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Federico J Sabina2, Frederic Lebon3, Serge Dumont3,
Mathias Würkner4, Harald Berger4 and Ulrich Gabbert4

Abstract

The aim of the present work is to study the influence of the mechanical and electrical imperfections in reinforced

piezoelectric composite materials with unidirectional cylindrical fibers periodically distributed in rhombic cells under

mechanical and electrical imperfect contacts. The behavior of the composites is studied through two approaches: the

two-scale asymptotic homogenization method and the finite element method. The asymptotic homogenization method is

applied to a two-phase composite with mechanical and electrical imperfect contacts and to a three-phase composite with

perfect contact in the interphase. The constituents of the composite are homogeneous piezoelectric materials with

transversely isotropic properties. The local problems are formulated for the spring-capacitor and three-phase models by

the asymptotic homogenization method. The solution of each plane local problem is found using potential methods of a

complex variable and the properties of doubly periodic Weierstrass elliptic functions. Closed-form formulae are

obtained for the effective properties of the composites with both types of imperfect contacts and different configuration

of the cells. The finite element method is implemented for analysis of piezoelectric composite materials with unidirec-

tional cylindrical fibers periodically distributed in rhombic cells under mechanical and electrical imperfect contacts. Some

numerical examples are given under the presence of both imperfect contacts and different arrangement of the cells.

Comparisons between the numerical results reported by asymptotic homogenization method and finite element method

are provided.
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Introduction

The study of contact phenomena and the modeling of
interfaces between two solids gain special importance in
the effective property determination of composite
media. This work is motivated by the interest to study
the influence of imperfect contact over the effective
piezoelectric response. Many multi-scale approaches
are associated with composites where perfect interface
conditions are assumed. However, many results show
that local or partial debonding on interfaces is a rule
rather than an exception in materials such as reinforced
composites.1–5 The existence of a stiff region is only an
idealization of the complex phenomenon that occurs in
the interface where a transition zone (interphase)
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between both components is omnipresent. This third
phase is the result of the material fabrication process
(chemical treatments of surfaces, resin crystallization).
Various approaches have been used, where the bond
between the components is modeled by an interphase
with specified thickness and elastic, piezoelectric and
dielectric properties. We can find different reports
about elastic composite.6–8 In most piezoelectric com-
posites, the adhesion is not perfect. There are many
types of imperfect boundary, in particular, in this
work mechanical and electrical imperfect contacts are
considered, which means that the continuity condition
for the stresses is satisfied but not the continuity
conditions for the mechanical displacement and fur-
thermore the continuity condition for the electric dis-
placement field is satisfied but the continuity condition
for the electric potential is not fulfilled. The mechanical
imperfect contact is considered when the stresses are
proportional to the mechanical displacement jump
and the electrical imperfect contact is modeled, as the
electric displacement field is proportional to the electric
potential jump in the composite. This type of mechan-
ical imperfect contact can be interpreted as the presence
of springs between both components of the composite,
which is usually named in the literature as ‘‘mechanical
imperfect contact, spring type’’. In the same way, the
electrical imperfect contact is idealized as the existence
of a capacitor between both components, which creates
a difference in the electric potential between the com-
ponents of the composite. This approach has been
employed in some articles.9–12 It is noteworthy to men-
tion that the interface failure in the realm of elastic
materials occurs in the form of normal debonding, in-
plane sliding, out-of-plane sliding or any combination
of these types. In other words, imperfection takes place
only in the form of displacement discontinuities.
However, in the realm of piezoelectric materials, due
to their intrinsic coupled electro-mechanical behavior,
there are induced electric charges, even if the loading is
only mechanical. Therefore, a legitimate question is
whether the existence of an interface electric barrier
has any effects on the induced electro-mechanical
fields. In the present work, it is proposed to model
such barriers as the electric capacitors. A capacitor
(also called condenser) is produced when two electrical
charged plates are separated by a dielectric or insulator.
This scenario can readily be modeled with a distribu-
tion of electric capacitors along the interface. The
degree of the electrical imperfection is directly linked
to the degree of discontinuity in the electric potential
function at the interface. The capacitors capacitance
determines the amount of the electrical imperfection.
The interface is a complete electric barrier when the
capacitance is equal to zero. As the capacitance
increases the electrical imperfection level decreases,

and the perfect electrical interface prevails as the
capacitance approaches infinity.

The aim of this paper is to point out the role of the
mechanical and electrical imperfect interfaces on the
elastic, piezoelectric and dielectric properties of
piezoelectric composite materials. In particular, the
two-scale asymptotic homogenization method
(AHM)13–15 is applied to a micromechanical model
with rhombic arrangement of fibers. This work is an
extension of previous works,16–18 where piezoelectric
composites with only mechanical imperfect contact
were considered. The present study also differs from
the other investigations,17,19–21 because not only the
mechanical imperfect contact (spring model) is con-
sidered in the electro-elastic composites but also the
combination of mechanical and electrical (spring-
capacitor) imperfections is examined. It may look nat-
ural, that the mechanical weakening of the interface
(due to delamination, decohesion, etc.) should also
reduce the electric contact. In this sense, the current
study is more realistic since the interface can exhibit
imperfect elastic and electric bonding and becomes
more representative of the principles of piezoelectricity.

However, to our knowledge, effective micro-macro
methods for heterogeneous materials based on the two-
scale asymptotic homogenization technique for piezo-
electric composites with rhombic cells and mechanical/
electrical imperfect adhesion have not been reported
completely. The novelty of this contribution is that
the statement of the problem for piezoelectric compos-
ites with mechanical and electrical imperfect contact is
given using the two-scale AHM. The associated local
problems are derived and consequently use is made of
potential methods of a complex variable and the prop-
erties of Weierstrass elliptic and related periodic func-
tions to solve the problems on the rhombic unit cell.
The complete set of elastic, piezoelectric and dielectric
effective properties is obtained for a two-phase compos-
ite with electrical capacitors and mechanical springs
between the fiber and the matrix as an idealization of
electrical and mechanical imperfection conditions.
Moreover, a three-phase model for piezoelectric com-
posites containing perfect contact in the interfaces is
proposed and a finite element method (FEM) approach
is developed for composites with a spring-capacitor
imperfect adherence.

Formulation of the heterogeneous
problem

Consider piezoelectric materials that respond linearly
to changes to mechanical and electrical fields. A two-
phase uniaxial reinforced composite is studied here, in
which the fibers and the matrix have homogeneous and
transversely isotropic properties. The axis of transverse
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symmetry coincides with the fiber direction, which is
taken as the Ox3 axis. The fiber cross-section is circular.
Moreover, the fibers are periodically distributed without
overlapping in directions parallel to the Ow1- and Ow2-
axis, where w1 6¼ 0 and w2 6¼ 0 w2 6¼ �w1, � 2 Rð Þ are
two complex numbers that define the rhombic periodic
cell with an angle � ¼ ðw1,w2Þ. Therefore, the composite
�ð� �"Þ (" is a small parameter defined below) consists
of a rhombic array of identical circular fibers embedded
in a homogeneous medium (Figure 1). The fibers are
infinitely long.

The response of the material at the microscale level is
analyzed using representative volume elements (RVEs)
or basic cells. The fiber-reinforced material is assumed
to have a periodic arrangement of fine scale fibers
embedded in a matrix. A sample of a RVE is shown
in Figure 1, where an appropriate periodic unit cell S is
taken as a regular rhomb in the y1y2�plane so that
S ¼ S1 [ S2 with S1 \ S2 ¼ ;. The domain S1 is occu-
pied by the matrix and its complement S2 by the fiber of
radius R. A local Cartesian coordinate system
y ¼ ð y1, y2, y3Þ is introduced at the microscale and ori-
ented in such a way that the y3-axis is aligned parallel to
the axis of the fibers. The microscale coordinates y of a
point in the RVE are related to the macroscale coord-
inates x ¼ ðx1, x2, x3Þ by y ¼ x=", where "� 1. Beside
the use of subscripts, matrix and fiber-associated quan-
tities are also referred to below by means of super-
scripts in brackets (1) and (2), respectively. A two-
phase composite is considered, which comprises a
matrix with homogeneous properties given by the fol-
lowing property tensors: elastic C

ð1Þ
ijkl, piezoelectric e

ð1Þ
ijk

and dielectric permittivity �ð1Þij , in which parallel circu-
lar cylindrical fibers are embedded with corresponding
homogeneous properties C

ð2Þ
ijkl, e

ð2Þ
ijk and �ð2Þij :

In order to denote the dependence of a field variable
on both the macroscale and the microscale coordinates,
the superscript " is used, i.e. F " ¼ Fðx, yÞ where F "

represents a scalar, vector or tensor field. All field vari-
ables are assumed to depend on the coordinates of both
scales. For an arbitrary microstructure, material phases
and therefore material properties such as elastic con-
stants are functions of the microscale coordinates y: In
the following formulation an indicial and direct nota-
tion will be used interchangeably.

The coupled system of partial differential equations
with rapidly oscillating coefficients for linear piezoelec-
tric heterogeneous structures is

C"ijklðyÞ u
"
k,l þ e"kijðyÞ�

"
,k

� �
,j
¼ 0,

e"iklðyÞu
"
k,l � �

"
ikðyÞ�

"
,k

� �
,i
¼ 0 in �

ð1Þ

Equation (1) represents a system of equations for
finding ui and � where u"k and �" are the mechanical
displacement and the electric potential, respectively.
The material properties are piecewise functions. For
simplicity, from now on the superscript " will be
omitted on the material functions which satisfy the
symmetries Cijkl ¼ Cjikl ¼ Cklij, ekij ¼ ekji, �ik ¼ �ki:
In addition, the elasticity tensor and the dielectric
permittivity tensor are assumed to be positive
definite.

