N

N

Unbounded Second-Order State-Dependent Moreau’s
Sweeping Processes in Hilbert Spaces
Samir Adly, Le Ba Khiet

» To cite this version:

Samir Adly, Le Ba Khiet. Unbounded Second-Order State-Dependent Moreau’s Sweeping Pro-
cesses in Hilbert Spaces. Journal of Optimization Theory and Applications, 2016, 169, pp.407-423.
10.1007/s10957-016-0905-2 .  hal-01313642

HAL Id: hal-01313642
https://hal.science/hal-01313642
Submitted on 17 Feb 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-01313642
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Unbounded Second-Order State-Dependent Moreau’s
Sweeping Processes in Hilbert Spaces

Samir Adly! . Ba Khiet Le?

Abstract In this paper, an existence and uniqueness result of a class of second-order
sweeping processes, with velocity in the moving set under perturbation in infinite-
dimensional Hilbert spaces, is studied by using an implicit discretization scheme. It is
assumed that the moving set depends on the time, the state and is possibly unbounded.
The assumptions on the Lipschitz continuity and the compactness of the moving set,
and the linear growth boundedness of the perturbation force are weaker than the ones
used in previous papers.

Keywords Moreau’s sweeping process - Quasi-variational inequalities - Differential
inclusion

1 Introduction

In 1971, the sweeping process was introduced and deeply studied by J. J. Moreau
in a series of papers (see, e.g., [1-4]). This kind of problems plays an important
role in elasto-plasticity, quasi-statics and nonsmooth dynamics with unilateral con-



straints. Roughly speaking, a point is swept by a moving closed and convex set, which
depends on time in a Hilbert space and can be formulated in the form of first-order dif-
ferential inclusion involving normal cone operators. Sweeping processes represent a
nice and powerful mathematical framework for many nonsmooth dynamical systems,
including Lagrangian systems. There are plenty of existence and uniqueness results
(see, e.g., [5—10]) for variants of first-order sweeping processes in the literature. The
second-order sweeping processes have been also considered by many authors (see,
e.g., [7,10-14]). In [11], Castaing studied for the first time the second-order sweeping
processes, where the moving set depends on the state with convex, compact values. Let
us note that the boundedness assumption on the moving set for the second-order case is
essential in most previous works: see, for example, some recent papers [7, 10,13, 14].
In [15], Castaing et al. considered the possibly unbounded moving set satisfying the
classical Lipschitz continuity assumption with respect to Hausdorff distance. How-
ever, it is difficult for unbounded set to hold this assumption since the Hausdorff
distance of two unbounded sets may equal the infinity, for example, the case of rotat-
ing hyperplane. In this paper, we propose an implicit discretization scheme based
on the Moreau’s catching-up algorithm [3] with different techniques to analyze the
second-order sweeping processes under perturbation in Hilbert spaces. The moving
set depends on the time, the state and is possibly unbounded. The set is supposed to
be closed, convex and to have a Lipschitz variation of intersection with some partic-
ular ball (with a Lipschitz constant depending on the radius of the ball). It is obvious
that this kind of Lipschitz continuity assumption is more feasible than the classical
one for the unbounded moving set. The perturbation force is supposed to be upper
semicontinuous with convex and weakly compact values and only need to satisfy the
weak linear growth condition (i.e., the intersection between the perturbation force and
the ball with linear growth is nonempty). In addition, the compactness assumption on
the moving set is weaker than the one used in previous works[7,10, 13-15], since it
only requires to check the Kuratowski measure of noncompactness for a fixed ball.
We also consider the case when the moving set is anti-monotone (which replaces the
compactness assumption) as in [14] under the current settings. Our methodology is
based on convex and variational analysis [16,17].

The paper is organized as follows. In Sect. 2, we recall some basic notations, def-
initions and useful results which are used throughout the paper. The existence and
uniqueness of solutions are thoroughly analyzed in Sect. 3. Some conclusions end up
the paper in Sect. 4.

