2 09)) = Ta(0) G2 0y) — Fal) G 2 o)

= > Gy

[n|>2

where 0; n(2) = A1 ()11 + Xa(z)ng — A\j(z), j = 1,2. Notice that we are looking for 71, T such that

Tin=0 ,ifn, =0
Tom=0 ,ifng=0
and that (jn, for j = 1,2 and |n| > 2, depends only on the ¥ix’s and the Fjy’s, for i = 1,2, |k| < n.
We can then determine the coefficients ¢, and 7T}y, j = 1,2, |n| > 2, by induction on |n|, setting
TLHZO ,ifm:()
Tom=0 ,ifny=0
Pia=0 ,ifn >1
7/;2,11:0 , ifng >1

and solving for each n = (n1,n2) € N? with |n| > 2, the equations

Bran(@) 1 () + 22 T2 (1) = G (0) i = 0
5211'1(17)1[)21“ (117) + 1172 dﬁin (.I) = <2,n (.I) , if ng = 0

Lemma 3.16. There exists 3 > 0, M > 0 such that for all n € N? with |n| > 2, and for j = 1,2,

[Gimllg < +o0 and:
[snl], < M lGlls

where the norm corresponds to the domain Ngc ,.
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Proof. For n = (n1,n9) € N2 with n; + ng > 2 we want to solve:
Sn(x) =A(x) (1 — 1)+ Ae(z)ng = A(n2 + 1) + = (—ay + aznz) ,ifn; =0
don(z) =X2(z) (N2 — 1)+ M(x)n1 = =A(m1+ 1)+ z(—az+an) ,ifny=0

Notice that we are exactly in the situation of Proposition 2.23] In particular, using notations of said
proposition, we respectively have:

(—a1 + azng)

A (ng + 1) ’

dr, = min{|A (n2 + 1)| — p, |A (n2 + 1)||sin (8 +€)|, [A (na + 1)]| |sin (6 — €)|}
(when ny = 0)

k:/\(ng—l—l),a:

and

(—az2 +a1m)

—A (n1 —|— 1) ’

dr =min{|A (n1 + 1)| — p, [A (n1 + 1)| [sin (8 + €)|, |\ (n1 + 1) |sin (6 — €)|}
(when ny = 0).

k=-A(mi+1),a=

We can chose the domain Ag . , corresponding to the 1-summability of Fy and F, with 0 < p < |A|, so

that dj > 0, since € > 0 is such that (R.\) N Ag . = (). Finally, we chose
S 1+ |a1| + |az|

min {|A| — p, [Asin (8 + €)|, |[Asin (0 — €)[}

>0

such that HF1H5 ,

FQHﬁ < 400. This choice of 8 implies that Sdi > |1 — ak| as required in Propo-
sition 2.23] in both situations. Since (jn, for j = 1,2 and |n| > 2, depends only on the z/AJLk and the
}A?'l-ﬁk, for i = 1,2, |k| < n, we deduce by induction that

HCl,nHB < +00 B lf ny = O

[Cemllg <+oo ,ifne =0
and then, thanks to Proposition

; )
< [¢1nll

5 ﬁ(l)\l—p)—(é+|a1|+|a2|) ?

B = B(A —p)— A+ a1] + |a2|)) '”CQ,nHﬁ

1Z)l,n

1Z)2,1’1

The lemma is proved, with

( )
/Bmln{|A| p7 |)\SIH(E €)|,|)\SIH(E €)|} (1 |a’1| |a2|)
D

__In order to finish the proof of Proposition B.I4l we have to prove that for j = 1,2, the series
Y H%’“
neN?

this by using a method of dominant series. Let us introduce some useful notations. If (%B,]-]) is a

5 y" is convergent in a poly-disc D (0,r), with r = (r1,72) € (R>0)2. We will prove

normed vector space, for any formal power series f (y) = Z fay™ € B [y], we define f := Z I fall ¥,
n n

and ?(y) = f(y,y). Ifg= Zgny“1 € B [y] is another formal power series, we write f < g if for all

n
n € N2, we have || fu|| < ||gn||- The main result needed is the following lemma.
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Lemma 3.17. [MMS80] For j = 1,2, let f; = Z finy™ € Byl be two formal power series with
In|>2
coefficients in a normed vector space (B, ||-||), and of order at least two. Consider also two other series

gj = Z ginY" € B{y}, j = 1,2, of order at least two, which have a non-zero radius of convergence
In|>2
at the origin. Assume that there exists o > 0 such that for j =1,2:

of;i <75 (1 + 1,92+ f2)

Then, f1 and fo have a non-zero radius of convergence.

Proof. The inequality above means implies that

= 1_ = = = =
7= =3 (v+ Fo+ Foy + 11+ 1)
and then

|
-
+
|
V)

= %(51 (94‘71 +?2ay+71 +72) +9 (9‘1‘71 +72,y+?1 +72))

1 — = = — = =
= 3 (91 (y+f1+f2) + 92 (y+f1+f2))
Since g, g, are convergent at the origin, and of order at least two, there exists A, B > 0 such that for
j=1,2
Ay?
1— By ’

1 = =
= (g, + 92) =
o

and therefore

Y (R A
(i +72) < 570 T)

= = 2
Ay (3 (y+T0+72))
1—By(§ (y+?1 +72))

1
Y

N—

<

If we define u = Z Upy" =

n>1

(?1 + ?2), we have just proved that

< | =

Ay (1 + u)?
1-By(1+u)
The idea is now to compare u with the solution v = Z vpy" of
n>1
Ay (1 +v)?
1-By(1+wv)

It is easy to see that v is convergent at the origin, for it is solution of a polynomial equation of degree
two:

(3.9)

—(A+B)v*+(1-(24+B)y)v—Ay=0

Moreover, v; = A, and for each n > 1, v, = P,, (v1,...,vp—1) , where
n—1
Pn (v1y..50n-1) = 24+ B)vp—1 + (A + B) Z VgUn—k
k=1
is a polynomial in the n — 1 variables (v, ..., v,—1) with positive coeflicients. If we choose A such that

A > uq, it follows from B9) that for all n > 1:

Un Spn(ula--'aun—l)
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and then, v by induction on n and using the fact that P, has positive coefficients, that:

unSPn(ula"';unfl)Spn(vlv"'vvnfl):vn

3

32

and finally u < v. Since v has a positive radius of convergence, the same goes for u, and for 71 and 72

as well. The lemma is proved.
It remains to prove that there exists o > 0 such that for j =1, 2:
oty < Fy (1 + G112 + )
Remember that there exists M > 0 such that for j =1,2:

[sn]], < ALl

where

(=) CQalx)y"

In|>2

|
~

=B (x,y1 + 11 (,y) Y2 + 1o (I,Y)) - (x)a—yl(%}’) - T2($)a—y2($73’)
G2 = Z C2,n(x)yn
In|>2

= By (4 01 @3) s+ (03) = i) 52 00y) — Tale) 52 (0,)

If we set 0 := ﬁ, then we have

o1 <G < I (xuyl + 1 (2,y),y2 + 2 (907}’)) + Tl(iﬁ)a—;/}_ll(%w + Tz(iﬂ)a—;ﬁ(%w
72 < G < Fa (o1 + 91 (03) 02+ 2 (22)) + Ti0) 32 0,3) + o) 5 2 29)
Moreover, we recall that
TLHZO ,ifm:()
Tom=0 ,ifny=0
bin=0 ,ifm>1
7/;2,11:0 , ifng >1
so that we have in fact more precise dominance relations:
ot <G < Fy (2,91 + 91 (2,y) ,y2 + 2 (2,y)
oty < G < Fa (2,91 + 11 (2,y) ,y2 + 2 (2,y)
It remains to apply the lemma above to conclude.
Remark 3.18. In the previous proposition, assume that for j = 1,2,
Fjey)= Y F@y"
neN? |n|>2
in the expression of Y satisfies
EV0)=0 ,vn=(0,n)|ng>2
EP0)=0 ,vn=(n,0)|n, >2
Then, the diffeomorphism d in the proposition can be chosen to be the identity on {z = 0}, so that

{Rl (z,y) 0,y) + 251 (z,y)

:Fl
RQ(Iay) :F2(07Y)+x‘§2(xay) )

O
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where S1,5, are 1-summable except for arg(+\) and F (0,y),F» (0,y) € C{y} are convergent in
neighborhood of the origin in C2. Indeed, we easily see by induction on |n| = n; +mns > 2 that ¥y and
1/32 can be chosen “divisible” by x, and that (1, (2 are such that ;n () is also “divisible” by x for j =1
and n; = 0, and for j = 2 and ny = 0.

