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Calcul de pi par la méthode originale des carrés inscrits

Introduction: définitions et notations

Soit le cercle de diamétre D. Sa surface S vaut par définition: S=nD?/4 , ce qui donne pour pi la
relation suivante: 7=4S/D>.

Il nous suffirait donc de déterminer une manicre originale de définir S afin d'obtenir en
conséquence une expression précise de pi. Ce défi constitue précisément 1'objet de cette étude.
Ajoutons que pour rendre la lecture plus fluide et élégente ainsi que pour éviter des migraines
chez le lecteur, ne seront développés ici que les résultats principaux, plus pertinents.

Amusons-nous dans un premier temps a inscrire un carré dans un cercle de diametre D=AB
auquel nous attribuons par convention la valeur D=1.
Dans chacun des quatre espaces vides identiques créés (colorés en jaune dans la figure suivante),
on insere le plus grand carré possible.

On place progressivement dans chaque espace libre (non occupé par un carré) le plus grand

carré possible.
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En répétant patiemment 1'opération une infinité de fois, nous couvrons par nos carrés une surface
qui tend a égaler celle du cercle.

Pour y voir plus clair dans cette grande invasion des carrés, mettons-y un peu d'orde.
On définit les zones suivantes:
Zone C (centrale): colorée en blanc, regroupe les carrés centraux. Le carré le plus grand, au
centre, est nommé Al. L'un en dessous de l'autre (par rapport au centre du cercle) nous avons
successivement A2 ; A2,1 ; A2,1,1 et ainsi de suite. On rajoute une virgule a la notation pour
chaque carré de niveau inferieur.
Zone N=1: en bleu, le plus gros carré est A3
Zone N=2: en rouge, le plus gros carré est A2,1
Zone N=3: en vert, le plus gros carré est A2,1,1

Ainsi de suite, on observe une similarité pour chaque zone (hors zone C), placée latéralement et
symétriquement de chaque coté d'un carré blanc central.

|
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Notations (pour un nombre d'indices >2)

La notation de chaque carré reprend celle du carré de référence placé juste au dessus (toujours
par rapport au centre de cercle) en y ajoutant un indice supplémentaire aprés une virgule. Le
dernier chiffre de l'indice représente 1'ordre, a partir du carré blanc central, du carré, parmi tous



les carrés sous celui de réference. Par exemple, le carré A3,2,3 est le troisiéme des carrés placés
sous le carré A3,2 , lui méme étant le deuxiéme sous le carré A3. La figure plus haut illustre bien
le principe.

Pour un carré de notation A2,1,1,...,nx (I'indice nx signifie indice d'ordre x et de valeur n,
exemple: pour le carré A2135, nous avons quatre indices, pour x=4 nous avons la valeur n4=5, et

ainsi de suite: n3=3, n2=1 et n1=2.

Calcul de la dimension de la surface d'un carré

Le théoréme de Pythagore (figure ci-dessous) nous donne aimablement la valeur du c6té de
chaque carré:

Pour la zone C (carré de la forme A2,1,....,IN-1,nN , de coté = a2,1,....,1N-1,nN )

AB>=AC*+B(?
1=(a2,1,...,IN-1.nN ? + (al+2x(a2+a2,1+....+a2,1,..., IN-1 + a2,1,...,IN-1.nN ) )* , N21

Pour le carré A1, on calcule facilement,

1= (al)*+ (al? — al=1/\2 — aire Al= (al)>=1/2

Pour les autres valeurs d'aires, on trouve successivement, aprés calculs et simplifications:
A2= 1, A2,1=397-28\201 , A2,1,1=8809+84V201 -V(5397-28v201)(28+8201) ,.....
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On obtient la formule générale suivante, qui est valable pour les aires de tous les carrés de la
zone C, excepté Al.

p=N
A1, IN-1.ON =257 14372 Z (-1)P3P 225N Py
p=N p=2 p=N
+( Z (-1)p”28.3p'2R2,1,....,nN_(p_2))+( Z (-1P8.3P R2,1,.....,0N-(p-3) (R21+...+

p=2
2N -
R2,1,....,nN_(p_3)_1))/ 2.5 p=3

Avec R2,1,....,IN-1,nN , racine caractéristique de A2,1,....,IN-1,nN (N>2), de formule générale
R2.1,..IN-1.AN = 201x25~ 24372(S p 3N (-1)P13P 325N P
£(S AN (DP283P7R2,1,nN-(p-2) + (S pAN (1P 1837 R21LnNL(p-3)

(R21+...+ R2,1,.....0N=(p-3)-1))

En sommant les différentes aires jusqu'a l'infini, tout en tenant compte de la symétrie (4 sous-
zones identiques auxquelles il convient de rajouter le carré central A1), on trouve la surface totale
de la zone C.

On observe que lorsque N tend vers l'infini, on a R2,1,...,1N — 2.5N_1\/2,
Soit X2,1,....,IN=R2,1,....IN - 2.5N_1\/2, la différence entre R2,1,...,1N et sa limite a I'infini
N-1
On pose donc R21,1,....,IN=5 2\2 + X21,1,....,IN
Surface de la zone C =

16 - 2672 - 529402 - 21201
5 125 875 25

N-
- a2 (R2T1H(1/5)X2 1T T+H(1/SPX21 T 14 4(1/5) 7 X211, 1N)
175

L @4375) [ ((772) + X2D)X211 + (1/25)( (7/2) +X214X21 X211 1+...4( 1125) 2 (7/2)
+X21+X21 1+ ..o X211,....,IN-1) X211,....,IN |

Pour la zone N=1 (carré de la forme Ang,n2,....,nx , de coté = an{,n2,....,nx)
AB*>=AC*+B(?

1=[a2 + 2><((a3+a4 +...+an]-1)+(an],1+an],2 +....+ an],n2-1)+....+(an],n2,....,1x
+anl,n2,.....2x +....tan],n2,....,nx ))]2+[al+2><(an1 +an,n2 +....t anl,n2,....,nx )]2

On trouve successivement, apres calculs et simplifications, les aires suivantes:
A3=15-3\21, A4=30+ 10V21 V(14321 +30) 3+\21) , ...

22x52 24«52




On trouve la formule générale suivante, valable pour les aires de tous les carrés de la zone N=1.
Chacun des exposants E1 , E2, ...., E7 indique que le terme auquel il est rattaché posséde une
exception particuliére qui remplace ce terme, et dont la formule est donnée plus bas.

Anpn2,.nx = [ 5203 R+ 4Rn12) + (5.2 P 300 R 14+
2(nlJr...+nX )-3 _3(

ANtz 2,151 b AnLonx2,nx12 )]+ [(152%7 73 G+ (R3+..4Rnj-

2(n2+...+nx) + 2(n3+...+n

Rnp,n2-2) +..+ (5. O+ 20a )

El et E2
o2 Y B R+ (1520 P 0™ D) 3+ (Ra, 1+ +Rano-
2))2(n+ ~4n )+2)Rn1 -1+ +(15 2(n+ +n )-3 9(2(n+ +n ) (n+ )+ Jr2( nx))
(3+ (Rnlp JnX_271+ +Rn19 -nx-1- 2))2(n ) g )E3 Rnl?"'ynx 1-1 ] - (5 2n n +(n +-“+nx )-3-

2n+(n+ +n) 2(n-ir +n)3 n+n+2n+(n+ +n)3

(3+ (R3+..4Rn1-1))2 )Rnp+ (5.2

n +2n +(n +. +n ) 2n +(n +. +n ) (nl+...+n )-3 (n +. +n )
X

32" (3+ (Rn1,1+...+Rn],n2-1))2 +32™
)) Rnp,n2 +...+ (5.2(“1+"'+“. RS gyt P oMy Ral.nx2 4
Ry 1-1D27%- 520 P a0 ) L 2% ™) ) Ragenxet ]

2(n2+...+nx) n 2(n3+...+nx 2

+ [ ( ®3+.+Rn1-1) [(2"2 ™) Ry, 1+.+Rn1n2-2) +G. )
+.+n )

20 +HnFen ) 2(n2+"'+nx))Rn1,n2) ((2(n x Tt
+nx)+2(n3+,.,+nx) (n +. +n )2

Rn1n21 (2n+2n+(n+ +n) s

n

205 Rpng 1+ ARnpn2.n3-2) +32 M

n +n +2n +(n +. +n ) 2n3 +2n +(n5+...+n )
X

(n+.4m ),

)+ 2
2n4+(n5+...+n )

)

(nt.tn ),

Rn} n2n31 (22 +2 - (22

AN ))Rnl,nz,n3)+ + ((2 20 ) YR, nx2, 1+ RN,k

.+ +2 E4 .4 +
+ nx)_i_z(nx_1 n +2 (n n )2n

1-2) +32"™ )+ 2% Range1-1) - 2™ o220

(2(n2+"'+nx) +..+ 2nx-l+nx ))Rn],...,nx_l)) ] + [ termes identiques a ceux du crochet précédent,
sauf que les + deviennent des - et l'exception E4 est remplacée par E5 ] )

+ (—(Rnl, .,nx-3,1 +..+Rn},...,nx-2 -1) [ an—l+nx(Rl’1],...,l’lx_2,1 +...+Rn1,...,nx-1-2) +
E6
32" ™ 2% 7 ) R 11 - (2% N 22 2% ™) Rafnxg |+

Rni,...,nx-2 [ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - et

I'exception E6 est remplacée par E7 ] ) ]

+(Rn1, ,nx 1,1 +..tR01 . nx-1) [(5 o F )3 3 )y @) 4 (L)

o420 R34 AR D 27 22 Rap ) ek (2™ (Ral,enxe2,1H
+Rnl,...,nx-1-1)+ 2ann1,...,nx_1 )]



-Rn],..nx [(R2 +..+Rn]) + (Rn[,1+..+Rn],n2) + ... + (Rn],...nx-1,1+..+Rn],...nx-

D]/2s27 0t )

Exceptions de la formule de An1,n),.....,nx
El:

Soit np , le premier indice de valeur >2 dans la notation de An},...,nx . On a b>2.

Exemple: pour A3,1,1,5,2,3 , b=4 (quatriéme indice) de valeur np =5
(n +. +n )-1

2

“Pour nbt] ... nx =1, 3<b<x-1, [(5.20174-3)220- (5.2 -6) 2° 12

13270+ 320 @ L e ng =3

Pour np+1 ,..., nx =1, b=2 , termes notés dans la formule ci dessus. Pourn] =3 ,o0na 9. 2(n - +nx
) R2=27.20," ") Ro3
*Pour n3 ,. ,nX =1, ng =1, (5255 5 XM A g o2 g Xty o T

(3.2 * 1320 )2 n-l pour n] =3

E2:

2b+(nb+...+n )-1 b+(n +..4+n )
X

b+ ..., Nx =1, 2<b<x-1, (2 )(R3+..+Rn]-2)Rn]-1

*Pournd ..., nx-1 =1, nx =1, 22 - 2 2" R34 +Rn1-2)Rny-1

E3:
Soit nk , le dernier indice de valeur >2 dans la notation de An1,...,nx . Le coefficient placé devant
Rnl,...,nk-1 est une exception qui obéit a la régle E3

Exemple: pour A3,5,2,1,3,1,1 , k=5 (cinquiéme indice) de valeur nk =3 , ainsi, le coefficient
placé devant R3,5,2,1,2 est une exception

[5.2(n1+...+nk H2(x-k-1) 23 2(n2+...+nk) n 2(n3+...+nk) o+ 2(n ) X 22(x-k)+1 ) 2x—k )- 3+
2(x-k+1) . x-k+2 (n +. +n )+x-k-3

(Rn1,...nk-1,1 +..+ Rnl,...nk-2 ))( 2 -2 )-5.2 1Rn1,....nk-1
E4:
[( 2(n +...+n ) (n +...+tn )+ + 2(n X 22(><-k)+1 ) 2X-k )+ ( 22(x-k-&-1) i 2X—k+2 )] Rnl,....nk-

1(R3+..4+Rn1-1)

ES5:
[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - | Rnl,...,nk-

1xRn1



Eé6:
[(2%)(2
1-1)

206+ _pxeky Q2D ok e k1RO 02 ]+t Rn],...nk

E7
[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - | Rn{,...,nk-

1xRn1,...,nk-1

Soit Rn],n2,....,nx , la racine caractéristique de An],n2,....,nx tel que R2=3 , R3=v21 ,
R4= (1421 +30) , et ainsi de suite. Nous avons la formule génerale suivante:

(n +.. +n)3 (n+ +n)3 (n+ +n)

Rn1,n2,...nx = [ 5.2 (R2+..+Rn1-2) + (5.2 YRn],1+ ...+
Rnpnp-2 )+t (520707 30, ) oy 2(nx-1+nx) ) (

ANtz 2,151+t ALz, 112 )]+ [(1527 073 G+ R3+..+Rnj-

(n +..4n )+2 )El et E2 +..4n )-3

292" -9 D)) L 3+ (Rny,1+...+Rn,no-

2))2(n3+...+nx )2

- 3+ (Rnl,...,nx-2,1+..#Rn[,...,nx-1-2))2" x
n+(n+ +n) n++n)3

Rni-1+ (152
) Rapng-1 +..+ (1520 )3 gy M ) o) o)

(0 )+2 )E3 Rni,...,nx-1-1 ] - [(5 2™ an +(n +"'+nx )3
)Rn1+ (5 2n +n +2n +(n +..+n )3

2n +(n +..4+n ) (n1+...+n )-3
X

(3+ (R3+..+Rn[-1))2 5.0,

n +2n +(n+ +n ) (n+ +n )

3.2% (3+ (Rn1,1+...4Rn],n2-1))2

+..+ +2n -
X5.2(111 nx—l> 2n 3

+3(2" 2
2(n +...+n ] )+ 2n

(n+.+n )

)) Rnj,n2 +...+ (3x2° _3x270x(

(n+ +n)3

N x)-3x2' x

(Rn]....nx.2 4. R0, 1-1)2°" - 5.2 32" 2% ™)

Rni,...,nx-1 ]

n [ (_ (R3+..+Rn]-1) [( 2(n2+...+nx) (Rn],1+..+Rn].n2-2) +(3'2(n2+ ..+nx) n 2(n3+...+nx)+2

)Rnp.n ) + ((

n+n +2n +(n T ), Hh +2n4+(n5+...+nx) N 22n4+(n5+"'+nx)

)

n +2n +(n +. +n ) 2n +(n +...+n ) 2(n +...+n ) 2(n +,,,+n )

Rni,n2-1 - (2
2(n3

+2
)

o 2(n2+...+nX ) n

(n+.4n )

Rni,n2,n3-1-(2 2

(n+ - ) )Rn1 n2n3)+ .+ ((2
n +2 E4

1-2) +32 )+2(“ ) )+2 Yo Rapange1-1) - (3%27 2
211X )- (2(11 )

précédent, sauf que les + deviennent des - et I'exception E4 est remplacée par E5S ] )

- (
+ 20 ) Y Rag . i1+ 4RN],..nx

+.+n +2n
x-1 ) x t...

4o+ 2N 1 " ))Rni,...,nx- 1)) ] + [ termes identiques a ceux du crochet



+ (—(Rnl, .,nx-3,1 +..+Rn},...,nx-2 -1) [ 2nx-1+nx(Rn1,...,nX_2,1 +...+Rn1,...,nx-1-2) +
E6 )
32" ™ + 2% 2 ) Ry 11 - (3327 2% P +22% )- 2% ) Ranxe |

+Rni,...,nx-2 [ termes identiques a ceux du crochet précédent, sauf que les + deviennent des -

et 'exception E6 est remplacée par E7 ) ]

+ (Rnl,...,nx-1,1 +..+Rn1,...,nx-2) [(52(n+ ~n )-3 (n+.4n ) o0 )+( (2(r1+ +n )

.t
D, G

-32™

20 R34 AR -1y 2% 20 Rap ) 4ot (2% (Rl,.nx2,1H.

+Rl’l],...,nx-]—l)+ anRI’ll, L Nx-1 )]

+ 2Rnt,.nx-1 (520710 3(2(n+ M) 20+ (e 2

+..+n ) (n

®R3+. +Rn-1y+ %) 20D 1) Ry ) +..+ (-@"<-1)Rn],...nx-2,1+..