2 Notation and Preliminaries

We begin with some notations used in the paper. Let H be a real Hilbert space. Denote
by (-, ‘), || - || the scalar product and the corresponding norm in H. Denote by [ the
identity operator, by B the unit ball in H. The distance from a point x to a set K is
denoted by d(x, K). If K is closed and convex, then for each x € H, there exists
uniquely a point y € K which is nearest to x and set y := proj(K; x). The normal
cone of K is given by



Nx(x):={peH:(p,y—x)=<0, forall y € K}.
The support function of K is defined as follows

o(K;z):=sup(x,z),z € H.

xekK
It is not difficult to see that
z € Ng(x) if and only if 0(K; z) = (z,x) and x € K.

The Hausdorff distance between the sets A and B is given by

dp(A; B) :=max{e(A, B); e(B, A)}, ey
where e(A; B) := sup, ., d(x, B) is the excess of A over B.
A sequence (x,) C H converges weakly to x € H, provided that (x,, z) — (x, z),
as n — +oo for all z in H. Let us recall a known property of an integral function-
als with respect to the weak convergence of functions with values in H (see [18,

Corollary, p. 227] or [10, Lemma 3]).

Lemma 2.1 Suppose that for all t € [0, T, the set C(t) C H is nonempty, closed,
convex and satisfies

du(C(1), C(s)) < Lelt —s| Vs, 1 €[0,T],

for some Lc > 0. Set
T
D(v) ::/ a(C(s); v(s))ds for v e L*([0,T]; H). 2
0

Then, @ is weakly lower semicontinuous, i.e.,

@ (v) < liminf @ (v,),
n——+00

where v, — v in weak-star topology of L*°([0, T]; H).

The following lemma is a discrete version of Gronwall’s inequality.

Lemma 2.2 Let o > 0 and (u,), (Bn) be nonnegative sequences satisfying
n—1

up <+ P Yn=0,1,2,... (with B_; :=0). 3)
k=0



Then, for all n, we have

n—1

U, <o exp(Zﬁk>.

k=0

Finally, we recall the Kuratowski measure of noncompactness for a bounded set B in
H, which is defined as follows

n
y(B) :=inf {r >0: B= U B; for some n and B; with diam(B;) < r}.

i=1
One has the following lemma (see, e.g., [19, Proposition 9.1]).

Lemma 2.3 Let By and B be bounded sets of the infinite-dimensional Hilbert space
H. Then,

(i) y(B1) =0 & B is relative compact.
(i) If By C By, then y (B1) < y(Ba).
(iii) ¥ (B + B2) < y(B1) + y(B2).
@1iv) y(xo + rB) = 2r for some xo € H andr > Q.

3 Main Result

In this section, the existence and uniqueness of solutions of the following second-order
sweeping processes

ii(t) € =Nc@u@y) @) — F(t,u(t),u(t)) a.e. tel0,T],
(S)
1u(0) = ug, u(0) = vy € C(0, ugp),

are analyzed thoroughly under weaker assumptions, by using an implicit discretization
scheme and techniques different from previous works. The moving set C is supposed
to be nonempty, closed, convex and to have a Lipschitz variation of intersection with
some particular ball. The perturbation force F' is upper semicontinuous with convex,
weakly compact values and satisfies the weak linear growth condition. For details,
let us make the assumptions below. Let H be a real Hilbert space and let be given
ug € H,vg € C(0, ugp).

Remark 1 Let us consider the simple case when C(-) depends only on ¢ and is
expressed in the form of unilateral inequality constraints, i.e.,

Ct)={xeR" : gi(t,x) <0,...,8m(t,x) <0}, )
where function gy : [0, T] x R” — R is supposed to be of class C' for each
k = 1,2,...,m. Clearly, the convexity of the functions g; implies the convexity

of the set C(¢). In order to go beyond the convexity assumption of the set C(-), the



class of prox-regular sets is more appropriate. However, the sublevels of prox-regular
functions and levels of differentiable mappings with Lipschitz derivatives may fail to
be prox-regular. We need some qualification conditions on the functions g to ensure
the prox-regularity of the set C (¢) (see [20] for more details). In the present paper, we
will content ourselves with the convexity assumption.