3.4. 1-summable normal form up to arbitrary order N.
We consider now a formal non-degenerate diagonal doubly-resonant saddle node asymptotically
orbitally linearizable, 1-summable except for arg (+\), of the form

. 0 A 0
Yprcp = I2% + (_)\ + a1z — d (2/1242) + ISl (x7Y)) y16—y1
+ (/\+a2x+d(y1y2) + xS (337}’)) yza—yQ )
where:
e A e C\{0};

e 51,5 ¢eC [z, y] are of order at least one with respect to y and 1-summable except for arg (£\);
® g :=res Yprcp) =a1+a2 ¢ Q<o ;
e d(v) € vC{v} is the germ of an analytic function in v := y;y2 vanishing at the origin.

As usual, we denote by Yprep,s,Si,9,52,6 the respective 1-sums of Y, gl,S’Q in the direction 6 #
arg (+£X). Let us introduce some useful notations:

Yorep = Yo+ DC+ RR ,
where
° C:= —yla%l +y23%2
o R:=yi55 +y250
Yo =XC+zu (x% + a1y1% + ang%)

So — Sy

is l-summable in the direction

D (z,y) = d(y1y2) + 2DY (z,y) = d (y1y2) + =

0 # arg(+)\) of l-sum Dy : it is called the “tangential” part. Dy is also dominated by
llyl| = max (|y1|, ly2]) (D is of order at least 1 with respect to y).

So+ S
R(z,y) = zRW (z,y) =z % is 1-summable in the direction 6 of 1-sum Rp: it is

called the “radial” part. Ry is also dominated by |ly||., = max(|y1],|y2]|) (R is of order at
least one with respect to y).

The following proposition gives a 1-summable normalization up to any order N with respect to z.

Proposition 3.19. Let

Yprcp - }/O + DC + RR

be as above.
Then for all N € Ns there exist d™) (v) € C{v} of order at least one and ®™) € Diffg, (C3,0,1d)

which conjugates }A/prep (resp. its 1-sums Yprep.o in the direction ) to

Y™ = Yo+ (a (ige) + 2D (,y)) €+ 2V R (2,y) R
(resp. YQ(N) = Yo+ (d(N) (y1y2) + xND(iN) (z, y)) C+ xNRéN) (z,y) R) ,

where D), RIN) qre 1-summable in the direction 0, of order at least one with respect to'y, of 1-sums
D((,N)7 RéN) in the direction 6. Moreover, one can choose d® = --. = d™N) for all N > 2, and dV) = d.
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Proof. The proof is performed by induction on .

e The case N =1 is the initial situation here, and is already proved with ffprep =y,
e Assume that the result holds for N € Nyg.
(1) We start with the radial part. Let us write

RN (z,y)= > RN () yys?
ni+n2>1

and

N N
Ried (0,u) = 3" RYY) (0)
k>1

We are looking for an analytic solution 7 of the homological equations:
(3.10) Ly (1) = —zVR™) ¢ (xN“R(NH)) oA,
Ly () = VB4 (@RS ) on
for a convenient choice of RIN*1) RéNH), with

Ar (2,y) == @k (2,y) = (z,y1exp (7 (2,Y)) , y2 exp (7 (2,¥))) ,
and

Nl () + 2V (y)

T(x,y)=1
where 7y (y) = Z Ty inyi ys?. Notice that A, is the formal flow of R at formal time
J1#J2
7 (2,y).
If we momentarily admit that such an analytic solution 7 exists, then A, is a germ of
analytic diffeomorphism fixing the origin, and since it is fibered, its inverse A= is also

fibered. If we consider d¥) and D) such that
AN (z129) + 2N DW) (2,2) = (d(N) (1192) + N DI (z,y)) o A7 (z,2)

dNHD (2129) + xNﬁg(N) (1,2) := (d(N) (y1y2) + xNDéN) (x,y)) oAt (x,2),

then the two equations given in (I0) become
(Ar), (Y(N)) = Yo+ (d(NH) (2129) + 2N DIV (:c,z)) C
+2VH RO (2. 2) R
(Ar), (Ye(N)> = Yo+ (d(N+1) (2122) + 2 DY) (:c,z)> C
2N RN (2 2) R
Indeed:

Ly v ()
DA, - Y™ = | Ly (y1exp (7 (z,y)))
Ly (y2exp (7 (2,y)))

2

= Ly (W) +91(Lyw (7)) exp (7 (z,y))
(Lyw (y2) +y2 (Ly o (1)) exp (7 (2,))

= (Yo + (d(N“) + xNﬁ(N)) C+ :ENHR(N“)R) oA;(z,y) .

These computations also hold with the corresponding 1-sums of formal objects considered
here, i.e. with YQ(N), D((,N)7 ﬁéN), R((,NH) instead of Y V), D(V) | ﬁ(N), R(N+D) respectively.



(3.11)

DOUBLY-RESONANT SADDLE-NODES IN (C?’,O): SECTORIAL NORMALIZATION 35

We use Proposition 2.15] to obtain the 1-summability of the objects defined by composi-
tions.
Let us prove that there exists a germ of analytic function of the form

£L'N_1

7(z,y) = 70 (ny2) + 2 (y)

of order ate least 1 with respect to y at the origin, with
T(y) = D Ty
J1#J2

satisfying equation ([BI0). This equation can be rewritten

or or
20T (. 4™ _Npm N R(N) or
7 5p (A @ =™ () — 2N DN y) + VRO ) ) g
or
+ ()\ + agz + dN) (yry2) + 2V D) (2, y) + 2V RWY) (z, y)) y28—yg

— _sNRM) 4 (xN-i-lR(N-H)) oA, |
or equivalently
2?9+ a1$y186—1;1 + G2Iy2§—;2 + (A +dN) (y1y2) + 2N DW) (2,y)) Le (1)
+ (@R (2,y)) £r (1) = —e¥ RN 4 (2N TRV ) 0 A,

Let us consider terms of degree N with respect to x:
(N = 1)70 (y1y2) + (a1 + a2 + 2651 RN (0,y)) y192 22 (y172)
+ (A + d) (y112)) L (1) = —RM(0,y)
(here dn 1 is the Kronecker notation). So, considering separately the terms of the forms
yi'y2? with j; = jo on the one hand, and with j; # j2 on the other hand, we have

dr
v (@1 +az + 2081 R (0,0)) S22 (0) + (N = 1) 70 (v) = —RER (0,0)

dv
T0 (O) =0

and
Le (1) = 1 (a1 +as +26n 1 RN (0 Y)) y1y2@ (Y1y2)
A+ dWN) (y192) ’ ’ du
+RM(0,y) + (N — 1) 7 (y1y2)>
T1 (0) =0.

Since RY) is analytic with respect to y, R&\Q (0,v) is analytic near v = 0. Furthermore,
as Rgs) (0,0) =0 and a1 +as ¢ Q<o, the first of the two equation above has a unique for-
mal solution 7y with 74 (0), and this solution is convergent in a neighborhood of the origin.
Once 1y is determined, there exists a unique formal solution 7 of the second equation
satisfying 7 (y) = Z T1,j1 s y'y?, which is moreover convergent in a neighborhood of
J1#j2
the origin of C? .
Therefore A, is a germ of analytic diffeomorphism fixing the origin, fibered, and conju-

gating Y™ (resp. YG(N)) to YN .= (A,), (Y(N)) (resp. 179(N) = (Ar), (YQ(N))).
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Equation BII)) implies that (Eyw) (1) + ZZTNR(N)) and (Ey(m (1) + xNRéN)) are di-
6

visible by V1, so that we can define:
- N p(N)
R(N+1) ({E,Z) — <£Y(N) (T) _;I R > o A;l (ZE,Z)
x
5 L. v (T) + CL‘NR(N)
BN (00) = | | oA (@2)

By Proposition 2.15], RWN+D) (Tesp. f)(N)) is 1-summable in the direction 6, of 1-sum
R((,NH) (resp. f)(SN) )

Finally, notice that d¥ Y o A, (0,y) = d™) (y1,92), 7(0,y) = 0 and then A, (0,y) =
(0,91,12) if N > 1, so that d¥*Y = d™) when N > 1.