S2

S1

R

w2

w1

x1

x2

x3

Figure 1. Composite with rhombic array of circular cylinders embedded into a matrix and the unit cell.
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For a complete solution it is necessary to assign suit-
able boundary conditions, for instance

u"i ¼ ûi; �"ijnj ¼ Ŝi; �" ¼ �0; D"
i ni ¼ 0, on @�

ð2Þ

where ûi, Ŝi and �0 are the prescribed displacement,
traction and electric potential on the boundary of the
composite.

In the case of perfect bonding the continuities of dis-
placement, traction, electric potential and normal electric
displacement are enforced. In this section, an attempt is
made to analyze the behavior of a piezocomposite under
mechanical and electrical imperfect contacts.

Spring-capacitor model and its

mathematical formulation

The electro-mechanical imperfect condition may be
expressed as the simplest representation. The jumps in
normal and tangential mechanical displacements are
proportional to the associated traction components
and the jumps of the electric potential are proportional
to the electric displacement fields.11 Thus referring to

T½ �½ � ¼ 0 , D½ �½ � ¼ 0 , on � ð3Þ

T �ð Þ ¼ �1ð Þ�þ1 ~K u½ �½ � ,D �ð Þ:n �ð Þ ¼ �1ð Þ�þ1 ~K� �½ �½ � , on �

ð4Þ

where the mechanical displacement, traction vectors
and the spring stiffness matrix are written as

u ¼

un

ut

us

0B@
1CA, T ¼

Tn

Tt

Ts

0B@
1CA, ~K ¼

eKn 0 0

0 eKt 0

0 0 eKs

0B@
1CA
ð5Þ

In these relations �½ �½ � indicates the jump in the quantity
� at the common interface �ð� �"Þ between the fiber
and the matrix; n is the outward unit normal vector
on �; un, ut, us are the normal and two tangential com-
ponents of the mechanical displacement vector, respect-
ively; Tn, Tt, Ts are the normal and tangential
components of the traction vector T: The superscripts
�, � ¼ 1, 2 denote the matrix and fiber, respectively.
The imperfect interface mechanical behavior would rep-
resent an idealization of a layer of three mechanical
springs ( ~Kn and ~Kt, ~Ks) with constants of zero thickness.
The electrical imperfect interface is considered a distri-
bution of electric capacitors of capacitance ~K� which is
the capacitance of electric elements along the interface.
The interface is a complete electric barrier when the

capacitance is equal to zero. As the capacitance increases
the level of electrical imperfection decreases, and perfect
electrical interface prevails as the capacitance
approaches infinity. The status of the electro-mechanical
bonding is completely determined by appropriate values
of these constants. For large enough values of the con-
stants, the perfect bonding interface is recovered.

In order to study the imperfect contact condition,
the relations between the displacement and traction
vectors (5) are related to their Cartesian representations
by the following expressions

un

ut

us

0B@
1CA ¼ cos ’ sin’ 0

� sin’ cos ’ 0

0 0 1

0B@
1CA u1

u2

u3

0B@
1CA,

Tn

Tt

Ts

0B@
1CA ¼ cos ’ sin ’ 0

� sin ’ cos ’ 0

0 0 1

0B@
1CA T1

T2

T3

0B@
1CA

ð6Þ

where the traction vector T (Ti ¼ �ijnj, i, j ¼ 1, 2, 3)
and nj (components of the outward unit normal vector)
refer to the usual Cartesian coordinate system ðx1, x2, x3Þ.

Thus, the expression (3)–(4) on � can be rewritten in
the following form

Tð1Þ þ Tð2Þ ¼ 0, Dð1Þ þDð2Þ ¼ 0 on �,

Tð�Þn ¼ �1ð Þ
�þ1eKn un½ �½ �, T

ð�Þ
t ¼ �1ð Þ

�þ1eKt ut½ �½ �,

Tð�Þs ¼ �1ð Þ
�þ1eKs us½ �½ � on �,

D �ð Þ:n �ð Þ ¼ �1ð Þ�þ1 ~K� �½ �½ � on �

ð7Þ

Two scales AHM and its consequences

As discussed earlier, field variables are assumed to
depend on both the macroscale coordinates x and
microscale coordinates y ¼ x=". Thus, the original
problem (1), (2), (7) is studied via AHM.22 This
method assumes a two-scale asymptotic expansion for
the mechanical displacement and electric potential.18,23

Two sets of relevant functions can be derived which
determinate the solution on the unit cell, i.e. the sets of
pq�local functions, pqMðyÞ and pqNðyÞ, and p�local func-
tions, pPðyÞ and pQðyÞ, that depend only on y: They are
microscale characteristic functions, which relate the
macroscale strain and electric field to the microscale fluc-
tuations in the mechanical displacement and electric
potential. They are the unique periodic solution of the
so-called pq�local and p�local problems, denoted by

pqL and pI, respectively, over the periodic unit cell S, as
it is defined below.

The pqL problem seeks displacements pqM
ð�ÞðyÞ and

potential pqN
ð�ÞðyÞ in S� , � ¼ 1, 2, which are periodic
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functions of periods w1 ¼ 1, w2 ¼ b ei�, b4 0 is the
modulus of this complex number and the local func-
tions are the solution of the following equations

pq�
ð�Þ
i�,� ¼ 0 in S� ,

pqD
ð�Þ
�,� ¼ 0 in S�

ð8Þ

under mechanical and electrical imperfect conditions

pqT
ð1Þ þpq T

ð2Þ ¼ 0, pqD
� �� �

¼ 0 on �,

pqT
ð�Þ
n ¼ �1ð Þ

�þ1eKn pqMn

� �� �
,

pqT
ð�Þ
t ¼ �1ð Þ

�þ1eKt pqMt

� �� �
,

pqT
ð�Þ
s ¼ �1ð Þ

�þ1eKs pqMs

� �� �
on �,

pqD
�ð Þ:n �ð Þ ¼ �1ð Þ�þ1 ~K� pqN

� �� �
on �

ð9Þ

To assure the pqL problems solution is unique, the func-
tions also satisfy the condition that pqM

� �
¼ pqN
� �

¼ 0,
where the angular brackets define the volume average
per unit length over the periodic unit cell, that is,
Fh i ¼ V�1

R
S FðyÞ dy, where V is the periodic cell area.

Moreover,

pq�
ð�Þ
i� ¼ C

ð�Þ
i�k� pqM

ð�Þ
k,� þ e

ð�Þ
�i� pqN

ð�Þ
,� ,

pqD
ð�Þ
� ¼ e

ð�Þ
�k� pqM

ð�Þ
k,� � �

ð�Þ
�� pqN

ð�Þ
,�

ð10Þ

the comma notation denotes a partial derivative rela-
tive to the y� component, i.e. U,� � @U=@y�; the sum-
mation convention is also understood for Greek
indices, which run from 1 to 2; no summation is carried
out over upper case indices, whether Latin or Greek.
The functions pqMt, pqMs, pqMn are the two tangential
and normal components of the vector pqM whereas

pqTt, pqTs, pqTn are the two tangential and normal

components of the traction vector pqTi ¼ ðpq�ijþ

CijpqÞnj and pqD
�ð Þ
i ¼ ð C

�ð Þ
ijkl pqM

�ð Þ
k,lþ e

�ð Þ
lpq pqN

�ð Þ
,l þ

e
�ð Þ
ipqÞn

�ð Þ
j associated to the local problem pqL. The expres-

sion of the traction vector can be written in terms of the
tangential and normal components for each phase as

pqT
�ð Þ
1 ¼ ðpqT

�ð Þ
n þ C

�ð Þ
1jpqÞn

�ð Þ
j , pqT

�ð Þ
2 ¼ ðpqT

�ð Þ
t þ C

�ð Þ
2jpqÞn

�ð Þ
j ,

pqT
�ð Þ
3 ¼ ðpqT

�ð Þ
s þC

�ð Þ
3jpqÞ n

�ð Þ
j : The symmetry between the

indices p and q shows right away that at most six prob-
lems need to be considered at most.

Similarly, the pI problem is stated as follows: the dis-
placements pP

ð�ÞðyÞ and potential pQ
ð�ÞðyÞ are sought in

S� , � ¼ 1, 2, which are periodic functions with the same
periods satisfying the following equations

p�
ð�Þ
i�,� ¼ 0 in S� ,

pD
ð�Þ
�,� ¼ 0 in S�

ð11Þ

and the above-mentioned interface conditions adapted
to this problem, which are

pT
ð1Þ þpT

ð2Þ ¼ 0, pD
� �� �

¼ 0 on �,

pT
ð�Þ
n ¼ �1ð Þ

�þ1eKn pPn

� �� �
,

pT
ð�Þ
t ¼ �1ð Þ

�þ1eKt pPt

� �� �
,

pT
ð�Þ
s ¼ �1ð Þ

�þ1eKs pPs

� �� �
on �,

pD
�ð Þ:n �ð Þ ¼ �1ð Þ�þ1 ~K� pQ

� �� �
on �

ð12Þ

where the functions pPt, pPs, pPn are the two tangential

and normal components of the vector pP whereas

pTt, pTs, pTn, are the tangential and normal compo-

nents of the traction vector pTi ¼ p�ij þ epij
� 	

nj
and the electric field vector is written as

pD
�ð Þ
i ¼ e

�ð Þ
ikl pN

�ð Þ
k,l � �

�ð Þ
lp pP

�ð Þ
,l þ e

�ð Þ
ijp

� �
n
�ð Þ
j associated to

the local problem pI and pP
� �
¼ pQ
� �
¼ 0, for the solu-

tion uniqueness. The traction vector can be rewritten in
terms of the tangential and normal components for

each phase as pT
�ð Þ
1 ¼ pT

�ð Þ
n þ e

�ð Þ
1jp

� �
n
�ð Þ
j ,

pT
�ð Þ
2 ¼ pT

�ð Þ
t þ e

�ð Þ
2jp

� �
n
�ð Þ
j , pT

�ð Þ
3 ¼ pT

�ð Þ
s þ e

�ð Þ
3jp

� �
n
�ð Þ
j :

Furthermore

p�
ð�Þ
i� ¼ C

ð�Þ
i�k� pP

ð�Þ
k,� þ e

ð�Þ
�i� pQ

ð�Þ
,� ,

pD
ð�Þ
� ¼ e

ð�Þ
�k� pP

ð�Þ
k,� � �

ð�Þ
�� pQ

ð�Þ
,�

ð13Þ

Also the non-homogeneous pI problems contribute
towards the homogenized properties.