The following assumptions will be useful.

Assumption 1 (i) Forallr € [0, T] and x € H, C(¢t, x) C H is nonempty, closed,
convex and there exists Lo > 0 such that

I, x,s,y) < Lc(Jt —s|+ llx = yID, ©)
forall s, € [0, T] and x, y € M|B where

'@, x,s,y)
du(C(t,x) N M B; C(s, y) N MiB), if C(t,x) N M B # @, C(s, y) N MiB#H,

=1 e(C(t,x) N MB; C(s, y)). if Cit,x)NMB#G@,C(s,y)NMB=9,
0, if C(t,x)NMB=¢,C(s,y) N MB=0,

and
My =1+ |lugll + llvoll + (Le + 2L )T + et DT, (6)

(i) Forallt € [0, T], C(t, MB) N2M B is relatively compact in H, or equivalently
y(C@t, MiB) N 2MB) = 0, (7

where y is the Kuratowski measure of noncompactness.

Assumption 2 The set-valued mapping F : gph(C) = H is upper semicontinuous
with convex, weakly compact values in H and satisfies the weak linear growth con-
dition, i.e., there exists Ly > 0 such that, forallt € [0, T],x € H and y € C(¢t, x),
then

Ft,x,y)NLp(1+ x|l +IlyIDB # 4. ()

Here gph(C) denotes the graph of C.

Now we are ready for the main result.

Theorem 3.1 (Existence) Let H be a Hilbert space and let Assumptions 1,2 hold.
Then, for given initial condition ug € H, vo € C(0, ug), there exists a solution u in
the following sense

1. (S) is satisfied for a.e. t € [0, T];



2. u(0) = ug, u(0) = vg;
3. ueCl(0,T1; H) andii € L®°([0, T1; H).

Proof We choose some positive integer n such that M7 /n < 1 and set h,, := T /n,
1 = i.h forO <i <n.For0 <i <n—1,givenu} and v}, we want to find u;’H, vf+1
satisfying

n n
U — VS
i+1 i n n n __..n n
— o T € Neay i Win)s i = up oy ®)
n

where f' € F(t', uj, v}'). Clearly uj, , is defined uniquely in terms of u} and v}'.

The first line of (9) can be rewritten as

n n n
Vi1 — Y Hhafi € =Neg

1
i1t

), (10)
which is equivalent to
Vi = proj(C ey ufy )i v — hu f}Y).
We have the algorithm to construct the sequences (u})!_,, (vi')7_, (f{")_ as follows.
Algorithm

Initialization. Let uy := wup, vy := wvo € C(0,up), choose
fo € F(0,u0,v0) N Lp(1+ Jluoll + llvolDB.

Tteration. One has current points u}, v}, f/". Compute ul’.‘Jrl = u? + hyv! and
vy = proj(C (e, uiy s vf — o fi"). (11

Then, choose f/, € F(¢!, , ufl vl )N Lp(1+ [luf | + v} DB and seti :=
i+ 1.

The algorithm is well defined thanks to (i) of Assumption 1. Now we prove that
the sequences (u)?_, (V). & +}’l;v" "_oand (f")7_. generated by the algorithm
above, are uniformly bounded. Particularly, we show that

e I 4 llv}' Il < My — 1. (12)

Itis obviously true fori = 0. Suppose that (12) holds foruptosomei € {0, 1,...,n—
1}, we will prove that (12) also holds for i + 1. Indeed, one has max{[lu} ||, llui I} <
M, and

vl — v +ha £ < Nvipy — oL+ hall £
=d(C{t 1, ujy ) v)) +ho f' < e(CE' uf) N MB; C(yy, uf ) + bl f
<hyLc(1+ |lvil) + kol f*1I  (by using (i) of Assumption 1). (13)



It implies that
107l < 10+ BaLe (4 ol + 20 0L £7
< 0+ Lo (L 1) + 2 Lp(L+ [+ 10 1)
< ol + (L +2Lp + 2L plluill + (Le +2Lp)luill).  (14)