"f‘Rl’l],...,l’lx-]—l)"F 2nx Rni,...,nx-1 )]

- 2Rn1,...,nx-1 (Rn1,...,nx-1,1+...4+Rn1,...,nx-2)

La formule pour Rn] est singuliére, car pour x=1, le premier terme est 3 et non 1 ce qui a pour

conséquence que la formule générale ne s'applique plus parfaitement sans modification. La
formule appropriée est la suivante.

Rnj= (R2 +..+Rn]-2) (5.2"7) + 2Rn1-1(5.2"1-3) - 2Rn{-1 (R3+..+Rn]-2)
avec R3=\21 (exception a la formule ci-dessus)

Exceptions de la formule de Rn{,n2,....,nx :
El:

Soit np , le premier indice de valeur >2 dans la notation de Rn1,...,nx . On a b>2.

Exemple: pour R3,1,1,5,2,3 , b=4 (quatriéme indice) de valeur np =5

Pour nbt1 ... nx =1, 3sb<x-1, [(5.2"174-3)220 - (5.2 -6) 20

(32704 320 @ ey =3

P . n +..+n
Pour np+1 ,..., nx >1, b=2 , termes notés dans la formule ci dessus. Pourn] =3, on a 9.2( 2 X

) Ro-= 272(n+ ) Ro=3

*Pournz, ,nxl —1 g 22, (5255 L5 X g o2 g X L pn

2

(3.2 *13.20% )2 x- pourn1 =3
*Pournd ..., nx =1, (3x271x5. 275 5 X A 30713 92y 3 X

(3x271%3.2% + 325 pourny =3



E2:

*npt] . ny =1, 2<b<x-1 | ( 22b+(nb+...+nX )-1 ) 2b+(nb+...+nx)

)R3+..+Rn]-2)Rn]-1
% Pourny ..., nx.] =1 .nx 22, 22 - 25 1 (R34, +Rn1-2)Rnj-1

*Pourny ..., nx =1 , (3x2 122X -2 )00 LR34 +Rn1-2)Rn-1

E3:
* Soit nk , le dernier indice de valeur >2 dans la notation de Rn1,...,nx . Le coefficient placé
devant Rn1,...,nk-1 est une exception qui obéit a la régle E3

Exemple: pour R3,5,2,1,3,1,1 , k=5 (cinquiéme indice) de valeur nk =3 , ainsi, le coefficient
placé devant R3,5,2,1,2 est une exception

5. 2(n1+"'+nk )+2(x-k-1) (n2-~-...-i-nk ) (n3-|r...+nk ) 22(x-k)+l ) x-k

[3%2 7 x

232 +2 +o4 203271 2
)= GHRAT ko] 1+t R, .nk-2 ))( 3x27 T2 CAFD Xl g (0 bt Fixoke3 )
Rni,...,nk-1
E4:
(20T ) ) gl AR kol 20k
k+2

)] Rnt,...nk-1(R3+..+Rn]-1)

ES:
[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - | Rn1,...,nk-

1xRn1

Eé6:

[(2nk X 3><2-1>< 22(x-k)—|—1 i x-k

L B

2 )] Rnl,'“:nk_l(Rnlr"ank'z 51
+...+ Rn1,...,nk-1-1)

E7
[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - | Rn1,...,nk-
1xRn1,...,nk-1

En sommant les différentes aires jusqu'a l'infini, tout en tenant compte de la symétrie (8 sous-

zones identiques), on trouve la surface totale de la zone N=1.
Soient x=n1=n2=....=nx, tendent vers l'infini

Dans la formule suivante, certaines parenthéses et crochets seront colorés, cela afin de mieux
visualiser les différentes parties et rendre ainsi la présentation globale plus esthétique.



Pour la formule ci-dessous, nous posons l'opérateur S( ) qui symbolise des sommes de sommes
(ou de simples sommes). Le premier terme, Rx, dans la parenthése représente la partie variable de
la somme. Chaque sous-parenthése représente 'opération appliquée a chaque terme successif de
la somme, ainsi que le dernier terme. Plusieurs sous-parenthéses successives (séparées par une
virgule) représentent une somme dont chaque terme est la somme définie par la parenthése
précédente (de gauche a droite).

exemples:
somme simple: R3+H(1/2)R4 +.+(172" )Rn1-2 = S(R3, (1/2, n1-2))
somme de somme: [R31+(1/2)R32 +..+(1/2"2R3n2-2 TH(1/2)[R41+(1/2)R42 +..+(1/2"%

3)Ran2-2 T+ (12" )[Rt 14(1/2)Rn12 +. +(1/2"2>)Rnin2-2 1= SR31, (1/2, 12-2), (1/2, 1))
cas particuliers:

R3R4+(1/2)R4RS +..+(12" " HRn1-1Rn1 = SR3R4, (1/2, n1))
R3R4+(1/2)(R3HRARS +..+(1/2" Y (R3+R4+..+Rn1-1)Rn1 = SR3R4, (1, n1-1)(1/2, n1))

Surface de la zone N=1 =

8 [ 3x(x+4)/50 + (| (x-1/5.2%) S(R3, (1/2, n1-2))- x-1/52" Y S®3, (1, n1-2)) 1 + 1 ( (x-2/5.2°

YS(R31, (1/2, n2-2), (1/2, n1))- (x-2/5.2"22) S(R31, (1, n2-2), (172, n1)) ) - 3( (x-2/25.2%)

+
S(R31, (1/2, n2-2), (1/4, n1))- (x-2/25.2"2 %) SR31, (1, n2-2), (1/4, n1)) ) | + ... + [ ((1/5.2° 1)

SR311... T, (112, 1x1-2), (112, 12y (172, 11 )- (x-2/5.2"0 XF2) SR31T 1, (1, v1-2),
J’_
(172, 1), (12,00 ) ) = 30 ( (125 25Ty SR31Twer, (172, nx1-2), (172, 12, (1/4, 11))-

nx-1 +x-1

(1/25.2 ) SR3T. L, (1, n51-2), (1/2, 152} (1 1)) ) + ( (12525 2 ) SR31T.1x.
L (172, 161-2), (1/2, 1x2),..., (14, m2),(1/4, 1) )- (12521 ) SR311...1xe1, (1, nx1-2), (1/2, 0.
Doy (1A, 12 (1 1)) ) oot (1252752 Y SRB1. 1t (112, 1x1-2), (1/4, 1x2),..., (1/4,
n)- (17252 N SR T, (1, ne1-2), (14, nx2),n, (14, 01))) 1)

+ (1 (17521 2x-2) SR3, (172, n1-1))- 3(1/25.27)(-x) SR3, (1/4, n1-1)) ~(1/25.2”)(x-x)
S(R4R3, (1/4, n1-1)(1,n1-2)) | + [ (1/5.2)2(x-11-2) SR31, (1/2, n2-1), (1/2, nl))- 3 ( (1/25.2°)
Q2(x-19-2) SR31, (1/2, n2-1), (1/4, 1)) + (1/25.2°)((x-1=(x-1)) SR31, (1/4, n2-1), (1/4, 1)) )
- (1/25.27)((x17=(x-1)) S(R32R31, (1/4, n2-1)(1,02-2), (1/4, n1)) | +.+ [ (1/5.25 2)22)-2)

SR31T...Tx1, (1/2, nxt-1), (12, 12) oo (172, 01))- 3¢ (1725.252)2(20-2) ( SR311...1x, (172,
nx1-1) , (1/2, nx2) 5.y (1/2, 02),(1/4, n1))+ (1/2) S(R311...1x-1, (1/2, nx-1-1) , (1/2, nx-2) ...., (1/2,

n3), (1/4, n2),(1/, n1)) +..+ (/2 )SR311...1x, (112, ni-1) , (1/4, 1x2) ,...., (1/4, n1)) ) +
(1252251 ((20-2) SR311...1x1, (1/4, ne1-1) , (1/4, 1x2) ..o, (14, 1)) ) - (125275 20
(2)) )S(R311..2x1 R311...1x-1, (1/4, nx-1-1)(1, nxe1-2) , (1/4, nx2) ..., (1/4,n1)) | )



-( ((n2—1)/5.22) S(R3, (1/2, nl))- 3(n2/25.22)S(R3, (1/4, nl)) —(n2/25.24) S(R4R3, (1/4,n1)
(1,n1-1)) |(x-1)+ ((n3-1)/5.23) S(R31, (1/2, n2), (1/2,n1))- 3 ( ((n3-1)/25.23) S(R31, (1/2, n2),
(1/4,n1)) + (n3/25.24) S(R31, (1/4, n2), (1/4,n1)) ) - (n3/25.26) S(R32R31, (1/4, n2)(1,n2-1),
(1/4,01)) 1(X2) + .. + [ (0x-1)/5.27)S(R311...1x-1, (1/2, nx-1) , (1/2, nx2) ,...., (1/2, n1))-
3(((x-1)/25.27) (S(R311...1x1, (1/2, nx-1) , (1/2, nx2) ...v, (172, 02),(1/4, n1))+ (1/2)
S(R311...1x-1, (1/2, nx-1) , (1/2, nx-2) ,...., (1/2, n3), (1/4, n2),(1/4, n1)) +..+ (1/2X'3)S(R311...1x.1,
(172, nx-1) , (1/4, nx2) ,...., (1/4,n1)) ) + (nx/zs.zzx'z) S(R311...1x-1, (1/4, nx-1) , (1/4, nx2) ,....,
(1/4,nl)) ) - (nx/25.22X)S(R311...2x-1 R311..1x1, (1/4, nx1)(1, nx-1-1) , (1/4, nx-2) ....., (1/4, nl))
1)
+([ ( (1/25.26) S(R3R41, (1/2, n2-2), (1, n1-1)(1/4, n1))- (1/25.2n2+4)S(R3R41,(1,n2—2),
(1, n1-1)(1/4, n1)) - ( ((n3—1)/25.25) S(R3R41, (1/2,n2), (1, nl1-1)(1/4, nl)) + (n3/25.26)

S(R3RAL, (1/4, 12), (1, n1-1)(1/4, n1)) ) [(x-2) ...+ [ (1/25.257) ( SRIRAI1...1x1, (12, 1x1-2),
(1/2, x2) ..., (1/2, n2), (1, n1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1/2, nx-1-2), (1/2, nx2) ...,
(1/4, 1), (1, n1-1)(1/4, 1)) +...+ (1725 )SRIRA1 1. 1x1, (1/2, 1x1-2), (1/4, 1x2) ,...., (1/4, 12),
(1, n1-1)(1/4, n1)) ) - (1725277 (QR3RAT .1, (1, me1-2), (1/2, 1x2) ..o, (172, 12), (1,
nl1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1, nx-1-2), (1/2, nx2) ..., (1/4, n2), (1, n1-1)(1/4, n1)) +....
2 )SRIRATL e, (1, 1x1-2), (14, 1x2) 5o (14, 12), (1, n1-1)(1/4, n1)) ) - ( ((nx-
1925.257) (SR3R411...1x1, (12, 1), (172, 152) ..oy (1/2, 12), (1, n1-1)(1/4, 1)) +
(1/2)S(R3R411...1x-1, (1/2, nx-1), (1/2, nx2) ..., (1/4, n2), (1, nl-1)(1/4, nl)) +...+ (1/2°

3)SRIRA ... 1xt, (172, 1), (1/d, 1x2) ooy (14, 12), (1, n1-1)(1/4, n1)) ) + (nx/25.2°%)
S(R3R411...1x-1, (1/4, nxe1), (1/4, nx-2) ..., (1/4, n2), (1, n1-1)(1/4,n1)) ) 1(1))

T+ ((1725.27)2(x-17-2) S(R3RAT, (1/2, 02-1), (1, n1-1)(1/4, n1)) + (1/25.2 ) ((x-17=(x-1))

S(R3R41, (1/4, n2-1), (1, nl-1)(1/4, n1) + .. + [ (112525 H22)-2) ( SR3R411...1x1, (172,
nx1-1), (1/2, nx2) ...y (1/2, 02), (1, n1-1)(1/4, n1)) + (1/2)S(R3RA11...1x1, (1/2, nx-1-1), (1/2, nx-2)

oy (1, 12), (1, n1=1)(1/4, 1))+t (125 )SRIRAT L 1, (172, nxct-1), (1/4, 1x2) ,...., (1/4,
n2), (1, nl-1)(1/4, n1)) ) + (12522 (2-2) SRIRA11... 151, (1/4, nx1-1), (1/4, 1x2) ..., (1/4,
n2), (1, n1-1)(1/4,n1)) | )

+ (11252 SR3R31, (172, 12-2), (1/4, n1))- (125.2" 2 H)S(R3R31, (1, n2-2), (1/4, n)) -
(((03-1)/25.2%) S(R3R31, (1/2, n2), (1/4, n1)) - (n3/25.2%) S(RIR31, (1/4, n2), (1/4, n1)) ) |(x-2)
o 1 (12525 (SRR e, (172, 1x1-2), (172, 1x2) 1. (1/2, 12), (1/4, 1)) -
(12)SRIR3T1...1xt, (172, 11-2), (112, 12) ooy (1/4, 12), (1, 01)) oo (12X 2)SRIR3 11 1.

nx-1+x-1

L (1/2, nx1-2), (1/4, nx2) ..., (1/4, m2), (1/4,n1)) ) - (1/25.2 ) (S(R3R311...1x1, (1, nx-1-
2), (1/2, nx2) ..., (1/2, n2), (1/4, n1)) - (1/2)S(R3R31 1. 1x1, (1, nx-1-2), (1/2, nx-2) ,...., (1/4, n2),



(1/4, nl)) -....- (1/2x_3)S(R3R311...1x-1, (1, nx-1-2), (1/4, nx-2) ,...., (1/4, n2), (1/4,nl)) ) - ( ((nx-
1)/25.2X) (S(R3R311...1x-1, (1/2, nx-1), (1/2, nx-2) ,...., (1/2, n2), (1/4, n1)) - (1/2)S(R3R311...1x-1,
(172, nx-1), (1/2, nx-2) ,...., (1/4, n2), (1/4, nl)) -....- (1/2x_3)S(R3R31 1...1x-1, (1/2, nx-1), (1/4, nx-

2) yoey (174, 12), (1/4,n1)) ) - (nx/25.22x_2) S(R3R311...1x-1, (1/4, nx-1), (1/4, nx-2) ,...., (1/4, n2),
(1/4,n1))) I(1))

+( (1/25.25)(2()(-1)2-2) S(R3R31, (1/2, n2-1), (1/4, nl)) - (1/25.25)((X-1)2-(X-1)) S(R3R31, (1/4,
n2-1), (1/4,nl)) - .... - (1/25.2X+2)(2(2)2—2) ( S(R3R311...1x-1, (1/2, nx-1-1), (1/2, nx-2) ,...., (1/2,
n2), (174, nl)) - (1/2)S(R3R311...1x-1, (1/2, nx-1-1), (1/2, nx-2) ,...., (1/4, n2), (1/4, nl)) -....- (1/2X_
3)S(R3R311...1x-1, (1/2, nx-1-1), (1/4, nx-2) ,...., (1/4, n2), (1/4,nl)) ) - (1/25.22X-1)((2)2-2)
S(R3R311...1x-1, (1/4, nx-1-1), (1/4, nx-2) ...., (1/4, n2), (1/4,n1)) | ) ] (crochets roses ci-contres=

terme pour x=3, on a R311...2x-2 1x-1 = R4 pour x=3)

+ ...t

[-(« (125275 SR311...1x2 R311...2x2 Txet, (1/2, nx1-2), (1, mea-1)(1/4, nx1), (14, 1x2) ..
(ann)- (12527252 GR31T1x2 R311...2x2 Txet, (1, m1-2), (1, mea-1)(1/4, nxr), (1/4,
n2) o (A1) - ((nx-1)252251) SR 1x2 R311..242 11, (12, ), (1, nea-1)(1/4,

net), (14, 1x2) .o, (1din1) + (06/25.27%) S(R311..1x2 R311...2x2 Lx-1, (1/4, ne1), (1, nxa-1)
(1/4, nx1), (1/4, 1x2) ..., (1/4,01)) ) 1(1))

F (12527 N 202-2) SR 1x2 R311.. 262 11, (12, nxt-1), (1, nxa-1)(1/4, nxt), (1/4,
12 oo (U400) + (125225 (202-02)) SR311..1x2 R311...252 Ix-1, (14, -1, (1, -1
(1/4, nx1), (1/4, nx2) ..., (1/4,n1)))

(1 (1252%52) SR3IT1x2 R311...1xa Lt (1/2, nx1-2), (1/4, ), (1/4, nx2) ...