The sets of the characteristic functions pq�functions

pqMðyÞ and pqNðyÞ, and p�functions pPðyÞ and pQðyÞ,
must satisfy the following weak form equations18Z

Y

Cijkl
@ pqMk

@yl
� ekij

@ pqN

@yk


 �
@vi
@yj

dY ¼

Z
Y

Cijpq
@vi
@yj

dY,Z
Y

ekij
@ pQ

@yk
� Cijkl

@ pPk

@yl


 �
@vi
@yj

dY ¼

Z
Y

eqij
@vi
@yj

dY,Z
Y

eikl
@ pqMk

@yl
þ �ik

@ pqN

@yk


 �
@w

@yi
dY ¼

Z
Y

eipq
@w

@yi
dY,

Z
Y

�ik
@ pQ

@yk
þ eikl

@ pPk

@yl


 �
@w

@yi
dY ¼

Z
Y

�iq
@w

@yi
dY ð14Þ

Equation (14) represents a system of partial differential
equations that must be solved to obtain the microscale
characteristic functions pqMðyÞ, pqNðyÞ, pPðyÞ and

pQðyÞ. The characteristic functions are subjected to
periodic conditions over the boundary of Y.
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The linear piezoelectric theory constitutive relations
for a heterogeneous and periodic medium � is charac-
terized by the Y�periodic functions CðyÞ, eðyÞ, iðyÞ.
The original constitutive relations with rapidly oscillat-
ing material coefficients are transformed into new phys-
ical relations with constant coefficients C�, e�, i� which
represent the elastic, piezoelectric and permittivity
properties, respectively, of an equivalent homogeneous
medium and are called the composite effective coeffi-
cients of �. Therefore, the system (1) can be trans-
formed into an equivalent system with constant
coefficients, which represents the overall properties of
the composite.

Themainproblem toobtain suchaverage formulae is to
find the S-periodic solutions of nine pqL, pI (p, q ¼ 1, 2, 3)
local problems onS in terms of the fast variable y based on
the mathematical statement of both problems.

Once the local problems are solved, the homoge-
nized properties C�ijpq, e

�
kij, �

�
ik may be determined by

using the following formulae

C�ijpq ¼ Cijpq þ Cijkl pqMk,l þ ekij pqN,k

� �
,

e�ipq ¼ eipq þ eikl pqMk,l � �ik pqN,k

� �
,

e�pij ¼ epij þ Cijkl pPk,l þ ekij pQ,k

� �
,

��ip ¼ �ip � eikl pPk,l þ �ikpQ,k

� � ð15Þ

Each local problem (8)–(9) and (11)–(12) ð p, q ¼ 1, 2, 3Þ
uncouples into two sets of equations for finding the
local functions pqMðyÞ, pqNðyÞ, and pPðyÞ, pQðyÞ: The
plane and antiplane-strain systems of equations corres-
pond to five plane-strain local problems ppL, 12L, 3I
and four antiplane-strain ones 13L, 23L, 1I, 2I: The
effective coefficients involved in each local problem is
given in Table 1 of the recent report.17

The piezoelectric composite global behavior is
related to the monoclinic 2 class symmetry which con-
tains 13 elastic, 8 piezoelectric and 4 dielectric inde-
pendent coefficients.24

A detailed description of the local-value problems
solution set up in (8)–(9), (11)–(12) using complex vari-
able methods, the properties of doubly periodic elliptic
and related functions with periods w1 and w2 applied to
such problems has not been reported until now. The
local-value problems solution under mechanical imper-
fect and electrical perfect conditions is reported in
Rodriguez-Ramos et al.17 Taking into account that
the rate of debonding depends on material property
and interphase thickness, the following relations are
used ~Kn ¼ C

ðIÞ
11=t,

~Kt ¼ C
ðIÞ
44=t,

~Ks ¼ C
ðIÞ
44=t,

~K� ¼ �
Ið Þ
11=t

assuming the isotropic and thus non-piezoelectric
behavior of interphase material.

Since the electrical imperfection is related only with
the antiplane problem we focus our aim in the out-of-
plane problems where the mechanical and electrical
imperfect conditions are coupled. For convenience we
use in all subsequent derivations dimensionless imper-
fection parameters Ks and K� which are related to ~Ks

and ~K� by Ks ¼ ~Ks t=C
ðIÞ
44 and K� ¼ ~K� t=�

Ið Þ
11.

The thickness interphase is denoted by t: The origin-
ality of this work is the study of antiplane problems since
the mechanical and electrical imperfect conditions are
coupled. In this case, for the spring-capacitor model,
the only imperfect parameters involved are Kt, Ks for
mechanical contribution and K’ for the electrical one.

Antiplane problems solution

Now, the problem 13L is considered in detail from the set
of antiplane problems 13L, 23L, 1I, 2I. From now on,
the preindices are not used and the effective properties

Table 1. Material properties used in the calculations taken from Tita et al.,21 Yan et al.30 and Pastor.31

Epoxy 1 PZT-7A Epoxy 2 PZT-5 Epoxy 3 PZT-5A

C11(GPa) 8 148 4.445 133.91 3.86 121.0

C12 (GPa) 4.4 76.2 2.189 68.98 2.57 75.4

C13 (GPa) 4.4 74.2 2.189 68.98 2.57 75.2

C33 (GPa) 8 131 4.445 133.91 3.86 111.0

C44 (GPa) 1.8 25.696 1.128 32.46 0.64 21.1

C66 (GPa) 1.8 35.9 1.128 32.46 0.64 22.8

e31 (C/m2) � –2.1 � –2.1 � –5.4

e33 (C/m2) � 12.3 � 9.5 � 15.8

e15 (C/m2) � 9.35 � 9.2 � 12.3

�11(nC/Vm) 0.0372 4.065 0.079 4.071 0.0797 8.11

�33(nC/Vm) 0.0372 2.035 0.079 2.079 0.0797 7.35
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are denoted with the Voigt two indices short notation.
The shear piezoelectric effective properties determination
denoted by C�44, C

�
45, C

�
55 (shear moduli), e�15, e

�
14, e

�
24

(shear stress piezoelectric coefficients) and ��11, �
�
12, �

�
22

(transverse permittivity constants) is the main aim of this
part where the constituents of each phase of the com-
posite are of the crystal class symmetry 6mm: In this
case, the relevant constitutive relations are

�23 ¼ 2C44"23 � e15E2, �13 ¼ 2C44"13 � e15E1,

D1 ¼ 2e15"23 þ �11E1, D2 ¼ 2e15"13 þ �11E2

ð16Þ

The displacement M � 13Ms and potential N � 13Ns (s
denotes the aforementioned tangential component),
which appear in (15) are the unique solution of the
above-mentioned local problem 13L. Therefore, equa-
tion (8) yields

�Mð�Þ ¼ 0, �Nð�Þ ¼ 0 in Y� ð17Þ

where � is the two-dimensional Laplacian and the con-
tact conditions (9) on � are written in the form

Tð1Þs þ Tð2Þs ¼ 0, D
ð1Þ
� þD

ð2Þ
� ¼ 0 on �,

ðCð�Þ44 M
ð�Þ
,� þ eð�Þ15 N

ð�Þ
,� Þn� þ Cð�Þ44 n1 ¼ �1ð Þ

�þ1KsC
ð1Þ
44 M½ �½ �R�1 on �,

D �ð Þ
� :n

�ð Þ
� ¼ �1ð Þ

�þ1K��
ð1Þ
11 N½ �½ � on �

ð18Þ

Equation (15) are transformed to area integrals apply-
ing Green’s theorem. The doubly periodic boundary
conditions on Y and the continuity of displacement
and potential on � leads to

C�55 � iC�45 ¼ C55h i þ ð�1Þ�
C
ð�Þ
55

V

Z
�

Mð�Þdy2 þ iMð�Þdy1

þ ð�1Þ�
e
ð�Þ
15

V

Z
�

Nð�Þdy2 þ iNð�Þdy1,

e�15 � ie�14 ¼ e15h i þ ð�1Þ
� e
ð�Þ
15

V

Z
�

Mð�Þdy2 þ iMð�Þdy1

þ ð�1Þ�
�ð�Þ11
V

Z
�

Nð�Þdy2 þ iNð�Þdy1

ð19Þ

where summation convention is understood for �,
which run from 1 to 2.

