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ASYMPTOTIC BEHAVIOR OF THE
GROWTH-FRAGMENTATION EQUATION
WITH BOUNDED FRAGMENTATION RATE

ETIENNE BERNARD AND PIERRE GABRIEL

ABSTRACT. We are interested in the large time behavior of the solutions to the
growth-fragmentation equation. We work in the space of integrable functions
weighted with the principal dual eigenfunction of the growth-fragmentation
operator. This space is the largest one in which we can expect convergence
to the steady size distribution. Although this convergence is known to occur
under fairly general conditions on the coefficients of the equation, we prove
that it does not happen uniformly with respect to the initial data when the
fragmentation rate in bounded. First we get the result for fragmentation ker-
nels which do not form arbitrarily small fragments by taking advantage of the
Dyson-Phillips series. Then we extend it to general kernels by using the notion
of quasi-compactness and the fact that it is a topological invariant.

INTRODUCTION

In this article, we study the asymptotic behavior of the growth-fragmentation
equation

Ocf(t,x) + 0y (T(2) f(t,2)) = Ff(t,x), t,x >0,
(tf)(t,0) =0, t>0, (1)

f(0,2) = fi*(z), x> 0.

This equation appears in the modeling of various physical or biological phenom-
ena [19, 25, 2, 11] as well as in telecommunication [5]. The unknown f(¢,x) repre-
sents the concentration at time ¢ of some “particles” with “size” > 0, which can
be for instance the volume of a cell, the length of a fibrillar polymer, or the window
size in data transmission over the Internet. Each particle grows with a rate 7(x)
and splits according to the fragmentation operator F which acts on a function f(x)
through

Ff(x) = Fif(x) = B(x)f ().

The positive part F; is an integral operator given by

rtto= [ (2)5(2)2 ®

When a particle of size © breaks with rate B(z), it produces smaller particles of
sizes zx with 0 < z < 1 distributed with respect to the fragmentation kernel g.
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2 E. BERNARD AND P. GABRIEL

The fragmentation kernel g is a finite positive measure on the open interval (0,1)
which satisfies .
J zp(dz) = 1. (3)
0
This is a mass conservation condition since it ensures that if we sum the sizes of

the offsprings we recover the size of the mother particle.

Classical examples of fragmentation kernels are the mitosis kernel p = 24, /5, the
asymmetrical division kernels p = §, + 01—, with v € (0,1/2), and the power law
kernels p(dz) = (v + 2)z”dz with v > —2. Notice that the power law kernels are
physically relevant only for v < 0 (see e.g. discussion in Section 8.2.1 of [2]), which
includes the uniform kernel p = 2.

The long time behavior of the solutions is strongly related to the existence of
(A, G, @) solution to the following Perron eigenvalue problem:

(+G) +\G = FG, G >0, f "Gz -1 @)
and the dual problem: ’
—7¢' + \p + By = Fto, ¢ =0, fg G(z)p(x)dz =1 (5)
where . ’
Fre(@) = B@) | plea)pld).
When (A, G, ¢) exists and for initial distributions which satisfy

a0
i [ o) dy <+ (6
0
the solutions to Equation (1) are expected to behave like
ft,z) ~ (™ o) G(x)e when ¢ — +o0.

This property is sometimes called asynchronous exponential growth since it ensures
that the shape of the initial distribution is forgotten for large times. Asymptotically
the population grows exponentially fast with a Malthus parameter \ and is aligned
to the stable size distribution G.

The question of the convergence to the stable size distribution for growth-
fragmentation dates back to [8]. In this pioneer paper, Dickmann, Heijmans and
Thieme consider the case when z lies in a bounded domain, which is made possi-
ble by imposing that the fragmentation rate B blows up in a non-integrable way
at a finite maximal size, in order to prevent the particles to reach the maximal
size. In this case and for the mitosis kernel, they prove that the rescaled solution
f(t,z)e " converges to the stable size distribution (times a constant) for a weighted
L®-norm. They use semigroup techniques and the spectral results obtained in [16]
for the mitosis kernel (and extended to smooth self-similar kernels in [15]). The
result in [8] has also been obtained in a L' setting: in [13] for the mitosis kernel,
with an exponential rate of convergence, and in [27, 4] for general kernels.

When the domain is R, it is necessary to control what goes to infinity. If we
want to have convergence to the stable size distribution, an obvious condition is
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that (fin, ¢) is finite. In particular we cannot expect a convergence in L!(R, ) when
¢ is not bounded. The largest space in which we can work is then

Ly = L'(R4, ¢(x) dz).

The rate of convergence of the solutions to Equation (1) in this critical functional
space is the purpose of the present paper. It is known from [21] that for any initial
data in Lé the solution converges to the stable size distribution in the L}z)—norm.
A further question concerns the existence of an exponential rate of convergence
in Lé. It was first addressed in [26] for the mitosis kernel and a (almost) constant
fragmentation rate B. It is proved that the exponential convergence occurs provided
that the initial data is bounded for a stronger norm than the Lé—norm. There is an
additional term which corresponds to the Wasserstein distance between the initial
data and the equilibrium (see [5] for the statement with this distance). In [18]
where the result is extended to more general kernels (see also [24] for another
generalization), the necessity of this term is questioned. Can we control the decay
rate in the L}b—norm by the same norm on the initial data? We know that it is
possible in smaller spaces. It has been proved in Hilbert spaces by using functional
inequalities [7, 12, 23]. For weighted L! spaces we also have positive results [6, 22]
but for weights which are stronger than ¢. The question we address in this paper
is then to know whether these weights can be replaced by ¢. We prove that it is
not possible when the fragmentation rate B is bounded, and this ensures a kind of
optimality for the previous results.

1. STATEMENT OF THE MAIN RESULT

We start by saying a few words about the moments of p which will play a crucial
role in the study of the problem. For any r € R the (possibly infinite) r-th moment
of p is denoted by

1
O 1= Jo 2" p(dz).

The zero-moment g represents the mean number of fragments produced by the
fragmentation of one particle. The fact that the measure g is finite means that
po < +0o0. Of course p, can become infinite for negative r. Define

r:=inf{r e R, p, < +o0} € [—w0,0].