Ny 72x-4

(1/4,n1))- (1/25.2 ) S(R311...1x2 R311...1x2 Ix-1, (1, nx-1-2), (1/4, nx-1), (1/4, nx-2) ...,

(1dn1) - ((nx-1)/25.27573) SR Ix2 R311...1x2 Txe1, (172, nct), (1/4, nxt), (14, nx2) .o

2x-2
(1/4,n1)) - (x/25.27 ) S(R311...1x-2 R311...1x2 Ix-1, (1/4, nx-1), (1/4, nx-1), (1/4, nx2) ...,

(1/4,01)) ) 1(1))

(125255 22)0-2) SR311..1x2 R311..1x2 et (172, -1, (14, i), (14, 12 .,

(1/ann) - (125275 1 (20-(2)) SR311.1x2 R31 ... Tx2 Ix-1, (14, nxt-1), (14, nxt), (14, nxc

) e (A1) )] )

(1 (1525 SR3, (12, n1-1)- (152" SR3, (1, n1-1)) | + 1 ( (1/5.2%) SR31, (172, n2-1),

(1/2, n1))- (1/5.2"272) SR31, (1, n2-1), (172, n1)) ) - 3( (1/25.2%) SR31, (1/2, n2-1Y, (1/4, n1))-

+1
(1/25.2"22) SR31, (1,12-1), (14, n1)) ) | + oo+ [ (15,25 Y SR3T1...1x, (172, n-1), (172, ns.



Do (172, 1)) (1/5.2™ %) SR311...1x, (1, ), (1/2, nx1),..ny (1/2,01) ) ) = 3( ( (1/25.2X+1 )

SR311...1x, (172, nx-1), (1/2, nx-1),..., (1/4, nn))- (125.2™ ) SR311...1x, (1, me-1), (1/2, nxc),...,

(1/4, n1)) ) + ( (1/25.2X+2 ) S(R311...1x, (1/2, nx-1), (1/2, nx-1),..., (1/4, n2),(1/4, 1) )- (1/25.2"

+x+1 2x-1
) S(R311...1x, (1, nx-1), (1/2, nx-1),..., (1/4, n2),(1/4, n1)) ) + ...+ ( (1/25.2 ) S(R311...1x,

1 +2x-
(1/2, 11, (14, mxe1).onns (14, n1)- (172520 7252) QR31L 1, (1, 1), (1/4, nxct)...., (1/4,

n1))))|)

([ - 12527 SR3R4L, (1/2, 02-1, (1, n1-1)(1/4, n1))- (1/25.2" 2 H)SR3RAL, (1, n2-1), (1,
nl-1)(1/4, 1)) | + [ (1/25.2°) S(R3R31, (1/2, n2-1), (1/4, n1))- (1/25.2"> " HSR3R31, (1, n2-1),
(1/4,n1)) | |

[ (- (1125.2% SR3RATL, (172, n3-1), (1/2, n2), (1, n1-1)(1/4, n1)- (1/25.2™ )SR3R411,
(1, 13-1), (172, n2), (1, n1-1)(1/4, n1)) | +] (1/25.27) S(R3R411, (1/2, n3-1Y, (1/4, n2), (1, nl-1)
(1/4, n1))- (1725.2" "O\S(R3RA411, (1, n3-1), (1/4, 12), (1, n1-1)(1/4, n1)) | ) + (| (1/25.2°

S(R3R311, (172, n3-1, (1/2, n2), (1/4, n1))- (1225.2™ )SR3R311, (1, n3-1), (1/2, n2), (1/4,

1)) |- [ (1/25.27) S(R3R311, (1/2, n3-1), (1/4, n2), (1/4, n1))- (1/25.2™ “HSR3R311, (1, n3-1),
(1/4,02), (14, 01)) 1)) + (= [ (1/2527) S(R3IR321, (1/2, n3-1), (1, n2-1)(1/4, n2), (1/4, n1))-

(1252370 S(R3IR321, (1, n3-1), (1, n2-1)(1/4, n2), (1/4, n1)) | + | (1/25.2°) SR3IR311, (1/2,

n3-1, (1/4, n2), (1/4, n1)- (1/25.2™ "4 SR3IR311, (1, n3-1), (1/4, n2), (1/4,n1)) | ) |

+...t
nx+X+2

[ (-( (1252573 SRIRAT1...1x, (1/2, me-1), (172, 1) 5oy (1, 1-1)(1/4, n1))- (1/25.2 )
S(R3RA1...1x,, (1, ne1), (1/2, 1) .y (1, nl=1)(1/4, n1)) | +1 (1725.2%7%) SR3R411...1x,, (172,
nee1), (172, 1) 5. (14, 02), (1, n1=1)(1/4, n1))- (12523 SR3RA1 1.1, (1, nc1), (112,
net) oo (14, 02), (1, n1-1)(1/4, n1)) |+t [ (12527571) SRIRAT11x, (1/2, n-1), (1/4, nxe

) s (14, 12), (1, n1-1)(1/4, n1))- (17252 2% SRIRA11...1x, (1, nx-1), (14, nx1) ..., (1/4,

n2), (1, n1-1)(1/4, 1)) 1) + ([ (17252571 SR3R311...1x, (172, n-1), (172, 1) .0y (1/4, 11))-

nx+x x+2
(1/25.2 ) S(R3R311...1x, (1, nx-1), (1/2, nx-1) ,..., (1/4,n1)) | - | (1/25.2° ) S(R3R311...1x,
(1/2, nx-1), (1/2, nx-1) ,..., (1/4, n2), (1/4, n1))- (1/25.2nX+X+1) S(R3R311...1x, (1, nx-1), (1/2, nx-
1),..., (1/4,n2), (1/4, nl)) | -...- (1/25.22X-1) S(R3R311...1x, (1/2, nx-1), (1/4, nx-1) ,..., (1/4, n2),
(1/4, nl))- (1/25.2nX+2X_2) S(R3R311...1x, (1, nx-1), (1/4, nx-1) ,..., (1/4, n2), (1/4, n1)) ) + -
( (1/25.2X+4) S(R31R321...1x, (1/2, nx-1), (1/2, nx-1) ,..., (1, n2-1)(1/4, n2), (1/4, nl))-

nx+X+3

(1/25.2 ) S(R3IR321...1x, (1, nx-1), (1/2, nx-1) ..., (1, n2-1)(1/4, n2), (1/4, nl)) | +



(1/25.257) SR3IR321...1x, (1/2, nxe1), (172, 1) ..os (174, 13), (1, 02-1)(1/4, 12), (1/4, n1))-

(1252 QR3IR321.1x, (1, mee1), (172, 1) .o (14, 13), (1, n2-1)(1/4, n2), (1/4, n1))

ot 1 (125275 S(R3IR321...1x, (172, -1, (1/4, 1) ..., (1/4, 03), (1, n2-1)(1/4, 12), (1/4,

nx+2X+1
nl))- (1/25.2 ) S(R31R321...1x, (1, nx-1), (1/4, nx-1) ..., (1/4, n3), (1, n2-1)(1/4, n2), (1/4,
1)) 1) + (1 (125252 SRIIR31L.1x, (172, n-1), (112, 1) . (14, 12), (1/4, n1))-

(1252 D QRIIR3 11 1x, (1, mee1), (172, 1) 5.y (14, 12), (14, 01)) | - [ (11252573

S(R3IR311...1x, (1/2, n-1Y, (1/2, 1) ..., (1/4, n3), (1/4, n2), (1/4, n1))- (1/25.2" 72
S(R3IR311...1x, (1, nx-1), (1/2, me1) ..., (1/4, 03), (1/d, 02), (1/4, 1)) | e [ (1/25.2°%)
S(R3IR311...1x, (1/2, n-1, (1/4, 1) ..., (1/4, 13), (1/4, n2), (1/4, n1))- (1/25.2™ 2%,
S(R3IR311...1x, (1, nx-1), (1/4, nx-1) ,..., (1/4, n3), (1/4, n2), (1/4,n1)) | ) ) + ...+ (- (
(12527 SR 1IR3 1. 241 1x, (172, 1), (1, me1-1)(1/4, ), (14, nx-2) ..., (1/4,
n1))- (12522 SR 1% 1R31.. 261 1x, (1, mee1), (1, nxt-1)(1/d, nct), ((1/4, nx2) ...
(14, n1)) 1) + (1 (17252751 SR311. e 1R3 1 Tt 1x, (1/2, mee1), (14, nct), ((1/4, nx2) ...

(1/4, n1))- (17252725 2) SR31L. 1IR3 1 Int I, (1, e 1), (1/4, nct), (14, nx2) .o (1/4,

ay))])

([ 32522 SRS, (1/4, n1)) + (1/25.2SR3R4, (1, n1-1)(1/4, n1))] + | 3/25.2%) sR31,
(1/4, n2), (1/4, n1)) + (1/25.2)( S(R3R31, (1/4, 1n2), (1, n1)(1/4, n1)) ) + (1/25.2%)SR3IR32, (1,

n2-1)(1/4, n2), (1/4, n1))| +...+ | (3/25.27%) SR311...1x, (1/4, 1) ... (1/4, n1)) + (1/25.2°%)(

S(R3R311...1x, (1/4, mx) ,..., (1, n1)(1/4, n1)) + S(R3IR311...1x, (1/4, nx) ..., (1, n2)(1/4, n2),
(1/4,n1)) R311...1x, (1/4, nx) ..., (1/4, n1)) +..+ S(R311...1x-1 R311...1x, (1/4, nv), (1, nx-1)(1/4,

net) .., (14, n2),(1/4, n1)) ) + (12527 2)SR311.1x R311...2x, (1, n1)(1/4, nv), (1/4, ne1)

..., (1/4,n2),(1/4,n1))] ) ]

Pour une zone N>2 (carré de la forme A2,1,....,1N-1,0N sNN+1,e..o11X »

de coté = a2,1,....,IN-1,nN ,nN+1,....,0x ): attention les yeux!

AB*=AC*+B(?

1=[a2,1,....,1N + 2X((a2,1,....,1N_1,2N +a2.1,...,IN-1,3N +....+ a2,1,...,IN-1,aN-1)+
(@2,1,....,IN-1,nN ,IN+1+ a2,1,...,IN-1,aN ,2N+1+....+a2,1,....,IN-1,aN ,aN+1-1 )+...+

(a2,1,....,IN-1,aN ,aN+1,....,1x +a2,1,....,1N-1,aN ,aN+1,....,2x +....+a2,1,....,1N-



2
1.ON ;AN+1e.neoX ))] + [a1+2><((a2+a2,1+....+a2,1,....,1N-1 )+a2,1,...,IN-1,nN +
2
a2,1,....,IN-1,aN ,aN+1 +....+a2,1,.....1N-1,aN ,aN+1,....,nx )]

On trouve la formule générale suivante, valable pour les aires de tous les carrés de la zone N>2.
Chacun des exposants F1, F2 ...., FS et E3 , E2, ...., E7 (trés similaires aux E correspondants, de la
zone 1) indique que le terme auquel il est rattaché posséde une exception particuliére qui
remplace ce terme, et dont la formule est donnée plus bas.

A2,1,....aN,AON+1,....,nx =

(3525313 2?02 4 6.5 153163 T 2t ) 20 )

7 7

Tt O RO INCT + (B)R2LL N + ot (D)

S 1(175.2°"8 1052 2P

SR2,1 Y H/T)R2 IN-TR2 + o+ R2, 1 nNuN2 Y (3)R21,. 0 IN-2 (R2,1,nN L + .. +

201, nN3 ) + o+ (3R R2 )] 43520

# (105208 D) Lo a0 Tt S B Nl (14 (277 )(R2,14 R2, 1,1+ .
TR, T ) - [35.2°8 L - 219270 Oy IO 35 )0 R 1 (14 217)
(R2,1+R2,1,1+ ... +R2,1,...,1n-1))
(n +. +n 1
+52 (R2,1+ R2,1,1+ .. +R2,1,.., In.1 JR2, Loy IN+ .. #R2,1,..0n-2)
- 2(nN+1+...+nx )+3 F4

) R2719 ,1’1N-1(R2, N 71N+ +R2917 7nN'2)
(22 O N o L NR2IL L INt . AR21, 1)
[(5 2(n +. +n )-1

(5.2 300 ) o0 ) 0 (RN nx-2, Ix-
(n +..+n ) 1

MR LIN+ ..+ R2,1,.0N-2)

320 RN +R2,1, JANGINA41-2 ) ot

|+t R2, 1, 0Nix-2, x-1-2 ) | [(R2, 144+ R2,1,..IN-1 )+7/2] + [ (4(15.2"N

9.2 1) 3 90, Tt 2 R 1 4 RO, IN-T J+7/2]- 22,1, 0N 1.

.. )+2 (n +..+n )1 +..+n )
X

+R2,1,.nNn2-2)2 M ) R2,1,...nNn2-1 +...+ (4(15.2 -9

+ 2 Tt Oy 3 R 1 RO INC] )+7/2] - 2(R2,1,. ANk

21+, AR, LNk 1-22% ) RO AN ,nx_1-1] [(45.2"N "Nt P

+..4n )-1 +2 + +..+ + +..+ +..+n )-1
(nN+3 nx) —3.2nN+1 nN+2 (nN+3 n ) 32 (nN+3 nx)— 2 (nN nx)

1320 Y [(R2, 144 R, IN-1 )H7/2] 2(R2, 1 N, 1. +R2,1,.n AN 1 -

+..+ +2n -1 +..+ + 2
(n n ) n +1 x-l) n

D225 R 1NN et (4520 T3e et



(n++n)1

)

h)-52 130N ) 4 2T S 2R N2 1

AR, iNeix-1-1)27 ) R2, 1N 1

+ 2[ ( R, I AR2 D) [(20%0 ) (RN 4R, NGIN1-2)

1320 ) O T T R NN-T - @ P TP ) 20

(nN+3+'"+nx )- 2(nN+1+ +nx) JR2,1,...,nN,nN+1 ) + ( (2(nN+l+m+nx) + 2(nN+2+"'+nx) )

(R2,1,.. ,ANSANAT 1. FR2, 1NN LnN+2-2) 3R M T ) 2O P )y

n_ +. +n +2 +n +2n  +(n +..4n +2n  +
2( N+3 ) )R2,1,....aN,nN+1,0N+2-1 - (2 N+l N+2  N#3 ( N+4 )+2 N+2  N+3

(nN+4+ - )+2 N+3 (nN+4+m+nx) - (2(nN+1

(n

. nx) + 2(nN+2+ ..+nx) ))RZ,I,,I’IN,IIN+],1’1N+2)
T ONR2 N g2, ]+ FR2, 1, N, 1-2)

E4
+3Qn ) 0 ) )+ 2 RN g1 - 20N T R )

+
22nx - (2(nN+1+"' nx) 4o+ 2" x—l e ))R2,1,...,nN,...,nx_1)) ] + [ termes identiques a ceux du

+...+ ( (2 nN+l+m+nx) .+2

x Tt

crochet précédent, sauf que les + deviennent des - et I'exception E4 est remplacée par ES ] )

+ (-(RZ,I,...,nN,...,nX-31+...+R2,1, N2 -1 [ 2% N R2L NG g2,

E6
FR2, 1 AN 1-2) + 3201 ™ + 2% 2O RNy -1 - (20T 270

+
2" ) R2,1,...,nN,...,nx-1 ] +R2,1,...,nN.,...,nx-2 [termes identiques a ceux du crochet

précédent, sauf que les + deviennent des - et 1'exception E6 est remplacée par E7 ] ) ]