Consequently
o1 Il < llvoll 4+ G+ Dha(Le +2LF)
i i
+ha (215 D Nyl + (Lo +2L6) Y los1])- (15)
j=0 j=0
On the other hand
i
e < Nl + a0l < - < Dol + 7 D Tl (16)
j=0

From (15) and (16), one has
1
ey 1L ]yl < o BRI+ T,
j=0

where o = |lug|| + ||lvoll + (Lc +2LF)T and B = Lc + 2LF + 1. Using Lemma
2.2, we obtain

N I+ lof Il < o+ ePifr < o+ ePT = My — 1. (17)
Consequently, by induction we have
|+ <M —1,i=1,2,....n. (18)
On the other hand, one has
1A < LeQU+ Qluf | + o 1D < LeMy, i =1,2,...,n. (19)

Furthermore, from (13) one draws that

vl’:l-l—l - vl’:l n
”h—” < Lc(+1lvilD) + 217l = LcMy + 2L M,y
n

=(Lc+2Lp)M =:M>, i =1,2,...,n. (20)

In conclusion, the sequences (u})?_, (v')7_ are uniformly bounded by M; (more

precisely by M; — 1) and (% "o (f")!_, are uniformly bounded by M>. We



construct the sequences of functions (u,(-))ns (U (Nns (fu(Dns @n(Nns M ()n
from [0, T'] to H as follows: on [¢", " ,[for0 <i <n — 1, we set

i %i+1
ul | —ul vt — ol
Un (1) i=ul + L — ), v, () =+ —’“h L —1,
n n
and
@) = f' @) =1, ma(t) =1t Q1)
Then, for all # €];", 1", |
'l —u? vt — ot
i, () = L =yt e O ul), D(1) = L
hy hn

and

max{ sup |60,(t) —t|, sup |n,()—1¢t|} <h, - 0as n — 4o0. (22)
1€[0,T] 1€[0,T]

The sequence (v,, (~))n is equi-Lipschitz with ratio M since

n n
lon )l = 122220 <

Iy
Next we prove that the set Q (1) = {v,(¢)} is relatively compact for all ¢+ € [0, T'].
Suppose to the contrary that there exists 7o € [0, T'] such that Q2 (#y) is not relative
compact. Then, let 30 := y(2(f9)) > 0. Note that Q(79) C M B, hence 30 =
y(Q2(t)) < y(M1B) = 2M;, which particularly implies that o < M;. For each n,
we can find 7 such that #o € [t]", tl."+1 [. Then,

vl — vl
lva (t0) — v} || = II%IIII(IO — )| < Mah,. (23)
n

On the other hand, v}' € C(¢]',u}) N MB C C(to, u}) + Lch,B C C(t, M1B) +
Lch,B. Thus

vp(to) € C(tg, MiB) + (Lc + M2)h,B.

We can find ng large enough such that, for all n > ng, we have (Lc + M>)h, =
(Lc + M>)T /n < o. Furthermore for all n, ||v,(fo)|| < M1, hence

un(to) € (C(to, MiB) N (M + 0)B) + 0B C (C(to, M1B) N 2M;B)
+oB for all n > nyg.

Note that the set C(tg, M1B) N 2M B is relative compact (Assumption 1), hence
y (C(to, MB) N 2M11EB) = 0. Then, by using Lemma 2.3, one has



30 =y () = y{va(to) : n = no}) <y ((Clto, MB) N 2MB) + oB)
< y((C(to, MiB) N 2MB)) + y (¢ B) = 20,

which is a contradiction. Thus the set Q(¢) = {v, (), n > 1} is relatively compact for
allt € [0, T']. By applying the Arzela—Ascoli theorem (see, e.g., [10]), there exists a
Lipschitz function v(-) : [0, T] — H with Lipschitz constant M, and

e (v,) converges strongly to v(-) in C([0, T']; H);
e (U,) converges weakly to v(-) in L>([0, T']; H).

