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SHIFTED CONVOLUTION OF CUSP-FORMS WITH 6-SERIES
GUANGSHI LU, JIE WU & WENGUANG ZHAI

ABSTRACT. In this paper we apply simple approachs to improve a recent result
due to Luo, concerning a shifted convolution sum involving the Fourier coeflicients
of cusp forms with those of theta series. In order to explore what should be the
best possible bound, a mean square result of this shifted convolution sum is also
established.

1. INTRODUCTION

Suppose A1(n) and Aq(n) are two arithmetic functions, b > 0 is an integer. It is
a classical and important problem in analytic number theory to study the shifted
convolution sum

> Ai(n)Aa(n + ).

n<x

There are a large number of papers in this direction. For example, when A;(n) =

Ao(n) = 7(n), the Dirichlet divisor function, this problem is the so-called additive

divisor problem [1, 6, 8, 9, 12, 18, 19]. For other interesting cases, see [14, 15, 7].
Recently Luo [16] investigated a mixed shifted convolution sum

(1.1) D Ap(n+ byre(n)d(n),

n=1

where Af(n) is the nth normalized Hecke eigenvalue of a holomorphic cusp form of
weight k£ and level N, b > 0 is a fixed integer,

—Hnl,..., ) €7t n1+---+n%:n}|

and ¢(t) is a smooth function with support in [z/2,57/2], satisfying ¢\ (t) <
(z/J)77 for all real numbers t € R, all integers j > 0 and 1 < J < 2° with 8 < 1.
In order to estimate the sum (1.1), he first established a Voron01 formula for r,(n)
and then combined this formula with the upper bound for the Salié sum to derive
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the following result [16, Theorem| : For any ¢ > 0, the inequality

> Ap(n+ byre(n)g(n) <

n>1

2t/2—(=1)/4+¢ g ifdtlorb#0
g2 =D /ate (g1/4%e 1 J9ey if 4| £ and b= 0

holds for all x > 2, where g, is the smallest integer such that g, > (£ +1)/2 T and
the implied constant depends on f, b, ¢ and €. With a suitable choice of ¢(t) and
J, the inequality (1.2) implies immediately the following result [16, Corollary| : For
0>2,k>/(/2+4 3 and £ > 0, the inequality

(1.3) yfbg Z)\f n 4+ b)re(n) Lfble g3 Vete

n<e

holds for all z > 2, where ¥, := (£ — 1)/(4g¢ + 4). In particular

Vg =L, 5= <

127

) 794:1_36’ 195: ’ 196:%7 195 % (£>7)

=y
=

22+6

The first aim of this paper is to propose a better bound for .7} ().

Theorem 1. Let f be a cusp form of weight k and level N and let £ > 2 be an
integer. For any € > 0, we have

(1.4) yf{,g Z )\f n+b)re(n) Lspe gt/ ete

n<x

uniformly for x > 2 and 0 < b < x, where

In addition, if we assume N =1, then (1.4) holds for { = 2 with V3 = §

Remark 1. Theorem 1 improves Luo’s (1.3) in three directions; it enlarges the expo-
nent 9y, relaxes the restricted condition k& > ¢/2 + 3 and removes the dependence of
b. Our method is completely different from that of [16]. Our new idea is to explore
the regularity of 7,(n) by the circle method in analytic number theory and Siegel’s
mass formula. Thanking to these classic tools of analytic number theory, we can
show that the influence of 74(n) to the bound [22, (1.10) and Theorem 2]

(1.5) Z A(n) < '3 (log )Y VT G/2)-1

n<e

is rather little. More precisely by using the circle method we shall give a very simple
proof of ¥, = % for ¢ > 3. Further when ¢ > 6, with the help of Siegel’s mass formula
we shall prove a better exponent 6, = 2, which means that our bound for .y(x)
is of the same quality as (1.5). Finally the case of ¢ = 2 requires a more delicate
consideration (see the end of Section 3).