AL g Tt )

+ (R2,1,...0N,.ix-1,1 +..+R2,1,...0N,....nx-1) [(4(5.
M (R2 14+ R2, 1 IN-1 )14772] + 2( -2 ) 4120 R2, 1, IN.4R2, 1, N
D @M L) RN ) et 2( 2" (R2, LN iy 2, 1
+R2,1,....0N,onx-1-1) + 275 R2, 100N i1 ) |

- 2R2,1,...N,...nx [214+6(R21 +..+R2,1,..,0N.1) + (R2,1,...nN, 1+...+R2,1,...0N) + ... +

2N 2
(R, 1, 1 AR2, Lting.ny-1) ] /57027 1)

Exceptions de la formule de A2,1.,...,naN,n2,....,nx
Soit np , le premier indice de valeur >2 dans la notation de A2,1,...,nN,...,nx , avec N+1<b<x
Pour nn+1 ,..., nx =1, on considére que b=x

Exemple: pour A2,1,1,3,1,1,5,2,3 , b=7 (septieme indice) de valeur np =5

F1:



Pour nN =2, on a la relation

_31 3 22(bN+2)+31( 3)Nl bN+2)2(n+ +n )-1
28

F2:

2(b-N+2) b-N+4 (n +. +n )-1

Pour nN =2, -(21.2 +49.2 )25

F3:

[(35-2“N_2—21)22(b'N)Jr3 n -3 b-N+3 (n +..4n ) -1

-(35.2"N7-21)2 12

F4:

) (22(b-N)+3_ 2b-N+3 ] 2(nb+...+nX )-1

E3:

Soit nk , le dernier indice de valeur >2 dans la notation de A2,1,...,nN,...,nx . Le coefficient placé
devant R2,1,...,nN;...,nk-1 est une exception qui obéit a la régle E3

Exemple: pour A2,1,1,3,5,2,1,3,1,1 , k=8 (huiti¢éme indice) de valeur nk =3 , ainsi, le coefficient
placé devant R2,1,1,3,5,2,1,2 est une exception
[ 4(5. 2(n +...+n )+2(x -k-1) 3(2(n nk)_i_z(nN+2 k)+ +2(n ))(2

3( 22(x-k+1) i 2x-k+2) 5 2(n +. +n )+x-k-3

2(x-k+1) . x-k+2

2(x-k)+1 i 2x-k )-

) -2(R2,1,...,nN,...,nk-1 ,1 +...+ R2,1,....nN,...,nk-2 )

(2 -2 )] R2,1,...nN,...,nk-1
E4:
N S et ) o0 s ) @ )) ( 20k xk )+ ( S0k D) xke2 N

R2,1,...,nN,....,nk-1(R2,1,...,IN+...+R2,1,...,nN-1)
E5:

[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - | Rn1,...,nk-

1xRn1

Eé6:
[(2%)(2
R2,1,...,nN,...,nk-1-1)

20+ _pxcky Q2D ke e TR N2 ]t

E7
[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - |

R2,1,...,nN,...,nk-1xR2,1,....nN,...,nk-1



Les racines ont pour expression,

R2.1,.....aN,ON+1.,....,nx =

(-35 25313 1 2202 + 6.5 15313 T 2t 20 )

7 7

Tt O RO INCT + (B)R2 1, IND + ot (B

117522 -105.2"N 22 M

SR2,1 Y H/T)R2 1, IN-TR2 + o+ R2, 1 nNuiN2 Y (3)R21,.0IN-2 (R2,1,nN 1+ .. +

R2,1,0N-3 ) + oo+ (3 HR2, 1,1 R2,1)] 43520

(n +otn ) e S o o] (1 (27 )(R2,1+ R21, 1+ ..

O R 1N (14 (2/7)

MIR2LLLIN+ ... +R21,...0N-2 )

+(105.2 22120
FR2 1, It ) - [35.2°8 - 21028 N Py ™ 352

(R2,1+ R2,1,1+ ... +R2,1,...,I1N-1))
(n +..4+n )+1

+52 (R2,1+ R2, 1,1+ ... 1R2, 1, 11 JR2 L, I F o #R2,1,..0n-2)
- 2(“N+1+'"+nx 3 R 1 TR, I+ o +R2, 1, 0n-2)
2P O T T B AR INt . +R2, 1 nn1)

a[ 20T 3 ) YR, NG T+ .+ R2, L INGIN#1-2 ) o

(5.2 300 ) o0 w0 )) (RN nx -2, Ix-

| ot R2, Lo iNoeoix-2, 1x-12 )] [(R2, 1.4 2,1 INCT 17/2] + [ (4015200

9,001 T+ 3 Tt 2 R 1 4 RO IN-T J+7/2] 2(R2,1,..0N, 1.
+n ) +2 + . )

+R2,1,..Nom2-2)2 M YR, 1N 1+t (415208 00O 11,

+ 20 ) 4 0@ T )) 3202 (R, 144 R2, 1, INC] )+7/2] - 2(R2,1,. N oDx

2,14 AR2, LNt 12275 )P R21 N a1 ] - [(a6.2°N a2

(nN+3-i-...+nX )-1_ 3.2nN+1-|-2nN+2-5-(nN 3-i- +n ) 3. 2 +(nN+3+...+nx) ) 5'2(nN+...-i-nx )-1
13020 ) (R, Tt R, 1, INCT 47121 -2(R2, 1N 1 AR, L0 | AN -

(n +. +n )+2n -1 +..4n )+

1)22“3+(“4+"'+“x)) R2,1,. ,ANLANF] +ooot 3527 x(4(52 230

2n (n++n)1

22y -52 30 ) b 2 ) D 2R, N2

R, iNix-1-1)27" ) R2, 1N 1

e2] (- Rt Rl [(278 ™) (RO N, R, NN H1-2)

+3.20 ) 1 0y, JR2,1,.nNnN-1 - 21 20 s ) 020 F

(nN+3+...+nx)_ 2(nN+1+ n JR2.1,... NN+ ) +((2(nNH+...+nx)+2(nN+2+... nx))

(R2,1,...,aN,nN+1 ,1+...+R2,1,....nN,nN+1,0N+2-2) +(3(2(nN+1+'"+nx) + 2(nN+z+"'+nx)

+..4n )+2
X

)+



n +...+n +2 n +n +2n  +(n +..4n +2n  +
2( N+3 ) JR2,1,...aNnN+1,0N+2-1 - (2 N+#1 N+2 T N+3 (N+4 )+2 N+2  N+3

(nN+4+ - )+2 N+3 (nN+4+m+nx)— (2(nN+1+,,+nx)+2(nN+2+ "+nx) ))R2,1,...,nN,nN+1,nN+2)
ot (@O w2 YR LNk 2,1 AR, LN 1-2)
@M ) M) o N R N 1-1) - (3527 (2 T )

n +2 E4
+2n 2n (n  +.4n ) n +n . . |
xt+..+ 2 x)- (2 N+ x Tt 2x1 x ))R2,1,...,nN,...,nx_1)) ] + [ termes identiques a

ceux du crochet précédent, sauf que les + deviennent des - et I'exception E4 est remplacée par ES

])

+. ((RZ, »ee, NN, 0x-3,1 +...+R2,1,....nN,.. ,nx_z-l)[ 2nx—] x(R2,1,...,nN,...,nx-2,1 +...
E6 ]
+R2,1, AN 1-2) + (325 M+ 2% 2 ) O RO Ny 1T - (3x2 (2% 2+

N )-2 x-l+nx ) R2,1,...,nN,...,nx-1 ] +R2,1,...,nN,...,nx-2 [termes identiques a ceux du

crochet précédent, sauf que les + deviennent des - et I'exception E6 est remplacée par E7 ] ) ]

(R, Lo Nt 1,1 o FR2,LeiNonx-2) [(4(5208 T 3000 00 1 12

M I(R2,14. 4 R2, 1 IN-1 147721 + 2( 2% ) 4 20y 2,1, Ik AR2 1, oN-

Q%% ) 22 RN ) et 2( 2K (R, LN 2, 1

+R2,1,...0N,.nx-1-1) + 2% R2,1,.. 0N, .1 ) |

+n )-1
X

)

+2R2,LetiNotie1 [(4(5. 203000 ) . 200)3) [((R2 1.4

n )

R2,1,. IN-1 )+7/2] + 20 - ™) 4 4251y R2, 1 I 4R2 - D @

M) 20 RN )+t 2( <2 +DR2, LN G2, 1 AR2, 1INk 1-1)

+ 2" -DR2,1,....0N,..nx-1 ) ]
-2R2,1,...,nN,...,nx-1 (R2,1,...,nN,...,nx-1,1+...+R2,1,....nN,...,nx-2)

Exceptions de la formule de R2,1....,nN,n2,....,nx
Soit np , le premier indice de valeur >2 dans la notation de A2,1,...,nN,...,nx , avec N+1<b<x
Pour nn+i ,..., nx =1, on considére que b=x

Exemple: pour R2,1,1,3,1,1,5,2,3 , b=7 (septieme indice) de valeur np =5

F1:
*Pour nN =2 , on a la relation

_31 3 22(bN+2)+31(3)N1 bN+2)2(n+ +n ) -2
28



*Pour nN =2, nnN+1 ,..., nx =1, on a la relation
9 52N 313N 20N+ | 31(_3)N—1 SN
28

F2:
Pour nN =2 , ~( 21,2202 | 49 Y0 N4 (@ Fetn )2

2(b-N+1) b-N+3

*Pour nN =2, nN+1 ,..., nx =1, -(3.21.2 +49.2 )

F3:

#[(35.2" 22122 O3

i (35‘2nN-3_21)2b-N+3 ]2(nb+...+nx) -2

2(b-N)+1 b-N+2

“Pour nn1 ..., nx =1, 3(35.2"N 2-21)2 - (352" 212

F4:

. _(22(b-N)+3_ b-N+3 L (0 +..n )2

2 ]

Pour e ..., nx =1, (3,220 T P2

)

E3:

Soit nk , le dernier indice de valeur >2 dans la notation de A2,1,...,nN.,...,nx . Le coefficient placé
devant R2,1,...,nN,...,nk-1 est une exception qui obéit a la régle E3

Exemple: pour R2,1,1,3,5,2,1,3,1,1 , k=8 (huitiéme indice) de valeur nk =3 , ainsi, le coefficient
placé devant R2,1,1,3,5,2,1,2 est une exception

+...+nk ) 2(x-k)+1

[4((3/2)5.20 P20k sy ol ) oo, +.420 ) 322
2(x-k+1) ) 2x-k+2 )5 2(nN-i-...-s-nk )+x-k-3

20k k2 R 1N k-1

2 3(6R)R ) AR Nnke] ]+

R2,1,....nN,....nk-2 )( (3/2)2

E4:
I 2(nN+1 2(x-k+1) AX-

+...+nk) 2

+...+nk) 2(x-k)+1 ) 2X

+ 20 2 N @ne RRRRCE)

2 R0 N K- T(R2, 1 INH.AR2,1,.nN-1)

ES:

[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - ] Rn1,...,nk-

1xRn1

Eo6:



2k)Hl ek 2(xk+1) . xk+2

[(2% ) (3/2)2 )+ ((3/2)2 -2 Rat,...nk-1( R2,1,...,0N,....nk-2 , 1

+...+R2,1,...nN,...,nk-1-1)
E7
[ termes identiques a ceux du crochet précédent, sauf que les + deviennent des - |

R2,1,...,nN,...,nk-1xR2,1,....nN,...,nk-1

Surface, pour une zone N>2 : on pose (x-N)=d, x représente 1'ordre du dernier indice= nombre
d'indices, tend vers l'infini, ainsi que tous les n.

8| (-3.52N 253163 [n- D +Hmv-2)d] + 6.5 15.3163) (2+d)

75N 23 752N 53
+ 352N 313N @30y + 313V 1d)
7 52N 24 52N.23

2N iyt

+ (355N 2% SR211...1x, (172, nn-1))- (35/5 ) S(R211...1N, (1, nN-1)) +

dr3ss™, 23) S(R211 AN, (172, mv-2))- (35/5° 2™y sR211.. 1w, (1, nn-2))] )
+(35/5°N.2%) (4d®+14d+6) S(R211...1n, (1/2, nn-1)) - 21/57.2%) (2d%+2d) S(R211...1n, (1/4,
N 3 2Nyt

nN-1)) + d[(35/5°.2%) S(R211...1w, (1/2, nn-2))- (35/5
(2/7)(R21+R211+..+R211...1nx-1) )

- (755" 2) (- Ty+d(nn-2) - (105/57 2) (2+d) + 21/57 2%) (d*+3d) + d(@9/5°.2) )(
(R211...1nx1 +(-3)R21 1. Inna + (-3) V2 R21 ) + (2/7)(R21 1. Inna(R214R21 1+, +R21 ... I

2) +(-3)R211...Inn2(R21+R21 1+..+R21 1... Tnws }H(-3)  R211R21) )

- d( B5(mna-1)57 N .2%) S(R21 L. 1N, (172, nv)) - 2 1nwa/5™ 2% S(R211.. I, (1/4, nv)) )

(1+(2/7)(R21+R21 1+.. +R211...Inx1))

+d( (55N 28 SR211..1w, (172, mv-2))- (5/5° 2™ SR211...1n, (1, n-2)) )(R21+R21 1+..

+R211...1nn1)

+d( (1557 2%) SR211...1N, (172, m-1))- (3/57N 2%) SR211...1N, (1/4, nn-1)) )(R21+R21 1+...

+R211...1nn.1)
+( -((d2+d)/52N.25) S(R211...INR211...2x, (1, nN-2)(1/4, nN-1)) + d(nN+1/52N.24) S(R211...1N
R211..2N, (1/4, nN-1)) )

) S(R211...1N, (1, nn-2))] )( 1+

[a partir d'ici, les termes sont similaires a ceux relatifs a la zone N=1, il convient toutefois
d'apporter les modifications suivantes:

*on remplace chacun des termes x suivants par (d+1)

*on remplace chaque terme (n1) par (nN) , (n2) par (nN+1) et ainsi de suite.

*on remplace chaque terme de la forme (R311...1x-1) par (R211...1n11...1x-1) et (Rny11...1x-1) par
(R211..nn11...1x-1)]



(12 =252 S®R31, (172, 2-2), (12, n1))- (2152 2" R31, (1, n2-2),

(12, n1)) ) - (743 (=215 2%y sR31, (1/2 n2-2), (1/4, n1)- (x-2/5° 22 SR31, (1, n2-

2). (14, n1)) |+ oot [ (2 (15 25T )S(R311 Axe1, (172, nx1-2), (1/2, nx-2),..., (1/2,

niy)- (x- 2/52Nl Ml X2 QRII Leet, (1, mx1-2), (172, nx2)..... (172, n1) ) ) - (7/4)3(

+1
(57N 2T ) SR, (172, 1x1-2), (172, mx2) ,(1/4 n1)) (/57N M 1)
SR Lt (1, mc1-2), (172, mc2), (14, m0)) + ( (157252 ) SR3TL T, (172, mc1-2),

(1/2, nx2),..., (1/4, n2),(1/4, n1)) /52N 2™ QR3 e, (1, m1-2), (172, nx2), .., (1/4,

(14, 1) )+ ot (152N 2252 Y SRt (172, nx1-2), (14, 12,y (1/4, 1))

(175N 2™ S RITTan, (1, 1v1-2), (14, 1), (14, 1)) ) ) 1 JAHQIT)(R21+R21 1.

+R211...1nv1))

+(1aras™N! 27)2(x-17-2) SR31, (1/2, n2-1), (172, nl))(1+(2/7)(R21+R211+ .