In particular, v(0) = vo. Letu : [0, T] — H,t +— u(t) = uo + fé v(s)ds. Then,
u(0) =ug,u =vandii € L°([0, T]; H). Let us show that u, (-) converges strongly
in C([0, T]; H) to u(-). Indeed, we have

t

t
max_|ln(t) — u(t)| = max_ [un(0) + / 0 (Bn(5))dls — u(0) — / v(s)ds |
t€0,T] te[0,T] 0 0

t

mmax l A (Vn (6 ($)) — v () + va(s) — v(s))ds|l

IA

1
max / (M0, (s) — s+ [[un(s) — v(s)|lds
1€l0.T1 Jo

T
5/0 (M216,(s) — 5| + lon(s) — v(s))ds — O,

as n — o0 since v, (+) converges strongly to v(-) in C([0, T']; H) and (22).
In next step, we prove that for every ¢t € [0, T'], it(t) € C(t, u(t)). From the fact
that v} € C(t", u?) for all i, we deduce for every ¢ € [0, T'] that

i 7

Un (62 (1)) € C(62(1), un (B (1)) N MiB C C(t, u(1))
+ Lcl6n (@) — 1] + lun (00 (1)) — u@)||}B.

It is easy to see that for every ¢ € [0, T], v, (6,(¢)) — v(¢) = u(t) and |6, (t) — t| +
llety (B, (1)) — u(t)|| = 0 as n — 400 because of (22) and the strongly convergence
of v,(+) to v(¥), u,(-) to u(-) in C([0, T']; H). Since C(t, u(t)) is closed, we obtain
that i2(t) € C(t, u(t)) for every ¢t € [0, T']. It remains to prove that
ii(t) € =N u@ey @) — F(t,u(t), u(t)) ae. t €[0,T]. (24)
Let us define
D(t) := C(t,u(t)) N M1B, Vte[0,T], (25)

then D is nonempty, closed and convex and for all 7, s € [0, T'], one has

du(D(1), D(s)) < Le(lt = s| + [lu(®) —u(s)|) < Le(1+ Myt —s|. - (26)



From (9) we have, for almost every ¢ € [0, T], that

B (O) + 1) € =N ) eny) (n O (0)
= =N, (vn(1n (1)) (since [[va (7a ()| < My — 1). 27
Let
yu() = —[0a (1) + fu(®)] for all 7 € [0, T]. (28)

Then, for all ¢ € D (1, (1)), we get
(a(0), € = v, (1 (1)) < 0.
Hence
o (D ®); 12 ®) +{ = 1 (®), va(a@)) < 0.

Then, integrating on [0, T'], one obtains

T

T
/O U(D(nn(t));yn(t))dt+/o (= ¥ (@), va(a(r)))dr < 0. (29)

Let us begin by estimating the second term in (29). First we prove that

T T
/ (ii(1), u(t))dt = lim / (0 (1), vy (N (2)))dt. (30)
0 n——+00 0
Indeed
T“t'tdt—1 Td'ztdt—lzT 20
/0 (u(t), u(t)) —5/0 T (1) _E(U( ) —v7(0))
1 im (v2(T) — v2(0)) ~ ' im Tivz(t)dt
2 n—>+oo * " n 2 n—+o00 0 dr "
T
= lim (Vn (2), v, (1))dz.
n——+00 0
Note that we also have
T T
lim (Un (1), vy (1))dt = lim / (0 (1), v, (N (2)))dt,
n—+00 Jo n—+00 [

since
T T
/0 | (0 (1), v (£) — Va (1)) |d1 < Mzz/o |t — nn()|dt — 0,

asn — +o00. So we get (30).

10



Since || fu ()| < My for all + € [0, T], the sequence (f,) is bounded in
L°([0, T]; H). Therefore we can extract a subsequence, without relabeling for sim-
plicity, converging weakly to some mapping f(-) in L°°([0, T]; H). On the other
hand, v, (1, (-)) converges strongly to i(-) in L' ([0, T]; H), so one has

T T
| ro.aama = tim [ o vmona. G1)

From (30) and (31), one deduces that

T T
/0 (50 + f().i@)dr = lim /0 (7). va O ONdr. (32)

For the first term in (29), we will show that

T

T
| o (pax=s0 - ro)ar <timint [ o (D(n0): o) ar. 63

Let us recall that (Lemma 2.1) the convex function x(-) +— fOT O’(D(l); x(t))dt is
weakly lower semicontinuous in L>°([0, T']; H) and y,,(t) = —[0,(¢) + f,(¢)] for all
t € [0, T]. In addition, v, (-), f,(-) weakly converges to 0(-), f(-) in L*°([0, T]; H),
respectively. Consequently, one implies that

Yn() = —0(:) — f(-) weakly in L*([0, T']; H).