It seems that Luo’s proof only could show that g, is the smallest integer such that g, > (£+1)/2.
This means that 93 = % and ¥5 = % instead of ¥3 = % and ¥5 =
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Remark 2. In fact our method allows us to consider a more general case. Let
(>2y:= (yi,...,y) € Z' and A = (a;;) be an integral matrix such that
a; = 0(mod 2) for 1 < i < ¢. The positive definite quadratic form Q(y) is defined
by Q(y) = sy'Ay. For each n > 1, define

".Q) = [{y € 7' Qly) =}
Thus r¢(n) = r(n, Qo) with Qo = y3 + - -+ + y;. Similar to % (x), we define

(1.6) Frna(@) = 3 Ms(n +b)r(n, Q).
n<e
Define F to be a class of cusp forms, which consists of holomorphic cusp forms with
respect to any finite volume discrete subgroup (such that oo is a singular cusp of
width 1), any positive real weight and any multiplier systems, as well as Maass cusp
forms of any weight and any level [11, 2, 4]. Since the estimate (2.1) below holds
for all f € F ([10, Theorem 5.3] and [11, Theorem 8.1]), our proof of Theorem 1
implies that
yf,b,Q(x) <<f,Q,s x[/2—1/2+e

holds uniformly for 1 < b < z, provided ¢ > 5.

A natural question is what should be the best bound for . (). It is well-known
that [3, Theorem 2])

D(loglog z)'/*
_ 1/4
Z)\f(n) =0y (.7: /* exp { (log Toglog 2777

n<e

where D > 0 a constant. A slight weaker (2-result
> As(n) = Q@'
n<x

is supported by the asymptotic formula (see [21])

/1X ‘ 3 Af(n)]2 dz = C;X*? + O(X (log X)?),

n<x

for X > 2, where C} is a positive constant. On the other hand, we have ry(n) =<
n'?=1 (¢ > 3). From the above facts it seems reasonable to propose the following
conjecture.

Conjecture. Let f be a cusp form of weight k and level N. Let b >0 and ¢ > 3 be
two integers. For any € > 0, we have

(1.7) yf@g (.T) Lfbie gt/2—3/4e
for x — oo.

It seems rather difficult to establish (1.7). However we can prove that the bound
(1.7) is true on average for £ > 5 (see (1.8) and (1.9) below). For this, we shall study
the square mean of ., (). At this time, our method also allows us to deal with
the more general case % o(2).
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Our second aim is to prove the following asymptotic formula.

Theorem 2. Let f be a cusp form of weight k and level N. Let Q(y) be a positive
definite quadratic form defined as above. If { > 6, then we have

X

X
/1 |yf,b,Q(x)\2 de =Crpo / x£_2(x + b)l/2 dz + Oy g (X€_7/12(10g X)l/z)
(1.8)

_ K%Z?QXK /2 4 Oy, (sz—3/2 +XK_7/12(10gX)1/2)

uniformly for X > 2 and 0 < b < X, where the constant Cyy, ¢ is defined by (4.12)
below, and the implied constants depend on f and Q.

Remark 3. In Section 3, we shall prove also that the inequality

X
(1.9) / | L ps() [P do <o XOTV/2FE
1

holds uniformly for X > 1 and 0 < b < X.

2. PRELIMINARY LEMMAS

In order to prove our theorems, we need the following lemmas.

Lemma 2.1. Let f be a cusp form of weight k and level N.
(a) The estimate

(2.1) Z/\f (an) <5 z*%logx
n<T

holds uniformly for a € R, where e(u) := e*™*.
(b) For any € > 0, we have

(2.2) > M(n) < a2

n<x
n=a(mod q)
uniformly for (¢,aN) =1 and q < 22/3.
Proof. See for example, [10, Theorem 5.3] and [20]. O

Lemma 2.2. Let f be a cusp form of weight k and level N, (h,q) =1 and

(2.3) A(z,h/q) = Z Ar(n)e,(hn),
n<x
where e,(m) = e(m/q) and Z;@ means that if x is an integer, the term n = x

should be halved. Then for any e > 0 we have

1/2,.1/4 A ( ) _ 471_\/% T x1/2+5
q'-r n q
Az, h/q) = Tor E ;;3/4 e,(—hn) cos < PR —> + Oy <—)

n<M
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uniformly for 1 < ¢ < x and 1 < M < x, where h satisfies hh = 1 (modq). In
particular for any € > 0 we have

(2.4) Az, h/q) <y Rt /3re
uniformly for x > 1 and ¢ > 1. Here the implied constants depend on f and € only.