Methods of potential theory are used to solve (18).
Doubly periodic harmonic functions are to be found in
terms of the following harmonic functions Laurent and
Taylor expansions:

Mð1ÞðzÞ ¼ Re
z

R
a0 þ

X1
p¼1

o R

z


 �p

ap þ
X1
k¼1

o
X1
p¼1

o z

R

� �p
	kpak

( )
,

Nð1ÞðzÞ ¼ Re
z

R
b0 þ

X1
p¼1

o R

z


 �p

bp þ
X1
k¼1

o
X1
p¼1

o z

R

� �p
	kpbk

( )
in S1

Mð2ÞðzÞ ¼ Re
X1
p¼1

ocp
z

R

� �p( )
, Nð2ÞðzÞ ¼ Re

X1
p¼1

odp
z

R

� �p( )
in S2

ð20Þ

where 	kl ¼ �
kþl�1ð Þ !
k�1ð Þ ! l !R

kþl
P1

m¼�1

P1
n¼�1

1
mw1þnw2ð Þ

kþl,

mþ n 6¼ 0, kþ l4 2 and ap, bp, cp, dp are complex

undetermined coefficients; w1, w2 are the rhombic
array periods, respectively (see Figure 1). The super-
script ‘‘o’’ next to the summation symbol means that
‘‘p’’ runs only over odd integers so that each term in

(20) has the same anti-symmetry property as Mð�Þ

and Nð�Þ, namely, Mð�Þð�zÞ ¼ �Mð�ÞðzÞ, Nð�Þð�zÞ ¼

�Nð�ÞðzÞ.23,25

The line integrals in (19) and the assumed
expansions (20) lead to a very simple result
because of the trigonometric functions orthogonality,
namely

Z
�

Mð1Þdx2 þ iMð1Þdx1 ¼ 
R �a1 þ a0 þ
X1
k¼1

o	k1ak

!
,

Z
�

Nð1Þdx2 þ iNð1Þdx1 ¼ 
R �b1 þ b0 þ
X1
k¼1

o	k1bk

!
,Z

�

Mð2Þdx2 þ iMð2Þdx1 ¼ 
Rc1,Z
�

Nð2Þdx2 þ iNð2Þdx1 ¼ 
Rd1

ð21Þ

Substituting (21) into equation (19), and taking
into consideration the imperfect contact condition
(18), we obtain the final expression of the effective
coefficients

C�55 � i C�45 ¼ C
ð1Þ
55 1� 2V2�11ð Þ,

e�15 � i e�14 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
55 �
ð1Þ
11

q
E
ð1Þ
15 � 2V2�21

� � ð22Þ

where

�11 ¼ �a1 þ E
ð1Þ
15

�b1, �21 ¼ E
ð1Þ
15 �a1 � �b1,

E
ð�Þ
15 ¼ e

�ð Þ
15 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
�ð Þ
55 �

�ð Þ
11

q
,
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the overbar denotes complex conjugate num-
bers, the fiber volume fraction is V2 ¼ 
R

2=V,
V ¼ w1j j w2j j sin � denotes the area of periodic cell.
The unknown constants a1, b1 are found from the solu-
tions of two infinite systems related to the local prob-
lems 13L, in which only the residue of Mð�Þ and Nð�Þ

contribute towards C�55, C
�
45 and e�15, e

�
14. Thus, expres-

sions for a1, b1 are now sought from the system of
infinite equations

M�D ¼ U ð23Þ

where the vector DT ¼ ðx1, x2, x3, x4Þ contains the real
and imaginary parts of the unknown
a1 ¼ x1 þ ix2, b1 ¼ x3 þ ix4 and the inhomogeneous
vector U is given by UT ¼ R �1��1, �2��1, �1��2, �2��2ð Þ.
The superindex T denotes transpose and the 4� 4-
order matrix MðmnkÞ is defined by the following
matrix form

M¼ Kþ R2J �N 1P
�1N 2 ð24Þ

h12 ¼ <e
�1 �w2 � �2 �w1

w1 �w2 � w2 �w1

 �
, h21 ¼ =m

��1 �w2 � ��2 �w1

w1 �w2 � w2 �w1

 �
,

h22 ¼ =m
�1 �w2 � �2 �w1

w1 �w2 � w2 �w1

 �
, �� ¼ 2�ðw�=2Þ;

�ðzÞ is the Zeta quasi periodic Weierstrass function

defined as �ðzÞ ¼ 1
z þ

P1
m,n
0 1

z�Tmn
þ 1

Tmn
þ z

T2
mn

� �
,

Tmn ¼ mw1 þ nw2 and the prime over the summation
symbol means that the pair (m, n)¼ (0, 0) is excluded.
The Legendre’s relationship links �1, �2 and the periods
w1, w2 : �1w2 � �2w1 ¼ 
i: The Laurent series expan-

sion of � is �ðzÞ ¼ 1
z �

P1
k¼2 ck

z2k�1

2k�1, where

c1 ¼ 0, c2 ¼ 3S4, c3 ¼ 5S6 and

ck ¼
3

ð2kþ1Þðk�3Þ

Pk�2
m¼2 cmck�m, k 	 4: The lattice Sk is

defined by Sk ¼
P

m,n ðmw1 þ nw2Þ
�k, m2 þ n2 6¼ 0,

k4 2, S2 ¼ 0: In particular only S4 and S6 are used
in the numerical implementation; these are given in
Table 1 of Chih-Bing26 for parallelogramic and rhom-
bic cells, respectively.

The matrices N 1, P and N2 are of infinite order. For
the numerical implementation it is necessary to truncate
to certain order n 2 N: The matrix

P¼

P11 . . . P1n

..

.

 
 
 ..

.

Pn1 
 
 
 Pnn

0B@
1CA

4n�4n

is composed of submatrices Ptsð Þ4�4, defined by
Pts¼ �tsKþZts

K¼

11 0 �11 0

0 11 0 �11

31 0 �31 0

0 31 0 �31

0BBB@
1CCCA, J¼

21
h11 þ h12 h21 � h22

� h21 þ h22ð Þ h11 � h12


 �
�21

h11 þ h12 h21 � h22

� h21 þ h22ð Þ h11 � h12


 �
41

h11 þ h12 h21 � h22

� h21 þ h22ð Þ h11 � h12


 �
�41

h11 þ h12 h21 � h22

� h21 þ h22ð Þ h11 � h12


 �
0BBB@

1CCCA
with h11 ¼ <e

��1 �w2 � ��2 �w1

w1 �w2 � w2 �w1

 �
,

K ¼

1 2tþ1 0 �1 2tþ1 0

0 1 2tþ1 0 �1 2tþ1

3 2tþ1 0 �32tþ1 0

0 3 2tþ1 0 �3 2tþ1

0BBB@
1CCCA,

Zts ¼

2 2tþ1

w1 2tþ1 2sþ1 �w2 2tþ1 2sþ1

�w2 2tþ1 2sþ1 �w1 2tþ1 2sþ1


 �
�2 2tþ1

w1 2tþ1 2sþ1 �w2 2tþ1 2sþ1

�w2 2tþ1 2sþ1 �w1 2tþ1 2sþ1


 �
4 2tþ1

w1 2tþ1 2sþ1 �w2 2tþ1 2sþ1

�w2 2tþ1 2sþ1 �w1 2tþ1 2sþ1


 �
�4 2tþ1

w1 2tþ1 2sþ1 �w2 2tþ1 2sþ1

�w2 2tþ1 2sþ1 �w1 2tþ1 2sþ1


 �
0BBB@

1CCCA
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w1 kp ¼ <eðwkpÞ, w2 kp ¼ =mðwkpÞ are the complex

number real and imaginary parts wkp ¼
ðkþp�1Þ!
ðk�1Þ!ð p�1Þ!

Rkþpffiffiffiffi
kp
p Skþp, k ¼ 2t� 1, p ¼ 2s� 1, t, s ¼ 1, 2, 3 . . . , .

The matrices N 1¼ n41 
 
 
 n4n
� 	

4�4n
and

N 2¼

n14
..
.

nn4

0B@
1CA

4n�4

are composed by sub-matrices

n4tð Þ4�4 and nt4ð Þ4�4 defined by n4k¼Z2tþ1 1 ,
nt4¼Z1 2tþ1, respectively. The magnitudes
1p, 2p, 3p,4p,�1p, �2p, �3p,�4p are given as follows,

where �p ¼ C
ð2Þ
44 =C

ð1Þ
44 , �t ¼ �

ð2Þ
11 =�

ð1Þ
11 . The inhomogen-

eous terms �1��1, �2��1, �1��2, �2��2ð Þ for the local
problems �3L are �1 ¼ 21, �2 ¼ 41 and for the local
problems �L (1L and 2LÞ, are

�1 ¼
E
ð1Þ
15 �

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 þ �pE

ð1Þ
15 =Ks þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 =K�

1þ �pð1þ K�1s Þ �
ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 =K�

,

�2 ¼
�1þ �t þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 =Ks � �t=K�

E
ð1Þ
15 þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1þ K�1s Þ þ �tE

ð1Þ
15 =K�

:

The limit case of perfect contact condition for piezo-
electric antiplane problem is the result of a particular
case of (23)–(25) as Ks !1, K� !1 and the same
results reported23,25 are then reproduced. In this case,
the parameters a1, b1 are the same that formula (3.25)
page 1475 reported by Sabina et al.25 The infinite
system (23)–(25) is used such that it is truncated too
obtaining an n� n order system. It is interesting to
note that the effective properties are monotonic func-
tions of order n of the solution of the system. The
numerical results converge well to the exact solutions
when an adequate order in the solution of the system is
chosen as n increases. The truncation order for solving
the system increases as the parameters Ks, K� �

� and
the fiber volume fraction are high. In the numerical
examples the solutions are given for N ¼ 10, because
this order of N achieves the required accuracy for the
used parameters.