Now we deal with the tangential part. Let us write

(N) 2 g
D (x,2) Dn1 o (
ni+na>1

and

Died (0,0) = 3" DY
k>1

Exactly as in the case 1 dealing with the radial part (the computations are actually easier
here), we can prove the existence of a germ of an analytic solution ¢ of the homological
equations:

L?(N) (0’) = —.IND(N) + (IN+1D(N+1)) o] Fg
Ly lo) = = DI (D) ors
for a convenient choice of DWV+1), D((,NH), with

Ty (z,2) := (z,y1exp(—o (x,2)) ,y2exp (0 (x,2)))

and
o (x,2) = 2Nty (2120) + 2N oy (2) )
where o7 ( Z 014, j»7" 2}, Notice that T, is the formal flow of C at formal time
172
o(z,2).

Again, as in the first case , I, is a germ of analytic diffeomorphism fixing the origin, and

since it is fibered, its inverse I'; ! is also fibered. If we consider RV+1) and R((,NH) such
that

RNV (z,y) = RNV ol ! (2,y)

R§N+1) ( R§N+1) oT!

x,7) (z,y) 5

then the two equations given in (BI2) imply that
(T,). (37(1\/)) - Yo+ (d(N+1) (y1y2) + &N HLDW+D (:v,y)) c
+2VH RV (2 y) R
(1—\0)* (f/e(N)) = Yo+ (d(N—i-l) (y112) +xN+1D§N+1) (:v,y)) c

+$N+1R£}N+1) (z,y) R
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In fact, we have to chose

- N (N
DN (y) = (EY(N) o & )> ol (z,y)
xr
Lo (o) + 2N DY)
Y, 0 _
DN (z,y) = — ol (z,y)

We use Proposition [2.15] to obtain the 1-summability of the objects defined by composi-
tions.

3.5. Proof of Proposition 3.1l
We now give a short proof of Proposition [3.1] using the different results provided in this section.

Proof. (of Proposition B

We just have to use consecutively Proposition (applied to Yy := Yj{z—0y), Proposition [3.6]
Proposition [3.14] and finally Proposition .19, using at each time Corollary 216 in order to obtain the
directional 1-summability. 0

4. SECTORIAL ANALYTIC NORMALIZATION

The aim of this section is to prove that for any Y € SN giag,o and for any n € [7r, 271'[, there exists

a pair
((I)+, (I)_) € Diffgy (Sarg(M)m, Id) x Diff gy, (Sarg(,i)\)m, Id)

whose elements analytically conjugate Y to its normal form Y;omm (given by Theorem [[H]) in sectorial
neighborhoods attached to the origin with wide opening. The existence of sectorial normalizing maps
@ and ®_ in domains of the form S} € Syrg(in),y and S— € Sarg(—in),y foralln € [ﬂ', 27r[, is equivalent
to the existence of a sectorial normalizing map ®¢ in domains & € Sy, for all § € R such that
0 # arg (£\). At the end of this section we will also prove that ®; and ®_ both admit the unique
formal normalizing map P (given by Theorem [[H]) as weak Gevrey-1 asymptotic expansion in domains
St € Sarg(iny,y and S— € Sug(—in),y respectively. In particular, this will prove that d is weakly
1-summable except for arg (+\).

We start with a vector field Y") normalized up to order N > 2 as in Proposition Bl First of all,
we prove the existence of germs of sectorial analytic functions ay € O (S;+),a— € O(S-), which are
solutions of homological equations of the form:

Ly (ax) =M AL (2,y) ,

where M € N and Ay € O(S4) is the weak 1-sum of a weakly 1-summable formal power series (see
Lemma [£6). In order to construct such solutions, we will integrate some appropriate meromorphic 1-
form on asymptotic paths (see subsection £.4). Once we have these solutions a4, «—, we will construct
the desired germs of sectorial diffeomorphisms as the flows of some elementary linear vector fields at
“time” a4 (x,y). After that, we will prove in subsection that there exist unique germs of sectorial
fibered diffeomorphisms tangent to the identity which conjugate Y € SN giag,0 to its normal form, by
studying the sectorial isotropies in sectorial domains with wide opening. Finally, we show in subsection
that these unique germs of sectorial fibered diffeomorphisms tangent to the identity admits the
unique formal normalizing map ) given by Theorem as weak Gevrey-1 asymptotic expansion.
We go on using the notations introduced in subsection B.4] i.e.

AeC

a1 + as ¢ QSO

C:= —yla%l +y23%2
o R:=yi55 +y250
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— 9 0 0
e Yo =XC+u (‘Tam + a1y1 5, + a2y2 6y2).
T
We fix, for € € |0, ) and r > 0, two sectors:

. T , T
St (rye):=8 (r, arg (i\) — 5 6 arg (iX) + 5 + e)

and
. 7T , 7r
S_(r,e)=S (r, arg (—i\) — 5 €, arg (—i\) + B + 6) .

Let us consider a 1-summable non-degenerate asymptotically orbitally linearizable doubly-resonant
saddle-node normalized up to an order N + 2 > 2:

YN+ = v+ (C (y1ya) + V2D (g, y)) C+ 2V PRV (2,y) R
(formal)
YV oy 4 (C (y1y2) + 2V 2D (2, y)) C+ a2 REYD (2,y) R

(analytic in Sy (r,€) x D (0,1))

where DIV+2) RIN+2) are of order at least one with respect to y, and 1-summable except for arg (£A):

their respective 1-sums in the direction arg (4i\) are DiNH), R(iNH), which can be analytically ex-

tended in Sy (r,€) x ((CQ, O). In order to have the complete sectorial normalizing map, we have to
assume now that our vector field is strictly non-degenerate, i.e.

R (a1 + a2)>0

Proposition 4.1. Under the assumptions above, for all n € |, 2w|, there exist two germs of sectorial
fibered diffeomorphisms

U € Diffgp (Sarg(ir),n:1d)
U_ € Diffg (Sarg(,p\)m, Id)

of the form

veiey) = (ay+o(IvIP))

which conjugate Yi(NH) to its formal normal form

0 0 0
Yoorm = 2% - 4 (-A+ a1z = ¢ (y132)) Vgt (A + a2z + ¢ (y132)) g
where ¢ (v) € vC{v} is the germ of an analytic function in v := y1y2 vanishing at the origin. Moreover,
we can choose V4 above such that

U (2,y) =1 (z,y) + NP (z,y) |

where PgtN) = (0, Py +, P> 1) is analytic in Sy (r,€) x ((C2, O) (for some r >0 and € > 5 ) and of order
at least two with respect to'y.

By combining Propositions Bl (with N > 2) and Tl we immediately obtain the following:

Corollary 4.2. Let Y € SNaiag,0 be a strictly non-degenerate diagonal doubly-resonant saddle-node
which is asymptotically orbitally linearizable. Then, for alln € |, 2w, there exist two germs of sectorial
fibered diffeomorphisms

(I)+ S Diffﬁb (Sarg(ik),’lw Id)
®_ ¢ Diffgy, (Sarg(—iA),na Id)
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tangent to the identity such that:

0 0 0

d.) (V) = 222 4 (- _ 9 o

(@1), (Y) T 6x+( Atarx C(ylyz))ylayl+(/\+a2x+6(y1y2))yzay2
- Ynorm 5

where A € C*, R (a1 +az) > 0, and c(v) € vC{v} is the germ of an analytic function in v := y1y2
vanishing at the origin.

As already mentioned, we prove later in this section that ®; and ®_ are unique as germs (see

Proposition [[T3), and that they are the weak 1-sums of the unique formal normalizing map ¢ given
by Theorem

4.1. Proof of Proposition [4.11
We give here two consecutive propositions which allow to prove Proposition [£.1] as an immediate
consequence.