Proof. The first assertion is [13, Theorem 1.1]. The bound (2.4) is trivial if ¢ > «
When 1 < ¢ < , it follows from the first assertion with M = (¢?z)'/3. See also,

(17, (2.7)]. O
Lemma 2.3. Let A(x,h/q) be defined as in (2.3).

(i) We have
(2.5) Ai(z,h/q) = / Au, h/q) du < a3/

1

uniformly for x > 1 and 1 < ¢ < z'/2.

(ii) For any € > 0 we hcwe

* Alz. b/ 2 de — 1 - Ar(n) ] X320 3/2 x5/4+< 2y l+e

uniformly for X > 1 and g > 1
Proof. They are (1.6.12) and (1.5.23) of [13], respectively. O

Lemma 2.4. Let £ > 2,y := (y1,...,4) € Z' and A = (a;;) be an integral matriz
such that a; = 0(mod 2) for 1 < i < €. The positive definite quadratic form Q(y)
is defined by Q(y) = 3y"Ay. For each n > 1, define

r(n,Q) == |{y € 2" : Q(y) = n}|.

Then for { > 4 we have

o] q
(26)  r(n,Q) =ogn*Y DS (%) W) | o (i),

q=1 h=1 q
where
(27)4/? 1 if 0 is odd,
S(Q) = Q). o0g=——"7—=, =91 .., .
ogyl,ggq—l ['¢/2)\/|A| % if £ is even,
and " means the sum is over 1 < h < q with (h,q) = 1. Furthermore we have
(2.7) S(hQ/q) < ¢ ((h,q) =1),

Proof. See for example, Theorem 11.2 of [10]. O
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3. PROOF OF THEOREM 1
3.1. Case of ¥ > 3

Let
= Z Ar(n+ b)e(—an) and S(a) = Z e(am?).
n<x ‘m‘gxl/z
Then
/F( gda—Z)\fn—l—b Z Z / 4+ mp —n)a) da
0 n<z ma|<al/2 jmg|<al/?
SRS D>
n<z [ma|<at/2 my|<zl/?
m%+~~-+m§:n
= yf@g(l‘).
Firstly Lemma 2.1 allows us to deduce
F(a) =e(ab) Z Ap(n)e(—an) < % logx
b<n<z+b

uniformly for x > 2 and 0 < b < z. On the other hand, it is easy to see that

/|S Pda= > > 1<V

|m|<zl/2 |n|<2l/2

m2=n2

/0 1S(a)|**da = Z Z 1 < Z ra(n)? < 241

Ima|<@?/2,... |mal<at/2 Ina |<at /2, ng |<at /2 n<dz
m%+~~~+m3:n%+~~-+n3

for d > 2. From the above estimates and the Cauchy inequality we get

1 1 1/2
Frs(r) < 212 (log x)(/ ]S(a)]Qda/ |S(a)\4da) < 2V og
0 0

and for £ > 4
1 1 1/2
Frpe(@) < 7'*(logx) (/ [S(a)['da / IS(a>|2<’f—2>da>
0 0

0/2-1/2

<Lz log x,

namely we can take v3 = ; and Y = f or { > 4.

3.2. Case of ¢ > 6.

When ¢ > 6, we can apply Lemmas 2.2 and 2.4 to improve the exponent ¥, =
From Lemma 2.4 with Qo(y) = v} + - + y7 we get

B0 ) =T3S ()M 0.0,

1
3
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In view of (2.4) in Lemma 2.2 and the bound (2.7) we easily deduce, via a simple
integration by parts, that

S <Y o ¥

Z né/Q—l)\f(n)eq<_hn) + x€/4—64+1+6

q>1 1<h<q 1+b<n<z+b
(h,a)=
1
£/2-2/3+¢ 0/A—8p+1+e
KLre X Z q4/2=5/3 +z
g>1

Lo xPBTE (vecall £ > 6).