As a summary, all the effective coefficients derived
from the local problems can be listed as follows

C�55 � i C�45 ¼ C
ð1Þ
55 1� 2V2H11ð Þ,

C�45 � i C�44 ¼ �C
ð1Þ
55 iþ 2V2H12ð Þ,

e�15 � i e�14 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
55 �
ð1Þ
11

q
E
ð1Þ
15 � 2V2H21

� �
,

e�14 � i e�24 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
55 �
ð1Þ
11

q
iE
ð1Þ
15 þ 2V2H22

� �
,

��11 � i ��12 ¼ �
ð1Þ
11 1þ 2V2H31ð Þ,

��12 � i ��22 ¼ ��
ð1Þ
11 i� 2V2H31ð Þ ð26Þ

where H1� ¼ �3 �a1 þ �3
�b1 E, H2� ¼ �3 �a1 E� �3

�b1, H3� ¼

� �a1 E� �
�b1, and �3a1, �3b1, �a1 and �b1 are the infinite

systems solution related to the local problems 13L, 23L,

1I and 2I:

Three-phase piezoelectric composite

Now, we consider a three-phase composite. The inter-
face conditions between the two contiguous phases,
occupied by S� , are assumed to be in perfect contact
along the interfaces �� , �¼ 1, 2 of each cylinder. The
displacement and quasi-static electric potentials, trac-
tion and normal electric displacement are continuous
across the interfaces �� , between the phases (Figure 2).
Therefore, the perfect contact condition can be
written as

uik k � ¼ 0, �k k�¼ 0 ð27Þ

�ij nj
�� ��

�
¼ 0, Di nik k� ¼ 0 ð28Þ

the double bar notation f
�� ��

�
is used to denote the

jump of facross the interphase �� , i.e. f
�� ��

1
¼ f 1ð Þ � f Ið Þ

and f
�� ��

2
¼ f Ið Þ � f 2ð Þ, whereas the indices (1), (I) and (2)

denote matrix, interphase and fiber properties,

1p ¼ 1, 3p ¼ 1,

2p ¼
1� �pð1� p=KsÞ �

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 p=K�

1þ �pð1þ p=KsÞ �
ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 p=K�

, 4p ¼
E
ð1Þ
15 �

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1� p=KsÞ þ �tE

ð1Þ
15 p=K�

E
ð1Þ
15 þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1þ p=KsÞ þ �tE

ð1Þ
15 p=K�

,

�1p ¼
E
ð1Þ
15 þ �pE

ð1Þ
15 p=Ks þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1þ p=K�Þ

1þ �pð1þ p=KsÞ �
ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 p=K�

, �3p ¼
�1þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 p=Ks � �tð1þ p=K�Þ

E
ð1Þ
15 þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1þ p=KsÞ þ �tE

ð1Þ
15 p=K�

,

�2p ¼
E
ð1Þ
15 þ �pE

ð1Þ
15 p=Ks �

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1� p=K�Þ

1þ �pð1þ p=KsÞ �
ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 p=K�

, �4p ¼
�1þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð1Þ
15E

ð2Þ
15 p=Ks þ �tð1� p=K�Þ

E
ð1Þ
15 þ

ffiffiffiffiffiffiffiffiffi
�p�t
p

E
ð2Þ
15 ð1þ p=KsÞ þ �tE

ð1Þ
15 p=K�

ð25Þ
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respectively. Besides, ni is the outward unit normal
vector component n to the interface �� :

Method of solution

By means of the AHM,27 it is possible to obtain from
(1)–(2) an asymptotic solution of the aforementioned
problem, the local problems on the periodic cell and
the effective coefficients, analogous to those reported
in Guinovart-Dı́az et al.,28 being the main goal of this
work. It is a well-known derivation whose details can
be found elsewhere13–15 and it is omitted here.

Of a greater interest are the so-called local (or canon-
ical) problems associated here to the local cell problems.

Nine local problems arise, �qL and �I
� ¼ 1, 2; q ¼ 1, 2, 3ð Þ, over the periodic unit cell S
can be determined. Only four local problems out of
these nine are defined as antiplane problems, which
are referred also as 13L, 23L, 1I and 2I: The remaining
problems are of the plane strain kind.

Antiplane local problems �3L, (� ¼ 1, 2)

The mathematical statement of local problems �3L is
formulated. For simplicity, only the main results of
the local problem �3L are shown and the pre-index
will be omitted in the expressions in this section. The
fundamental problem consists in finding the functions
MðsÞ and NðsÞ (s ¼ 1, I, 2) that satisfies Laplace equa-
tions, the perfect conditions at the interfaces �� and
the null average over the periodic cell

ðC
ðsÞ
ij3kM

ðsÞ
,k þ e

ðsÞ
lij N

ðsÞ
,k Þ,j ¼ 0,

ðe
ðsÞ
i3kM

ðsÞ
,k � �

ðsÞ
ik N

ðsÞ
,k Þ,j ¼ 0, in Ss

ð29Þ

Mk k�¼ 0, Nk k�¼ 0, on �� ð30Þ

k �ij nj k� ¼ � kCij�3 k�nj,

kDj nj k� ¼ � k ej�3 k�nj, on ��
ð31Þ

Mh i ¼ Nh i ¼ 0 ð32Þ

where �ðsÞij ¼ C
ðsÞ
ij3kM

sð Þ
,k þ e

sð Þ
kijN

sð Þ
,k , D

ðsÞ
j ¼ e

sð Þ
j3kM

sð Þ
,k�

� sð Þ
kj N

sð Þ
,k ; M and N are the local functions corresponding

to the mechanical displacements and the electric poten-
tials associated to the present local problems with
� ¼ 1, 2.

Thus, the functions M and N are sought in such a
way that they also are doubly periodic harmonic func-
tions of the complex variable z ¼ y1 þ iy2 in the rhom-
bic periodic cell S with the periods w1 ¼ 1 and w2 ¼ ei�,
05 � � 
=2 (see Figure 2).

Local problems solution �3L (� ¼ 1, 2)

Considering the above mathematical statement, the
functions Mð1Þ, Nð1Þ and Mð2Þ, Nð2Þ are to be found in
terms of the Laurent expansions of doubly periodic
harmonic functions over the region S1 (matrix) and
S2(fiber), respectively, as in (20). In the interphase SI

we take the expansions

MðIÞðzÞ ¼ Re
X1
p¼1

oa Ið Þ
�p

R
p
1

zp
þ
X1
p¼1

oa Ið Þ
p

zp

Rp

( )
,

NðIÞðzÞ ¼ Re
X1
p¼1

ob Ið Þ
�p

R
p
1

zp
þ
X1
p¼1

ob Ið Þ
p

zp

Rp

( ) ð33Þ

where the symbol Re is the real part of the com-
plex number. R and R1 R1 ¼ Rþ tð Þ are the inner and
outer radius of the interphase and t is the thickness of
the interphase in the composite (see, Figure 2).
a Ið Þ
p , a Ið Þ

�p, b
Ið Þ
p , b Ið Þ

�p are complex undetermined coeffi-
cients that depend on the local problems �3L to be
solved and the superscript ‘‘o’’ next to the summation
symbol means that ‘‘p’’ runs only over odd integers.

Substituting the expansions (20) and (33) into the
contact conditions at the interface (30)–(31), after
some algebraic manipulations, we obtain a system
(see Appendix 1, (57), (58), (61) and (62)) of eight equa-
tions with the unknown constants
�ap, a

Ið Þ
p , �a Ið Þ

�p,
�bp, b

Ið Þ
p , �b Ið Þ

�p, cp and dp. This system
can be rewritten into a new matricial system in terms
of the conjugate of �ap and �bp, which can be solved by
Gauss’s method. Once we have the unknown constants,
we can determine the effective coefficients as given in
the following section.

The local problem �I � ¼ 1, 2ð Þ can be solved analo-
gously and the associated effective coefficients can be
determined.

S2

S1

R

w2

w1

y1

y2

SI

t

Figure 2. Three-phase composite under study.
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Effective coefficients

The effective coefficients related to the local problems

�3L are given in this section.
Effective coefficients associate with the local problem

13L

C�1313 ¼ C1313h i þ C1331 M, 1
� �

þ e113 N,1

� �
,

C�2313 ¼ C2332 M,2

� �
þ e223 N,2

� �
,

e�113 ¼ e113h i þ e131 M,1

� �
� �11 N,1

� �
,

e�213 ¼ e113 M,2

� �
� �11 N,2

� � ð34Þ

Effective coefficients associate with the local problem

23L

C�1323 ¼ C1331 M,1

� �
þ e113 N,1

� �
,

C�2323 ¼ C1313h i þ C1313 M,2

� �
þ e113 N,2

� �
,

e�123 ¼ e131 M,1

� �
� �11 N,1

� �
,

e�223 ¼ e223h i þ e113 M,2

� �
� �11 N,2

� � ð35Þ

Consequently, the local functionsM and N are the local
problems solutions �3L, respectively. The expressions
of the effective coefficients (34)–(35) are transformed
applying Green’s theorem to the area integrals.
Subsequently, substituting expansions (20) and (33)
into the line integrals and using the orthogonality of
the set functions cos nxð Þ, sin nxð Þ

� �1
n¼�1

in 0, 2
½ �,
the dimensionless effective properties analytical expres-
sions are only obtained as functions of the unknown
constants �a1 and �b1 associated to each local problems

�3L, �I � ¼ 1, 2ð Þ as follows

a) local problem 13L

b) local problem 23L

C�1323 � iC�2323 ¼ �iðC1313Þv þ �1 � 1ð Þ
VI þ V2ð Þ

R1

� a0 þ
X1
k¼1

oak	k1 þ �a1

" #

þ �2 � �1ð Þ
V2

R
c1þ

þ E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� � VI þ V2ð Þ

R1

� b0 þ
X1
k¼1

obk	k1 þ �b1

" #

þ E
ð2Þ
15�2 � E

ð2Þ
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�2�1
�2

r
 �
V2

R
d1,

e�123 � ie�223 ¼ �iðe113Þv þ E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� � VI þ V2ð Þ