Proposition 4.3. Let Yj(ENH) =Yy + DiC+ RLR, where

Dy (z,y) = c(y1y2) + $N+2D§:N+2) (z,y)
Ry (x,}’) _ IN+2R§:N+2) (x,y) )

with N € Nxg, ¢ (v) € vC{v} of order at least one, and DiNH), RQ’“’ analytic in S (r,€) x (C2,0)
and dominated by |yl . Assume that R (a1 + az) > 0.

Then, possibly by reducing r > 0 and the neighborhood ((CQ,O), there exist two sectorial fibered
diffeomorphisms ¢4 and ¢_ in Sy (r,e) x (C%,0) and S_ (r,€) x (C2,0) respectively, which conjugate
Y(N+2) ¢

+ 0
Yeir = Yo+CiC
where Oy (x,y) = Di o 3" (x,2). Moreover we can chose @4 to be of the form

o+ (r,y) = (z,y1exp(p+ (2,¥)),y2exp (p+ (7,y))) ;

N+1p, (z,y) and p+ is analytic in Sy (r,€) x (C2,0) and dominated by |ly| .-

where py (x,y) =z
Remark 4.4. Notice that ¢ is of the form
o' (z,2) = (7,21 (L+ 2V T (2,2)) , 22 (1 + 2V T (2,2))) ,

where ¥ is analytic in Sy (7, €) x (C?,0) and dominated by ||z .. Consequently:

Cy (x,2) = c(z122) + xN“Cj([NH) (x,2) ,
where ¢ is the same as above and Cy is analytic in Sy (r,€) x (C2,0) and dominated by [|z]| .
Proposition 4.5. Let Y¢ 4 =Yy + C+C, where

Cy (x,2) = c(z122) + xN+1C'(iN+1) (z,2) ,
with N € Nsg, c(v) € vC{v} of order at least one, and CiN—H) analytic in Sy (r,e) x (C%,0) and
dominated by ||z|| ., . Assume R (a1 + az) > 0.

Then, possibly by reducing r > 0 and the neighborhood ((CQ,O), there exist two sectorial fibered

diffeomorphisms 1y and ¥_ in Sy (r,€) x ((C2, O) and S_ (r,€) X ((C2, O) respectively, which conjugate
YC,:I: to

Yiorm = Yp+c(v)C
Moreover, we can chose ¥+ to be of the form
Vi (2,2) = (z,z16xp (—xx (2,2)), 200xp (X (2,2)))
where X+ (z,2) = 2N Y4 (x,2) and X is analytic in S (r,€) x (C2,0) and dominated by ||z .
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If we assume for a moment the two propositions above, the proof of Proposition .1l becomes obvious.

Proof. (Proposition [£.1))
It is an immediate consequence of the successive application of the previous two propositions, by
simply taking W1 = 1 o p1 (with the notations above). |

4.2. Proof of Propositions [4.3] and
In order to prove Propositions and 5] we will need the following lemmas. The first one gives
the existence of analytic solutions (in sectorial domains) of a homological equations we need to solve.

Lemma 4.6. Let 7, =Yy + Cy (z,y)C + xR;l) (x,¥y) R, with Cy, R(il) analytic in S+ (r,€) x (C2,0)
and dominated by ||y| ., and let also Ay (z,y) be analytic in Sy (r,€) x (C2,0) and dominated by
l¥llo- Then for all M € N, possibly by reducing r > 0 and the neighborhood ((CQ, 0), there exists a
solution a+ of the homological equation

(4.1) Lz, (ay)= Ml AL (z,y) ,

such that a (z,y) = 2™ay (z,y), where a4 is a germ of analytic function in St (r,€) x ((C2, O) and
dominated by ||yl

We will prove this lemma in subsection[£.4l The following lemma proves that ¢+ and 1+ constructed

in Propositions and are indeed germs of sectorial fibered diffeomorphisms in domains of the
form Sy (r,€) x (C2,0).

Lemma 4.7. Let f1, g+ be two germs of analytic and bounded functions in St (r,€) X ((CQ, O), which
are moreover dominated by ||y||,.. Then

b+ 1 (2,y) = (v, y1exp (f+ (2,y)), y2 exp (9+ (2,¥)))

defines a sectorial fibered diffeomorphism analytic in Sy (r,€) X ((CQ, O) (possibly by reducing r > 0 and
the neighborhood (C2,0)).

Let us explain why these lemmas imply Propositions [£.3] and

Proof. (Propositions and (3]

It is sufficient to apply Lemma [£.6] with M = N +1, AL = —R;NH), at = p+ and Zy = Yj([NJrz)
for Proposition 4.3 and with M = N, Ay = C(NJrl , ar = x+ and Zy = Y 1 for Proposition [4.5]
Then we use Lemma [£.7] to see that ¢+ and 14 are germs of sectorial fibered diffeomorphisms on the

considered domains, and we finally check that they are the conjugacy we seek. With the notations
above:

£Yi<N+2> (z)
Dps YAV = | Ly (yrexp (px (2,Y)))
Ly we (y2exp (px (2,)))
22
= (ﬁyiww (y1) + w1 (ﬁyng) (Pi))) exp (p+ (7, Y))
(ﬁyiuvu) (y2) + 92 (ﬁyizwz) ) exp (pu (
22
= (A + a1z — Dy (z,¥)) 11 exp pi
(A+azz + Dx (2,y)) y2 exp (p (
(we have used £ YN+ (py) = N+2R N+2))

= Yo+CiC)opy (:v,y)
= Yetopt(zy),
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N+2
so that (¢4), (Yj([ * )) = Yc 4+ and then

EYC,i (‘T)

DYy Yoo = Ly , (z1exp (=x (v,2)))
Ly, ;. (22exp (x (z,2)))
.’L'2

= (ﬁYc,i (21) + 21 (‘CYC,i (X))) exp (—x (z,2))
(ﬁYc,i (22) + 22 (‘CYC,i (X))) exp (X (337 Z))

2

= (=X + a1z — c(2122)) z1exp (—x (x, 2))
(A + a2z + ¢ (2122)) 22 exp (X (2, ¥))
_IN+1O§[N+1))

(we have used Ly, . (x+) =
= (Yo+c(u)C)oys(z,2)
Ynorm o ¢i (‘T7 Z) )
so that (’L/)i)* (YC;I:) = Ynorm . -

4.3. Proof of Lemma [4.71

Proof. (Lemma [7)
We consider two germs of analytic functions fi,g+ in S (r,€) x (C?,0) which are dominated there
by [|¥]l ., and we define

¢+ (2,y) = (z,y1exp (f+ (2,Y)) , y2exp (9+ (7,y))) -

Let us first prove that ¢4 is into. Let x = (2,y1,y2) and X’ = (2/,y{,95) in St (r,€) x (C?,0) such
that ¢4 (x) = ¢+ (x'). Since ¢4 is fibered, necessarily = 2’. Then assume that (y1,y2) # (y1,y5),
such that

(1 = ¥1,92 = 9)ll oo >0
and for instance ||(y1 — y1,v2 — ¥5)|lo = |y1 — ¥i| > O (the other case can be done similarly). We
denote by Dy the derivative with respect to variables (y1,y2). According to the mean value theorem:
ef=(x) _ of=(x')

v sup 1Dy (/%) (@, 21, 22)]| . -

(21,22) €[ (y1,y2), (y},9%)]

Consequently we have:

0 = |yl —ylefx(x)

x fe(x

= [eEO yy — o] 1+ fyﬁ( ).efi( )= efs)
el Y1 — Y1
. g | [0 _ o)
/
> |ef() Jyr—w1| | 1— fi—l(x) . sup ||Dy (efi)(x,zl,ZQ)Hoo.
e (21,22)€[(y1.92). (¥4 .v5 )]

Assume that we chose ((CQ, O) = D (0,r) small enough such that fi is analytic in
St (rye) x D(0,3r1 +8) x D(0,3ry +6)

with § > 0 small. Without loss of generality we can take r = r2. We apply Cauchy ’s integral formula
to 21 — el=(®2122) for all fixed 25 , integrating on the circle of center 0 and radius 3r; = 3r5. Similarly
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we also apply Cauchy ’s integral formula to zg — ef+(®21:22) for all fixed z;, integrating on the circle
of center 0 and radius 379 = 371. Then we obtain

3
sup WMﬁw@@Msrm% sup O&MO,
(21,22)€[(y1,y2), (v .55)] ™ x€S4 (r,€)xD(0,r)

so that:

0 — }ylefi(x) _ yllefi(x/)

3
Jyr =il <1 — 1 oxp ( sup (2|f (X)I)))
x€S4 (r,e)xD(0,r)

Since fy (x) x:>0 0, we can choose r,71 and r3 small enough in order that:

ef£(x)

5 4
exp sup Clf+®D]<-<=
xES54 (r,e)xD(0,r) 4 3

Finally we obtain:
0 = ‘ylefi )yt (XI)‘

_ !
ly1 — 1 50

ef£(x) ,
16

>

and so, if y1 # v}, 0 = |y1eP™) — yiep(x,>’ > 0, which is a contradiction.