3.3. Case of ( = 2.
We need the following Lemmas.

Lemma 3.1. Let m > 2 be a positive integer. There is an arithmetic function hy,(n)

such that

(3.2) hm(n) =0 if 3 p such that p | n and ptm,
(3.3) | (n)] < T(m)7a(n2) if 0 | M,

(3.4) Ap(mn) =" hp(d)Ap(n/d),

dn

where Tx(n) denotes the number of solutions of n = ny - - - ny, with positive numbers
Ny, ..., Nk, and 7(n) := 1o(n).

Proof. As usual, we denote by v,(n) the p-adic valuation of n. By using the formula

H/\f vp (n)+vp(m H}\f vp(n

pld

we can write, for Res > 1,

M) 5 )
SR My

n=1 p|m v=0 ptm v=0
0 A <p1/+vp(m)) o~ A (pu) -1
dwm@%ﬁf-zu -
plm v=0 p v=0 p

This implies that there is an arithmetic function h,,(n) such that (3.2) and (3.4)
hold.

Next we prove (3.3). If p | m, it is easy to see that
Af(pUrm) if v =0,
hn(P7) = Q Ap (0 F1) = A (™) A4 (p) if v =1,
AP ) = XA () + A i > 2
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In view of Degline’s bound |Af(n)| < 7(n), for any n | m> we have

()| = 1T ()] < ] 4lvp(m) +v)

p¥ln p¥n
v+3
< 1 < .
[t + ("3 %) < rlmpmn
p”ln
This completes the proof. 0
Lemma 3.2. Let f be a cusp form of weight k and level 1. Then the estimate

(3.5) Sp(wia,q) = D Apln) <5 2t/

n<e
n=a(mod q)

holds uniformly for t > 1 and ¢ > a > 1.

Proof. Note that (2.2) and (3.5) is trivial for ¢ > 2%?. Now suppose ¢ < z%/°.
Writting m := (a, ¢), a = ma; and ¢ = mgq, such that (a1,q1) = 1 and using (3.4) of
Lemma 3.1, we have

S¢(x;a,q) = Z Af(mn)

n<x/m
n=a1(mod q1)

= Z hun(n1)As(na2)

nina<z/m
ninz=ai(modqi)

= > halm) Y A(na),

ni<z/m na<z/mny
na=ai1n1(mod q1)

where nymy = 1 (mod ¢;). Noting that (@177, ¢1) = 1, we can apply (2.2) with N =1
and (3.2)-(3.3) of Lemma 3.1 to write

1/34¢
X T4\MN
Sytai0.) < 7(m)(£) )

m
nijme "°1

(3.6) < 7(m) (%) e 11 (1 _ ﬁ) -

plm

< $1/3+€.
This completes the proof. O

Now we prove Theorem 1 for ¢ = 2. By the classical expression
ra(n) =4 x(d)
dln
(x(n) is the non trivial Dirichlet character modulo 4), we can write

(37) yfybg(l') =45, + 45, — 453,
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where

m<y/z dm<z

Ssi= Y > X(d)As(dm +1D).

d<v/z m<\/x

By Lemma 3.2, we have

Si=Y x(d) > Asn)

d<y/z n<r+b
(38) Ve n=b(mod d)
< Z ([E+b)1/3+€ < {L‘5/6+€.
A<=

Note that x(d) = 1if d = 1(mod4), x(d) = —1 if d = 3 (mod 4) and x(d) = 0 if
2 | d, we have by Lemma 3.2 that

S= 3 (3 MMd+Dmb) = Y A((Ad+3)m+b))

m<y/z  (4d+1)m<z (4d+3)m<x

PR V1 QD VENEUEIED DIENEYC)
’ m<y/T n<x+b n<z+b
n=m+b(mod 4m) n=3m+b(mod 4m)

< Z ($+b)1/3+6 <<I5/6+6.
m<y/T

For S3 we have by Lemma 3.2 again that

Sz = Z x(d) Z As(n)

A<z n<dy/z+b
(3 . 10) n=b(mod d)
< Z(d\/%+b>1/d+8 <<.’L'5/6+E.
d<\/z

Now Theorem 1 for the case ¢ = 2 follows from (3.7)-(3.10).