Clearly g, < +oo for any r > r. Additionally since p is a positive measure on

the open interval (0, 1), the function r — g, is strictly decreasing on (r,4+00). The
mass conservation requires p; = 1 and because gy > p; we deduce that the mean
number of fragments is larger than one.

We are now ready to state the
Hypotheses on the coefficients:

(H7) The growth rate 7 is a positive C'-function on R* which satisfies

1
; € Llloc(R+)7 (7)

Ja<a<l1, 7(z)=0(2") and z%=0(r(z)) whenz— 4ow. (8)
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(HB) The total fragmentation rate B is a nonnegative essentially bounded func-
tion on R, with a connected support, and such that

JAg, By >0, Va = Ag, B(LU) = By. (9)

(Hp) The fragmentation kernel g is a finite positive Borel measure on the open
interval (0,1) which satisfies the mass conservation condition (3) and is
such that

lim @, = +o0. (10)
r—rt
The monotone convergence theorem together with condition (10) ensure that
r — p, is a continuous function on (r,+o0) and that its image is (0, +o0). This
property will be fundamental in our study of the dual eigenfunction ¢. In order to
illustrate which pathological kernels we want to avoid with condition (10), we give
some examples.

Examples and counter-example

i) Consider the measure with Lebesgue density defined by

1 -1
p(z) = (L |log 2| 2 dz) 27 log 2| 2.

It satisfies the mass conservation condition (3) but not Assumption (10). In
this case r = 0 and gy < +00. The image of r — g, is (0, po].

ii) Consider a kernel which is absolutely continuous with respect to the Lebesgue
measure close to the origin and has fast decrease when z — 0, i.e. such that

VueR, p(z)=o0(z") when z— 0.

In this case Assumption (10) is satisfied since r = —o0 and for any r < 0 we
have

1 1
or = | 7o) = =1 [ (1= 2plde) = —rl(pn = 1) ——> +oe.
0 0 e
A concrete example is given by the mitosis kernel p = 24, 5 or the asymmetrical
division p = §, + 61—, with 0 <v < 1/2.
iii) Consider a kernel which is absolutely continuous with respect to the Lebesgue
measure close to the origin and such that

1

Ipo,r0 >0, @(2) ~poz™®" " when z — 0.

Then p satisfies Assumption (10) with r = —rg. For instance the power law
kernels p(z) = (v + 2)z" belong to this class provided that v > —1.

Existence of Perron eigenelements

There are many existence and uniqueness results for the Perron eigenvalue prob-
lem set on R . We can mention [14, 28] in which the direct problem (4) is solved in
the case of equal or asymmetrical mitosis with constant coefficients 7 and B. The
full problem (4)-(5) is treated in [26, 20, 9] for more and more general coefficients.
We will use the following result, which is a particular case of [9, Theorem 1]:
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Theorem 1.1. Assume that (Hr-HB-Hp) are satisfied. There exist a unique
solution (in the distributional sense) (A\,G) € R x LY(Ry) to the Perron eigen-
value problem (4) and a unique dual eigenfunction ¢ € Wll’oo(R+) such that (X, @)

oc

satisfies (5) (in the sense of a.e. equality). Moreover \ > 0.

In section 2 we prove fine estimates on the profile ¢(x), which are needed for the
proof of our main theorem. We do not need estimates on the profile G(x), but the
interested reader can find some in [9, 3].

The main result
Define the rescaled growth-fragmentation operator
Ag = —(rg9) = X\g+ Fyg
with domain
D(A) ={ge Ly|(rg) € L, (79)(0) = 0}

and consider the abstract Cauchy problem

d
ar? = (11)
g9(0) = ™.

We will prove in Section 3 that the operator A generates a strongly continuous
semigroup (also called Co-semigroup) (T;);=0 on Lj. This result ensures that there
exists a unique (mild) solution to the abstract Cauchy problem (11) given by g(t) =
Ty f™. As a direct consequence for any fi* € Ll Equation (1) admits a unique
solution given by

f(t) = eMg(t) = MTf
Clearly the Perron eigenfunction G is a steady-state for (11) since by definition

AG = 0. In other words G is a fixed point for (T})i>0, ¢.e. TG = G for all time t.
The dual eigenfunction provides a conservation law for (T}):>0

Vge Ly, vt =0,  (Tig,¢) =g, ¢). (12)
This motivates the definition of the projection
Pg:={9,9)G.

In [21], Perthame et al. prove by using General Relative Entropy techniques that
tlirfoo [T:g — PgHL; =0 for all g € Li,.

This is the asynchronous exponential growth property. In the vocabulary of semi-
groups, it is called strong convergence of the semigroup (7}):>0 to the projection P.
In terms of spectral theory, it ensures that in L}b the Perron eigenvalue A is simple
(i.e. has algebraic multiplicity one) and strictly dominant.

A stronger concept of convergence is the uniform convergence, i.e. the conver-
gence for the norm of operators. The uniform convergence of (T});>0 to P would
ensure the existence of a spectral gap. Indeed it is a standard result (see [10, Prop.
V.1.7] for instance) that for Cp-semigroups the uniform convergence is equivalent
to the uniform exponential convergence. Our main result is that the uniform con-
vergence does not hold.
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Theorem 1.2. Under Hypotheses (Hr-HB-Hp), the semigroup (T})i=0 does not
converge uniformly to the projection P. More precisely we have

vt =0, ITe = Plleyy = 1.

Structure of the paper

We start by giving fine estimates on the dual eigenfunction ¢ in Section 2. These
estimates are crucial all along the paper since we work in the space L}b. In Section 3
we prove that the rescaled growth-fragmentation operator generates a positive con-
traction semigroup which provides the unique mild solution to our abstract Cauchy
problem. This semigroup is given by a Dyson-Phillips series and this is a central
ingredient to prove the main theorem in the case when the fragmentation kernel
has a support away from zero. To make this more precise we define

20 := inf supp p € [0, 1).