FR21T...Ina))- (7/4)3 ( (152N .27)2(x-17-2) S(R31, (1/2, n2-1), (1/4, n1)) + (1/57 2 ((x-1y-

(x-1)) S(R31, (1/4, n2-1), (1/4, n1)) Y(1+(2/7)(R21+R211+.. +R211.. 1nN1)) a5 2Ty 1y-

(x-1)) S(R32R31, (1/4, n2-1)(1,02-2), (1/4, n1)) | +.+ [ (72157 252y 220-2)

SR311...1x-1, (1/2, nx-1-1) , (1/2, 1x2) oovry (172, n1))(1+(2/7)(R21+R21 1+.. +R21 1... Inn1))-
43 (15N 253 2020-2) (SR311. 1wt (12, 1-1) 5 (172, 1x2) .o (172, 12),(1/4, n1))

(1/2) S(R311...1x1, (1/2, nx1-1) , (1/2, nx2) ..., (1/2, n3), (1/4, n2),(1/4, nl)) +..+ (1/2°

ISR, (12, nat-1), (1, 1x2) .o (14, n1)) ) + (157 225 202-2) SR3 111,

(1/4, 1x1-1) . (1/4, 1x2) ... (1/4, n1)) ) (IH2/TYR21+R21 1+, AR211... Ina))- (1/5° 225y

(2)-(2)) )S(R311..21 R311...1xc1, (1/4, nxc1-1)(1, nx-1-2) , (1/4, mx2) ,..or, (1/4, 01)) 1)
- (1) (@3-1y521 22) SR31, (172, 12), (172, n1))(1+Q/7)R21R21 1+, +R21 1. Inr))-
43 ( (@3-1)5°N.2%) S(R31, (172, n2), (1/4, n1)) + (n3/52 2% S(R31, (1/4, n2), (1/4,n1)) )

(HQT)R2I4R21 4., AR21 1. Inwa))- (n3/52 2% S(R32R31, (1/4, n2)(1,n2-1, (1/4, n1)) (x-

D)t o+ [ (T(x-1Y5 N T 2SR 1, (1/2 1), (172, 1x2) oo (12, n1)(142/7)
(R21+R21 1+ +R211... Inxa))- (7/4)3( (nx-1)/5° 2%) (S(R311... 11, (1/2, n1) , (172, 1x2) ..o

(1/2, n2),(1/4, n1))+ (1/2) S(R311...1x-1, (1/2, nx-1) , (1/2, nx-2) ...., (1/2, n3), (1/4, n2),(1/4, n1))

Fot (2SR T, (172, nx1) L (14, 1x2) oo, (14, 01)) ) + (/52 2252) S(R31T . 1,

(1/4, nx1) . (14, 1x2) ..... (1/4,01)) ) (1+(2/7)(R21+R21 1+.. +R211... 1nx.1))-
52N 22)SR3 11261 R311.. 11, (14, xt)(1, nxci-1) , (14, 1x2) ..o, (14, 1)) (1))

(- Caras™2% s®arat, (1/2,n2-2), (1, n1-1)(1/4, n1)- (1752~ 2" HSR3R41, (1, n2-

2). (1 nl-1)(1/4, n1)) - ( ((n3-1)/5°N.2%) S(R3RAL, (1/2, n2), (1. nl-1)(1/4, n1)) + (n3/5°~ 2°)

S(R3RA1, (1/4,n2), (1, nl-1)(1/4, n1)) ) |(x-2) +...+ [ (157 253 ( SR3RA11..1x1, (172, nect-

2), (1/2, nx2) ,...., (1/2, n2), (1, n1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1/2, nx-1-2), (1/2, nx2) ...,



(1/4, 1), (1, n1-1)(1/4, 1)) +...+ (1725 )SRIRA11... 1x1, (1/2, 1x1-2), (1/4, 1) ,...., (1/4, 12),

(1, nl-1)(1/4, n1)) ) - (157N 2" CQRIRATL 1, (1, 11-2), (172, 162) ,..ns (1/2, 1), (1,

nl1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1, nx-1-2), (1/2, nx2) ..., (1/4, n2), (1, n1-1)(1/4, n1)) +....

T 2)SRIRAT .. 1w, (1, mx1-2), (1/4, 1x2) oo (144, 12), (1, n1-1)(1/4, n1)) ) - ( ((nx-

+2
1)/52N.2X ) (S(R3R411...1x-1, (1/2, nx-1), (1/2, nx-2) ,...., (1/2, n2), (1, n1-1)(1/4, n1)) +

(1/2)S(R3RA11...1x-1, (1/2, nx-1), (1/2, 0x2) ..y (1/4, 12), (1, n1-1)(1/4, n1)) +...+ (1727

)SRIRA1...1xt, (172, 1), (14, 1x2) ..o (14, 12), (1, n1-1)(1/4, n1)) ) + (nx/57 275

S(R3R411...1x1, (1/4, nxc1), (1/4, 1x2) ,...., (1/4, m2), (1, n1-1)(1/4, n1)) ) |(1))

+ (152N 27 2(x-11-2) SR3RA1, (172, n2-1), (1, n1-1)(1/4, n1)) + (1/5°27)((x-1)-(x-1)
S(R3RAL, (1/4, n2-1), (L nl-D(1/4, n1)) + ...+ [ (/525" 0202)-2) ( SRIRA1I...1x1, (172,
1), (12, 1x2) ooy (172, 12), (1, n1-1)(1/4, n1)) + (1/2)S(R3RA11... 11, (172, nxi-1), (1/2, nx2)

o (4,12, (1, n1-1)(1/4, n1)) + b (/25 DSRIRAT . 1xt, (172, mx1-1), (14, 1x2) ... (1/4,

n2), (1, nl-1)(1/4, n1)) ) + (152 22 (2-2) SRIRA11.. 11, (1/4, ne1-1), (1/4, nx2) ...,

(1/4, 12), (1, n1-1)(1/4, n1)) | )
amy( (1N 2 SR3R31, (172, 02-2), (14, n1))- (157 22 A SR3R31, (1, n2-2), (1/4,

n1)) - ( (m3-1)/5°N.2%) S(R3R31, (172, n2), (1/4, n1)) - (n3/5° 2™ S(R3R31, (1/4, n2), (1/4,
1)) [(x-2) +ot [ (175225 (SRIR3IT .1, (172, mx1-2), (12, 1x2) ..o (12, 102), (1/4,
n1)) - (1/2)S(R3R311... 1xt, (1/2, 1x1-2), (1/2, 1x2) s (1/4, 12), (14, 1)) e (112

3SRIR3I1...1xt, (1/2, 1x1-2), (1/4, 1x2) ... (1, 02), (1/4, n1)) ) - (1/52N 211

(S(R3R311...1x1, (1, nx-1-2), (1/2, nx2) ,...., (1/2, n2), (1/4, n1)) - (1/2)S(R3R311...1x-1, (1, nx-1-
2), (112, 1x2) ..oy, (14, 1), (1/, 01)) -.ooe (/25 D)SRIR3 111t (1, 1x1-2), (1/4, 1x2) 5.0
(1/4, n2), (1/4, n1)) ) - ( (nx-1)/25.2") (S(R3R311...1x-1, (1/2, nx-1), (1/2, nx2) ,...., (1/2, n2),

(1/4, 1)) - (1/2)S(R3R311...1x-1, (1/2, nx-1), (1/2, 1x2) 5...ny (174, 12), (1/4, 11)) -...- (127

ISRIR311... 1, (112, 11, (1/4, 12) 1.y (1/4, 12), (1/4, 01)) ) - (/52 22572

S(R3R311...1x1, (1/4, nx1), (1/4, nx2) ,..... (1/4, m2), (1/4, n1)) ) 1(1))

+ (15N 22)2(x-1-2) SR3R31, (1/2, n2-1), (1/4, n1)) - (152 2°)((x-1)-(x-1)) S(R3R3,
(1/4,n2-1), (14, n1)) - .- | (15N 252)2020-2) (S(RIR311.. 1, (172, nxct-1), (1/2, 0.

2) sy (172, m2), (1/4, 1)) - (1/2)S(R3R31 ... Txct, (1/2, nxi-1), (1/2, 1x2) ..., (1/4, 12), (1/4, n1))

o (2 )SRIR31T Tt (1/2, a1, (14, 1x2) o.ors, (14, m2), (14, n1)) ) - (1/57N 22571

((2)*-2) S(R3R311...1x-1, (1/4, nx-1-1), (1/4, nx-2) ,...., (1/4, n2), (1/4,n1)) | ) ] (crochets roses ci-
contres= terme pour x=3, on a R311...2x-2 Ix-1 = R4 pour x=3)

+..t



[-(( (15N 2% S(R311..1x2 R311..242 Let, (172, n1-2), (1, nea-1)(1/4, 1), (1/4, nx.
2 oo (VA1) (152N 2252 R 1 12 R311.. 242 Lt (1, me1-2), (1, - 1)(1/4, ),
(14, 1x2) ... (1/4.00)) - ( ((nx-1)/5°N 27X 1)S(R311 Ax2R311..2x2 Ix-1, (1/2, nx1), (1, nx2-1)

(1/4, 11, (14, 1x2) oo (VA1) + (/57 275 S(R3TT.1x2 R311...252 Ix-1, (1/4, nxct), (1, nx.

2-1)(1/4, nx-1), (1/4, nx2) ..., (1/4,01)) ) 1(1))

(5N 27N 020-2) S(R31T.1x2 R311.. 262 Lxet, (172, ne1-1), (1, nxa-1)(1/4, nr), (1/4,

1) oo (VA + (152N 225 (2p-2)) SR311 152 R311..252 Lot (1/4, nxi-1), (1, nxca-
1)(1/4, nx-1), (1/4, 1x2) ..., (1/4,01)) )

(1™ 222 SR 1x2 R3 11 1x2 Tt (172, 1x1-2), (1/4, 1), (1/4, nx2) .

(1/an))- (157N 22X G R31 1 12 R311. 1xa Lt (1, ne1-2), (14, net), (144, nx2) ...

(1/4.n1)) - (((nx 152N 2253 SR31T.1x2 R311.. 12 I 1, (172, mect), (1/4, net), (1/4, nx2) ...

(1/4n1) - (nx/57N 2752 SR 1x2 R311...1x2 Ixc1, (1/4, nt), (1/4, nst), (1/4, nx2) ...

(1/4,n1)) ) 1(1) )

(57N 22N 02-2) SR31x2 R3 11 1x2 Lot (172, -1, (14, ), (14, nx2) .

1an) - (157N 225N (27-2)) SR Ix2 R311... 152 Txc1, (1/4, nt-1), (1/4, nxet), (1/4, ns.

) (1401)) )] )

(1™ 2y s@®3n, (172, n2-1), (172, n1))- (157 2 s®R31, (1, n2-1), (172,

1)) - (743 (152 2°) s®31, (1/2 n2-1), (1/4, n1))- (1/5°~ 2"22) S(R31, (1, n2-1), (1/4,

D)) |+ o 1A 25 SR31 1w (172, 1 1), (172, ne). ,(1/2 n)- (15N
n"*X) SR311...1x, (1, ). (1/2. i) (12,110 ) ) - (73 ( (152N 25T sR311 1, (122,

nx-1), (1/2, nx- 1), L (U4, nn))- (15N 2™ Y SR311 1, (1, meel), (172, mct), oo, (1/4, n)) ) +

((1/52N X+ )S(R311 Ax, (172, nx-1), (1/2, nx-1),..., (1/4, n2),(1/4, n1) )- (1/52N nx+x+1)

2
SR311...1x, (1, mx-1), (1/2, nxct)...e, (14, 1) (1A, 1)) )+ ot (17528225 s®311 10, (122

nae), (14, nxt)..... (14, nn)- (152~ 2" 252 QR311 1, (1 e 1), (144, nxt)..... (1/4,01)) )

) 1 )(A+Q2/T)(R214+R211+..+R211... 1nn1))

+( [-1as™2 3) S(R3RAL, (1/2, n2-1Y, (1, n1-1)(1/4, n1))- (1/5° 22 NS(R3R41, (1, n2-1),
(L nl-1)(1/4, n1)) | + (14 (152N 2%) SR3R31, (172, n2-1), (1/4, n1))- (1/57~ 2" H\s(R3R31,
(1,n2-1), (1/4,n1)) | |

+ ( (15N 2% S(R3RA411, (172, n3-1, (172, n2), (1, n1-1)(1/4, n1))-

(/52N 2 3\SRIRAT1, (1, n3-1), (172, 12), (1, n1-1)(1/4, n1)) | +1 (1/5°.27) S(R3RA11, (172,



n3-1), (1/4, n2), (1, n1-1)(1/4, n1))- (1/5°~ 2" O)SR3RA11, (1, n3-1, (1/4, n2), (1, n1-1)(1/4,

nl)) )+(1/4)( (15N 24 SR3R311, (172, n3-1), (172, n2), (1/4, n1))-

(152N 13F 3)S(R3R311 (1 n3 1) (172, 02), (1/4, 1)) | - [ (1/5°N.2%) SR3R311, (1/2, n3-1),
(1/4, n2) (1/4 1)) (152N 2" HSRIR311, (1, n3-1, (174, n2), (1/4,n1)) 1)) + ( -

(/52N 27) S(R3IR321, (172, n3-1Y, (1, n2-1)(1/4, n2), (1/4, n1))- (1/57 2270 sR31R321, (1,

n3-1), (1, n2-1(1/4, n2), (1/4, n1)) | + (1/4) | (1/57~ 2°) S(R3IR311, (1/2, n3-1), (1/4, n2), (1/4,

n)- (157 2" SR3IR3 1L, (1, n3-1), (1/4, n2), (14, n1)) | ) |

+ot

[(-(ras™a ) SRIRA1...1x, (172, nx-1), (172, 1x1) ,.oey (1, n1-1)(1/4, 11))-

(/5PN 22 G RIRATT Tx, (1, mee1), (1/2, net) o (1, nl=1)(1/4, 1)) | 41 (1757257

S(R3R411...1x, (1/2, nx-1), (1/2, nx-1) ,..., (1/4, n2), (1, n1-1)(1/4, n1))- (1/52N nx+x+3)

S(RIRA11...1x, (1, mx-1), (112, ) .oy (1/4, 12), (1, n1-1)(1/4, 1)) | +.5 [ (1/57 2751

S(R3RA11...1x, (1/2, mx-1), (1/4, nxc1) ..., (144, n2), (1, n1-1)(1/4, n1)- (1752~ 2™

S(R3RA11...1x, (1, ne-1), (14, mc1) ... (1/4, 02), (1, n1-1)(1/4, n1)) | )+ (14)( | (175725

S(R3R311...1x, (1/2, nx-1), (12, n1) ..., (14, n1))- (1/57 2™ ) S(R3R311...1x , (1, nx-1),

(1/2, 1) oo (14, 1)) |- 1 (1752 2572 S(RIRB1 1.1, (172, nxe1), (1/2, 1) ., (1/4, 12),

(1/4, n1))- (157N 2D G RIR3T 1k, (1, nee1), (172, 11 oy (144, 102), (1/4, 01)) | -oo

/5N 22l SRIR311 1, (172, mae 1), (14, 1) .o (174, 1m2), (1/4, n1))- (1/52N 205 72%2)

S(R3R311...1x, (1, nx-1), (1/4, nx-1) ,..., (1/4,n2), (1/4,n1)) | ) ) +{-( (1/52N x+4)

S(R31R321...1x, (1/2, nx-1), (1/2, nx-1) ,..., (1, n2-1)(1/4, n2), (1/4, n1))- (1/5 2N nx+x+3)

+
S(R3IR321...1x, (1, mx-1), (1/2, nc1) o (1, n2-1)(1/4, 12), (174, n1)) | +1 (157257

S(R31R321...1x, (1/2, nx-1), (1/2, nx-1) ..., (1/4, n3), (1, n2-1)(1/4, n2), (1/4, n1))-

(1/5°N 2MX 4) S(R31R321...1x, (1, nx-1), (1/2, nx-1) ..., (1/4, n3), (1, n2-1)(1/4, n2), (1/4, n1))

2x+2
ot | (157N 2752 SR3IR321...1x, (172, -1, (14, nxct) ...y (1/4, 03), (1, n2-1)(1/4, n2),

(1/4, n1))- (157N 22X S R3IR321. 1x, (1, nee1), (1/4, a1 o (174, 13), (1, n2-1)(1/4,

n2), (1/4, n1)) 1) + (/4| (15N 252) SR3IR311...1x, (12, na-1), (1/2, 11) ..., (1/4, ),

(1/4, n1))- (157N 2D G RIIR3 11, (1, 1), (172, me1) .oy (1/4,12), (14, 11)) | -

(152N 2553 SR3IR311...1x, (1/2, mxe1), (1/2, st s (174, 13), (1/4, 02), (1/4, n1))-

a5 n"+"+2) S(R3IR311...1x, (1, nx-1), (1/2, nxc1) ..., (1/4, n3), (1/4, 12), (1/4, n1)) | -...-

(15N 2% S(RIIR311...1x, (1/2, me-1), (1/d, 1) .o (1/4, 13), (1/4, 12), (1/4, n1))-

(/5N 22D S RIIR3 1T Ix, (1, e 1), (14, 1) ..., (174, 03), (1/4, n2), (1/4,n1)) ) ) +

2x+1
(a5 N 27T SR IR31.. 2511, (172, nx-1), (1, nec1-1)(1/4, nxc1), ((1/4, nx-



2) s (14 nD))- (1757 22X SR311x IR31.. 21 1x, (1, mxe1), (1, mc1-1)(1/4, 1), ((1/4,

nx2) o (U4 D)) 1) + (452N 225N SR IR 1 Tt Ix, (172, ne1), (1/4, 1),

(14, 1x2) ... (1/4,n1))- (152N 2 2%2) QR31T. 1IR3 Txt1x, (1, nx-1), (1/4, 1),

(14, 1x2) ... (V401 1) )] )

([ w57 2% SR3, (144, n1)(1+HQTR21FR21 1+ +R21 ... Inwa)) + (152 2 HS(R3R4,

(1, n1-1)(1/4, n1))] + | 7143152 N 2%) S(R31, (1/4, n2), (1/4, n1)(1+(2/T)R21+R21 1+..