4. PROOF OF THEOREM 2 AND (1.9)

Suppose @(y) is the quadratic form defined in Lemma 2.4 for £ > 6, and Q(y) =
yi + -+ y2 for £ = 5. By Deligne’s inequality |Af(n)| < 7(n) and the bound
r(n, Q) < n'/?7! we have, with the notation £ := log(2X),

VX VX
(4.1) / | Spo()|? de < / z*(log z)? do < XD/ 02 « X2
1 1
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It suffices for us to evaluate f\j% |-t p.0(2)|? dz. For any z € [X/2, X|\Z, Lemma
2.4 and [5, p. 256, (2.25), p. 270] allow us to write

q=1 h=1 q

where

App(z,—h/q) = Z (n —0)* 72X j(n)ey(—hn),

1+b<n<z+b

o f1itess,
S0 i l=5and Qy) = yE+ -+ 42

By partial summation, we can deduce, with the notation (2.3),

(4.3) Agp(x, —h/q) = 2> YAz + b, —h/q) — (£/2 — )]
with

_ z+b . 022 . .
(4.4) I /b (= B2 2 A(u, —h/q) d

It is easy to see that Lemma 2.1 implies that
Ap(x, —h/q) < XL
uniformly for 1 <2 < X, 0<b< X and (h,n) = 1. By this and (2.7), we have

ZZ

>X1/2 h=1

( )A“(x —h/q)‘ < X2

Thus we can write (4.2) as, for x € [X/2, X|\Z,

Froa(®) =0q > Z S(hQ)eq(bh)A,b(%—h/Q)

(45) q<){1/2 h=1 q
+ O(XZ/4+1/2£ + 6QXZ/4—64+1+6)'

Suppose now 1 < ¢ < X'/? and we estimate the integral I defined as in (4.4). If
q® < b, by partial integration and Lemma 2.3 we have, with the notation (2.5),

(— 4 z+b
I=a"2 A (e +b,~h/q) — — = [ (w534 (u, ~h/q) du

(4.6) 2 Iy

< q3/2X£/2*5/4.

If ¢*> > b, we can write

2

1= [ -mo-n e ans [T a5

< ¢ log(2q) +q3/2X12/2—5/4 < qg/QXZ/2—5/4£7

(4.7)



SHIFTED CONVOLUTION OF CUSP-FORMS WITH 6#-SERIES 11

where we estimated the first integral by Lemma 2.1 and the second as in (4.6). In
view of (4.6), (4.7) and (2.7), the contribution of I to the last sum in (4.5) is

< XU25/4p Z g D)2

q<X1/2

R X Xe/2_1+5 lf g 2 67
< Ry(X) = U2-3/Ate ifp—5

Since £/4—6,+1 < £/2—1 (£ > 6), thus we can write (4.5) as, for # € [X/2, X|\Z,

(148) Fppol@) = ogr? ' Y Z*S(@) #Amb,—h/q) L O(R(X)).

g<X1/2 h=1 q

Now we split the sum over ¢ < X2 into two parts according to ¢ < X6 or
XY < ¢ < XY2. In view of Xl/2 < z, we can apply Lemma 2.2 to the sum
quxl/ﬁ by taking M = x 4+ b. It is easy to see that the contribution of the error

term to ;5. 0(x) is O(X271%2) if £ > 6 and O(X'¥/12) if £ = 5. Thus the formula
(4.8) becomes
(4.9) Zrb(r) = 51(2) + Sa(x) + O(R(X)),

where

Si(x) ':\ZE 22z + ) Z Z Z (h,n, q) cos(gn,qe(2)),

g<X1/6 h=1 n<z+b

G) —age Y Y 5(22) 5 ate 40, -n/0),
X1/6<q<X1/2 h=1 q q
and
_ Ar(n)eg(bh — hn) . (hQ Any/n(z+b) 7
Yk, q) 1= ns/iqul/Q S 7 ) nq(T) = # 7