In Section 4 we prove the main theorem in the case zy > 0 by taking advantage of
the Dyson-Phillips series which enables us to build solutions to our Cauchy problem
that converge arbitrarily slowly to equilibrium, so that we can compute precisely
the operator norm of T3 — P. In Section 5 we extend the result to the case zg = 0 by
using an accurate truncation of the fragmentation kernel and a passage to the limit
which relies on the notion of quasi-compactness of a semigroup, with the crucial
remark that it is invariant up to equivalent norm. Finally in Section 6 we give some
results which complete the main theorem.

2. THE DUAL EIGENFUNCTION ¢.

To prove Theorem 1.2, we need fine estimates on the dual eigenfunction ¢ given
by the following theorem.

Theorem 2.1. Under Hypotheses (HT-HB-Hg), there exists a constant C > 0
such that

Va >0, éu +o)F < d(a) < C(1 + )",

where k < 1 is uniquely defined by

A

The existence of a k satisfying (13) is guaranteed by condition (10). Notice
that we recover the result in 26, Theorem 3.1] in the case p = 201. The proof

of Theorem 2.1 is based on a truncated problem on [0, L] and uses a maximum
principle. We need to consider two truncated problems:

—7(2)(¢) (z) + (B(z) + Ap) ¢y (x) = B(x)fo or(zz)p(dz),  ¢p(L) =0, (14)
and
()61 (@) + (B(@) + X} (0) = Ble) | 07 (zo)p(ds) + FLocrardf (@)

¢ (L) =0.
(15)
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The existence and uniqueness of a solution for these truncated problems can be
obtained by using the Krein-Rutman theorem (see [9] for more details). When L
tends to +o0 the solution to the truncated problem converges to the solution to (5).

Theorem 2.2. There exist K > 0 and q > 0, independent of L, such that
VL >0, Yz € [0, L], o (r) < K(1 + 29).
Additionally when L — 400 we have the convergences
)\JL_F — A,
VA >0, ¢ — ¢ uniformly on [0, A].

Proof. We only recall the main arguments and we refer to [9] for the details. The
uniform bound on qﬁzr is obtained by the same method we will use to prove Theo-
rem 2.1. It is based on the maximum principle stated in Lemma 2.4 below. This
uniform estimate combined with uniform bounds on )\f ensure compactness of the
families (A]),_, and (¢F),_,. This provides the convergence of subsequences, and
the uniqueness of the limit leads to the convergence of the entire family. O

The eigenvalue of first truncated problem approximates A from below, and the
second from above. This will be useful for the estimates on ¢.

Lemma 2.3. We have
VL >0, A <),

and there exists Ly such that

VL > Lo, Al > A

Proof. For A} we have by integration of (14) against G

J oL (y f B y p(dlz)dy<0.

For A} the integration of (15) against G gives

1 L z .
-1 [ s [ ot [ pheh P gy

z z z

To prove that the right hand side is positive for L large enough, we use the conver-
gence of ¢F which ensures that

¢L r)dr qb (x)dx >0
L4

and for the second term we write, using Theorem 2.2,

Y

L Ty oy p(dz) * o (F oYYy 0(d2)
L f ¢z<y>f0 %629 4y < k1 j (149 f a2y,

z z z z z z

x| [CasstichL e
= KLL L (14 2929 B(z)G(x) dz p(dz)

o0]
< K@oLJ (1+ 2?)B(x)G(z) dr —— 0.
L L—+
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The last term tends to zero because G decreases faster than any powerlaw at infinity
(see [9, Theorem 1.1]). O

To get estimates on the truncated eigenfunctions ¢ we will use the following
maximum principle. We refer the interested readers to [3, Lemma 3.2] or [9, Ap-
pendix C] for a proof of this result.

Lemma 2.4 (Maximum principle). Let 0 < A < L and assume that w = 0 on
[0, A], w(L) = 0 and w is a supersolution on (A, L) in the sense that for all x €
(A, L) we have
1
Stw(z) := —7(x)w'(z) + Mw(z) + B(x)w(r) — B(JU)J w(zz)p(dz) > 0.
0

Then w = 0 on [0, L].

We are now ready to prove Theorem 2.1. The behavior of ¢ at the origin is
readily deduced from a result in [3]. The more delicate point is the behavior at
infinity and there is no result available in [3] in the case B bounded. The difficulty
lies in the construction of super-solutions and sub-solutions and it requires the
strong assumption (9). We will use that for any » > r and any = > A (so that
B(z) = By,) we have, since A = By (pr — 1),

Sta" = —rr(x)z" ! + A2 + Boo(1 — )"
= —r7(2)z" " + [AE = A + Bk — 0r)]2"

We will combine this identity with A, < A < A} and the decay of the function
= or.

Proof of Theorem 2.1. We split it into three steps.
Step #1: Convergence at the origin. Define

T
Aw) = J A+ BW) 4,
1 T(®)
the primitive o which vanishes at @ = 1 (and thus is negative for 0 < x < 1 as
2B s positive). From [3, Theorem 1.10] we know that ¢(z) behaves like a positive
constant times e~(®). Condition (7) ensures that A(0) < 40, so ¢(x) converges
to a positive constant when z — 0.

A+B
f T

Step #2: Upper bound at infinity. We start with the case k < 0 and define v(x) =
a*. For © > Ay we have

Stu(x) = —kr(x)z* 1 + (\F — N2k >0,

and for > 1 we have S} ¢; (z) = 0. We deduce that if L > A := max(Ap, 1)
then for any constant C' > 0 the function Cv — ¢} is a supersolution for S} on
(A, L). On the interval [0, A], the function v is bounded from below by A* > 0
and since ¢f — ¢ uniformly on [0, A] and ¢ is bounded on [0, A] we can find
C > 0 such that Cv > ¢} on [0, 4] for all L large enough. For z = L we have
Cv(L) = CL* > ¢f(L) = 0. The assumptions of Lemma 2.4 are satisfied for
w = Cv— ¢f, A = max(1, Ap) and L large enough. The maximum principle
ensures that ¢ < Cv on [0,L] and then ¢ < Cv on R, by passing to the limit
L — +o0.
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When k£ > 0 we need to modify a bit the function v to get a supersolution. Define
v(z) = 2% — %7€ + 1 with 0 < € < min(k, 1 — a), where « is defined in (8). This
function v is bounded from below by a positive constant. We compute

Sfv(x) = —7(2)0' (z) + (AL — Mo(x) — Bu(pr — pr—e)2"° + Bo(pr — 90)
> —7(2)v'(2) + Boo(pr—e — 1) + Boo (o1 — 90)-

When z — +00, the dominant term in the last line above is By (pr—c — pr)rF €.