Therefore

T

T
/0 o (D) —0() = f()dr < lim inf /0 o (DO y®)dr. 34
On the other hand
D) € D(na()) + Le( + M)t = 12 (0)[B € D(12()) + Le (1 + My)hyB.

Hence

[ o (parmw)a= [

T
< / o (D(ma): 740}t +2Le(1+ MOT Mo,
0

T T
7 (D)s @)t + Lo + by [ no)has

It leads to the following inequality

T T
lim inf / o (D@): ya(0))dr < lim inf / o (D) ya®)dr.  (35)
0

n——+00 0 n——+00

11



From (34) and (35), we get the desired result (33). From (29), (32) and (33), we deduce
that

T

T
/ G(D(t); (1) — f(t))dt+/ (6(1) + £(0), i(0))dr < 0. (36)
0 0
Note that i2(¢) € D(t) for every t € [0, T], we have

o(D@); —v(t) — f@) + (@) + f@),u@)) >0 ae. t [0, T] (37)

From (36) and (37), one infers that

a(D(t); —u(t) — f(t)) + (@) + f@),u)) =0 a.e. t €[0,T], (38)
or equivalently,

ii(1) + f(t) € =Npe) (it(t)) = =Nc@uay (1)) a.e. t €[0,T]. (39)

Onthe other hand, one has f,,(¢) € F (9,, (1), uy (6,(1)), v, (6, (t))) forallr € [0, T]and
F is upper semicontinuous with convex and weakly compact values in H. Classically,
we obtain that f (1) € F(r, u(t), ii(t)) foralmostall 7 € [0, T] (see, e.g., [21, Theorem
V-14]). Thus

i(t) € =Nc@uw) (L't(t)) — F(t, u(t), zi(t)) ae. t €[0,T]. (40)
The result has been proved. O

Remark 2 (i) Itis obvious that the result is still true if we replace Assumption 1-(i)
by the classical Lipschitz continuity assumption (see, e.g., [15]):

ldu (C(t.x): Cls. M) < Le(lt = sl 4+ x —yID.VO<zt,s <T
and x, y € H for some constant L¢ > 0. 41

However, itis difficult for unbounded set to hold this kind of assumption, since the
Hausdorff distance of two unbounded sets may equal the infinity. For example,
the rotating hyperplane never satisfies (41), but satisfies Assumption 1-(i) with
suitable parameters. This observation was also stated in [22], when the author
studied the first-order sweeping processes with the convex moving set depending
on the time. Note that in our paper, the local Lipschitz variation of the moving
set is assumed in a fixed ball, while in [22], it is necessary to consider in any
ball. Particularly, if F = 0and 0 € C(¢,x) forall t € [0, T] and x € H, then
(5) can be replaced by

dp (C(t, x) N M1B; C(s, y) N MiB) < Lc(lt —s| + [|lx = ylD), (42)

12



where M} := [uo|l + [lvol|T. Indeed, from (11) and 0 € C(#;+1, v}, ;) one has
(v =i, 0= v ) 0= ol < vl < ... < llvoll-
Thus
N | < gy Il + Apllvi_y 1< .. <lluoll + llvoll T

(i) The compactness assumption on the moving set C is also weaker than the one
used in previous works [7,10,13—15] since it only requires to check the Kura-
towski measure of noncompactness for a fixed ball. Furthermore, the perturbation
force F only needs to satisfy the weak linear growth condition.