Conclusion: (y1,y2) = (1, 95) and then ¢ is into in St (r,€) x (C2,0).
Since ¢4 is into and analytic in Sy (r, €) X ((C2, 0), it is a biholomorphism between Sy (r, €) x ((CQ, O)
and its image, which is necessarily open (and of the same form). O

4.4. Proof of Lemma [4.6l

The goal of this subsection is to prove Lemma by studying the existence of paths asymptotic
to the singularity and tangent to the foliation, and then to use them to construct the solution of the
homological equation (4.1]).

For convenience and without lost of generality we assume A = 1 during this subsection (otherwise
we can divide our vector field by A # 0, make x — Az and finally consider exp (—iarg (X)) .S4 (r,€)

instead of Sy (r,€): these modifications do not change a; and (12,).

4.4.1. Domain of stability and asymptotic paths.
We consider

Zi = Yo+Ci(ay)C+aR (@y)R
$2
= | w0+ i@y +ar+arY @)

Y2 (1 + C(:I: (‘I7Y) + a® + xRScl) (Iay))

with R (a1 +a2) > 0, and Ci,Rg[l) analytic in S4 (r,€) x D (0,r) and dominated by |y||,,. More
precisely, we consider the Cauchy problem of unknown x(¢) := (z (¢),y1 (¢),y2 (t)), with real and
positive time ¢ > 0, associated to

+i
14 (25%)z+ Cy

Xy = Zy
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i.e.
@ _ +iz?
de — 14+( 227 o+ O
dy, _ iy, (— (1+Cy (z,y)) + a1z + +RY (z y))
(42) (ijlt 1+(%)m+ci ’ ) + )
¥ = e (14 Cx (2y) + ava +2RY (2,y))

x (t) = x0 = (20, ¥1,0,¥2,0) € S+ (r,¢) x D(0,1)
We denote by (t,x0) — ®%, (xo) the flow of Xy at positive time ¢ > 0 and with initial point xo:
%, (x0) = xo.
We will prove the following:

Proposition 4.8. For all € € ]0, g [, there exists finite sectors Sy (r,€), Sy (', €) with r,r' > 0 and
an open domain Q. stable by the flow of [({-2) at positive time t > 0 such that

Sy (r',e) x D(0,r') € Qy C Sy (r,e) x D(0,r) :
for some 0 < 1y < 71 and 0 < rh < ro. Moreover, if xg € Q4 then the corresponding solution

x (t) == ®%, (xo) ewists for allt >0 and x (t) = 0 as t — +00.

Remark 4.9. This will prove that the solution x (t) of [£2) exists for all ¢ > 0 and accumulates on the
origin: it defines a path tangent to the foliation and asymptotic to the origin.

Definition 4.10. We define the asymptotic path with base point xg € 11 associated to X1 as the
path vy x, 1= {fbggi (x0),t> O}.

For convenience and without loss of generality we only detail the case where “+ = +” (the case

where “+ = =" is completely similar).
If we write a := a1 + az and b := 25, in the case “+ = +” we have:

@ _ ix?
de = 1+bz+C4 o
d . 2+RY (zy)
&= <_1 t\ Terciem ) *
d : §+RY (zy)
i; = +iys (1 + 1—T-bw++C+(LE,y) T
x (t) = x0 = (%0, Y1,0,Y2,0) € S+ (r,€) x D(0,r).

We also consider the differential equations satisfied by |z (¢)|, |y1 (¢)], |y2 (¢)| and 6 (¢) := arg (x (¢)):

dlz®)| _ iz (t)
T = T @R (1+bw<t>+0+<x<t>>)
d : 5 +RY (x(1)
L =y OIR iz () ( rzme, o
dlya (¢ . 24+ RM (x(1))
‘y(it( = Jyo (8)| R (i (8) TFba (D) F O (x(D))
dow) S ( ix(t) )
de — 1+bz(t)+C 1 (x(2) )
For any non-zero complex number ¢ and positive numbers R, B > 0, we denote by ¥, (¢, R, B) the

sector of radius R bisected by i(R and of opening m — 2 arcsin (%) = 2 arccos (%):

¥+ ((,R,B) = {x€D(0,R)|S(Cx)> Blz|}
For M, R > 0, we also denote by O, (R, M) (resp. ©_ (R, M)) the sector of radius R bisected by R
(resp. R_) and of opening 2 arccos (M):

O+ (R,M) = {x£e€D(0,R)|R(z)>M |z|}

O_(R,M) = {2e€D(0,R)|R(z) < —-M|z|}
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Since R (a) > 0 by, we can chose w’ € |0, R (%) [, so that X (

B T R

sothat2+(1rw)CE+<2 rw)

w’ contains iR<o. We also take

The fact that 0 < w’ < %(%) guaranties that )arg (g) ‘ + arcsin ( a] ) T , so that

cos ([ane (5 )|+ avesin (%)) >0

and then w > 0. We also take y € ]0, Vv1-— w2[ small enough so that
O, (r,p)NIy (I,rw) # 0
O_ (T',‘LL)OEJ,_ (1,7",60) 7£ @

and S+ (Ta 6) C E'l‘ (1,7’, W) U @+ (Ta :u) Uoe- (7’, p’)
More precisely, we need to have 0 < e < arccos(u). The idea is now to study the behavior of the
solution ¢t — z (t) on each of the domains ¥ (1,r,w), 04 (r, ), O_ (r, ).

_ arccos(w)

Figure 1: representation of domains X (1,r,w),X4 (%, T, w') ,O4 (ryp),0_ (r,u), S+ (r,€). The
radii of the sectors drawn on the figure have been slightly altered as to offer a better understanding.
We prove now the following result.

Lemma 4.11.
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(1) There exists r,m1,m2 > 0 such that ¥y (1,7,w) xD (0,r) is stable by the flow of ({.9) at positive
time t > 0. Moreover in this region |z (t)], |y1 (t)| and |y2 (t)| decrease and go to 0 ast — +o0.

(2) There exists 0 <1’ <r, 0 <71} <r1, 0 <71y <ry and an open domain Q4 stable under the
action flow of (-2 at positive time t > 0 such that

Sy (1 e) x D(0,r') C Qy C Sy (r,e) xD(0O,r) .
Moreover, if xg € O4 (', p) (resp. xg € O_ (r’,u)) , then 0(t) = arg(z(t)),t > 0 is

increasing (resp. decreasing) as long as x (t) remains in ©4 (r', u) (resp. o_(r, u)) Finally,
there exists to > 0 such that for all t > to, x (t) € ¥4 (1,7, w).

Proof. 1. We fix § € ]0,min (w, ), 0’ € ]0,w’[ and we take r > 0 small enough such that for all
x = (z,y) € S4 (r,e) x D(0,r), we have

1
T+bz+C1(x) <o
%JFR(J:)(X) _al ¢
1+bz+Cy (x) 2

Consequently for all x € S; x D (0,r) we have the following estimates:
— 2l (1+0) < R (Tt ) < lel (1+9)
a . QJFR(I)(xvY) a
1ol 131+ ) < ® (i (eiey ) ) < 1ol (81 + )

Moreover:
o if z € ¥4 (1,r,w) then

(e ) < llw-0)

e ifxeX, (%,7‘, w’) (in particular if x € ¥ (1,r, o.))) then

a (€]
. §+R+ (qu) _ Y .
%<m<1+bx+C+(x,y) < |z] (W —4") ;

o ifzeO_(r,u) (resp. O (r, u)) then

S rerg) < -kl

(Tesp.%(#%) > |x|(u—6)>

Hence:
e forallt>0

4+l @F <3l o (14 5) e (n)?

and then, as long as x (t) € S1 (r,¢) x D (0,r), we have
|70

> —
O > T o) wolt
o forallt>0,if z(t) € 4 (1,r,w), then

dlz @)

= —@=8) 2 ()P

(4.3)
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and

dlv(0)]
d

(14) w -

so that |z (¢)],]y1 (t)] and |yz (¢)| are decreasing as long as x (t) € 34 (1,r,w);
o forallt>0,if x(t) € O_ (r, 1) (Tesp. Oy (r, ,u)) then

do — (1= 9) |zo|

E(t) < —(M—5)|x(t)|<m

(Tesp-d—e(t) > (=) e )] > — =0 )

dt 1+ (1+0) |zo|t
so that t — 6 (¢) is strictly decreasing (resp. increasing) as long as z (t) € ©_ (r, u) (resp.
O (r, u)) Moreover, if 8y = 6(0) is such that zyp = x(0) € O_ (t, ) \X+ (1,r,w) (resp.