Indeed we have chosen € such that k —e¢ > 0 and k — € > k — 1 + «, and when
r — 400 we have 7(x)v'(x) ~ Thx*~1T% Since r — @, is a decreasing function,
this dominant term is positive. We deduce that we can find A large enough such
that for any L > A and any C > 0, Cv — ¢} is a supersolution of S on (A4, L).
We conclude as in the case k < 0 that there exists C' > 0 such that ¢(x) < Cv(z)
for all x > 0.

Step #38: Lower bound at infinity. Choose € € (0,1 — «) such that k — 2¢ > r and
define v, (z) = (zF + 2*7¢ — 27729 (1 — £). We write

S;pvr(x) =Spv(z) + %S;@(x)

k—e _ xk72e k+1 _ karlfe + xk+172e

where v(z) = 2F + z
compute

Spv(z) = —7(2)v' (z) + (\[ — N (2® + 2579 + By (pr — pr_e)at ¢

—[AL + Bo(1 — pk,ge)]attk_26
k—e

and 9(z) = —x , and we

< —T(.’E)’UI(ZE> + [Boo(@k - Pk—e) + x_EBoo@k—Qe]x

The last line is equivalent to B (pr — @r—_e)2" ¢ when 2 — +00. We deduce that
S;pv(z) < 0 for = large enough since pp < pr—.. Using the convergence A\} — A
when L — +0c0 and the decay of r — g, we have

Spo(x) = —7(x)? () + (Boo(prs1 — or) + A — )\Z)karl
+ (BOO(@kJrlfe - ]-) - AZ)IEkH_l_E — (BOO(@kJrler _ 1) _ )\Z)xk+1—2e
~ (Bo(pr+1 —pr) + A= A7) Lkl

T—+00

<0 for L large

We deduce that for any ¢ > 0 and for A large enough, the function ¢, —cvr, is a
supersolution to S; on (A, L) for any L > A. Since vy, is upper bounded on [0, A]
and vy, (L) = ¢ (L) = L we can conclude by arguing as in Step 2 that there exists
¢ > 0 small enough such that ¢; > cvr, on [0, L] for L large enough. Passing to
the limit L — +00 we get ¢(x) = cv(z) for all x > 0 and then ¢(z) = cz* for all
= 1.
Notice that when k > 0 we can consider the simpler subsolution v(x) = z*(1—%).
O

S8

3. SEMIGROUP AND MILD SOLUTION

In this section we prove that the operator (A, D(A)) generates a positive Cp-
semigroup. This ensures that the abstract Cauchy problem (11) admits a unique
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mild solution. Recall that the rescaled growth-fragmentation operator A is defined
by
Ag = —(19) —A\g— Bg + Fig

with domain

D(A) ={ge Ly|(rg) € L}, (79)(0) = 0}.
First we need to check that Ag is well defined for g € D(A). Clearly (7g)’, A\g and
Bg are well defined and belong to Lé when g € D(A). The only term which requires
attention is F, g. Since we consider kernels p which are not necessarily absolutely
continuous with respect to the Lebesgue measure, the definition (2) of 7 does not
have a classical sense for an arbitrary function f in L<1b’ or even in D(A). It is well
defined for functions in the dense subspace

X:={ge L}, Bge C.(Ry)}.
Lemma 3.1 below ensures that the operator F, : X < L(lb — L; defined by (2)

can be uniquely extended into a continuous operator on L!. From now on when

talking about the operator F, we mean this extension and then Ag is well defined
for g€ D(A).

Lemma 3.1. There exists a unique bounded operator F : L<1¢> — L(lb such that (2)
holds for any f € X. Additionally

[ Fellees) < C? max(po, o) | Bl

where C' is the constant which appears in Theorem 2.1.

Proof. 1t is a consequence of the continuous extension theorem, provided we prove
Vfex, < 0 max(po. 91)|1 Bl

1
N\ () £0d2)
B(= ISt
['s(:)r)2%)
Choose f e X. If k = 0, Theorem 2.1 implies

Q2 <[] Ob O ot

< L L B(y)|f(y)l¢(zy) dy p(dz)

|
o0 1
< |BC j W) f (1 + 29)p(dz) dy

<1810 [ 1w e ( [ ota))ay

< Bl C200l 111
andif £k <0

[RIGHEESN

< |BC j £ W)l f (1+ 29)*p(dz) dy

1
<1810 [ i+ ([ Fotas)) ay
0
< HBHOOCQMHJC”L;-
The conclusion follows from the fact that max(pg, pr) = o if and only if £k > 0. O
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Lemma 3.1 ensures that A is a bounded perturbation of the transport operator
Aog := —(19) — A\g — By
with domain
D(Ag) = D(A).

To prove that A = Ay + F4 generates a Cy-semigroup we first prove that Ag
generates a Cp-semigroup and we then use a bounded perturbation theorem.

Proposition 3.2. The transport operator (Ao, D(Ag)) generates a positive con-
traction Cy-semigroup (St)i=0-

Proof. We use the Lumer-Philipps theorem (see for instance [10, Theorem I1.3.15]).
Clearly D(Ay) is dense in Lj. It remains to prove that for all u > 0,

Vge D(Ao),  [(n—Ao)glry = ulglry  (dissipativity)
and Vhe Ly, 3g € D(Ay), (p—Ao)g=h (surjectivity)
or equivalently

Vhe Ly, 3ge D(Ao),  (n—Ad)g=h and [h]w > plglps -

Let > 0 and h € L. We want to solve

pug + (19) + Ag + Bg = h, x>0, (16)
with the condition (7¢)(0) = 0. We obtain
r(ag(o) = [ & B ay. (17)
0

We need to verify that g thus defined belongs to D(.Ap). Recall that we have defined
in the proof of Theorem 2.1 the function

(" A+ B(y)
A(;v)ff1 77_(?!) dy.