(iii) In many applications, in practice, the set C(-) could be unbounded. This is the
case, e.g., when C(-) coincides with a moving convex and closed cone. Such
systems are called nonlinear complementarity systems and are of great interest
in the modeling of nonregular electrical systems (see, e.g., Section 3.4 in [5]).

(iv) The compactness assumption can be replaced by the anti-monotonicity of C as
in [14]. Again, one does not need the boundedness and the classical Lipschitz
continuity of C.

Theorem 3.2 Let Assumptions 1-(i), 2 hold and suppose that —C (t, -) is monotone
foreacht € [0, T]. Furthermore, assume that F is monotone with respect to the third
variable on gph(C), i.e., for all (t;, x;, yi) € gph(C) and z; € F(t;, xi, yi) (i = 1,2),
one has

(z1 — 22, y1 — y2) = 0.
Then, for each initial condition, there exists a solution in the sense of Theorem 3.1.

Proof We construct the sequences (u})7_, (vi')!_, (f{")i_, and the sequences of
functions (4, (-))ns Wn(Nnys (Fa(Dns @2 ())ns (M (+)), as in Theorem 3.1. From the
proof of Theorem 3.1, it is sufficient to prove the strong convergence of sequence
v () in C([0, T']; H). First we prove the convergence of u, (-). For all positive integers
m > n, let

1 2
Omn(l) = Euum(t) —uy (D"

Then, ¢, , is differentiable almost every ¢ € [0, T']. Let ¢ € [0, T'], at which ¢,, , is

differentiable. Then, there exist i, j such that ¢ € [¢", ti”il [ﬂ[t;’ , t;’ +1[ and hence

d
a‘pm,n(t) = (Um(t) —un(t), (1) — 1ty (1)) = (Up (1) — u, (1), v;" - v’;)

Wehave v" € C(¢", u]")NM B C C(t, u")+hyLcB, v;.’ € C(t;’, u;?) C C(t, u’})+
h,, LcB. From the monotonicity of —C(¢, -) and the boundedness of u;”, u;f by My,
one has
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(" =} uf —u'}) <2MiLe(hy + hp) < 4MiLchy.

i Jjo %

Hence

(%wm,n(t) = (up (1) — u, (1), U,m - U?)

< um () —uf", v = V) " =l vt = Vi) Wl = un (1), v — 0]
< 2M3hy, +4M;Lch, +2M?h,

< 4Mi(My + Lc)hp,

due to the Mj-Lipschitz continuity of u,,(-), u,(-) and the boundedness by M; of
ul', u’} Consequently,

1
Ellum(t) — unOI* = @mn(t) <4MIT(My + L)hy, foralls € [0,T], (43)

which implies that (u,(-)), is a Cauchy sequence in C([0, T']; H). Thus, there exists
a M-Lipschitz function u(-) such that u, (-) converges to u(-) uniformly and

lun(t) — u(t)|| < 2¢/2M T(My + Lc)hy,.

Next we show the uniform convergence of (v, (-)),. By using (22), (43) and the Lip-
schitz continuity of C, u, (-), v, (-), one has the following estimation

(1)) = €(C (M (0), 1 (1 (1)) O MIB; € (00 (0), 14 (1 1))

FVm (7 (1)) — v (O]

< Lc(hm + b 4 a0 (1)) = o i (O ]) + Mahiy

< QLc + M)hy + Le(lun(a (1)) — un(mm ()|l
Flleen 7m (1)) — i M O )

< 2L¢ + Mp)hy 4+ 2LeMyhy + 22M T (My + L¢)hy,.

(00,0 0 1)

In particular, we imply that d (v (t)) = 0asm,n — +o00. From (27)

C (1.0 1 1))
and the fact that ||v,(¢) + f,(¢)|| < 2M>, one has

—Up(t) — fu(®) € NC(nn(t),un(n,,(t))) (vn (1))
= 2M73dc (0, (1), 1 (02 (1)) (Vn (M (1)) (44)

Thus

(Un (@) + fu(0), V(1)) — v (1)) = 2M2dc( )(vm ().