FR211...Inwa)) + (1/4) (152N 2 %) SR3R31, (174, 12), (1, n1)(1/4, n1)) ) + (1/4)

/57N 2%)SR31R32, (1, n2-1)(1/4, n2), (1/4, nl)] +..+ | 74352 N 27X SR311...1x, (1/4,

09 5. (1, n1))(1HQT)R2IAR21 T+, AR21 1. 1)) + (14152275 SR3R311...1x, (1/4,

) ..., (1, n1)(1/4, n1)) + S(R3IR311...1x, (1/4, nx) ,..., (1, n2)(1/4, n2),(1/4, n1)) R311...1x,
(1/4,0x) ..., (1/4, n1)) +..4+ S(R311...1x-1 R311...1x, (1/4, nx), (1, nx-1)(1/4, nx-1) ..., (1/4, n2),

(1/4, n1)) ) + (/415 2P 2SR 11 Ix R311..2x , (1, nt)(1/4, 1), (1/4, me1) ..., (1/4, n2),

1/4,01)] ) ]

Calcul de la surface totale du cercle et expression de Pi

La sommation, jusqu'a I'infini, de la surface des différentes zones: zone C, zone N=1 et zones
N=>2 nous donne la surface globale du cercle. La relation n=4S/D? nous donne la valeur de pi
On a x, n, d, valant I'infini

TC =

4 [ LG/4)X + (831/392)x° +(26217/9800)x +(2059/980) - 2612 - 52402 - 24201
125 875 25

—M(X211+(1/5)X2111+(1/5)2X21111+....+(1/5)N_3 X21,1,....,IN)
175

- (4/4375) [ ((7/2) + X21)X211 + (1/25)( (7/2) +X21+X21 X211 1+....4( 125 (172)
+X21+X211+ .4 X211, IN-1) X21 1,00, IN ]

+8 | (11523 S(R3, (1/2, n1-2))- (x-1/5.2" ) S®R3, (1, n1-2)) | + 1 ( (x-2/5.2% ) S(R31,

(172, n2-2), (172, n1))- (x-2/5.2"2 2  SR31, (1, n2-2), (112, n1)) ) - 3 (x-2/25.2% ) S®R31, (112,

+1
n2-2), (1/4, n1))- (x-2/252"2" 2 SR31, (1, n2-2), (14, 01)) ) 1+ oo+ 1 ((1/5.25 1) SR3I 1.1

nx-1 +x+2
1, (1/2, nx-1-2), (1/2, nx-2),..., (1/2, n1) )- (x-2/5.2 ) S(R311...1x-1, (1, nx-1-2), (1/2, nx-2),...,

nx-1 +X-

(1/2,n1)) ) - 3(( (1/25.2X+1 ) S(R311...1x1, (1/2, nx-1-2), (1/2, nx2),..., (1/4, n1))- (1/25.2



+
bSR3 1xt, (1, nx1-2), (172, mx2)...., (174, m1)) )+ ( (1725.2°72 ) SR311 . 1wer, (172, nx1-2),

nx-1 +X

(1/2, nx2),..., (1/4, n2),(1/4, n1) )- (1/25.2 ) S(R311...1x1, (1, nx1-2), (1/2, nx2),..., (1/4, n2),
(1A, 1))+ ot (1252752 Y SR Axet, (172, nx1-2), (14, 12 (14, 1)) (1725271
A SR e, (1, 11-2), (14, 12,y (14, 01))) ) |)

+ (1 (15521 2x-2) SR3, (172, n1-1))- 3(1/25.27)0-x) SR3, (1/4, n1-1)) ~(1/25.2”)(x-x)
S(RAR3, (1/4, n1-1)(1,n1-2)) | + | (1/5.2°)(2(x-1)-2) SR31, (1/2, n2-1), (1/2, n1))- 3 ( (1/25.2°)
Q2(x-19-2) SR31, (1/2, n2-1), (1/4, 1)) + (1/25.2°)((x-1=(x-1)) SR31, (1/4, n2-1Y, (1/4, nl)) )
- (1/25.27)((x-17-(x-1)) S(R32R31, (1/4, n2-1)(1,02-2), (1/4, n1)) | +.+ [ (1/5.252)

SR311...Tx1, (1/2, nxt-1), (12, 1x2) oo (172, n1))- 3¢ (1725.252)2(2)-2) ( SR311...1x, (172,
nx1-1), (1/2, nx2) 5.y (1/2, 02),(1/4, n1))+ (1/2) S(R311...1x-1, (1/2, nx-1-1) , (1/2, nx-2) 5..nny (1/2,

n3), (1/4,12),(1/4, n1)) +..+ (125 DSR3 11,11, (112, nx1-1) , (1/4, 1x2) ..o, (174, n1)) ) +

(2(2-2)

(1/25.22"'1)((2)2-2) S(R311...1x-1, (1/4, nx-1-1) , (1/4, nx2) ,...., (1/4,n1)) ) - (1/25.22X+1)((2)2-
(2)) )S(R311..2x-1 R311...1x-1, (1/4, nx-1-1)(1, nx-1-2) , (1/4, nx-2) ,...., (1/4,n1)) | )

-( ((n2—1)/5.22) S(R3, (1/2, nl))- 3(n2/25.22)S(R3, (1/4,n1)) —(n2/25.24) S(R4R3, (1/4,n1)
(1,n1-1)) |(x-1)+ ((n3-1)/5.23) S(R31, (1/2, n2), (1/2,n1))- 3 ( ((n3-1)/25.23) S(R31, (1/2, n2),
(1/4,n1)) + (n3/25.24) S(R31, (1/4, n2), (1/4,n1)) ) - (n3/25.26) S(R32R31, (1/4, n2)(1,n2-1),
(1/4,01)) 1(X2) + oo + [ (0x-1)/5.27)S(R311...1x-1, (1/2, nx-1) , (1/2, 0x2) ,...., (1/2, n1))-
3(((x-1)/25.27) (S(R311...1x1, (1/2, nx-1) , (1/2, nx2) ...v, (172, 02),(1/4, n1))+ (1/2)
S(R311...1x-1, (1/2, nx-1) , (1/2, nx-2) ,...., (1/2, n3), (1/4, n2),(1/4, n1)) +..+ (1/2X'3)S(R311...1x.1,
(172, nx-1) , (1/4, nx2) ,...., (1/4,n1)) ) + (nx/zs.zzx'z) S(R311...1x-1, (1/4, nx-1) , (1/4, nx-2) ...,
(1/4, n1)) ) - (nx /25.22X)S(R31 1..2x1R311...1x1, (1/4, nx1)(1, nx-1-1) , (1/4, nx2) ..., (1/4, nl))
1)

+([- ( (1/25.26) S(R3R41, (1/2, n2-2), (1, n1-1)(1/4, n1))- (1/25.2n2+4)S(R3R41,(1,n2-2),
(1, n1-1)(1/4, n1)) - ( ((n3—1)/25.25) S(R3R41, (1/2,n2), (1, nl1-1)(1/4, nl)) + (n3/25.26)

S(R3RAL, (1/4, 12), (1, n1-1(1/4, n1)) ) [(x-2) ...+ [ (1/25.257) ( SRIRA11...1x1, (1/2, 1x1-2),
(12, nx2) ..., (1/2, n2), (1, n1-1)(1/4, n1)) + (1/2)S(R3R41 ... 1x-1, (1/2, nxe1-2), (1/2, nx2) ...,
(1/4, 1), (1, n1-1)(1/4, 1)) +...+ (1725 )SRIRA11... 1x1, (1/2, nx1-2), (1/4, 1x2) ,...., (1/4, 12),
(1, n1-1)(1/4, n1)) ) - (1725277 (QR3RAT .1, (1, me1-2), (1/2, 1x2) ..o, (172, 12), (1,
n1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1, nx-1-2), (1/2, nx2) ,...., (1/4, n2), (1, n1-1)(1/4, n1)) +....
2 )SRIRAT L, (1, 11-2), (14, 1x2) 5. (14, 12), (1, n1-1)(1/4, n1)) ) - ( ((nx-
1925.257) (SR3R411...1x1, (12, 1), (172, 152) ..oy (1/2, 12), (1, n1-1)(1/4, 1)) +

(1/2)S(R3RA11...1x-1, (1/2, 1), (1/2, 0x2) .oy (1/4, 12), (1, n1-1)(1/4, n1)) +...+ (1727



3)SRIRA1...1xt, (172, 1), (1/d, 1x2) ..oy (14, 12), (1, n1-1)(1/4, n1)) ) + (nx/25.2°%)
S(R3R411...1x-1, (1/4, nx-1), (1/4, nx-2) ,...., (1/4, n2), (1, n1-1)(1/4, n1)) ) |(1) )

(172527 )2(x-17-2) S(RIRAL, (1/2, 12-1), (1, n1-1)(1/4, n1)) + (1/25.2 ) ((x-1Y(x-1))

S(R3RAL, (1/4, n2-1), (1 nl-1)(1/4, n1) + ...+ [ (112525 2@)-2) ( SR3R411...1x1, (172,
nx1-1), (1/2, nx2) ..., (1/2, n2), (1, n1-1)(1/4, n1)) + (1/2)S(R3R411...1x1, (1/2, nx-1-1), (1/2, nx-2)

oy (1 12), (1, n1=1)(1/d, 1)) ot (125 )SRIRAT L. 1t (172, nxct-1), (1/4, 1x2) ,...., (1/4,
n2), (1, nl-1)(1/4, n1)) ) + (12527 (22-2) SRIR411... 11, (1/4, nx1-1), (1/4, 1x2) ..., (1/4,
n2), (1, n1-1)(1/4,n1)) | )

+ (11252 SR3R31, (172, 12-2), (1/4, n1))- (125,22 H)S(R3R31, (1, n2-2), (1/4, n)) -
(((03-1)/25.2%) S(R3R31, (1/2, n2), (1/4, n1)) - (n3/25.2%) S(RIR31, (1/4, n2), (1/4, n1)) ) |(x-2)
o 1 (12525 (SRR 1, (172, 1x1-2), (172, 12) .o (1/2, 12), (1/4, 1)) -
(12)SRIR311 ... 1xt, (112, 11-2), (112, 12) ooy (1/4, 12), (1, 01)) oo (12X 2)SRIR3 11 1.
1 (172, 512, (1, 1x2) o (14, 1m2), (14, 01)) ) - (125275 (SR3R311.1wer, (1, nect-
2), (1/2, 1x2) 5...ry (172, 12), (1/4, 1)) - (1/2)S(R3R31 1... 1x-1, (1, nx-1-2), (1/2, 1x2) ,...., (1/4, n2),
(14, n1)) - (12 )SRIR3 111, (1, 11-2), (1/d, 1x2) ..o (14, 12), (14, 01)) ) - ( ((nx-
1)/25.2%) (S(R3R311...1x1, (1/2, nx-1), (1/2, 1x2) ..., (172, 02), (1/4, 1)) - (1/2)S(R3R311... 11,
(172, met), (1/2, 152) .o, (1, 12), (14, 1)) - (125 D)S(RIR3 1. 1xct, (1/2, met), (1/4,

D) oo (14, 12), (1/4, n1)) ) - (0x/25.2°%72) SRIR311... 11, (1/4, mx1), (14, 1x2) ..., (1/4, 12),

(1/4,01))) (1))

T+ ((1/2527)2(x-17-2) S(R3R31, (1/2, n2-1, (1/4, 1)) - (1/25.2°)((x-1)-(x-1)) S(R3R31, (1/4,
n2-1), (1/4, n1)) - ..~ [ (1725257 3227-2) ( SRIR311...1x1, (1/2, nxci-1), (1/2, 1x2) ,..o0, (172,
n2), (1/4, n1)) - (1/2)S(R3R311... 1x-1, (1/2, nx-1-1), (1/2, nx2) ,...n, (1/4, 02), (1/4, n1)) ... (1/2°
)SRIR311... 1, (172, -1, (1/4, 1x2) ..., (1/4, m2), (1/4, n1)) ) - (1/25.2°5 ) (2-2)

S(R3R311...1x-1, (1/4, nx-1-1), (1/4, nx-2) ...., (1/4, n2), (1/4,n1)) | ) ] (crochets roses ci-contres=
terme pour x=3, on a R311...2x-2 1x-1 = R4 pour x=3)

+ ...t

[- (¢ (12527 S(R311...1x2 R311.. 252 Ix-1, (1/2, 1x1-2), (1, nx2-1)(1/4, nxct), (1/4, 1x2) ...
x-112X-

(dnn)- (12527252 GR3111x2 R311..2x2 Txet, (1, nx1-2), (1, mea-1)(1/4, nxt), (1/4,

nx2) 1o (1400) - (((0x-1)25.2°5 1) SR31T..1x2 R311...202 Txet, (1/2, nxct), (1, mea-1)(1/4,

net), (14, 1x2) o (1/4:01)) + (00/25.2°%) SR311...1x2 R311...2x2 Ix-1, (1/4, net), (1, nxa-1)
(1/4, nx1), (1/4, 1x2) ..., (1/4,01)) ) 1(1))



+( (1/25.22X+1)(2(2)2—2) S(R311...1x-2 R311...2x2 1x-1, (1/2, nx-1-1), (1, nx-2-1)(1/4, nx-1), (1/4,
2x+1

nx2) 5o (A0 + (12525 7((202-(2)) S(R311...1x2 R311...2x2 Lx-1, (1/4, ni-1), (1, nx2-1)
(1/4, 1), (1/4, 1x2) ..., (1/4,01) )

(1125272 SR x2 R31 ... 1x2 Ix1, (1/2, me1-2), (1, met), (1/4, 1x2) ...
(1/dnn))- (1/25.2™1 7254
(1/ann) - (((x-1125.2753) SR 1x2 R31 ... 1xa It (172, nect), (14, nxt), (1/4, 1x2)
(1A 1)) - (06/25.2°572) S(R31 ... 1x2 R311...1x2 Lee1, (1/4, 1), (1/d, nct), (1/4, nx2) 5.
(1/4,n1))) (1))

(125255 N220-2) SR31T.. 1x2 R311..1x2 Txet, (172, nt-1), (14, ), (14, nx2) 5.

(1/an1) - (1725275 1(27-(2) SR311...1x2 R311...1x2 Lot (1/4, mx1-1), (1/4, 1), (1/4, ns.