A direct computation gives that the function x — (b(x)e_A(”) is decreasing since
its derivative is equal to —l]-' . Using this property we get

* o(z)
J lg(x) J e A I)J |h(y)|er fy 54 *dydx
0

:J |h(y)|e® (¥) (;5(33 o= A@) =1, F5 d “dady
0 Yy T(I

0 0
1 (T _E g,
< L lh(y)lqﬁ(y)f e b =5 = dzdy

g T(x

1
= Ikl

so g € Ly and HQHL},) < %HhHL}b It remains to check that (rg)" € Lj,. Using Equa-

tion (16) it is an immediate consequence of the fact that g,h € Lé and that B is
bounded.

The positivity of the semigroup is a consequence of the positivity of the resolvent
(u—Ap) ™! (see for instance [10, Characterization Theorem VI1.1.8]), which is obvious
from (17). O
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Since F, is a positive bounded perturbation of Ag, we have the following corol-
lary.

Corollary 3.3. The rescaled growth-fragmentation operator (A, D(A)) generates
a positive contraction Cy-semigroup (Tt)i=o. This semigroup can be obtained from
(St)t=0 by the Dyson-Phillips series

Tt _ i St(n)
n=0

where S’t(o) =5 and
t
S = J Sp— s Fr 51 ds.
0
Proof. The bounded perturbation theorem III-1.3 in [10] ensures that A is the
generator of a Cp-semigroup. The positivity of this semigroup follows from the

positivity of (S¢)i=0 and F,. For the contraction we use [17, Proposition 1.8.22]
and the definition of ¢ to write for g € D(A)

(Ag, (sgn 9)) = fo sgng (Aog + Fig)d = jo (Aolgl + sgng Frg)é

< J (Aolg| + F1g)é = j glA%6 = 0.

0

The formulation in terms of the Dyson-Phillips series is ensured by [10, Theorem
I11-1.10]. a

The last result of this section, given by [10, Proposition 11-6.4], concerns the
existence of a unique solution to the abstract Cauchy problem (11).

Corollary 3.4. For every f* e Lé) the orbit map
g:t—gt) =T f"
is the unique mild solution to the abstract Cauchy problem (11). In other words it

is the unique continuous function Ry — L<1b which satisfies SS g(s)ds € D(A) for all
t>=0 and

g(t) = AJO g(s)ds + f.

4. NON-UNIFORM CONVERGENCE IN THE CASE zg > 0

The aim of this section is to establish the following theorem, which provides a
more precise result than Theorem 1.2 in the case 2y = inf supp p > 0.

Theorem 4.1. We assume (Hr-HB-Hp) and that p is such that zg > 0. Then
W0, |- Plewy =2

To prove this theorem, we start with two lemmas. Define g,(z) = ﬁﬂagmgaﬂ.

Lemma 4.2. Assume that p is such that zg > 0. Then for all X > 0 we have

e
a n
Vn <logy ., 5 d L Sf )ga(:z:)gb(;z:) dz = 0.
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Proof. We prove by induction on n that supp(St(n)ga) c [zha, +0).
For n = 0 the results follows from the fact that S; is the semigroup of a transport
equation with positive speed.
To go from n to n+ 1 we check that if g is a function such that supp g < [4, +0)
then supp F;g < [204, +0). Indeed we have

Foge) = [ B(2)o(%) 2L

o z z z
and 7, g(z) = 0 when I < A. O
Lemma 4.3. For allneN and allt = 0 we have
(n) [
IS HL(L;}) < e

Proof. 1t follows from the definition of St(") by an induction on n, using that F, is
bounded and that HSt”ﬁ(L;) < 1 since (St)¢=0 is a contraction. O

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. First we have |T} — Pty < HTthLé) + HP||£(L(1¢) < 2
because (713) is a contraction and P is a projection.

For the other inequality we consider the initial distribution f™ = g, which
satisfies HgaHL; = {gq, %) = 1 and we write for X > 0 to be chosen later

X 0

Ttga(z) — G(2)|p(z) do + J Tiga(z) — G(z)|p(z) dz

HTtga - ]DgaHLi> = J
X

0

X X
>£)G@WWMM—J Ty90(2)6(x) da

0
+ L{ Tiga(z)P(x) de — JX G(z)o(z)dx.

Let € > 0 and X > 0 be such that Sg( G(z)p(z)dz > 1—¢, and so {3 G(z)¢(z)dz < e.
Consider g,(z) = ﬁ]lagxgaﬂ. Using Lemma 4.2 and Lemma 4.3 we have

X
L}n%@wmmx<mm>

where o
T L
n>logy ., (&)
Since the series is absolutely convergent and a — log, /., % converges to +c0 when
a — 40, we deduce that lim,—, 1o, R:(a) = 0 and we can find a > X large enough so
that Sg( T:g9q(x)p(x) dr < e. Since the conservation law (12) ensures that (g(t), ¢) =

(ga,#) = 1, we have S;w Tiga(x)p(x) dx = 1 — € and finally we get
1T 90 — PgaHL; > 2 — 4de.

The proof is complete since € > 0 is arbitrary and |g,| Ly = 1. O
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5. THE GENERAL CASE

In the previous section we have established Theorem 1.2 in the case of a frag-
mentation kernel which satisfies zg = inf supp g > 0 by computing exactly the norm
of the operator T; — P. This strategy cannot be applied when zy = 0. To treat this
case we use the notion of quasi-compactness.

Definition 5.1. Let (Ut)tzo be a Cy-semigroup on a Banach space E. It is said to
be quasi-compact if and only if there exists a compact operator K and ¢ty > 0 such
that

U = Kl ggy < 1.

The projection P being a compact operator (since it is rank one), if we prove that
(T}) is not quasi-compact then the result of Theorem 1.2 follows immediately. To do
so we start by truncating the fragmentation kernel in such a way that it satisfies zg >
0. For this truncated problem we use Theorem 4.1 to check that the semigroup is
not quasi-compact. Then we prove that this lack of quasi-compactness is preserved
as the truncation parameter vanishes. The main difficulty in this procedure is that
the dual eigenfunction ¢ is modified when we truncate the fragmentation kernel.
Since this function is the weight of the L' space in which we work, we will need the
following proposition.