N (2),1tn (1 (1))
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It implies that

(U (@), vn (1) — v (1))
< (On (1), va (@) — va(n (1)) — (fu (@), Va(n (2)) — Vi (1))
F2M2d (01 0 ) O )

< 2M3hy = (fa(0), 0a(t) — v (1)) + 2Mad, (
= —(fu(), v (1) — V(1)) + Bum (1),

) (U (1))

Nn (1), 1tn (N (1))

where

Prn (1) = 2Myhy + 2Mad ) U (D).

N (8) 1t (0 (1))

and

1Brmlloc = O as m,n — +oo.

Similarly, one has

(O (1), Vi (1) — 0 (D)) < —(fin (&), Vi (t) — v () + B, (D).

As a consequence, we have, for almost every ¢ € [0, T'], that

(O (1) = Vu (1), v (1) — v, (1))
< _<fm(t) - f)’l(t)v U (t) — va(2)) + IBm,n(t) + ,Bn,m(t)
< _<fm(t) - fl’l(t)v Ui (O (1)) — v,(6,(1))) +am,n(t) =< am,n(”y (45)

where

Olm,n(t) = ﬂm,n(t) + ﬁn,m(t) —(fn (@) = fu (), V() — vy (61 (1))
—(fin (@) — fu(®), v (0, (1)) — v, (2)).

The last inequality holds since

Im(t) € F(@m(t), Um (O (1)), Um(gm(t)))s Jn(t) € F(@n(l‘),
up (On (1)), vn(en(t)))a

and F is monotone with respect to the third variable. Note that

1{fin @) — fu@®), v (@) — U O (1)) + (fin (1) — frn (@), v, (On(2))
V()| < 2M5 (i + h).

Hence

lonmlloo = 0 as m,n — +o0.
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From (45), one has

d
5|Ivm(t) — U1 < 200 (1) < 2]t mlloo-
Since v,, (0) = v,,(0) = vg, one obtains, for all ¢ € [0, T], that
lom () = vaOI* < 2T [t mlloo — O as m,n — +oc.

It deduces that (v, (-)), is a Cauchy sequence in C([0, T]; H), which leads to the
uniform convergence of (v, (-)),. Thus, the result has followed. O

Theorem 3.3 (Uniqueness) Suppose that F satisfies the one-sided Lipschitz-like con-
dition:

for all t € [0,T];x1,x0 € H; y1 € C(t,x1),y» € C(t,x2) and 71 €
F(t,x1,y1), 22 € F(t, x2, y2), one has

(z1 — 22, Y1 — y2) = —k(®)(|x1 — x2)1* + ly1 — y211), (46)

for some function k(-) € L' ([0, T1; R). Then, for given initial condition, the sweeping
process (S) has at most a solution.

Proof Suppose that there are two solutions u(-), u2(-) of (§) such that u;(0) =

u2(0) = ug and u1(0) = 112(0) = vo. Then, there exist f;(¢) € F(t, u;(t), 1,'t,~(t)),
i = 1, 2 such that

iij(t) + f;(1) € =Neuiay (i (1)) a.e.t €[0,T]. (47)

Using the monotonicity property of the normal cone and the condition (46), we have
for almost every ¢ € [0, T'] that

(i1 (1) — i (), ity (1) — 2 (1)) < k(@) (w1 () = ua ()] + i1 (1) — it (D)%)

Thus
1d . . 2 2
Ea{llul(f) — w7+ lur (1) —u2®|7}
= (U1 (1) —iin(t), u1(¢) — ua(t)) + (u1(t) — ua(t), u1(¢) — uz(t))
< (k@) + 1/2) (lur (1) = ua O + [l (1) — 2 (D) |17).
Then, the result follows by using Gronwall’s inequality. O

4 Conclusions

In this paper, by using tools from convex and variational analysis, the existence and
uniqueness result of a class of second-order state-dependent sweeping processes in
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Hilbert space, has been studied carefully. It is remarkable that the moving set is possibly
unbounded and all main assumptions (the Lipschitz continuity and the compactness
of the moving set, the linear growth boundedness of the perturbation force) are weaker
than the ones used in previous works, which allows more applications in practice.
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