We first evaluate the integral fj(y |S;(z)|? dz. By the elementary formula

cos (u — v) + cos (u + v)

COSUCOSV = 9 s

we can write

(410) |51<I’)|2 = Sn(l‘) + 512(1‘) + 513(1‘),
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where h;jh; = 1 (modg;) for j = 1,2, and

Sute) = () Y 3T Y Y Y

q1<X1/6h1 1 n1<x+bq2<X1/6h2 1 no<Lz+b

Vii/ai=yn2/q
x (b1, n1, q1)(he, N2, 2),

Sa() = (%) Ha+b)? Y Z > > Z >

q1<X1/6h1 1 n1<x+bq2<X1/6h2 1 no<Lz+b

NOV YL )
X ¢(h17 ny, QI)w(h% na, Q2) COS(gm tn( ) — Gna,ge (l’))

Sig(x) = (g) (x+b)'V? Z Z Z Z Z Z

q1<X1/f’ hi=1 ni<z+b ng)(l/6 ho=1 no<z+b
X w(hla ni, Q1)w(h2a ng, qQ) Cos(gm,ql (I) + Inogo (:C))

The relation /n; Jq1 = V2 /q2 implies that n; and ny have the same square-free
factor. We write n; = djm with pu(m) # 0 for j = 1,2. Recalling (2.7), Deligne’s
well-known bound |Af(n)| < 7(n) and the trivial inequality 7(uwv) < 7(u)7(v), we
have

7(dim)7(djm)
(drdam)?2(qugo) /2172
(dy?r{dyr(m)?

(dldgm)3/2(q1q2)€/2*1/2 ’

Y(hi,n1, q1)Y(he, na, q2) K

(4.11)
<

The above estimate (4.11) implies that the infinite series

(412)  Cruq 3:( ) Z Z ZZ Z ZTP h,n, @) (ha, m2, g2)

121 1<h1<q1 n121 @221 1<ha<ga n2>1

Vvii/a=yn2/q

converges absolutely provided ¢ > 4 and
(4.13) Cf,b,Q <5l (Vb)

If a quadruple (q1, g2, n1, n2) satisfies \/n1/q1 = /n2/q2 but is not included in Sy, (),
then we must have that ¢ > X% or ¢o > XY%, orny > 2 +b > XY2, or
ng > 2 +b > XY2. Thus n,¢2 = nyg® > X'/3. In view of the following elementary
estimates

. if ¢ >6
" — —/2+3  § — 3(m) e=
o(m) m:anQ 7(n)q o(m) {m1/473(m) if ¢ =5,
(4.14) Y 73(n)® < u(logu)®  (u>2),

n<y
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we can derive, for all z € [X/2 X|\Z,

511<£L')
P TR A

Z 7(n1)7(n2)
ni,n2,q1,q92 (nlq%HQq%)3/4(qlq2)€/273
nzq%:n1q§>X1/3

(1.15) <y iy lr

m>X1/3 m>X1/3

< X-16c8  if 0> 6,
X208 if g =5,

On the other hand, we have, in view of (4.13),

X X
Cf,byQ /\/» IL’Z_Q(.% + b)1/2 de = Cf,b,Q / 33'(_2(%’ + 5)1/2 dxr + O(XE/Q)
X 1

uniformly for X > 1 and 0 < b < X. And hence we obtain

O(X23L8)  if £ > 6,

% X
4.16 Sii(z)dx =C / 27+ b))V dx +

VX

By the first derivative test, (4.11) and (2.7), we have (note ¢ > 5)