Proposition 5.2. The notion of quasi-compactness is invariant under change of
equivalent norm.

Proof. This is a direct consequence of [10, Proposition V-3.5], which states that a
semigroup (U;) is quasi-compact if and only if

tglfoo inf {|U; — Kl K compact} = 0.
O

5.1. The lack of quasi-compactness in the case z; > 0. We use Theorem C-
IV-2.1, p.343 in [1] which is recalled here.

Theorem 5.3. Let (Uy)=0 be a positive Cy-semigroup on a Banach lattice E which
is bounded, quasi-compact and has spectral bound zero. Then there exists a positive
projection @Q of finite rank and suitable constants M = 1 and a > 0 such that

U = Qlle(my < Me™ ™ for all t > 0.

Corollary 5.4. If p is such that zg > 0, then the rescaled growth-fragmentation
semigroup (Tt)i=0 is not quasi-compact.

Proof. We refer to [1] for the definitions of a Banach lattice and the spectral bound
of a semigroup. The following properties are readily deduced from the definitions:

- Lé, is a Banach lattice;

- a contraction semigroup is bounded and has nonpositive spectral bound;

- a semigroup which admits a nonzero fixed point has a nonnegative spectral
bound.

The semigroup (7})=0 is a contraction semigroup with a positive fixed point
G. So the only missing condition on (T});>0 to apply Theorem 5.3 is the quasi-
compactness. We use this to prove by contradiction that (7T})¢>0 cannot be quasi-
compact.
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Assume that (T});>0 is quasi-compact. By Theorem 5.3 we deduce that it con-
verges uniformly to a positive projection ). If we can prove that ) = P then we
get a contradiction with Theorem 4.1 and the result follows. The end of the proof
consists in proving this identity.

Let f e Lé and consider its positive part f*. Since the projection Q is positive we
have that @Qf* is positive. The conservation law (12) which states that (T3 f*, ¢y =
{f*,¢) implies by passing to the limit ¢ — +oo that (QfT,¢> = {f,¢), where
(-, is defined in (6). From the semigroup property T;,s = T;Ts we get by passing
to the limit s — +o0 that Q = T;Q. Applying this identity to f* we get T;Qf T =
Qf*. We have proved that QfT is a positive fixed point of (7}) which satisfies
(QfT, ¢y = {fT,¢). These properties together with the uniqueness of the Perron
eigenfunction G in Theorem 1.1 imply that Qf = {f*, )G = Pf*. Similarly we
have Qf~ = Pf~ and then Qf = Pf. This means that Q = P and the proof is
complete. O

5.2. An accurate truncation. The strategy for a kernel such that zg = 0 consists
irll truncating it by defining, for ¢ < g where ¢y > 0 is small enough so that
§., #0(dz) >0,
1
1
SE 2p(dz)

This new kernel satisfies zj = infsuppp® > ¢ > 0, p] = Sé zp°(dz) = 1 and con-
verges to o when ¢ — 0. We denote by A; and ¢. the Perron eigenvalue and the
adjoint eigenfunction corresponding to ©°. Corollary 5.4 applies and ensures that
the semigroup associated to g° is not quasi-compact in L(lz,g. But using Theorem 2.1
we see that there is no reason for ¢. to be comparable ¢ at infinity, so the corre-
sponding weighted L'-norms are not equivalent and L}b # Lég. To overcome this
problem we modify B(x) by defining

=

P = ]1[5,119

Bya=B+nlia o)

for A > Ay and n > —By, so that B, a(xz) > 0 for z > 0. We denote by ., a
the Perron eigenvalue associated to the fragmentation coefficients ©° and B, 4.
The idea is to choose accurately A and n as functions of € in such a way that the
associated dual eigenfunction, denoted afterwards by (135, is comparable to ¢. We
start with two useful lemma.

Lemma 5.5. The function (¢,m, A) — Az . a is continuous on [0, 0] x (=B, +00) x
[Ag, +00). Additionally we have for any (g,1m) € [0,1) x (—By, +00),

lm Acpa = Ae (18)

A—+0

Proof. This result follows from uniform estimates on A., 4 and the associated
eigenfunctions G, 4 and ¢. , 4 as obtained in [9]. It allows to prove compactness
of the families which, combined to the uniqueness of the eigenelements, provides
the continuity with respect to parameters and the limit (18). O

Lemma 5.6. For any (e,n,A) € [0,20] x (—Bg, +0) X [Ag, +00) we have

0<Aepa <|[Bleo+n.
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Proof. Integrating the equation satisfied by (A 4, Gy 4) on RT we get

Q0

0<Ays = J (B(x) + nLas4)Gena(2) dz < |Blon + 1.
0

O

Now we are ready to prove the following proposition, which leads to the defini-
tions of A, ¢ and (T¥)¢>o.

Proposition 5.7. For any k > r and any € € (0,e0) there exist n > —By and
Ay, > Ay such that
/\5 A
=14+ ﬁv
Pk By +1
and |n| — 0 when ¢ — 0.

Definition 5.8. For any ¢ € (0,g9) we denote by Ae, . and (Tf)tzo respectively
the Perron eigenvalue, the dual eigenfunction and the semigroup corresponding to
©° and B, 4 with the choice of 7 and A = A,, in Proposition 5.7.

Proof of Proposition 5.7. Fix ¢ € (0,&9) and define

1 1 ok d
i = [ Horan = 0B
0 §. zp(d2)
We want to find n > —Bgy, (small when ¢ is small) and A > Ay (large) such that
Xem,a = (95, — 1)(By +1). (19)

The right hand side does not depend on A and is an affine function of 7. It tends
to 0 when n - —Bg, and to +00 when n — +00. The strategy consists in proving
that the left hand side is a continuous bounded function of 1 provided we choose
A as a suitable function of 7. For any nn > — B, we define the auxiliary number

(Ae,n,Ao - )‘s)~

N €
Aoy 1= Ae + ———
T
It is easy to see that
min(Ae, A . 4,) < 5\57,, < max(Ae, Ae.y, 40 )-

From Lemma 5.5 we know that the mapping A € (Ao, +0) — A. , 4 varies contin-
uously from A. , 4, to A.. We deduce that there exists A, > Ay such that

)\E’U’An = Agﬁ'ﬂ'
We get (19) with A = A, if we find 5 such that
5\5,77 = (pi - 1)(BOO + 77)~
From Lemma 5.5 we know that n — 5\57,7 is continuous. We have the lower bound
ey =(1—e)A >0
and using Lemma 5.6 we get the upper bound

€ Bl +1
7)\6 < )\s +e— 7

T J] = T

So necessarily the graph of n — /N\E,n (when 7 varies from —By, to +o0) crosses
the affine graph of n — (pf — 1)(Bx + 1). We choose 1 which realizes such an
intersection.