2) ..., (1/4,n1))) ] )

) S(R311...1x2 R311...1x2 Ix-1, (1, nx-1-2), (1/4, nx-1), (1/4, nx-2) ,...,

+(1(1/5.2%) SRS, (1/2, n1-1)- (152" ) S(R3, (1, n1-1)) | + [ ((1/5.2%) S(R31, (1/2, n2-1),

(172, n1))- (152" 2  SR31, (1, n2-1), (1/2, 1)) ) - 3 (1/25.2°) SR31, (172, n2-1, (1/4, n1))-

+ +1
(1/252"22) SR31, (1, n2-1), (1/4, n1)) ) | + oo+ [ ((1/5.25 ) S(R3I1..1x, (1/2, nx-1), (1/2, nx-

nx +x x+1
Dovens (1/2,01) )= (1/5.2" Y SR311... 1, (1, nx), (172, nx1),ns (1/2,01) ) ) = 3(( (172525 )
S(R311...1x, (1/2, mx-1), (1/2, nx1),.nes (1/4, 10))- (17252 XY SR311...1x, (1, nx-1), (172, 0.

+
(1/4,n1)) ) + ((1/25.2" 2 ) S(R311...1x, (1/2, nx-1), (1/2, nx-1),..., (1/4, n2),(1/4, 1) )- (1/25.2"

+x+1 2x-1
) S(R311...1x, (1, nx-1), (1/2, nx-1),..., (1/4, n2),(1/4, n1)) ) + ...+ ((1/25.2 ) S(R311...1x,

(172, nx-1), (1/4, nx-1),..., (1/4, n1))- (1/25.2™! +2X'2) S(R311...1x, (1, nx-1), (1/4, nx-1),..., (1/4,
n1))) 1)

5 n2+4
+([ (1/25.27) S(R3R41, (1/2, n2-1), (1, n1-1)(1/4, n1))- (1/25.2 " )S(R3R41, (1, n2-1), (1,

nl-1)(1/4, n1)) | + [ (1/25.2°) SR3R31, (1/2, n2-1), (1/4, n1))- (1725.2"2 2)SR3R31, (1, n2-1),

(1/4,n1)) | |
+[ (- (12525 S(R3RA11, (1/2, n3-1, (1/2, n2), (1, n1-1)(1/4, n1))- (1/25.2" )S(R3R411,

(1, n3-1, (172, 12), (1, n1-1)(1/4, n1)) | +1 (1/25.27) S(R3R411, (1/2, n3-1), (1/4, n2), (1, nl-1)

(1/4, n1))- (11252 O\SR3R411, (1, n3-1), (1/4, n2), (1, n1-1)(1/4, n1)) | ) + (| (1/25.2)

S(R3R311, (172, n3-1), (1/2, n2), (1/4, n1))- (125.2™ )SR3R311, (1, n3-1), (1/2, n2), (1/4,

n1)) | - [ (1/25.2%) SR3R311, (172, n3-1, (1/4, n2), (1/4, n1))- (11252 “HS®R3R311, (1, n3-1),

(1/4,02), (1/4,n1)) 1)) + (- [ (1/2527) S(R3IR321, (1/2, n3-1, (1, n2-1)(1/4, n2), (1/4, n1))-



(1/25.2"370) SR3IR321, (1, n3-1), (1, n2-1)(1/4, n2), (1/4, n1)) | + [ (1/25.2°) S(R3IR311, (1/2,

n3-1), (1/4, n2), (1/4, n1))- (11252 ") S@3IR311, (1, n3-1, (1/4, n2), (1/4, n1)) ]

+...t
nx+X+2

[ (- (1125257 S®R3RA1...1x, (1/2, mx-1), (1/2, 1) sy (1, n1=1)(1/4, n1)- (1/25.2 )
S(R3RA1...1x, (1, ne1), (1/2, 1) .o (1, n1=1)(1/4, n1)) | +1 (1725.2%7%) SR3R411...1x, (172,
nee1), (172, 1) 5. (14, 02), (1, n1-1)(1/4, n1))- (12523 SR3RAT 11, (1, nac1), (172,
1) oo (14, 02), (1, n1-1)(14, n1) |+t [ (12527571 SRIRAT11x, (172, 1), (1/4, nx.

) o (14 02), (1, n1-1(1/4, n1)- (1/25.2"2%) SRIR411...1x, (1, na-1), (1/4, 1x1) .., (1/4,
n2), (1, nl-1)(1/4, n1)) | ) + (| (1125251 SRIR311...1x, (172, nx-1), (172, mx1) ..., (1/4, n1))-

(125.2™%) SRIR311...1x, (1, mae1), (1/2, n1) .oy (1, n1)) | - [ (125.2°72) SR3R311...1x
(172, me-1, (172, 1) oy (14, 12), (14, n1))- (12527 QR3R311 1, (1, 1), (172, v
) o (1 02), (14, 01)) | e [ (1252751 SRIR311...1x, (1/2, nxe1), (1/4, 1) ..., (1/4, 12),
(1/4, n1))- (17252 2%2) SRIR311...1x,, (1, ne-1), (1/d, 1) .o (14, 02), (1/4,01)) ) ) + (-
(1 (172527 SR3IR321...1x, (1/2, nx-1), (172, 1) .o, (1, 12-1)(1/4, 12), (1/4, n1))-
(12523 QR3IR321..1x, (1, me-1), (172, 1) .y (1, 02-1)(1/4, 12), (1/4, n1)) | +
(125257 S(R3IR321...1x, (172, nx-1), (172, mc1) ..oy (14, 13), (1, 02-1)(1/4, 12), (1/4, n1))-

le+X+4
(1/25.2 ) S(R31R321...1x, (1, nx-1), (1/2, nx-1) ..., (1/4, n3), (1, n2-1)(1/4, n2), (1/4, n1))

ot 1 (125275 S(R3IR321...1x, (172, -1, (1/4, 1) ..o, (1/4, 03), (1, n2-1)(1/4, n2), (1/4,

n1))- (125.2™ X SRIIR3211x, (1, nae1), (1/4, me1) ..., (1/4, 03), (1, n2-1)(1/4, n2), (1/4,
n1)) 1)+ (11725252 SRIIR311...1x, (12, mae1), (1/2, 1) .0, (1/4, 12), (1/4, n1))-

nxx+1 x+3
(1/25.2 ) S(R31R311...1x, (1, nx-1), (1/2, nx-1) ,..., (1/4,n2), (1/4,nl)) | - [ (1/25.2" 7)

S(R3IR311...1x, (112, nx-1), (172, 1) .oy (1/4, 03), (1/4, n2), (1/4, 1))~ (1/25.2" %2

SR3IR311...1x, (1, nx-1), (1/2, me1) .oy (1/4, 03), (1/4, 02), (1/4, 1)) | e [ (1/25.2°%)
S(R3IR311...1x, (112, nx-1), (1/4, 1) ..., (1/4, n3), (1/4, 12), (1/4, n1)- (1/25.2™ 1)
S(R3IR311...1x, (1, nx-1), (1/4, nx-1) ,..., (1/4, n3), (1/4, n2), (1/4,n1)) | ) ) + ...+ (- (

(12525 ) SR 1x1R31.. 201 1x, (12, 1), (1, mec1-1)(1/4, 1), (14, nx2) ..., (1/4,

n1))- (125225 SR311 1 1R31.. 2t 1x, (1, mx-1), (1, n1-1)(1/4, 1), ((1/4, nx2) ...

(/a4 n1) 1) + (1 (1252751 SR xRS 1. Tt Ix, (172, nae1), (14, 1), ((1/4, 1x2) ...

+9x-
(1/4, n1))- (1252252 SR31TIx 1IR3 Tx11x, (1, 1), (14, ), (14, 1x2) .. (1/4,

ay))])



-(] (3/25.22) S(R3, (1/4,nl)) + (1/25.24)S(R3R4, (1, n1-1)(1/4, n1))| + | (3/25.24) S(R31,
(1/4,n2), (1/4, n1)) + (1/25.24)( S(R3R31, (1/4, n2), (1, n1)(1/4, nl)) ) + (1/25.26)S(R31R32, (1,

n2-1)(1/4, n2), (14, n1))] +..+ [ (3/25.27%) S(R311...1x, (1/4, ) ..., (1/4, n1)) + (1/25.2°%)(

S(R3R311...1x, (1/4, 1) ,..., (1, n1)(1/4, n1)) + S(R3IR311...1x, (1/4, ) ..., (1, n2)(1/4, n2),
(1/4,n1)) R311...1x, (1/4, nx) ,..., (1/4, n1)) +..+ S(R311...1x-1 R311...1x, (1/4, nx), (1, nx-1)(1/4,

net) .. (14, 12),(1/4, n1)) ) + (12527 2)SR31 1 1x R311...2x., (1, me1)(1/4, nv), (1/4, nxc1)

., (1/4,n2),(1/4,n1))| ) ]

2N IlNl

[((35/5 2 )S(R211 AN, (1/2, nN-1))- (35/5 ) S(R211...1N, (1, nN-1)) +
) S(R211...1n, (1, nN-2))] )

dr3ss™N 2° )S(R211 AN, (12, nn-2))- (35757 o™
+(35/5°N.2%) (4d®+14d+6) S(R211...1n, (172, nn-1)) - 21/5°.2%) (2d%+2d) SR211...1n, (1/4,

an-1)) + d[(35/57 27 SR211...1x, (172, nn-2))- (35/5° 2™ 1) SR211... 1, (1, me-2))] ) (1 +

(2/7)(R21+R211+..+R211...1nx-1) )

- ((175/52N.2) (- y+d(nn-2) - (105/57 2) (2+d) + 21/57 2% (d*+3d) + d(49/5°.2) )(
(R211...Tnn1 H(-3)R211...Inwa + (-3) 2 R21 ) + (/7)(R211... Inna(R214+R21 1+, +R21 1 .. Inx.
2) H3R21 1 Imna(R2IAR21 T+, 4R21 1. Inns ) (-3)F R21TR21) )

- d( 35nn-1)/57N 2%) SR211...In, (172, 1)) - @ Tnwe/52 0 2% SR211.. 1w, (1/4, nv) )

(1+(2/7)(R21+R21 1+.. +R211...Inx1))

+d( (55N 2D SR211.1w, (172, in-2))- (5/5° 2™

+R211...1nx1)

+d( (155N 28 SR211...1N, (172, nn-1)- (3/5°2%) SR211... 1, (1/4, nn-1)) )(R21+R21 1+

+R211 ...1nN-1)
+( (5N 2%) SR21T.INR21T..2N, (1, nn-2)(1/4, nn-1)) + d(mv/57 2%) SR211... 1
R211..2N, (1/4, nn-1)) )

) S(R211...1n, (1, nN-2)) )(R21+R211+...

[a partir d'ici, les termes sont similaires a ceux relatifs a la zone N=1, il convient toutefois
d'apporter les modifications suivantes:

*on remplace chacun des termes x suivants par (d+1)

*on remplace chaque terme (n1) par (nN) , (n2) par (nN+1) et ainsi de suite.

*on remplace chaque terme de la forme (R311...1x-1) par (R211...1n11...1x-1) et (Rnj11...1x-1) par
(R211..nn11...1x1)]

(12 2512 S®R31, (172, n2-2), (12, n))- (2152 12" SR31, (1, n2-2),

(1/2.01)) ) - (T4)3( (x-2/5 2%) SR31, (172, n2-2), (1/4, n1))- (x-2/57~ 2"272) SR31, (1, n2-



2, (1A 1)) |+ o+ 1 252N 2 SR Lo, (1/2, 1x1-2), (172, ma2), .., (172,

ni))- (x-z/sZNI el +X+2) S(R311...Tx1, (1, nx1-2), (12, nx2),..., (1/2, 1) ) ) - (/4)3(

(5™ 2 x )S(R311 Lty (172, nx-1-2), (1/2, nx2),.. ,(1/4 m)) (1/52N g1 T 1)
S(R311...1x-1, (1, nx-1-2), (1/2, nx-2),..., (1/4, n1)) ) + ( (1/5 .2 ) S(R311...1x-1, (1/2, nx-1-2),

(1/2, 152).nr, (14, 12).(1/4, 11) )= (152 2" ) SR31T1ect, (1, nx1-2), (172, nx2)...., (1/4,

2
n2) (14, n0) )+ oot (152N 2252 ) SR31T. 1, (1/2, nx1-2), (1/4, 1x2)..... (1/4, 11))-

(/5PN 22X R I e, (1, nx1-2), (144, nx2),..., (1/4,11)) ) ) )(1+2/7)(R21+R21 1+...

+R211...1nn1))
+ (1 725 2%)2(x-11-2) SR31, (172, n2-1), (172, n1))(1-+2/T)(R21+R21 1+..
FR21T. Inwa))- (7/4)3 ( (1752 20)2(x-1)2-2) S(R31, (12, 02-1), (1/4, n1)) + (1/5° 27)((x- 1)

(x-1)) S(R31, (1/4, n2-1), (1/4, n1)) Y(1+(2/7)(R21+R211+..+R211.. 1nN1)) 5™ 2Ty (x1y-

(x-1)) S(R32R31, (1/4, n2-1)(1.02-2), (1/4,n1)) | +.+ [ (72) (151 252y 2222)

SR311...1x-1, (1/2, nx-1-1) , (1/2, 0x2) ..oy (172, n1))(1+H(2/7)(R21+R21 1+.. +R211... 1nn1))-

T30 (157N 22 2020-2) (SR311. e, (112, mxi-1), (1/2, 1x2) ,.ons, (172, 02),(1/4, n1))+

(1/2) SR311...1x-1, (172, nx-1-1) , (172, 1x2) ...ry (1/2, 13), (1/4, n2),(1/4, n1)) +..+ (1/2°

ISR, 1x1, (1/2, nxi-1) , (14, 1x2) oo (14, 1)) ) + (152N 225 Yy (20222) SR311. 1,

(U4, ne1-1) , (14, 1x2) vy (14, 01)) ) (1H/TYR2IHR2L 1 AR21 L ) (157275

((2)-(2)) )S(R311..2x1 R311...1x1, (1/4, nx1-1)(1, nx-1-2) , (1/4, nx-2) ,...., (1/4, n1)) |)

(12 (@3-1y5 1 22Y SR31, (172, n2), (172, n1)(1+Q/7)R21R21 1+, +R21 1. Insr))-

(7/4)3 ( ((03-1)/52N 2%) S(R31, (172, n2), (1/4, n1)) + (n3/57~ 2%) SR31, (1/4. n2), (1/4.n1)) )

(1HQ/T)R2IAR21 1+, AR211... Inxr))- (n3/5°2%) S(R32R31, (1/4, n2)(1,n2-1), (1/4, n1)) |(x-

)t [ (12) (15N 2SR Tt (172, mxet) , (172, 1x2) ..y (1/2, D)) (142/T)

(R214R21 1+, +R211... Inxa))- (74)3( (nx-1)/57 2%) (SR311...1x1, (12, n1) , (172, 1x2) ...

(1/2, n2),(1/4, n1))+ (1/2) S(R311...1x-1, (1/2, nx-1) , (1/2, nx-2) ..., (1/2, n3), (1/4, n2),(1/4, n1))

ot (2SR, (12, 1), (14, 1x2) oo (14, n1)) ) + (nx/5° 275 2) SR31T 1,
(1/4, nx-1) , (1/4, nx2) ..., (1/4, n1)) ) (1+(2/7)(R21+R21 1+.. +R21 ... 1nx-1))-

(/5. 22X)S(R311 2x1R311..1x1, (1/4, nx1)(1, nx1-1) , (1/4, nx- 2) ., (1/4,n1)) (1))

+( [-(ras™2 %) S(R3R41, (1/2 n2-2), (1, n1-1)(1/4, n1))- (1/5°~ 2" s (R3R41, (1, n2-
2), (1, n1-1)(1/4, n1)) - ( (n3-1)/57 2°) S(R3R41, (1/2, n2), (1, nl- 1)(1/4,n1))+(n3/52N.26)

S(R3RAL, (1/4, n2), (1 nl-1)(1/4, n1)) ) [(x-2) +..+ | (157 257) (S(R3RAI1...1xt, (1/2, -

2), (1/2, nx2) ..., (1/2, m2), (1, n1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1/2, nx-1-2), (1/2, nx-2) ...,

(1/4, 1), (1, n1-1)(1/4, n1)) +...+ (/2 )SRIRA11... 11, (112, 1x1-2), (1/4, 1x2) ..., (1/4, 12),

(1 n1-D)(1/4, n1)) ) - (1/52N 2™ 5D CQRARATT 1er, (1, me1-2), (172, nx2) ....o, (1/2, 12), (1,



nl1-1)(1/4, n1)) + (1/2)S(R3R411...1x-1, (1, nx-1-2), (1/2, nx-2) ,...., (1/4, n2), (1, n1-1)(1/4, n1)) +....