R1

� a0 þ
X1
k¼1

oak	k1 þ �a1

" #

þ E
ð2Þ
15

ffiffiffiffiffiffiffiffiffi
�2�2
p

� E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� �V2

R
c1�

� �1 � 1ð Þ
VI þ V2ð Þ

R1
b0 þ

X1
k¼1

obk	k1 þ �b1

" #

�
ffiffiffiffiffiffiffiffiffi
�2�2
p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2�1�1
�2

r
 �
V2

R
d1

ð37Þ

C�1313 � iC�2313 ¼ ðC1313Þv þ
VI þ V2ð Þ

R1
�1 � 1ð Þ a0 þ

X1
k¼1

oak	k1

" #
þ

VI þ V2ð Þ

R1
�1 � 1ð Þ �a1 þ

V2

R
�2 � �1ð Þc1þ

þ
VI þ V2ð Þ

R1
E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
b0 þ

X1
k¼1

obk	k1

" #
þ

VI þ V2ð Þ

R1
E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
�b1

þ
V2

R
E
ð2Þ
15�2 � E

ðIÞ
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�2�1
�2

r
 �
d1,

e�113 � ie�213 ¼ ðe113Þv þ
VI þ V2ð Þ

R1
E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
a0 þ

X1
k¼1

�ak	k1

" #
þ

VI þ V2ð Þ

R1
E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
�a1þ

þ
V3

R
E
ð2Þ
15

ffiffiffiffiffiffiffiffiffi
�2�2
p

� E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� �
c1 �

VI þ V2ð Þ

R1
�1 � 1ð Þ b0 þ

X1
k¼1

�bk	k1

" #

�
VI þ V2ð Þ

R1
�1 � 1ð Þ �b1 �

V3

R

ffiffiffiffiffiffiffiffiffi
�2�2
p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2�1�1
�2

r
 �
d1

ð36Þ
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c) local problem 1I

e�113 � ie�123 ¼ ðe113Þv þ
VI þ V2ð Þ

R1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
� �1 � 1ð Þ �a1 þ E

ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
�b1

h i
þ

þ
VI þ V2ð Þ

R1
�1 � 1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
� a0 þ

X1
k¼1

oak	k1

" #
þ
V2

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
�

ffiffiffiffiffiffiffiffiffi
�2�2
p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�1�2
�ð2Þ�

r
 �
c1 þ

VI þ V2ð Þ

R1

� E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
� b0 þ

X1
k¼1

obk	k1

" #
þ
V2

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
� E

ð2Þ
15

ffiffiffiffiffiffiffiffiffi
�2�2
p

� E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� �
d1,

��11 � i��21 ¼ ð�11Þv �
VI þ V2ð Þ

R1
�ð1Þ11 E

ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �h
� �a1 � �1 � 1ð Þ �b1

�
�

VI þ V2ð Þ

R1
�ð1Þ11

� E
ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
a0 þ

X1
k¼1

oak	k1

" #

� �ð1Þ11
V2

R
E
ð2Þ
15 �2 � E

ðIÞ
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�1�2
�2

r
 �
c1þ

þ
VI þ V2ð Þ

R1
�ð1Þ11 �1 � 1ð Þ b0 þ

X1
k¼1

obk	k1

" #

þ
V2

R
�ð1Þ11 �2 � �1ð Þd1

ð38Þ

d) local problem 2I

e�213 � ie�223 ¼ �iðe223Þv þ
VI þ V2ð Þ

R1
�1 � 1ð Þ

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
a0 þ

X1
k¼1

oak	k1 þ �a1

" #

þ
V2

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q ffiffiffiffiffiffiffiffiffi
�2�2
p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�1�2
�2

r
 �
c1þ

þ
VI þ V2ð Þ

R1
E
ð2Þ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
� b0 þ

X1
k¼1

obk	k1 þ �b1

" #
þ
V2

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ð1Þ
1313�

ð1Þ
11

q
� E

ð3Þ
15

ffiffiffiffiffiffiffiffiffi
�2�2
p

� E
ð2Þ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� �
d1,

ð39Þ

��12 � i��22 ¼ �ið�22Þv �
ðVI þ V2Þ

R1
�ð1Þ11 E

ðIÞ
15

ffiffiffiffiffiffiffiffiffi
�1�1
p

� E
ð1Þ
15

� �
� a0 þ

X1
k¼1

oak	k1 þ �a1

" #
�
V2

R
�ð1Þ11

� E
ð2Þ
15 �2 � E

ðIÞ
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�1�2
�2

r
 �
c1 þ
ðVI þ V2Þ

R1

� �1 � 1ð Þ�ð1Þ11 b0 þ
X1
k¼1

obk	k1 þ �b1

" #

þ
V2

R
�ð1Þ11 �2 � �1ð Þd1

The notation fð Þv¼ f 1ð ÞV1 þ f Ið ÞVI þ f 2ð ÞV2, where
V1, VI and V2 are the volume fraction per unit length
occupied by the matrix, interphase and the fiber, respect-
ively is used. Moreover, V1 þ VI þ V2 ¼ 1 and
V ¼ w1k k w2k k sin � represent the periodic cell volume.
The expressions (36)–(39) of the effective coefficients
depend on the material properties, volume fractions
and the unknown constants ak, bk, c1 and d1: The
unknown constants can be found from the system
obtained in Appendix 1.

Finite element approach

Different approaches can be used for the determination
of the effective coefficients of composites. This section
describes the approach of using the representative
volume element concept in combination with the
FEM in order to evaluate the effective behavior of
piezoelectric composites. Since the considered compos-
ite is periodic, the representative volume element can be
described by a periodic repeatable unit cell. Under the
assumption of linear piezoelectricity, we consider a
composite consists of two phases, where

@��ij
@ ~yj
¼ 0,

@D�
i

@ ~yi
¼ 0, ~y 2 S, ��ij ¼ C�ijkl"

�
kl � e�kijE

�
k,

D�
i ¼ e�ikl"

�
kl þ �

�
ikE

�
k, i, j, k, l ¼ 1, 2, 3, � ¼ m, f

ð40Þ

holds in eachphase.Thequantities��ij , "
�
kl,D

�
i ,E

�
j ,C

�
ijkl and

e�ikl and �
�
ij are the stress components, the strain compo-

nents, the electric fluxdensity components, the electric field
intensity components, the elasticity coefficients, the piezo-
electric coefficients and the dielectric coefficients related to
phase �, respectively. Moreover, the strain tensor and the
electric field intensity must satisfy the following relation

"�ij ¼
1

2

@u�i
@ ~yj
þ
@u�j
@ ~yi


 �
, E�i ¼ �

@��

@ ~yi
ð41Þ
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where u�i and �� are the displacement components and
the electric potential, respectively. The connectivity of
the phases is given by the imperfect conditions

�mrr ¼ �
f
rr ¼

~Kr umr � ufr
� 	

, �mr# ¼ �
f
r# ¼

~K# um# � uf#

� �
,

�mrz ¼ �
f
rz ¼

~Kz umz � ufz
� 	

, Dm
r ¼ Df

r ¼
~K� �

f � �m
� 	

ð42Þ

which are related to a cylindrical coordinate system
r, #, zf g. Here the imperfect parameters
~Ki, i ¼ r, #, z and ~K� characterize the stiffness of the
interface expressed by force per volume for elastic part
and capacitance per area for electric part. In general,
these parameters are unknown. These interfacial condi-
tions imply continuity in the stresses and in the electric
flux density. On the other hand, the displacements and
the electric potential are discontinuous.

Under specific assumptions the imperfect parameters
can be derived from a three-phase composite model.
The material properties and the thickness of the third
phase, which is the interphase between the fiber and the
matrix, characterize the imperfect contact parameters.
In the case of a pure elastic problem and under the
assumptions of a very thin thickness and flexible iso-
tropic material properties of the interphase Hashin29

derived the following relations

~Kr ¼
EIð1� �IÞ

ð1þ �IÞð1� 2�IÞt
, ~K# ¼

EI

2ð1þ �IÞt
,

~Kz ¼
EI

2ð1þ �IÞt

ð43Þ

where EI and �I are the Young’s modulus and the
Poisson’s ratio of the interphase, respectively. For the
assumed isotropy of the interphase the expressions in
(43) are identical with ~Kr ¼ CI

11=t,
~K# ¼ CI

44=t ¼
~Kz.

Analogously, considering piezoelectric three-phase
composites the electrical imperfect contact parameter
~K� is given by

~K� ¼ �
I
11=t ð44Þ

where �I11 is a dielectric coefficient of the dielectric
second-order tensor of the interphase, which is assumed
to have material properties with elastic and dielectric
isotropy and no piezoelectric capabilities. The thickness
of the interphase can be derived from the ratio 	 ¼ t=R
where R is the radius of the fibers. Later in the calcu-
lations and in the analysis of results, this ratio will have
a fixed value.

In order to derive effective properties of a two-phase
composite with imperfect interface stated by the equi-
librium problem (40) and the imperfect contact

conditions (42), appropriate boundary conditions on
the periodic unit cell have to be applied. It is assumed
that the displacements and the electric potential on the
cell boundary are a superposition of a linear and a peri-
odic part

ui ¼ "
0
ij ~yj þ u

per
i , � ¼ �E0

i ~yi þ �
per ð45Þ

where "0ij and E0
i are given quantities. Considering the

differences on opposite boundary faces of ui and � con-
straint equations of the form

u
Fþ
k

i � u
F�
k

i ¼ "
0
ijð ~y

Fþ
k

j � ~y
F�
k

j Þ, �F
�
k � �F

þ

k ¼ E0
i ð ~y

Fþ
k

i � ~y
F�
k

i Þ

ð46Þ

can be derived (see Figure 3).
Using the analogous assumption as for the elastic

case related to perfect bonding of phases given previ-
ously, the averages of the strains, stresses, electric fluxes
and the electric fields representing composite quantities
at macroscopic level are given by

�ij
� �
¼

1

Sj j

Z
@S

�iknk ~yj dA, "ij
� �
¼

1

Sj j

Z
@S

uinj þ ujni
� 	

dA,

Dih i ¼
1

Sj j

Z
@S

Dknk ~yi dA, Eih i ¼ �
1

Sj j

Z
@S

� ni dA

ð47Þ

The effective coefficients of the composite can be
derived from the relations

�ij
� �
¼ C�ijkl "klh i � e�kij Ekh i, Dih i ¼ e�ikl "klh i þ �

�
ij Ej

� �
ð48Þ

Equation (48) represents the constitutive law of the
homogenized composite material.