Ae < Ae + < Ae + emax(1, | Bx).
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The last step for completing the proof is to check that the n that we have defined
is small when ¢ is small. The result of Lemma 5.6 for = 0 gives A\c < ||B|«. Using
this estimate and the bounds on A, , above we get

—€|Blleo < Acyy = Ae < emax(|| B, 1).
This ensures that 5\5,,7 — X when € — 0 and, since @}, — @k,

I R S Y
e,n )‘Em A

0.

Proposition 5.7 leads to the following corollaries.

Corollary 5.9. For any e € (0,&¢), there exist positive constants c. and C¢ such
that

cee < ¢ < Cede.
As a consequence, Lé) = Lé and the natural norms of these two spaces are equiva-
lent.

Proof. This is a direct consequence of Theorem 2.1 and Proposition 5.7. (]

Corollary 5.10. For alle € (0,¢¢), the semigroup (Tf)t)o is not quasi-compact in
Lé. As a consequence

vt =0, |TF — Pleyy = 1.

Proof. Corollary 5.9 and Proposition 5.2 ensure that if a semigroup is not quasi-
compact in L(lz; then it is not quasi-compact in Lé either. But we know from
Corollary 5.4 that (Tte)t;O is not quasi-compact in Li; since z§ > 0. (]
5.3. The general case. To get Theorem 1.2 in the case zg = 0 it suffices to prove
the convergence in the following proposition and to use Corollary 5.10.
Proposition 5.11. For any time t = 0 we have the convergence

|TF — Tileay) — 0 whene — 0.
The generator of (TF);s0 is given by
Acg = —(rg) =g+ Fog
where F. is defined on Lé by

Foato) = [ B, (2)a(2) L < 1000,

z

Before proving Proposition 5.11 we give two lemmas which ensure the convergence
of A, to A in a sense we will precise later.

Lemma 5.12. When ¢ — 0 we have 5\5 - A\

Proof. At the end of the proof of Proposition 5.7 we have proved that 5\5,,, — A
But by definition of n and A, Ac, = Ac. O

Lemma 5.13. When ¢ — 0 we have
| - Flewsy = 0.
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Proof. Denoting p. = Si zp(dz) we have

A

(7. = Frgla) =" | (Bl ) (2)o(2) 2 1y @)

. z z

SRCIORS
(-0 | (Bt ) (2o () 20 [ B(5)e(2)2e2

. z z z 0 z z z

min(1,2/A,) T dz
o (D)L 1 s @),

€

Mimicking the proof of Lemma 3.1 we easily get

17 =Pl < =0 [ B+ (2)o(2) 222

[ (el
[o(t)e®2

< (pz' = DC*(|Bloe + meollgl + CzBloo(J0 @(d2)> lgll +nC%pollgl + nllgl

+1n

+nlgll

which gives

I~ Flecwyy < (o = DC(1BLe + 1o + 1Bl [ otas)) +0(C2o0 +1).

Recall from Proposition 5.7 that » — 0 when ¢ — 0. Additionally we have by
monotone convergence p. — 1 and Sg p(dz) — 0. We conclude that 7. — F in
L(L). 0

We deduce the convergence of Tf to T} by using the Duhamel formula.

Proof of Proposition 5.11. For g € Lé we define h, = (Tf — T})g. Clearly h. is the
solution to

Othe = Ah + (A. — A)Tfg
with initial data h.(0) = 0. Notice that A. — A= -\ + X+ F. — Fis a bounded

operator on Lé. The Duhamel formula allows to write

¢
he(t) = J TS(/lE — .A)Tf,sg ds

0
and we deduce that

t
1T = Tillews) < A= = Al J 1Tl ey ITi=sl oy ds
0

t
< A - AHL IT (175 — Tees|l + [ Te—s])) ds.

Since (T;) is a contraction semigroup in L} we have HTtHﬁ(L;) < 1and

t
1T = Tilleey) < M= = Al L (177 = Temsleqeyy + 1) ds.
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By Gronwall’s lemma we get
|7 - Tt||L(L;) < eXp(tHAE - AHa(L;)) - L
The conclusion follows from Lemma 5.12 and Lemma 5.13 since

1A — Aleiy) < e = N+ 12 = Flles)

6. COMPLEMENTARY RESULTS

6.1. Bound on the spectral gap in smaller spaces. Here we consider fragmen-
tation kernels such that zy > 0 and we quantify the maximum size of the spectral
gap we can hope in smaller weighted L' spaces. More precisely we consider spaces
Ly, with weights ¢ which satisfy

Je, Cyr > 0, Vo =0, cp(x) < P(z) < C(1 + )" ¢(x). (20)
Define the decay rate
wy =sup{w e R|IM =1, Vt >0, |T;, — PHL(L}/) < Me "'},

Because of the conservativeness of the semigroup (7}):>0 in Lé we have that wg > 0,
and our main result Theorem 1.2 ensures that wg = 0. Our proof strongly uses the
fact that we work in the space L<1i> and we cannot exclude the existence of a spectral
gap for stronger weights . Actually it is proved in [22] that there exists a spectral
gap for strong enough weights, even for bounded fragmentation rates B. But our
method can be used to bound this spectral gap.