2 )SRIRA L, (1, 11-2), (14, 1) ..o (14, 12), (1, n1-1)(1/4, n1)) ) - ( ((nx-
152N 252 (SRIRATL. 1t (172, nxt), (112, 1x2) .oy (1/2, 12), (1, n1-1)(1/4, 1)) +
(1/2)S(R3R411...1x-1, (1/2, nx-1), (1/2, 0x2) 5...., (1/4, 12), (1, n1-1)(1/4, n1)) +...+ (1/2°

)SRIRA11... 1xct, (12, 1), (14, 1x2) ..ory (1/4, 12), (1, n1-1)(1/4, 1)) ) + (nx/57 275

S(R3R411...1x1, (1/4, nx-1), (1/4, nx-2) ,...., (1/4, n2), (1, n1-1)(1/4, n1)) ) |(1))

+ (152N 22 17-2) SR3RA1, (172, n2-1), (1, nl- 1)(1/4 nl))+(1/52N 2 (e 1p(x-1))
S(R3RAL, (1/4, n2-1), (1, nl-1)(1/4, n1)) + ...+ [ (/52 2 H002p-2) (SRR 11, (172,
n1-1), (1/2, 0x2) 5.y (1/2, 02), (1, n1-1)(1/4, n1)) + (1/2)S(R3RA11.... 1x-1, (1/2, nx-1-1), (1/2, nx-2)

o (U4, 12), (1, n1-1)(1/4, n1)) +.t (/25 D)SRIRAT .. 1xt, (172, mx1-1), (1/4, 1x2) ..o (1/4,
n2), (1, nl-1)(1/4, n1)) ) + (157 22 (20-2) SR3R411... 11, (1/4, ne1-1), (1/4, 1) ...,

(1/4, n2), (1, n1-1)(1/4, n1)) | )

(a2t SR3R31, (172, 12-2), (174, n1))- (175 2" A)SR3R31, (1, 12-2), (1/4,

n)) - ((n3-1/52N 2°) S(R3R31 (172, n2), (1/4, n1)) - (n3/52N 24) S(R3R31, (1/4, n2), (1/4,
1)) ) 1(x-2) +oot [ (175225 (SRIRBIT. 1, (172, 161-2), (12, 1x2) s (12, 12), (1/4,

nl)) - (1/2)S(R3R311...1x-1, (1/2, nx-1-2), (1/2, nx-2) ,...., (1/4, n2), (1/4, nl)) -....- (1/2X_

)SRIR311...1xt, (172, 11-2), (1/4, 12) ..., (1/4, 13), (1/4, n1)) ) - (1/52N M1t

( S(R3R311...1x-1, (1, nx-1-2), (1/2, nx2) ..., (1/2, n2), (1/4, n1)) - (1/2)S(R3R311...1x1, (1, nx-1-
2), (112, 12) oy (1/4, 12), (1, 01)) == (12X 2)SRIR311... 1, (1, me1-2), (1/4, 1) ...
(1/4, n2), (1/4, n1)) ) - ( (nx-1)/25.2") (S(R3R311...1x-1, (1/2, nx-1), (1/2, nx2) ,...., (1/2, n2),

(1/4, n1)) - (1/2)S(R3R311...1x-1, (1/2, nx-1), (1/2, 0x2) ,...., (1/4, n2), (1/4, n1)) -...- (172

)SRIR311... 1xct, (12, 1), (14, 1x2) ..oy (1/4, 12), (1/4, 11)) ) - (/52N 22572

S(R3R311...1x-1, (1/4, nx-1), (1/4, nx-2) ..., (1/4, n2), (1/4,n1))) |(1))

(152N 27)2(x-11-2) SR3R31, (172, n2-1), (1/4, n1)) - (1/5727)((x-1-(x-1)) S(R3R31,

(1/4, 02-1), (14, n1)) - ... 1 (15N 252)202)-2) (S(RIR311... 1, (172, nxt-1), (1/2, nx.

2) sy (12, 12), (1/4, 1)) - (1/2)S(R3R311...1x-1, (1/2, nx1-1), (1/2, nx2) ,...., (1/4, n2), (1/4, nl))

o (U2 )SRIR31 T, (1/2, nxa-1), (14, 1x2) ..o, (1/4, 1), (1/4, n1)) ) - (1/57 22571

((2)*-2) S(R3R311...1x-1, (1/4, nx-1-1), (1/4, nx-2) ,...., (1/4, n2), (1/4,n1)) | ) ] (crochets roses ci-
contres= terme pour x=3, on a R311...2x-2 1x-1 = R4 pour x=3)

+ ...t
2N _2x
[- (s 27 SR311..1x2 R311..2x2 L1, (1/2, mxe1-2), (1, mx2-1)(1/4, nxet), (1/4, nxe
2 o (A1)~ (1757 2252y G R311 1x 2 R311.. 202 Ixc1, (1, nxe1-2), (1, nx2-1)(1/4, 1),
2N 2x1

(1/4, nx2) ..., (1/4,01)) - ( ((nx-1)/5 ) S(R311...1x-2 R311..2x2 1x-1, (1/2, nx-1), (1, nx2-1)



(1/4, nxe1), (14, 1x2) oo, (A1) + (/57 275 S(R31T. 1x2 R311... 252 Ix-1, (1/4, nct), (1, nx.

2-1)(1/4, nx-1), (1/4, nx2) ..., (1/4,a1)) ) 1(1))

(5N 27N 222) S(R31T1x2 R311.. 252 Lxet, (172, nx1-1), (1, nxa-1)(1/4, nr), (1/4,

2N 2x+1
nx-2) ,..., (1/4,n1)) + (1/57 .2 )((2)*-(2)) S(R311...1x-2 R311...2x-2 1x-1, (1/4, nx-1-1), (1, nx-2-

1)(1/4, nx-1), (1/4, nx2) ,..., (1/4,n1)) )

(15N 25 SR Ix2 R31 . Tx2 Lxet, (172, nx1-2), (1/4, 1), (1/4, nx2) ...

+
(1/an))- (1/57N 22X G R311 12 R311. 1xa L, (1, ne1-2), (1/4, net), (1/4, nx2) ...
(1/4n1) - ((x-1)/57 273 SR 1x2 R311 1 It (1/2, i), (14, met), (1/4, 1x2) o

(1/ann) - (152 2252 SR 1x2 R311...1xa2 Ix1, (1/4, nxt), (14, nxt), (1/4, 1x2) ...

(1/4,n1))) 1(1) )

+(astN 2% 1)(2(2)2 2) S(R311...1x2 R311...1x2 Tx1, (1/2, nc1-1), (1/4, nxct), (1/4, 1x2) .,

(1)) - (157 277 (@7-2)) SRIL. 152 R3T1.. 1x2 Txel, (1/4, mxct-1), (1/4, nxct), (1/4, .
) (140) )])

(1™ 2y s@®31, (172, n2-1), (172, n1))- (155 2" S®R31, (1, n2-1), (172,

) - (743 (152 2%) swat, (1/2 n2-1), (1/4, n1)- (152 222 SR31, (1, n2-1), (1/4,

n)) |+ o+ [ 2 (15T )S(R311 1x, (172, nx-1), (1/2, nxe1)... ,(1/2 ny)- (1521
M SR 1, (1, 1), (172, 1) (12, 1) ) ) - (TA)3( ( (152N 25T )S(R311...1x,(1/2,

1), (172, nxt),.ory (14, ni))- (1757 2" ) SR311...1x, (1, mee1), (172, m1),..., (1/4, 01)) ) +

(5N 2 SR 1, (12, mee1), (172, act),nns (14, n2) (14, m)) (1/52N pIx XLy
2%-
S(R31 1.0, (1, 1), (12, i), (1 12),(U4, ) ) ot (U527 ) SR31LLL, (12

nae), (14, nxt)..... (14, nn)- (152N 2™ 252 QR31T 1, (1 e 1), (144, nect)..... (1/4,01)) )

) 1 )(1+Q2/T)(R21+R21 1+..+R211... Inn1))

(- 15 N2%) SR3RA4L, (1/2, n2-1), (1, n1-1)(1/4, n1))- (1/5°~ 22 HSR3RA1, (1, n2-1),

(1 n1-1)(1/4, n1)) | + (14)] (157N 2% SR3R31, (172, n2-1), (1/4, n1))- (1/57~ 22 2)SR3R31
(1,n2-1), (1/4,n1)) | |

+| ( (15N 2% S(R3RA11, (1/2, n3-1), (172, n2), (1, n1-1)(1/4, n1))-

(15N 2" SR3RA1 1L, (1, n3-1), (172, n2) (1, nl-1)(1/4, 1)) |+ (152N 27) SR3RA11, (172,

n3-1), (1/4, n2), (1, nl- 1)(1/4 n))- (15 23O\ SR3RA11, (1, n3-1), (1/4, n2), (1, n1-1)(1/4,
nl)) )+(1/4)( (15N 2Y SR3R311, (172, n3-1), (172, n2), (1/4, n1))-

(/5N 2 SRIR311, (1, n3-1), (12, 12), (144, n1) | - [ (157 .2°) S(R3R311, (1/2, n3-1),

b



(1/4, n2), (1/4, n1))- (152N 2™ " NSR3R311, (1, n3-1), (1/4, n2), (1/4,01)) 1)) + ( -

(15N 27) SR3IR321, (172, 13-1), (1, n2-1)(1/4, n2), (1/4, n1))- (1/5°~ 2" 0 gR31R321, (1,

n3-1), (1, n2-1(1/4, n2), (1/4, n1)) | + (1/4) | (1/57~ 2°) S(R3IR311, (1/2, n3-1), (1/4, n2), (1/4,

n)- (152N 2" SR3IR3 1L, (1, n3-1), (1/4, n2), (14, n1)) | ) |

+..+

[ as™ 2 SR3RA L. Ix, (172, mee1), (12, 1) 5o (1, n1=1)(1/4, nl))-

(15N 22 S RIRATT 1, (1, e, (12, 1t s (1, n1-1)(1/4, n1)) | 4] (175725

S(R3R411...1x, (172, mx-1), (1/2, 0t oo (174, 12), (1, n1-1)(1/4, n1))- (/57 2553

2N 2x+l
S(R3R411...1x, (1, nx-1), (1/2, nx-1) ,..., (1/4, n2), (1, n1-1)(1/4, n1)) | +...+ | (1/5 )

S(R3RA11...1x, (172, nx-1), (1/4, 1) ..., (1/4, 12), (1, n1-1)(1/4, n1))- (1/5° . nx+2x)

S(R3RA1...1x, (1, nx-1, (1/4, 11 ..., (1/4,12), (1, nl-1)(1/4, n1)) | ) + (14)( | (157 25H

S(R3R311...1x, (12, nx-1), (12, n1) .y (1 n1))- (1757 2™ ) S(R3R311...1x , (1, nx-1),

(12, 01 oo (14, 1)) 1= 1 (1757 2572 S(RIR3I 11, (172, 1), (12, 1) . (1/4, 12),

(1/4, n1))- (157N 2D G RIR3 1T 1x, (1, neel), (12, 1) oy (144, 102), (1/4, 01)) | -oo

(15N 2PN QRIR311 .1, (1/2, mee1), (14, 1) oo (14, 102), (14, n))- (152N 2" 7252

S(R3R311...1x, (1, nx-1), (1/4, 1t oo (1/4,12), (14,01 1) ) + (- (1 (57N 254

S(R3IR321...1x, (1/2, nx-1), (1/2, 1xc1) oo (1, n2-1)(1/4, 02), (1/4, n1))- (17527 2™ )

2N X+5
S(R31R321...1x, (1, nx-1), (1/2, nx-1) ,..., (1, n2-1)(1/4, n2), (1/4, n1)) | +[ (1/5 )

S(R31R321...1x, (1/2, nx-1), (1/2, nx-1) ,..., (1/4, n3), (1, n2-1)(1/4, n2), (1/4, nl))

(1/5°N X 4) S(R31R321...1x, (1, nx-1), (1/2, nx-1) ..., (1/4, n3), (1, n2-1)(1/4, n2), (1/4, n1))

ot 1 (152N 272 SRBIR321.1x, (1/2, mxe1), (1/4, nxct) o (174, 13), (1, n2-1)(1/4, n2),

(1/4, n1))- (1/5°N 2™ 2 G R3IR3211x, (1, nee1), (174, mect) .o (174, 3), (1, n2-1)(1/4,
n2), (1/4,01)) 1) + (/41 (157252 SRIIR311...1x, (172, nx-1), (172, mx1) ,..ny (1/4, 12),

(/4. n1))- (175N 2D G RIIR3 1T Ix . (1, ne1), (1/2, nxct) o (1/4, 02), (14, 1)) | -

(/52N 2553 SRIIR311...1x, (1/2, mxe1), (1/2, st .o (174, 13), (1/4, n2), (1/4, n1))-

(1/52N 2N S RIIR3 I Ax, (1, mae1), (1/2, 11) .oy (14, 13), (1/4, 02), (1/4, 1)) | -
(15N 22X SRIIRB 1. 1x, (1/2, nxe1), (14, 1) .., (1/4, 03), (1/4, n2), (1/4, nl))-

(/52N 22Xl S RIIR3 1T Ix, (1, 1), (14, 1) .o, (174, 03), (1/4, n2), (1/4,n1)) ) ) +

SN 2P SR TeIR3 1. 2x 1x, (172, ne1), (1, mci-1)(1/4, nsct), ((1/4, nx.

2) s (U4, 01))- (1/57 272 SR3TT 1IR3 1. 2011, (1, e 1), (1, nc1-1)(1/4, ne1), ((1/4,

) s (14, 01) 1) + (141 (15N 27N SRR 1 Tx, (172, n-1), (1/4, ne1),



(U4, 1x2) ..., (14, 1)) (1757 222 QR31T 1IR3 1. Lt Ix, (1, nae1), (1/4, ),

(14, 1x2) ... (1401 1) )] )

([ 5™ 2% SR3, (144, n))(1+Q/T)R21+R21 1+ +R21 1. o)) + (1752 2 HS(R3R4,

(1, n1-1)(1/4, 01| + [ (4355 2% SR31, (1/4, n2), (1/4, n1))(1+2/T)R21+R21 1+...

FR21T...Inx)) + (1/4) (152N 21 S(R3R31, (1/4, 12), (1, n1)(1/4, 1)) ) + (1/4)

(15N 20)SR31R32, (1, n2-1)(1/4, n2), (114, n1)] +...+ [ (7435727 SR311...1x, (1/4,

n4) .. (14 1)) (12T R2IER21 T+ AR211 ... 1)) + (14152225 SR3R311...1x, (1/4,
) ,..., (1, n1)(1/4, n1)) + S(R3IR311...1x, (1/4, nx) ,..., (1, n2)(1/4, n2),(1/4, n1)) R311...1x,
(1/4, 1) ..., (1/4, n1)) +..+ S(R311...1x-1 R311...1x, (1/4, nx), (1, nx-1)(1/4, nx-1) ..., (1/4, n2),

2N _2x+2
(1/4,n1))) + (1/4)(1/5 .2 )S(R311...1xR311...2x, (1, nx-1)(1/4, nx), (1/4, nx-1) ,..., (1/4, n2),

14,niy] ) | ]