F2
+

F1
+

F2
-

F1
-

y2

y1

Figure 3. Notation of the boundaries related to the cross

section of the finite element implementation.
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Using the equation (45) and the knowledge of the
continuity or discontinuity of quantities across the
phase interface, the following relations hold

�ij
� �
¼

1

Sj j

Z
Sm

�ij dVþ
1

Sj j

Z
Sf

�ij dV,

"ij
� �
¼

1

Sj j

Z
Sm

"ij dVþ
1

Sj j

Z
Sm

"ij dV

þ
1

Sj j

Z
�

kui knj þ kuj kni
� 	

dA ¼ "0ij,

Dih i ¼
1

Sj j

Z
Sm

Di dVþ
1

Sj j

Z
Sf

Di dV,

Eih i ¼
1

Sj j

Z
Sm

Ei dVþ
1

Sj j

Z
Sf

Ei dV

�
1

Sj j

Z
�

k� kni dA ¼ E0
i

ð49Þ

where k
 k denotes the difference of a quantity 

between the matrix and the fiber phase on the interface
�, i.e. kui k ¼ umi � ufi : The volume of the RVE is
denoted as jSj. By setting the components "0ij and E0

i

of the tensors e0 (second order) and E0 (first order) in
equation (45) to appropriate values, the effective prop-
erties of the composite can easily derived from equation
(48) by separating the dependency of �ij

� �
, "ij
� �

, Dih i and
Eih i. This setting is divided into nine cases. In each case,
nine effective coefficients can be determined. These
cases are

ec0 2

a 0 0

0 0 0

0 0 0

0B@
1CA, 0 0 0

0 a 0

0 0 0

0B@
1CA, 0 0 0

0 0 0

0 0 a

0B@
1CA,

8><>:
0 0 0

0 0 0:5a

0 0:5a 0

0B@
1CA, 0 0 0:5a

0 0 0

0:5a 0 0

0B@
1CA,

0 0:5a 0

0:5a 0 0

0 0 0

0B@
1CA
9>=>;

ð50Þ

while

E0 ¼ 0, 0, 0ð Þ
T

ð51Þ

and the three cases

E0 2

d
0
0

0@ 1A, 0
d
0

0@ 1A, 0
0
d

0@ 1A8<:
9=; ð52Þ

while

e0 ¼
0 0 0
0 0 0
0 0 0

0@ 1A ð53Þ

Here the parameters a and d are arbitrarily chosen con-
stants, where the first is dimensionless and the second
has the same unit as the electric field.

The commercial software ANSYS is used for the
numerical calculations using the FEM. The FE-model
of the RVE is discretized by linear three-dimensional
SOLID5 elements. Eight nodes and four degrees of
freedom at each node characterize these elements. The
discretized finite element model has a rhombic-shaped
cross section. By choosing the edge lengths of the rhom-
bic and the included angle �, the fiber distribution of
the composite can be changed. To apply constraint
equations, given in equation (46), for nodal pairs
between opposite faces of the RVE, identical discret-
ization is necessary. In addition, the surface regions of
the phases, which intersection is denoted as �, have
also a coincident finite element discretization. Taking
into account the coincident nodal pairs on the intersec-
tion, spring elements and capacitor elements are used to
simulate the imperfect contact conditions (see
Figure 4). Per nodal pair, three one-dimensional
COMBIN14 elements (in r, # and z directions) and
one CIRCU94 element are defined. By this numerical
implementation, the imperfect contact conditions can
be represented by

Fr ¼ K̂rkurk, F# ¼ K̂#ku#k, Fz ¼ K̂zkuzk,

Q ¼ K̂� k� k
ð54Þ

where the force components Fi, i ¼ r,#, z and
the charge Q are proportional to the differences of the
displacement components and the difference of the elec-
tric potential, respectively. The parameters K̂i repre-
sent the typical spring constants with force per length,
K̂� represents the capacitance. In order to get K̂i from
the parameters ~Ki in equation (42) they are
multiplied by a certain attached area An related to the
node n, where the spring is mounted like illustrated in
Figure 5

K̂i ¼
~KiAn: ð55Þ

Because of the discretization with linear elements, the
cylindrical fiber becomes a prism with ncs faces, where
ncs is the number of nodes in the circumferential direc-
tion. For an equidistant finite element discretization
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and one element in longitudinal direction, Ancan be
calculated by

An ¼ Rq sin



ncs


 �
ð56Þ

Here R and q are the radius of the fiber and the depth of
the prism (longitudinal direction), respectively. Due to
the finite element discretization, the integral formula-
tions of the macroscopic quantities in equation (48) are
changed to numerical ones. This means that the volume
integrals become sums over elements, where the elem-
ent volume multiplies each summand. The surface inte-
grals are replaced by a summation of nodal
displacement differences multiplied by factors depend-
ing on the surface geometry.

Analysis of results

In many real fiber-reinforced composites, the fiber-
matrix adhesion is imperfect. Linear spring and capaci-
tor interface model (present approach) and interphase
models are often used to simulate the adhesion behavior
of reinforced composite materials. The aim of this sec-
tion is to point out the effects of the fiber-matrix bond on
the piezoelectric properties of composite materials based
on the AHM and FEM. To date, to the author’s know-
ledge, the problems associated to the calculations of
effective properties for piezoelectric composite materials

with defective interface conditions are very scarce in the
literature. Some numerical results derived from the pre-
sent model are given in order to illustrate the effect of the
failure at the interface. In the context of the present
study, variations of the spring stiffness and electric cap-
acitor from full debonding and complete electric barrier
to a perfect bonding interface are considered. There are
certain scenarios associated with the full debonding
interfaces for which the cylindrical inhomogeneity
becomes equivalent to a hole.

In the following, some numerical results and valid-
ations are presented for piezoelectric composites. The
material parameters used in the numerical estimation
are displayed in Table 1.

1. Two-phase composites with square and hexagonal
cells are studied. Mechanical and electrical perfect
contact conditions are considered as a validation of
the present models. In Table 2 a comparison of the
effective moduli C�44, e

�
15, �

�
11 for a two-phase com-

posite (PZT-7A/Epoxy 1) with perfect contact com-
puted by AHM, eigenfunction expansion variational
method (EEVM)30 taken from Table 2 in Yan et al.30

and the finite element values implemented in the pre-
sent work for the spring-capacitor model but ade-
quate to a particular case of perfect contact is
shown. This finite element approach reproduces the
same values reported in the publication.30 Moreover,
the results are compared also with other implemen-
tation of FEM.32 The volume fractions of fiber and
interphase are V2 ¼ 0:6 and VI ¼ 0:0012, respect-
ively. The dimensionless imperfect parameters
Kn ¼ Kt ¼ Ks ¼ K’ ¼ 1012 are used in AHM
spring-capacitor and three-phase models. The prop-
erties of the interphase are calculated by (43) and
(44) multiplied by R: This comparison validates the
spring-capacitor and three-phase models.

2. A comparison between spring-capacitor and three
phase models by AHM and FEM (spring-capacitor

n

An

Figure 5. Attached area An to node n for calculation of spring

constants.

Figure 4. A discretized RVE with a rhombic-shaped cross section (left) and highlighted spring and capacitor elements (right) on the

intersection of the phases.
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model) is presented in Table 3 for a composite PZT-
5/Epoxy 2 with rhombic cells and interphase of
Epoxy 1. In the numerical examples presented in
the table, the fiber volume fraction is V2 ¼ 0:5, the
angle of the rhombic cell is � ¼ 45�, 60�, 75� and
two different parameters of the interphase
	 ¼ t=R ¼0:00001 and 	 ¼ 0:01 are considered. In
such composite the interphase mechanical and elec-
trical properties have influence on the overall behav-
ior. The properties of a thin layer represented by
springs and capacitors allow the analysis of the influ-
ence of this interphase on the overall coefficients. In
order to compare the spring-capacitor, three-phase
models via AHM and FEM as well as the imperfect
parameters are obtained as a function of the inter-
phase properties as it is reported in (43) and (44)
multiplied by R: Notice that the three-phase and
spring-capacitor models coincide for all the effective
properties as 	! 0:The two theoretical approaches,
FEM for the spring-capacitor model and AHM
(spring-capacitor and three-phase models), are con-
sistent with the numerical values. It is well-known
the global axial behavior in fibrous piezoelectric
composites with periodic hexagonal cell under per-
fect contact condition is transversely isotropic; how-
ever, due to the oblique arrangment of the cell, the
global behavior of this composite changes and it has
a monoclinic symmetry so the effective coefficient
C�45, e

�
14 and �

�
12 are different from zero for the anti-

plane problem (see the results for angle of the peri-
odic cell ¼ 45� and 75�).

3. Figure 6 shows a validation of the spring-capacitor
model with perfect electrical contact (K� ¼ 1)
between the fiber and matrix (PZT-5A/Epoxy 3)
and three-phase model, both computed by AHM
with square cell, and the recent model published by
Tita et al.21 The interphase parameters are calculated
by (43) multiplied by the fiber radius R and the
thickness is 	 ¼ 10�3:In the report,21 a numerical
approach is proposed to evaluate the effective
properties of piezoelectric fibers embedded in a

non-piezoelectric matrix, considering imperfect con-
tact between the fiber and the matrix. A representa-
tive volume element is analyzed via FEM for
different loadings with suitable boundary conditions.
AHM approaches present a good concordance for
the transversal effective coefficients C�44, e

�
15, �

�
11 for

low volume fraction up to 0.5. A separation with the
numerical computation using FEM (curves with
‘‘þ’’) is notable for higher volume fraction. It
would be explained as the accumulation of error
due to the approximation for high volume fraction
of the FEM. Moreover, a very good match is seen as
Kt ¼ Ks ¼ 1 for the effective properties C�44 and e�15:
Total accuracy of the models is observed for the
dielectric permittivity ��11. All the curves overlap
for different values of the parameter Kt, thus, the
mechanical imperfect parameters do not influence
the dielectric effective property ��11: The composite
becomes more flexible for the low values of the
imperfection Kt ¼ Ks parameters and the high
volume fraction of the fiber.