Theorem 6.1. Assume that (HB-H7-Hp) are satisfied and that o is such that
zo > 0. For a weight 1 which satisfies (20) we have

wy < —elogzo|lFylgw) -

Proof. Similarly as in the proof of Theorem 4.1 (in which we take X = 1) we write
for Ga = ﬁ]laSwéa-ﬁ-lv

1 1
[Tign = Paaluy > | Gla)o(e)de = | Tiguayita) da

and we have

f Tyga(, 2)0(x) dz < 2C J T,90(2)6(x) dz < 20Ry(a).
0 0

Considering a = e+ for some w € R and letting ¢ tend to +00 we get by using the
Stirling formula

N

Z n!

wt
—rlog zg

- t%q@( Z W&)

wt
NZ " gg Z0

—elog zo| Fy [r\ ™
t—>+oo( Z ( w : ) )

Rt (a)

nz

I
Q
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and the last term is the reminder of a convergent series provided that w > — elog zo|| F4 ||
We deduce that there exists a constant § > 0, independent of ¢, such that

|T¢9a — Pgalry, =6
¥

when w > —elog zp|F |r. To conclude we estimate

a+1 a+1
I9ally, = Mdmcf (I+a)de= 0 (a")= O (e*).

a qS(x) a a— 400 RN

O

Example. In the case of the mitosis kernel p = 24, , with constant fragmentation
rate B(z) = B, we have pg = 2, 20 = 3, A = B and ¢(z) = 1. From Lemma 3.1 we
get || F4 Hﬁ(%) < 2B. Consider the weight ¥ (z) = (1 + z)".

From Theorem 6.1 we deduce that wy, < 2Be(log2)r. We also know from [18] that
—B is an eigenvalue of the growth-fragmentation operator so that wy < 2B.

On the other hand it is proved in [22, proof of Proposition 6.5] that there exists a
spectral gap for r > log, 3 and more precisely that w, > max (0, (2 — 3 = 217")B).
Finally we obtain the estimates

2Bmax(0,1 —3%27") < wy < 2B min(e(log2)r, 1).

6.2. The homogeneous fragmentation kernel. In the case of the homogeneous
fragmentation kernel p = 2 we can say more about the asymptotic behavior of ¢(x)
at infinity, under a stronger assumption on 7 than (8) but a weaker assumption on
B than (9).

Theorem 6.2. Assume that p = 2 and that when x — 400, B(z) ~ Byz) and
T(2) ~ Teox® with a <y + 1. Then there exists ¢o, > 0 such that

H(z) ~ oo™ when © — +00
with
k=1 if v >0,
By — A

= e(—-1,1 ) =0
Bw _|_ )\ ( Y ) Zf 'Y Y
k=~v—-1 if v<O.
Remark 6.3. Notice that in the case 7 = 0 the result is consistent with Theo-

rem 2.1. Indeed k = gz;i is the power for which the relation g = 1 + B—’\w is
2

satisfied since for p =2 we have pj = 37.

To our knowledge it is the first result which provides an equivalent of ¢(x) when
x — +o0. In [3] we only have an upper and a lower bound with the same power law
but not an equivalent.

Proof. We start from the equation for ¢
B X
r@)o!(2) = (\+ Bla)o(e) - 22 [ ol dy

and we test this equation against G on [0, X]

fX 7(2)¢' (2)G(z) dz = JX

0 0

X €T
O+ Bo@a@ -2 [ mG(”L o(y) dy da

0 €T
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to obtain, using 7(0)¢(0)G(0) = 0 (see [9]),

7(X)é f o(z)(rG)’

L(MB( z))G(z dw—2f oy f —)G(x)dxdy.

Using the equation satisfied by G we get
B(x
T(X)o( = ZJ o(y J x)da dy
which can be written as .
@ [ oty
0
where we have defined
2 “ B
@) = [ 2w
T(@)G(z) J, v

Denote by F' the function defined by
Fa) i= e 5100 | o(y)dy
0

This function satisfies F'(z) = 0 so we have for any = > 0, F(z) = F(1) = { ¢

which gives
T 1 -
f $y) dy = (J ¢>) eli W) dy
0 0

o(x) = <L1 ¢) f(z)eﬁf fy)dy

Using again the equation satisfied by G' we can write
A+ B(x)
— (log(r@))’ =
(@) = (1o8(r6)) @)+~
By integration we obtain

L " J(y) dy = log(rG)() — log(rG) (1) + A(z)

and then

21

and then
el fwdy _ MGA(I)_
T(1)G(1)
Finally we ge
y get 1 9 oA(@) o B(y)
P(z) = (L (b) T(I)G(I)L y G(y) dy. (21)

We know from [3] that there exists C' > 0 such that
G(z) ~ Cat=%e M),

where
0 ify <0,

£= ,\2+B]§OoC if v =0,

2 if vy > 0.
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Using the L’Hopital’s rule we get

C’TOOLL?T°c ¢t leA@) if vy <0,
“ B
Crop 28 Le=2M®) if v > 0.

Finally by Equation (21) we obtain the existence of ¢o, > 0 such that when  — +00
d)(x) ~ ¢00xk7
where the power k is given by

v—1 if v <0,

k=1 g it
1 if v > 0.

(]

Corollary 6.4. For the uniform fragmentation kernel p = 2, our main result is
still valid if we replace (9) by the more general condition

lim B(x) = By, < +©

r—+00

while replacing (8) by the stronger condition

Ja<l, 74 >0, lim z7%(z) = 7.
x—+00

7. CONCLUSION AND PERSPECTIVES

We have proved that uniform exponential convergence does not hold in L}b when
the fragmentation rate is bounded. The weight ¢(z), which is the dual Perron
eigenfunction of the growth-fragmentation operator, behaves as a power k < 1 of x
at infinity. We know from [22] that an exponential rate of decay exists in smaller
weighted L' spaces. More precisely it exists in L}p for ¢(x) = (1 + )" with r > 1
large enough. A natural question is to know what is the critical exponent for which
we have uniform exponential convergence. For instance does it occur for any r > k7

Another natural question concerns the unbounded case. In the proof of The-
orem 1.2 we crucially use the fact that the fragmentation rate is bounded. This
condition allows to control the number of splittings uniformly with respect to ar-
bitrarily large initial sizes. What happens when the fragmentation rate tends to
infinity at infinity? Do we have an exponential rate of decay in L(lz, or not?

All these question will be addressed in future works.
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