O (r,p)\X+ (1,7, w)), then as long as z (t) € ©_ (r, ) (resp. O (r, ) ) we have:
() < 6p— (/fT_((SS) In (14 (1490)|zo|t)
(Tesp. o(t) > 6o+ <§LT_§) In (14 (1+0) |a:0|t)>

We see that z (t) € X4 (1,7,w) for all

(exp (1+5 (60 — & — arccos (w))) - 1)
(14 9) [l

tZtoZ:

<resp. to := (exp (‘1‘+(‘SS (5 — arceos () - 90)) B 1))

(14 6) [ol

Notice that

. exp ((%) (e + arcsin (w)))

(4.5) < 075l

On the one hand ¥ (1,7,w) x D (0,r) is stable by the flow of (2] in forward time ¢ > 0. Indeed in
this region |z (¢)[, ly1 (¢)| and |y2 (t)| are decreasing, and as soon as x (t) enters X (1,7, w)NO_ (r, u)

(Tesp. Y (L, r,w)NOy (r u)), which is non-empty and contain a part of the boundary of ¥ (1,7, w)

with constant argument, the direction 6 (t) is decreasing (resp. increasing). Then, xz (t) stays in
i (1, rw).
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On the other hand, as long as we are in ©_ (7, u) (resp. O (r, ,u)) we can re-parametrize the
solutions by (—0) (resp 6):

d ‘ |x| %(—Hbzfar(x)) < |x| .M
d= (i) -
resp. 4zl — 2] < L ) < [a] 222
d9 1+bm+C+(x)
( ( 211 @y
d | 1+bt+C+ (z,y) |% |+6/
d( ) |y1 S |y1| Cop—0

(l+bz+C’+(x)

resp.

(\

()
1T T+ba+Cy (z,y) alys
<y 12 )

/N
=

1+bz+C+(x)

a+R(1)(m y)
| ® 1+bt+c+(t v)

d\y2| | |%|+6,
=—1|y2 < [yl
d(ie) S(l«#bzixc"F(X) m=
sl 2+ r (M (2,y)
r 7
dlyQ‘ B 1+bm+C+(m y) |% |+5/
<7’65P- do =2 N < vl S5 )

Hence, if 6o := 0 (0) is such that zo := z (0) € O_ (, u) (Tesp. o, (r, u)), for t < to we have:
2 (8)] < [ao|exp (15 (90 — 0 (2 >>)

<7“esp. Iz ()] < |2o| exp (ié 90))>
(01 ol e (B 00— 001

<mp. 01 < ol exo (B 00 - o) )

§[+9
2

0] < ozl exp (B (00— 00)
<7”68p~ lyr (B)] < [y1,0lexp ('i'? (0(t) - 90)) )

Definition 4.12. We define the domain Q. as the set of all x = (z,y1,92) € S+ (r,e) x D(0,1)
such that:

(z) — arcsin (w)))

(arg (z) — arcsin (w))

El
VAN
3
@
»
k=)
—
|
—
Q
=
o

[ME]
+
b

[N t
+
& <>.

ly2] < roexp —5 (arg () — arcsin (w))

=

n
o if §(2) > wlz| then y1<ﬁexp§

|z| < rexp (%‘; (m — arcsin (w) — arg (z))
a4
« 1S (@) < —wlz| then o Il <rrexp (LY (x — avesin () — arg (2))
lya| < roexp |i|j; (m — arcsin (w) — arg (z))

We see that Q4 is stable by the flow of (£2) at positive time ¢ > 0. We have seen that for any initial
condition in 4, the solution exists for any ¢ > 0, stays in €24, and after a finite time ¢y > 0 enters
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and remains in X (1,7, w). Finally, we have:

Sy (r,e) xD(0,r') C Q4 C Sy (r,e) xD(0,1)

where
r = rexp ﬁ € + arcsin (w))) <r
r] = riexp i (e+ arcsin (w)) | <7
rh = roexp i (e+ arcsin (w)) | <72 .
2. Let x0 = (20,¥y0) € 24 (1,r,w) x D (0,r). From [@3]) and [@Z)we have for all ¢ > 0:

_ lzol

|£L‘()|§ er 5‘\10\15

Hl < Y1,0 _

(4.7) o (8)] < (14146 aolt) T2
Iy (1)] < ly2,0]

(L4 (1) ol T
which proves that the solutions goes to 0 as t — +oc. O

ki

Remark 4.13. Another stable domain €2_ is defined similarly when dealing with the case “4+ = —

4.4.2. Construction of a sectorial analytic solution of the homological equation.
We consider the meromorphic 1-form 7 := % , which satisfies 7 - (Z1) = 1. Let also A4 (z,y) be

analytic in St (r,€) X ((C2, O) and dominated by ||y| ., and M € Nsq. The following proposition is a
refinement of Lemma

Proposition 4.14. For all xg € Q4 (see Definition[{-13), the integral defined by
ax (x0) == —/ aMTAL (x) T
V£ %0

is absolutely convergent. Moreover, the function Xo — a4 (Xo) s analytic in Q4 , satisfies
Lz, (ax)=2MT1AL (x)
and oy (z,y) = 2May (x,y), where a is analytic on Qx and dominated by ||y|| .

Proof. We are going to use the estimates obtained in the previous paragraph.

e Let us start by proving that the integral above is convergent. We begin with:
o) _1/+“)x@f”+1Ai<x<w> @
o 0 v L+be () +Ch(x(1)
./+°° z ()M AL (x (1)
—1i dt .
o  l4+bx(®)+Cy(x(1))
Since x (t) € Q4 for all t > 0 and A4 (x,y) is dominated by ||yl we have:
z ()M AL (x (1)
1+ bz (t) + Cy (x(1))

where C' > 0 is some constant, independent on xg and ¢. For ¢ > 0 big enough, we deduce
from paragraph [£.4.1] that:

2 ()™ As (x (1))
1+ bz (t) + Cy (x(1))

< CleO" M ly (Dl

< Clvol (55 )MH !
< vol | ——=——— —
PN @l (1 (0 el

1
- t—)?—oo (tMJrl)

and then the integral is absolutely convergent.
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e Let us prove the analyticity of at in Q4: it is sufficient to prove that it is analytic in every
compact K C Q1. Let K be such a compact subset. Let L > 0 such that for all x € K, we
have:

_ A
1 + b{E =+ OJr (X) -
There exists 6 > 0 such that for all x = (z,y1,y2) € K, we have § < |x| < r. Finally, according

to the several estimates in paragraph .41l there exists B > 0 such that for all xg € K and
t > 0, we have:

|0
= ()] < B =TT
Hence:
z ()" AL (x (1) pM+ |z
L+ba(t)+C4 (x(t)| — (14 (w = 0) |ao| )M

LBM+1T]W+1
(1+ (w—0) o)™’

and the classical theorem concerning the analyticity of parametric integrals proves that a4 is
analytic on any compact K C €24, and consequently on .