4. Figure 7 reveals the effect of the electrical imperfec-
tion K� �1

� 	
in a two-phase composite (PZT-5A/

Epoxy 3) using the spring-capacitor model and a
three-phase model via AHM with square cell for
the transversal piezoelectric and dielectric permittiv-
ity effective coefficients e�15 and �

�
11, respectively. The

same values of mechanical imperfection Kt used in
the previous figures are considered. The interphase
parameters are calculated by (43) and (44) multiplied
by the fiber radius R and the thickness of the inter-
phase is 	 ¼ 10�3: The global properties of e�15 and
��11 display remarkable diminishing values when the
imperfect electric parameter K� decreases. It ensures
the influence of the electrical imperfect adhesion in
the characterization of the piezoelectric composites.
However, the numerical experiments realized in this
work show that the electric imperfection does not
affect the elastic constant in the composite.

5. Figure 8 shows the effective properties C�44, e�15 and
��11 against log10ðG

I=GmÞ or log10ð�
I
11=�

m
11Þ,

Table 2. Comparison of the effective properties using spring-capacitor and three-phase models via AHM with EEVM and FEM for

two-phase composite (PZT-7A/Epoxy 1) with perfect adhesion.

Square cell Hexagonal cell

C�44ðGPaÞ e�15ðC=m
2Þ ��11 nC=Vmð Þ C�44ðGPaÞ e�15ðC=m

2Þ ��11 nC=tab1; Vmð Þ

AHM spring-capacitor 6.673 0.05195 0.1575 6.324 0.04232 0.1467

AHM three-phase 6.673 0.05195 0.1575 6.3245 0.04232 0.1467

EEVM 6.673 0.051960 0.1576 6.324 0.04232 0.1467

FEM32 6.683 0.05204 0.1577 6.328 0.04244 0.1469

FEM 6.643 0.05154 0.1571 6.298 0.04221 0.1469

AHM: asymptotic homogenization method; FEM: finite element method.
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respectively, related to unidirectional periodic trans-
versely isotropic composite with hexagonal cell. The
parameters GIðGmÞ and �I11ð�

m
11Þ are the shear and

dielectric permittivity of the composite interphase
(matrix). The composite is made of Epoxy 2 matrix
with piezoelectric PZT-5 reinforcements. The phys-
ical characteristics are given in Table 1. In the

computation the Poisson’s ratio of interphase is
fixed and equal to �ðIÞ ¼ 0:3. The reinforcement
volume fraction and the interphase parameter are
V2 ¼ 0:4 and 	 ¼ 0:001, respectively. This figure
illustrates the comparisons between the composite
effective properties with interphase computed by
AHM and FEM using the spring-capacitor model
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Figure 6. Behavior of the transverse effective coefficients C�44, e�15, ��11 derived by the spring-capacitor model (shown on the left-

hand side of the figure) with perfect electric contact (K� ¼ 1) and the three-phase model (on the right-hand side of the figure) via

AHM with square cell (solid line) and the numerical approach reported in Tita et al.21 (denoted by þ). Solid line and ‘‘þ’’ with the same

color correspond to the same imperfect parameters.
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Figure 7. Evolution of the transversal piezoelectric and dielectric permittivity effective coefficients e�15 and ��11 for different values of

the imperfect electric parameter K�.
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for two cases. (a) Varying the elastic imperfect par-
ameters ( ~Ki, i ¼ r,#, z) by changing the ratio GI=Gm

while the electrical imperfect parameter ( ~K�) is con-
stant with �I11=�

m
11 ¼ 1 (solid lines in Figure 8); con-

versely (b) Elastic imperfect parameters are constant
with GI=Gm ¼ 1 and the electrical imperfect param-
eter ( ~K�) varies by changing �I11=�

m
11 (dashed lines in

Figure 8). Considering FEM the relation between
the ratio and the imperfect parameters are given by
equations (43) and (44). From a fixed ratio GI or �I

and using equation (43) or (44) the contact param-
eters are determined. The continuous lines corres-
pond to variation of GI and discontinuous lines to
variation of �I: The following tendencies can be
observed. In case (a) the mechanical imperfection
does not affect the dielectric permittivity �11which
is always constant, but e�15 and C�44 change consider-
ably. However, case (b) illustrates that C�44 is not
affected whereas e15 and �11 vary. Furthermore, the
highest gradient fluctuates are in the interval of con-
sidering ratio from –4 to –1 because the interface
property is softer than the matrix.

Figure 9 displays the behavior of the effective coeffi-
cients C�44, e�15 and ��11 against log10ðG

I=GmÞ or
log10ð�

I
11=�

m
11Þ, respectively, related to same variation

of both Ki mechanical and K� electrical imperfect par-
ameter using both AHM and FEM methods. In this
situation it is remarkable the abrupt change of the
three global properties in the composite.

Conclusions

In this work, three approaches are presented to study
the mechanical and electrical imperfections in rein-
forced piezoelectric composite materials with unidirec-
tional cylindrical fibers periodically distributed in a
rhombic cell pattern. Three-phase model is developed
where the third phase is the interphase between the
matrix and the fiber with certain thickness and also
the spring-capacitor model is also proposed. This
gives the possibility to study in a more realistic way
the imperfect bonding between the phases for piezoelec-
tric composites. Two special types of imperfections are
considered using springs for mechanical contact and
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m
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capacitors for the electrical one, both are coupled. The
spring-capacitor and three-phase models are imple-
mented using AHM and FEM is developed for the
spring-capacitor at the interface. The models reflect
the influence of the mechanical and electrical imperfec-
tion on the behavior of the electro-mechanical effective
coefficients. The present method can provide bench-
mark results for other numerical and approximate
methods, and they may be useful in the computer-aid
design of new materials.
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Appendix 1

Substituting expansions (20) and (33) into contact con-
ditions (30) we obtain the following equations

a0�1p þ
X1
k¼1

�ak	kp þ �ap

" #
Rp ¼ a Ið Þ

p R
p
1 þ �a Ið Þ

�pR
p

b0 �1p þ
X1
k¼1

�bk	kp þ �bp

" #
Rp ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
�1=�1

p
� b Ið Þ

p R
p
1 þ

�b Ið Þ
�pR

p
� �

on �1

ð57Þ
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a Ið Þ
p Rp þ �a Ið Þ

�pR
p
1 ¼ cpR

pffiffiffiffiffiffiffiffiffi
�1�2
p

b Ið Þ
p Rp þ �b Ið Þ

�pR
p
1

h i
¼

ffiffiffiffiffiffiffiffiffi
�1�2
p

dpR
p on �2,

�1 ¼ C
ðIÞ
1313=C

ð1Þ
1313,�2 ¼ C

ð2Þ
1313=C

ð1Þ
1313,

�1 ¼ �
ðIÞ
11=�

ð1Þ
11 , �2 ¼ �

ð2Þ
11 =�

ð1Þ
11 ,

E
ðsÞ
 ¼ e

ðsÞ
3=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
ðsÞ
33 �

ðsÞ


q
, s ¼ 1, I, 2

ð58Þ

Now, the local functions are considered as periodic har-
monic functions of the complex variable, which satisfy
the Cauchy-Riemann conditions, ½½ fi �� ¼ fiðzÞ � �fiðzÞ
and n2 ¼ �R

�1 dx1=d�ð Þ, n1 ¼ R�1 dx2=d�ð Þ on the
interfaces �� , the equalities (31) can be written in
terms of the complex functions as

½½ f1 �� þ E
ð1Þ
15 ½½ g1 �� þ 1� �1ð Þ��1 z� �zð Þ ¼

¼ �1 ½½ f2 �� þ E
ðIÞ
15 ½½ g2 ��

h i
þ 1� �1ð Þi��2 zþ �zð Þ

24 35������
�1

�1 ½½ f2 �� þ E
ðIÞ
15 ½½ g2 ��

h i
þ �2 � �1ð Þi��2 zþ �zð Þ ¼

¼ �2 � �1ð Þ��1 z� �zð Þ þ �2 ½½ f3 �� þ E
ð2Þ
15 ½½ g3 ��

h i
264

375
�������

�2

ð59Þ

Then substituting the expansion (20) and (33) into
equations (59) – (60) at the interface �s and proceeding
in an analogous form for obtaining (57) – (58), the fol-
lowing equations characterize the contact conditions.

a0�1p þ
X1
k¼1

�ak	kp � �ap

" #(

þE
ð1Þ
15 b0�1p þ

X1
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�bk	kp � �bp

" #)
Rp

¼ �1 a Ið Þ
p þ E

ðIÞ
15b

Ið Þ
p

h i
R

p
1 � �a Ið Þ

�p þ E
ðIÞ
15

�b Ið Þ
�p

h i
Rp

n o
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ð61Þ
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We have obtained a system (57), (58), (61) and (62) of
eight equations with the unknown constants
�ap, a

Ið Þ
p , �a Ið Þ

�p,
�bp, b

Ið Þ
p , �b Ið Þ

�p, cp and dp. This system

can be solved by Gauss’s method. Once we have the
unknown constants, we can determine the effective
coefficients (36)–(39).
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