X
1
S T d$<<XZ71 T(nl)T(n2)
/)(1/2 ’ 13( )’ Z (n1n2)3/4(Q1Q2)£/2_3/2 \/n_l/Q1 + \/n_2/Q2

ni,ne<x+b
q1,q2<X /6

(4.17) «xtt Y nz(zt;);(;%ﬂ

n1,ne<x+b
q1,q2<X /6

< Xf75/6£6’

where we used the inequality v + v > 24/uv for u,v > 0.
Similarly by the first derivative test again

X
(4.18) / |S12(z)| dz < XM (S0 + Si2),
X1/2

where

B T<n1>7<n2) 1
SHp > (e} a2} 57 [ s — v/l

n1,n2<e+b, q1,q2<X /6
IVt /a1—y/nz/g|> 15 (Viima /q1g2) /2
Sy Z 7(n1)7(n2) 1 _
(n1n2)3/4(q1q2)z/2—3/2 |\/711/Q1 - \/n2/Q2’

n1,n2<a+b, q1,q2<X /6

0<|\/n1/41*\/n2/q2|<%(\/Tl1n2/qw2)l/2

13
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As in the argument of (4.17) we get easily that (recall £ > 5)

7(n1)7(n2) 1/6 6
(4.19) S < > g2 <X /5.8,

n1,ne<z+b, q1,q2<X1/6

If |\/ni/qn — /n2/qe] < 15(y/manz/q1g2)"? holds, then it follows that
V1N1G2 X 4/N2q1 and VNi1qa + 4/M2qr X (”1”2)1/4(%%)1/2‘

So in view of these facts, by a similar argument as in (4.15) we have, for ¢ > 6,

5, < Z d(n1)d(ns)

(m@ﬁqg)lm(Q1QQ)Z/2_4|H1Q§ - anﬂ

q1,¢2<X /%5 ny no<a+b
n1¢3—n2gi #0

< X3 3 ds(mq)ds(my)

(m1m2)l/2|m1 - mz\

m1,m2<X1/6(X+b)
mi#£Emsa

1/3 1 dg(m)dg,(m —|— h)
RERP DR S DR R i

IShSXV/O(X+b)  m<X1/6(X+b)
By applying the Cauchy inequality to the sum over m and (4.14), we can deduce
(4.20) Y € XL (0>6).

When ¢ = 5, the similar estimate with X'/2 in place of X'/3 holds. Inserting (4.19)
and (4.20) into (4.18), we find that

o) /X Sl de < o) o JXTE T
. r)|dr < Ry =
o E XEU2L9 if =5,
Combining (4.16), (4.21) and (4.17) with (4.10) yields

b b
(4.22) / 1S1(@)|*dz = Clp0 / 272 (2 4+ b))V dx + O(R;(X)).
vX 1
Finally we estimate fj% |So(x)|*dz. By (2.7) and Cauchy’s inequality, it follows
2
S@P <2 Y P A@+ b, -h/g))

X1/6<qul/2

<X7L Y g A+ b, —h/g)

X1/6<qul/2

From this and Lemma 2.3(ii), we deduce (recall £ > 5 and 0 < b < X)

X
/ |5'2(x)|2 de < Xé—2£ Z q—£+3 (qX3/2 + q3/2X5/4+g + q2X1+5)
VX

X1/6<q<X1/2

(4.23)
{X“/% if 0> 6,
<

X124 if r=5.
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On the other hand, (4.22) implies immediately
b
/ 1Sy (x) 2 de < X712,
VX

In view of this and (4.23), a simple application of Cauchy’s inequality yields

X X£77/12£1/2 if ¢ > 6
4.24 S1(2)Sa(z)| dr < ’
(1.2) | is@si@iar <l 7

Now the first assertion of Theorem 2 and (1.9) follow from (4.1), (4.9), (4.22),
(4.23) and (4.24). The second is an immediate consequence by noticing that

(x + b)l/2 =72 4 O(bx_1/2)

valid uniformly for x > 1 and b > 1.

Z T(p1) = Z T(N — pa — p3)

p1+p2+p3=N p1+p2+p3=N

< N15/Qexp{ —C\/logN}
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