- M41
o Let us write F (x) := ilfTéj(ix)), so that

+oo
ay (xg) = —i/ F (fbfxi (XO)) dt .
0
For all xg € Qu, the function ¢ — x (t) = @ (xo) satisfies:

0 " - +i t (x
ot (‘I’Xi (XO)) Cl4ba (q)tXi (XO)) oN (cptxi (xo)) Ze (22 00) -

The classical theorem about the analyticity of parametric integrals tells us that we can compute
the derivatives inside the integral symbol:

+oo
(Crias)(x0) = — / L, (Fo ) (xo) ds

+oo
- - / DF(@ﬁ(i (xo)) DS, (x0) 2 (x0) ds
0

- /+OO DF (‘bxi (X)) gt (<I>S+t( 0))\15:0 (il b + Cs (XO)> ds

7

L1 FbTo + Cﬂ: (Xo)) ,/OJFOO DF (@g(i (XO)) gt (@Xi (xo)) s

jt=s
1+ b:E() + C:t (Xo) Foo 0
+ '/o 75 (Fofl)Xi (xo)) ds

s=—4o0

| F o @, (xo)} o

-
-
(il—i—bxo—i—Ci (XO)) {
[+

1+ bxg —|— Ci (xo)) (—F (x0))

= x)t AL (Xo)-

e Let us prove that d4 (z,y) 1= % is bounded and dominated by |y, in Q+. The fact
that it is analytic in Q4 is clear because oy is analytic there and 0 ¢ Q1. As above, there



DOUBLY-RESONANT SADDLE-NODES IN (C?’,O): SECTORIAL NORMALIZATION 50

exists C' > 0 such that for all xg := (z9,y0) € Q4 and for all ¢ > 0:
M+1
w (P, (xa)) Ax (P, (x0)

(1402 (@4, (x0) +Ci (@4, (x0)

We will only deal with the case where xg € ©4 (r, 1) (the case where X4 (1,7, w) is easier and
can be deduced from that one). On the one hand from (L) we have for all ¢ < #,:

‘:v ((I)E(i (xo))‘ < D |ao , where D := exp (%_‘f; (arccos (1) + e))

[y (24 )| < 2/l where 27 i= exp (2122 Ganccon () )
On the other hand we have seen in (@) that for all £ > ¢o:
z(®% (xo))’
x (P (x )’ < ‘ ( =
’ ( e (00) )| < L]z (@, (x0)) [(1-10)
v (2%, )| < lIvolle

Hence, we use the Chasles relation and the estimates above to obtain:

oo

3| < () (o )

|+ (o, y0)] < wo;wyﬂ
|zol
CDMHLD! |yl |2o)™ T [to]
>~ M
|zo]
L Clyolls /M d
M
ol iy (15 e (o, 00) [0 10)
Clyol ‘ ((I)to (xo) M+1
Yolloo |7 ®Xx XO)‘
< CDMHD ol o Itol + - ?

M (w — 8) |zo) ’:v (q>§gi (xo))’
and according to ([£3) we conclude

- D2D’ 1

lat (2o, y0)| < ((1+6) + M(w—=0)

)ODM Iyoll
O

4.5. Sectorial isotropies in ‘“wide” sectors and uniqueness of the normalizations.

We consider a normal form Y}, as given by Theorem We study here the germs of sectorial
isotropies of the normal form Yjorm in a domain Sy € Sug(+in),y (sectorial neighborhood attached
to the origin with opening 7 € |, 27| in the direction arg (+i))). As a consequence, we establish in
Corollary 2] the uniqueness of the germs ® 1 (see Proposition [[.T3).

Definition 4.15. A germ of sectorial fibered diffeomorphism ®g ,, in the direction § € R with opening
n >0, is a germ of fibered sectorial isotropy of Yiorm (in the direction § € R with opening 7 > 0) if
(®9.1), Yoorm) = Ynorm in S € Sp,. We denote by Isotg,, (Ynorm) the set of germs of sectorial fibered
isotropies of Yjorm in the direction § € R with opening n > 0.

Proposition [[.13] is an immediate consequence of the following one.

Proposition 4.16. For all n € |m, 27[:

_ | (@,51,90) = (2, b1y1, baye) | (b1, be) € (C\ {0})?
ISOtarg(:tz)\),n (Ynorm) - { such that ¢ (b1b21}) —c (v)

In particular, the only germ of sectorial fibered isotropy of Yoorm in the direction arg (i) with opening
n € |m, 27|, which is moreover tangent to the identity, is the identity itself.
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Proof. Let ¢ : (z,y) — (z,¢1 (x,y),¢2(x,y)) be a sectorial fibered isotropy of Yiorm in Sy €
Sarg(+ir),n With 1 € |7, 2w]. Possibly by reducing our domain, we can assume that St is bounded
and of the form Sy x D (0,r) (for some sector Sy and some polydisc D (0,r)) and that ¢ is bounded
in this domain. We have

¢* (Ynorm) = Yhorm
i.e.
D¢ : Ynorm = Ynorm o ¢

which is also equivalent to:

26¢1 + (=1 —c(ny2) + arx) iy a¢1 + (1 +c(y1y2) + aszw) y2 32
= ¢1 (=1 —=c(h192) + a1x)

61}2

4.8

8 #2982 1 (1~ c(yryn) + 012) 32282 + (14 c(gaya) + anm) yo 02
= ¢2 (1 + c(P192) + azz)

Let us consider 9 := ¢1¢2. Then

31/}

2041 e ) + ) y%’ (14 e (o) + aze) 12 22 = (a1 + az) 20

0
dy2
By assumption we can write

Z Vi ja (T yilyh

J1+j22>2

where 9;, j, () is analytic and bounded in S for all ji,j2 > 0 and such that

> (SUP ([¥j,55 (@ )|)> yilyd:

J14ge>1 TESt

is a convergent entire series in D (0, r) (possibly by reducing the radius of the polydisc). Consequently,
uniform convergence yields that for all ji, jo > 0:

des
x?M

o @+ 02 =g+ (a1 = 1) +az (2 = 1) 2) ¥ 5 (2)

min(j1,j2)

.]1_.]2 Z 1/}J1 l,j2—1 )

For j; = jo = j > 1, we have
W5 (x) = bjga”UTD@Fe) e C,

and since R (a1 + a2) > 0, ¥, ; () is bounded near the origin if and only if b;; = 0 or j = 1. For
J1 > j2, we see recursively that ¢;, ;, (x) = 0. Indeed, we obtain by induction that

Vi1 jo (117) = bjhjz exp <]2 — jl> ~(a1G1=Dta(52-1))
x

3

and since it has to be bounded on S+, we necessarily have b;, ;, = 0. Similarly, for j; < j2, we see
recursively that 1, j, () = 0. As a conclusion, ¥ (z,y) = b1,1¥1¥2.
We can now solve separately each equation in ([d.8):

2?58+ (—1 = c(yiye) + aw) Y1 52 + (1+ ¢ (y19o) + asz) ya g2
= ¢1 (=1 = c(br1y1y2) + arx)

2%2 + (-1 —c(ny2) + ar1z) gﬁf + (14 c(y1y2) + azx) yo ijjj
= ¢2 (1+c(b1,191y2) + azx)
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As above for i = 1,2 we can write ¢; (z,y) Z biirin ()Yl Y, where ¢; j, j, (x) is analytic

Jitj22>1
and bounded in S for all j;,j2 > 0 and such that

> (SUP (16i51.5, (2 )|)> iy

Jrtja>1 zeS4

is a convergent entire series in D (0,r) (possibly by reducing the radius of the polydisc). We obtain:

PP SO () (= 1+ (G = 1)+ 2f2) 7) B (0)

min(j1,j2)
= X el ) (51 =72 = 1))
xd¢2,]1d2()+( _ ~-1 : S L

J2 =1 — 1+ (a1 + a2 (j2 — 1)) ) b2, 3, (2)

min(j1,j2)

= Y bt (@) (jl—j2+(b1,1)l) ¢
=1

From this we deduce:

$1,1,0 () = p1,o € C\ {0}
$2,0,1 () = qo1 € C\ {0}

with p1,0go,1 = b1,1. Then, using the assumption that ¢; ;, j, (z) is analytic and bounded in Sy for all
J1,J2 2> 0, one checks easily by induction on j > 1 that

?1,j+1,; =0
Vji>1 < ¢2541=0

¢ (1 - (bl,l)j) =0

Indeed, if the result holds for an integer j > 1, then we have:

142, . :
o2 SO () 1 (54 1) (a + 02) 01,342,501 () = rocson (1 (b))

and the general solution of this equation is:

P10Cj 41 (1 - (bl)l)j“)
(j+1)(a1+a2)—1

d142,5+1 () = (if (J+1) (a1 +a2) # 1)

Djpa gz GtD@ra) Loy o (1 _ (b111>j+1) + I (z)

(if G+1) (@ +02) =1)

-1

—(7+)(art+az) | x

Dj+2,57

which is bounded near the origin if and only if pj12 j+1 = 0 and ¢;41 (1 — (b171)j+1) , since | (a1 + az) >
0. The fact that ¢, (1 — (bl,l)j) =0 for all j > 1 means that ¢ (b1,1y1y2) = ¢ (y1y2) for all (y1,y2) near
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the origin. The same arguments work for ¢s ; 11, 7 > 1. Consequently:

P2 SPRIE (0) 4 (= o+ 1+ (a1 (2 — 1)+ @272) ) 1.1 (0)
min(j1,52)
=(i—do—1) >, bLp-tp(@)a
=1
2492, 5j, L , ,
o2 (@) + (Jo =1 = 14 (aaji + a2 (2 = 1)) @) b2, 52 ()
min(ji1,52)
=(i—do+1) Y. bojtpt(@)a
=1

We find recursively that for j; > jo + 1, we have ¢1 j, 4, (x) = 0. Indeed, we obtain by induction that

i _ _
D112 () = Py jo €XP <372 Nt ) g (a(—1)+azjz)
X

and since it has to be bounded on S, we necessarily have p;, ;, = 0. Similarly, for j; < jo 41, we see
recursively that ¢;, ;, (z) = 0. As a conclusion, ¢1 (z,y) = p1,0Y1, P1,0 # 0.

By exactly the same kind of arguments we have ¢2 (2,y) = ¢o,1¥2, go.1 # 0. Moreover, we have
proved that p1 0go,1 = b1,1 is such that ¢ (by1v) = ¢ (v) for all v near the origin. O

4.6. Weak 1-summability of the normalization.

Let us consider the same data as in Lemma[L6l The following lemma states that an analytic solution
of the homological equation considered in S+ € Syrg(+in),n With 1 € [ﬂ', 27r[, admits a weak Gevrey-1
asymptotic expansion in this sector. In other words, it is the weak 1-sum of a formal solution of the
homological equation.

Lemma 4.17. Let

Z:=Yy+C(x,y)C+ 2R (2,y) R

be a formal vector field weakly 1-summable in S+ € Sarg(+ir),n, With n € [w,27r[ and C, RY) of order
at least one with respect to'y. We denote by

Zy =Yy +C4 (x,y)C—i—ng) (z,y) R

the associate weak 1-sums in Sy. Let also A € Clx,y] be weakly 1-summable in Sy, of 1-sum AL
and of order at least one with respect toy. Then, any analytic function oy (x,y) = May (z,y), with
M € Ny, ax analytic in Sy and dominated by ||y| ., which satisfies

00’
‘CZi (ai) = IM+1A:|: (‘I7Y) )
has a weak Gevrey-1 asymptotic expansion in Sy, denoted by a. Moreover, « is a formal solution of

Lz (a) = Mg (x,y)

Proof. Let us write Z as follows:

) 0
7 = 172% + (= A+ d(y1y2)) + a1z + Fi (z,y)) yla_yl

0
+ A+ d(y1y2) + agx + F (I,Y))yza—m ,

with Fp, Fp weakly l-summable in St € Surg(4in),y, With 7 € [7r, 27T[, of weak l-sums F} 4, Fo 1
respectively, which are dominated by ||y, and with d (v) € vC{v}. Consider the Taylor expansion
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with respect to y of d,Fy,F5,A and a:

d(y1y2) = > diylyb
k>1
Fi(zy)= Y Fj@)y
a1 _
By(zy)= Y Fj@)y
a1 _
Ax,y)= > A(@)y
i+l _
a(zy)= > o)y
a1

(same expansions are valid in Sy for the corresponding weak 1-sums). As usual, possibly by reducing
S+, we can assume that Sy = Sy x D (0,r) for some sector Sy and some polydisc D (0,r). The
homological equation

Lz (a) =2 A(z,y)

can be rewritten:

. 0 0
wzseIQa_z + (= AN+ d(y2) + a1z + F1 (z,y)) yla—yal
o

+ (A +d(y2) + azx + Fo, (2,y)) oM A (2,y)

Y25 —
Y2
Invoking the normal convergence on any compact subset of St, we can compute the derivative of
alzy)= > o)y
Jitj22>1
with respect to x, y1 or y» by term-wise differentiation , in order to obtain after identification:

dovs
p229%.E

dx

for all j = (j1,j2) € N?, where Gj+ depends only on dy, Fix +, Fox 4,0k + and Aj 1, for k <
min (j1,72), |k| < |j| = 1 and |1] < |j|]. We obtain a similar differential equation for the associated
formal power series. Let us prove by induction on |j| > 0 that:

(1) Gj,+ is the 1-sum of Gj in S+

(2) G;;(0)=0ifj=(j,j)

(3) aj,+ is the 1-sum ¢ in Sy.
What will be important is the fact that for all j € N2, ;1 is bounded in Sy.

() + (A (J2 — J1) + (a1j1 + azje) ) a4 () = Gj+ ()

e For j = (0,0), we obviously have G(g,0) = 0 and then (g ) = 0.
o Let j = (j1,72) € N? with |j| = j1 + j2 > 1. Assume the property holds for all k € N? with
K < - 1.
(1) Since Gj depends only on dj, F1 k, Fo x, ax and Ay, for k < min (41, j2), |k| < [j| — 1 and
[1] <j|, then Gj is 1-summable in Sy, of 1-sum Gj +.
(2) We also see that G;; (0) =0if j = (4,7)-
(3) If j3 # ja, then point 1. in Proposition [Z23] tells us that there exists a unique formal
solution ¢y (x) of the irregular differential equation we are looking at such that «; (0) =
mGj (0) . Moreover, this solution is 1-summable in S since the same goes for Gj.

(4) If j1 = j2 = j > 1, since G(; ;) (0) = 0, then we can write G(; ;) () = xé(j)j) (x) with

C;'(j_,j) () 1-summable in Sy, and then the differential equation becomes regular:

deavs s
z (5,9), %

o @+ (@ +ag) jag .. (2) = Gy (@) -
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Since a1 + az ¢ Q<o, according to point 2. in Proposition 2:23] the latter equation has a
unique formal solution o jy (x), which is moreover 1-summable in S, and its 1-sum is
the only solution of this equation bounded in St. Thus, it is necessarily a; jy +-

O

As a consequence, we have the following result.

Corollary 4.18. The sectorial normalizing maps @4 in Corollary [£.2 are the weak 1-sums in Sy €
Sarg(+0),n Oof the formal normalizing map given by Theorem [L4, for all n € [7r, 27T[.

Proof. Let us recall the construction of the sectorial normalizing maps ®1 obtained in Corollary €21
Each sectorial diffeomorphism @ is obtained as the composition of three germs of sectorial diffeomor-
phisms, using successively Propositions[Bland [l The sectorial map obtained thanks to Proposition
B is 1-summable except for arg (£A). The sectorial diffeomorphism from Proposition 1] is built as
the composition of two germs of sectorial diffeomorphisms, using successively Propositions and
These two latter sectorial maps are obtained thanks to the use of Lemma (see subsection A2]).
Lemma L.T7 above allows to state that these sectorial diffeomorphisms (obtained through the homo-
logical equations in Lemmas and LT7) admit a weak Gevrey-1 asymptotic expansion in domains
S+ € Sarg(+n),y, for all n € [7r, 27T[. Consequently, the same goes for the sectorial diffeomorphism of
Proposition [41], and then for the one of Corollary (we have used here Proposition for the
composition).

Using point [ in Lemma 2.I8 we deduce that the weak Gevrey-1 asymptotic expansion of the
sectorial normalizing map of Corollary is a formal normalizing map, such as the one of Theorem
By uniqueness, it is the unique formal normalizing map. O

4.7. Proof of Theorem
Proof. (Theorem [[.T0)

Theorem [[.T0 is a summary of Corollaries and [L.I8 O
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